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Abstract

In many of two-sided market studies, network externality has been the most
attention receiving variable. Li et al. suggested in their work that if platform does not
differentiate itself enough, attempt to increase network externality could actually harm
platform’s profit. In this work, a model was designed to accommodate buyer side access

fee, which was not considered in Li et al.’s model.

Examining newly constructed model, several implications are derived. There
are difference makers in each of optimization cases; also no-difference makers.
Moreover access fee differences cause uncertainties that are possible to control with
platforms’ access fees for either seller or buyer. Furthermore the finding of common no-
difference maker could free platforms from what these no-difference makers represent.
Also application of the results to case of professional SNS shows access fee discount of

certain platform could be an unnecessary discount.

This paper contribute to two-sided market study by providing hints of where to
allocate its resource and where not to; also gives shows how each of variables are
related and even interacts (particularly seller side access fee and buyer side access fee).
Furthermore, the study verifies result of Li et al.’s study and shows their result might be

lack of generality.

Keywords: Two-sided market; Cross group network externality; Within group

network utility; Platform differentiation; Transportation cost; Access fee.
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1. Introduction

Profit maximization has been the first priority for the most of Profit
Corporation and is still supposed to be the first priority. For this priority, called profit
maximization, many of economic theories have been established and verified in
numbers of industries. One of the most well-known theory would be ‘price equals
marginal cost in perfectly competitive market.” Because the price would be same as the
marginal cost, price tends to have rather positive sign than negative sign. There is,
however, a certain type of markets where price goes even below than zero by forms of
subsidies. According to Evans (2003) it is the market where “Prices do not and prices
cannot follow marginal costs in each side of the market.” In other words, the theory of
marginal cost equals the price cannot fully explain platform operators’ subsidies to
buyers. These subsidies often take forms as free services or discount or even free goods
for buyers or sellers could enjoy. For instance, Facebook users could use its services for
free of charge; mobile phone network operators give subsidies to their mobile phone
network users. These free services or subsidies are possible because there is another
party of service users. Interaction between these two parties generates cross group
network externalities. Cross group network externality is one of the reason how platform
operators are able to provide such services for free or even for providing subsidies.
Conventional industrial organization theories could not be applied or would be required

some of modifications in order to provide explanations on these subsidies.

One of the most effective approaches to explain the situation is two-sided
markets theory. According to Rysman (2009), the market is “broadly speaking a two-
sided market is one in which 1) two sets of agents interact through an intermediary or

platform, and 2) the decisions of each set of agents affects the outcomes of the other set



of agents, typically through an externality.” Although definition of Rysman is not
completely define the market, Rysman’s definition clearly represent important features
of the market, features are the two groups of agents and platform; the features are
critical components that generate cross group network externality. Cross group network
externality could be found in services of Facebook. For instance, Facebook users can
use the service for free of charge because Facebook will maintain its profit from
advertisers and/or from other 3™ party interlocked programs providers, advertisers and
3 party members will only deal with Facebook if the use of Facebook provides them
positive utilities. If positive utility could be provided then advertisers will access
Facebook advertising service and Facebook will be able to charge access fee to
advertisers; also the access fee will keep Facebook in business. If this is the case then
the most important thing for Facebook would be to ensure that there are enough number
of Facebook users so that advertisers’ cross group network externality could be
maximized, which will lead to more access fee from the advertisers that will increase

revenue of Facebook.

So far most of two-sided market studies only emphasized cross group network
externalities, not within group network utilities, utilities that represent interactions
among each side of groups. Li et al. (2010) introduced a concept of within group
network utility and showed that if competing platforms are in equilibrium and if both
platforms’ within group network utilities are same (not differentiated) then higher cross
group network externality actually lowers profits for the platform. This result highlights
a variable that has been neglected by many of studies. The variable, however, should not
be disregarded if one’s aim is to maximize its profit. Moreover it brings curiosity
whether the result of Li et al. could be applied to two-sided markets in general. . In this
study, a model was designed to accommodate buyer side access fee, which was not

considered in Li et al.’s model.



Examining newly constructed model, several implications are derived. There
are difference makers in each of optimization cases; also no-difference makers. Also
access fee differences cause uncertainties that are possible to ignore when competing
platforms’ access fees for either seller or buyer are same as the other platform.
Furthermore the finding of common no-difference maker could free each cases’ platform
from those no-difference makers. Also application to case of professional case shows,

some of access fee discount could be unnecessary discount.

This paper contribute to two-sided market study by providing hints of where to
allocate its resource and where not to; also gives shows how each of variables are
related and even interacts (particularly seller side access fee and buyer side access fee).
Furthermore, the study verifies result of Li et al.’s study and shows their result might be

lack of generality.
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2. Literature Review

Study of two-sided market theory began earnest in 2000s. Since articles of
Rochet & Tirole (2006), Caillaud & Jullien (2003), and Armstrong (2006) there have
been studies of general theories regarding optimal pricing and externalities; since Evans
(2003) and Wright (2004) there have been papers on platform competition effects (Rhee
2010). For two-sided market is relatively new to academia, there have been several
endeavor to define the market. Rochet & Tirole (2006) defined two-sided market as
“markets in which one or several platforms enable interactions between end-users and
try to get the two (or multiple) sides “on board” by appropriately charging each side.
That is, platforms court each side while attempting to make, or at least not lose, money
overall”; Rysman (2009) defined that broadly speaking a two-sided market is one in
which 1) two sets of agents interact through an intermediary or platform, and 2) the
decisions of each set of agents affects the outcomes of the other set of agents, typically

through an externality.

Armstrong (2006), Caillaud & Jullien (2003), Schiff (2003), Rochet & Tirole
(2003 and 2004), Parker and Van Alstyen (2005) studied concerning subsidy (which
group receives subsidies from platforms). Armstrong (2006), Caillaud & Jullien (2003),
Schiff (2003), Parker and Van Alstyen (2005) measured cross group network externality
in their papers. Caillaud & Jullien (2003), Schiff (2003), Rochet & Tirole (2003 and

2004) looked into access charge and usage charge in their articles.

While most of two-sided market study emphasizes variables mentioned above;
Li et al. (2010) attempts to measure competition between subjects within the same

platform, for instance, between the different sellers competing for a consumer on an



auction site. From this attempt, Li et al. successfully modelled competition between the
sellers for the buyers, including the competition between the platforms themselves.
Platform industry Li et al. modelled is online book stores, Alibris.com and Half.com,
which provide similar functionalities however attract different types of customers.
Alibris.com sells collectable or rare books whereas Half.com sells discounted college
student books. There is transportation cost for customers in both platforms, the cost
faced by customers when customers try to orient themselves to particular platforms. This
transportation cost acts as a disutility for a customer, disutility that could be searching
cost or any inconvenience in real life example. Li et al. employed Hotelling’s
competition model (Hotelling 1929) for competition between sellers for buyers.
Employing Hotelling’s competition model, Li et al. set up the proportion of the number
of buyers for platform 1 as n} and buyers for platform 2 as n; Also the proportion of
the number of sellers for platforml and platform 2 as nl and nZ respectively. Here Li
et al. assumed that sellers and buyers single homes. In the model, Li et al. used a
parameter @ to represent cross group network externality, which means each groups’
utility will be affected by other side groups actions. A parameter 3 has used in the
model to show within group network utility. Suppose a user could find many of their
acquaintance or friends from Facebook then, the user’s within group network utility
would be higher than any user who could not find that many of acquaintance or friends

from Facebook. Below is Li et al.’s equations for utility of marginal buyer on each

platforms.
up = ayng + Bing +v — (P — ang) — njt €))
ug = a;(1—ng) +fo(1—np) +v— @ -a(l —ng)) — (1 —np)t )



Equation 1 shows that utility of buyers on platform 1 is a function of cross
group network externality, the number of sellers, within group network utility, the
number of buyers, gross utility the buyers can derive from the product ( v ), monopoly
price(p), coefficient of competition between sellers, and transportation cost. (p — ani)

shows actual price a buyer pays to sellers.

Equation 2 shows in almost same logics as equation 1 shows. The difference
would be expressions of the proportions of numbers of buyers and sellers, which

denoted as (1 —n}) and (1 —nl) respectively.

ut = (nh -y —and)) (6 — an) — Fy (3)

u2 = ((1-nd) — v —a(l - nd)) (- a(l —nd) - F, (4)

Equation 3 shows that utility of sellers on platform 1 is a function of the
number of buyers, coefficient of price sensitivity among buyers, monopoly price(p),

coefficient of competition between sellers, the number of sellers, and fixed fee charged
to sellers on platform. A part of equation (n}g -y - an%)) shows the proportion of

the number of buyers on platform 1. Equation 4 shows the utility of sellers on platform 2.
Although Li et al. argued that equation 3 and 4 are utilities of sellers on platforms, it
would be less complicated if equation 3 and 4 are regarded as profits of sellers on both

platforms respectively.



I, = n§F1 (5)

M, = (1 —nd)F, (6)

Equation 5 is revenue what platform 1 generate from sellers. Equation 6 is the

revenue of platform 2.

In Li et al.’s paper, they assumed that in both platform sellers and buyers will
reach equilibrium thus ui=u? and ui=u2. Therefore u2 = 1 —u} and, u? =1 —
uj. They also set conditions that 0 < u}, u2, ud, uZ, for otherwise sellers or buyers
would not have incentives to use any of platforms. With these conditions, Li et al. solved

equation and derived results, equation 7 and 8.

-pQaj+4az—P1+P2)-3a%(-1+y(-2t+p1+pB2))
F — +a(3t+a1+2a2—2[?1—ﬁ’2+6ﬁ(—1—2ty+yﬁl+yﬁz)) (7)
1 6t—3(B1+82)

—pl4as+2az+P1-P2)-3a%(-1+y(-2t+p1+PB2))
F, = +a(3t+2a1+a;—f1—2B,+6P(—=1-2ty+yB1+vYfF2)) ®)
2 6t—3(B1+Bz2)

Solving equation 7 and 8 in two different cases that case 1: a; # a,, B, = S, and case

2. a; = ay, By # B,. With case 1, equation 9 and 10 were obtained.

L _ (@-2p)(a1-ay)
R ey ) ©)
_ (a-2p)(a1-ap)
Hl - HZ _ 6(—t+ﬁ) (10)



With case 2, equation 11 and 12 were obtained.

I o) (D)
L 6t—3(B1+B2) (11)

L @2)Bi-B)
I =1, = 6t—3(B1+B2) (12)

Solving equation (1) ~ (6) with two case conditions of [ai#a2, B1=B2], and
[a1=02, B1#PB2] respectively, Li et al. form a conclusion that when a:>a, and if platforms
are not differentiated enough (such as t<f) then higher cross group network externality
actually lower profits for the platform for the former condition; reverse effect is
observed for the latter condition. The result what Li et al. has found clearly shows
critical variable of profit organizations. There is, however, a room to extend the model.

Thus later of this paper Li et al.’s model will be extended by adding another variable.



3. Model

New model is constructed based on what Li et al.’s suggested and is extended

to have access fee to buyers. To avoid any confusion access fee to seller has denoted as

F} and access fee to buyer has denoted as F}; (i=1 and 2).

Figure 1. Access Fee to buyers and sellers

Pay for goods

Access Fee Access Fee

Sellers —> Platform

Buyers

Sell goods

nkandnk (i=1, 2) follows H. Hotelling’s spatial distribution an

d normalized

to 1; buyers are marginal buyers, who will choose where has higher utility; access

fee is fixed fee charged by each platforms. PC Operating Systems

could be an

example for this model (Evans 2007). Also some of Social Network Service and

Real estate agencies could be examples for this type of business model.

For this market, utilities of buyers would be changed for buyers have to pay

access fee, which is denoted as Fz.

up = ani+ piny +v— (p —and) —njt— Fj

(1-1)

wh = a(l-nh)+ B —nh) +v-@-ald—nd) - A-nh)t-FF  (1-2)
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Utilities of sellers would not be changed; however, the variable ‘F’ (access fee

to sellers Li et al. used) will be written as F¢ to avoid any confusion with access fee to

buyers.
ut = (nh —y(p—and)) (p — an}) - F¢ (1-3)
u? = ((1-nd) —y(P —a(l —nd)) (- a(l — nd)) - FZ (1-4)

Platforms profit source will be altered for there are buyers who pay access fees,

which are added as extra profit source of platforms. .
M, = n}F¢ + npFa (1-5)

M, = (1 - n9F§ + (1 —np)Fg (1-6)

11



4. Analysis and Results

Purpose of this analysis is to find out what makes differences in platform’s
profit and also to find out what does not make differences in platforms’ profit. For
platforms’ profit is function of access fee of sellers (Fs) and access fee of buyers (Fg),
optimal value for Fs and Fg will be calculated according to two cases (Case 1 is when
a1#az and B1=f8, Case 2 is a1=a, and 1+ B>) first; then II; - IT> will be
calculated based on each of optimal values of Fs or Fg that are already calculated; After
that overall results of I1; - IT> will be examined; difference makers and no-difference
makers will be suggested. At the end, common difference makers and common no-
difference makers for platforms’ profit will be derived. Wolfram Mathematica ver.

9.0.1.0 has used to calculate equations; script for Mathematica is attach in appendix.
This analysis contain 6 subsections, 1. Access fee to sellers — case 1; 2. Access
fee to sellers — case 2; 3. Access fee to buyers — case 1; 4. Access fee to buyers — case

2; 5. Summary of Analysis; 6. Case — Professional SNS. Each of subsections from 4.1

to 4.4 will show optimal values for access fees, difference of each platforms profit, and

Li et al.’s result (for comparison purpose).

12



4.1. Optimized to Seller Side Access Fee — case 1

Optimal value for Access Fee to Sellers —case 1 (a1 # a5, B1 = B2)

F: 6(;_1@ (—3a? — 3at + 3ap — 6a’ty + 6a*Py — 2aa, + 3aF} + 2a,F} + 2p(3a + 6aty —

6afy + a; + 2a, + FE — F2) + 3aF3 + a,F2 + ay(—a + 2F + F2)),

2, 1
Fs: 6(t—p)

(3a? + 3at — 3ap + 6a’ty — 6a2By + aa, — 3aFy — ayFp + a;(2a — Fy — 2F3) —

3aF% — 2a,F% — 2p(3a + 6aty — 6afy + 2a, + a; — Fy + F3))

I1; — I, when a; # a, and B; = B, is below;

a1 (—a+2p+2F3+F5)+ ay(a—2p—FA—2F3)+(—4p+3(a+t—B—FA—F3))(FA—F3)
6(t—p)

Although each of access fees are calculated in conditions of o, p equalities
combinations and substituted to Iy - IT> (n3F + npFg — (1 — ndH)FE + (1 — np)FE),
it is still challenging to extract meaningful result. Thus extra step was taken, the step is
to set F} = xFZ = xFp. Because other side platform’s access fees can be described as
multiples of the other side platform’s access fee. Extra step processed result follows

below;

nl - HZ When aq * a,, Bl = BZ and Fl% = XFBZ = XFB |S

(—a+2ﬁ+(x+1)FB)(a1—a2)+(xa1—az)FB+(2(a—2ﬁ)—3(x+1)FB+3(t—B))(x—1)F3+a(x—1)FB
6(t—p)

13



This step reduces some of variables and allows re-arrange of equation; re-
arranged equation contains some of partial terms that have definite signs; also the result
of the extra step implies what makes differences in terms of the sign of I1; - IT,. First of
all, when n} = %, “—a + 2p” is always positive. It is because (p — anl) is the actual
price buyer pays to sellers and thus will be positive for otherwise sellers have no
incentives to sell; if ni = % then the partial equation (p — ani) is (p —%) which has
positive sign. Thus (—a + 2p) is always positive. Also there is no assumptions of
subsidies on access fees, thus access fees of any side would have positive values. Thus
partial term (x + 1)Fg has positive value. In similar logic, partial term 2(a — 2p) —
3(x + 1)Fg will have negative signs. Then left terms are what decides sign of equation,
[I; —II,. These terms what decide the equation’s sign will be called ‘difference

makers”’; the difference makers and interpretations follows below;

o (@, — ay): difference of cross group network externalities of both platforms;
o (xa; — ay): effect of access fee difference on network externality;
o (t — B): degree of differentiation of platforms;

o (x — 1): effect of access fee differences.

Although both “difference of cross group network externalities of both
platforms” and “degree of differentiation of platforms” could be found in Li et al.’s
paper, “xa; — a,” and “x-1” are unique findings from this study. These unique partial
terms seems rooted from buyer side access fees for otherwise there is no explanation for

the ‘x’. Then it could be argued that buyer side access fee caused this differences.

14



Intuitively, since buyers are sole source of utility for sellers in this model, and what’s
optimized is seller side access fee, it is plausible that the cause is the buyer side access

fee. This interpretation could be strengthened when compared with the result of IT; —

I1, and when x=1. Below is a result of I1; — I, when a; # ay, f; = fz,andx =1

_ (a—2p — 3Fp)(a; — ay)
6(t —pB)

Comparing the results of both when x is not decided and when x is 1, it can be
observed that some of terms either absorbed by other terms or even disappears. The
absorbed or disappeared partial term is [(xa; — a,)Fg + (Z(a —2p)—-3(x+1)Fz +
3(t — B))(x — 1)Fg + a(x — 1)Fg]. This term is almost ineffective when competing
platform charges same amount of buyer side access fee, yet start to make uncertainties
when both platforms charge different rate of buyer side access fees. Thus this type of
partial terms will be called ‘uncertainty by fee differences’. Buyer side access fee still
affects I1; — IT, even when x=1 (both platforms charge same amount of buyer side

access fee) as much as 3Fe.

Another interesting thing is when considering the difference of each platforms’
profit, variables such as p, a, y, and v does not have critical impact on the degree of
profit (although p and a does appear in the equation, the signs of each parts these two
variables belong are already decided; besides, y does not appeared at all). It could mean
that these variables does not make any differences in terms of platforms’ profit; in this

particular case it could be argued that the market platforms belong is free of y.

15



4.2. Optimized to Seller Side Access Fee — case 2

Optimal values for Access Fee to Sellers —case 2 (a; = a3y, 1 # ;) are

1

1.1
Fs: 6t—38,-38,

(—3a2 —3at — 3aa — 6a’ty + a(2 + 3ay)B, + aB, + 3a’ypB, + 3aF} +

4aFy +p (=1 + 6ay)B, + (1 —6ay)B, +2(3(a+ a+ 2aty) + Fy — F3) ) + 3aF; + 2aF3),
1 2

% —6t—3ﬁ11—352 (3a% + 3at + 3aa + 6a’ty — a(1 + 3ay)B, — 2apB, — 3a*yp, — 3aFL — 2aFs —

3aF; — 4aFg +P((—1+ 6ay)B, + (1 + 6ay)B, — 2(3(a + a + 2aty) — Fy + F3)))

[1; — I, when a; # a, and ; = B, is below;

B2(a—2p—3F3)+(3(a+t)+a—4p—3Fp—3FE)(Fa—F3)+B1(—a+2p+3FF)
6t—381—3B>

Although each of access fees are calculated in conditions of o, p equalities
combinations and substituted to I1; - I, (niFd + npFi — (1 — nd)FE + (1 — np)FR), it
is still challenging to extract meaningful result. Thus extra step was taken in this case as
well as the former case, the step is to set F2 = xFZ = xFy. Because other side
platform’s access fees can be described as multiples of the other side platform’s access

fee. Extra step processed result follows below;

nl - HZ When aq * a,, Bl = Bz,and FB} = XFB; = XFB |S

(B1—B2)(—a+2p)+3(B1—xP)Fp+(2(a—2p)—3(x+1)Fp+a+3t+a)(x—1)Fp
6t—3(f1+P2)

16



This extra step reduces some of complexity of the equation and thus eases
interpretation. Definite signs of partial terms could be found in above equation. As
shown in ‘Optimized to Seller Side Access Fee — case 1, (—a + 2p) is positive,
2(a—2p) —3(x + 1)Fz is negative, and a + 3t + a is positive. What’s left are

difference makers.

o (B1 — B,): difference of within network utilities of both platforms;
o (B; — xB,): effect of access fee difference on within network utilities;

_ (BtB2)

o (t >

): degree of platforms’ differences.

Although both “difference of within network utilities of both platforms” and
“degree of platforms’ differences” could be found from Li et al.’s paper, “f; — xB,” is
unique findings from this study. This unique partial terms also seem rooted from buyer
side access fees for otherwise there is no explanation for the ‘x’. Then the argument of
‘buyer side access fee affecting seller side access fee’ could be reinforced. In other
words the idea of ‘buyers are sole source of utility for sellers in this model, and what’s
optimized is seller side access fee, it is plausible that the cause is the buyer side access
fee’ is being received another base. This interpretation could be reinforced when

compared with the result of IT1; —I1, and when x=1. Below is a result of I1; —II,

when a; # a,, f; = f,andx =1

_ (a—2p —3Fg)(B1 — B2)
6t —3(B1 + B2)

{ }

17



Comparing the results of both when x is not decided and when x is 1, it can be
observed that some of terms either absorbed by other terms or even disappears. The
absorbed or disappeared partial term is [(3(8; — xB2)Fg + (2(a — 2p) — 3(x + 1)Fz +
a+3t+a)(x—1)Fg]. This term is almost ineffective when competing platform
charges same amount of buyer side access fee, yet start to make uncertainties when both
platforms charge different rate of buyer side access fees. Thus the partial term ‘[(3(f; —
xB,)Fg + (2(a—2p) —3(x + 1)Fg + a + 3t + a)(x — 1)Fg]’ is the ‘uncertainty by
fee differences’ in this case. Buyer side access fee still affects IT1; — I1, even when x=1
(both platforms charge same amount of buyer side access fee) as much as 3Fg

interestingly.

Another Interesting thing is when considering the difference of each platforms’
profit, variables such as p, y, and v does not have critical impact on the degree of profit
(although p does appear in the equation, the signs of each parts p belongs are already
decided; besides, y does not appeared at all as it does not in ‘Optimized to Seller Side
Access Fee - case 1°). It could mean that p does not make any differences in terms of

platforms’ profit; in this particular case the market platforms belong is free of y.

18



4.3. Optimized to Buyer Side Access Fee — case 1

Optimal values for Access Fee to Buyers - case 1 (a; # a3, B = [) are

1

1 1 2 2
FB’: m<3a2 + 3at — 3aﬁ + 6a2t]/ - 6a2[?y + aa; — azyaz - (IzFS + 3aF5 + azFS +

ay (a(Z +ay) — Fi + F?) - ’p‘((3 + 2ay)a, + (3 — 2ay)a, + 2 (3a + 6aty — 6afy + 2F% +

)

2 1

5 m(Ba2 + 3at — 3aB + 6a’ty — 6a2By + 2aa, + a’ya, + 3aFi + ayFs +

a(a—a*y + Fi— F%) — ang] —p((3 —2ay)ay + (3+ 2ay)a, + 2(3a + 6aty — 6afy +
F§ + 2F9)))

H1 - Hz When aq * a,, Bl = BZ |S

(a1 (a+2a?y—4ayp—2FE +2F2)—a,(a+2a’y—4ayp+2Fs —2F2)+(3a(—1+ay)+p—6ayp—3FE —3F2) (F&—FZ))
3a(14+2ay—-4yp)

With condition of equality combinations of a, B, IT; — I, is flooded with
variables. Thus similar approach, the extra step (Fz = xFZ = xF) was taken to analyze

the case. The result of extra step processed stated below;

nl - HZ When aq * a,, Bl = ﬁz,Fsl = XFSZ = XFS |S

(a1—az)a(1+2ay—-4yp)+(ai1+az)(—2x+2)Fs+(3ay(a-2p)-3(x+1)Fs+(Pp—-3a))(x—1)Fs
3a(14+2ay—-4yp)
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This extra step reduces some of complexity of the equation and thus eases
interpretation. Although not many, definite signs of partial terms could be found in
above equation. 3ay(a — 2p) — 3(x + 1)F; is negative. Also condition of when a(1 +

2ay —4yp) is positive could be found. If rearrange a(l + 2ay — 4yp) then it is

“a(1+ 2y(a—2p))”; for (a—2p) <0 when ni = % if y is smaller than PTSY

X(P—3)
then the partial term is always positive. Also if n} = % then (p — g) is the actual price

buyers pay to sellers. If read each of variables in the partial term (1 + 2y(a — 2p)), itis
interaction among price buyer pays, price sensitivity among buyers and competition
among sellers. Thus the partial term will be called ‘impact of purchasing factors’.

Difference makers of this particular case are written below;

o (@, — ay): difference of cross group network externality of both platforms;

o (—x + 1): effect of seller side access fee differences;
o@- %a - ga): the actual price and competition among sellers;

o a(1 + 2ay — 4yp): impact of purchasing factors.

This result shows cross group network externality still affects platforms profit
as appeared in case of ‘Optimized to Seller Side Access Fee — case 1°. Also (—x + 1)

shows when optimized to buyer side access fee, seller side access fee affects platforms’

profit. This have a thread of connection with the idea of ‘buyer side access fee affecting
seller side access fee’. Meanwhile, the actual price buyer pays to sellers (p —%a),

degree of competition, and price sensitivity among buyers seems have interactions
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through the partial terms of (p — %a - ga) and a(1+ 2ay — 4yp). Below is I1; — 11,

when a; # ay, By = By, F} = xFZ = xFg and when x=1

a1 — ap

So far this is the simplest result equation. Same amount of buyer side access
fees by competing platform enables this form. In other words, the ‘uncertainty by fee
differences’ disappears when each competing platforms charge same amount of access
fees. In this case, the ‘uncertainty by fee differences’ is [(a; + a@y)(—2x + 2)Fs +

Bay(a —2p) —3(x+ DFs + (p — 3a))(x — 1)Fs].

It is surprising that platform differentiation (‘t’) does not appear in results.
Although ‘t” does appear in optimized Fg, subtracting of I1; and I1, offsets the effect of
‘t’; thus the variable ‘t’ is not a difference maker. Another interesting thing is when
considering the difference of each platforms’ profit, variables such as f, t, and v does not
have any impact; these do not even appear in the equations. It could mean that B, t, and v
do not make any differences in terms of platforms’ profit; thus in this particular case the

market platforms belong is free of B, t, and v .
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4.4. Optimized to Buyer Side Access Fee — case 2

Optimal values for Access Fee to Buyers - case 2 (a; = a3, 1 # ) are

1, 1 2 240, _ A2 _ 1
Fg: sa(ir2ar—470) (3a + 3at + 3aa + 6a°ty — a(1 + 2ay)B, — 2aB, —4a*yB, — 2aFg +
3aF? + 2aF? — 2p(3a + 3a + 6aty — 2ay P, — 4ayp, + 2F¢ + F2)),

2 1

. 2 2 _ _ _ 2 1
Fg: a0y —27D) (3a* + 3at + 3aa + 6a‘ty — 2a(1 + 2ay)p, — aB, — 2a°yB, + 3aFs +

2aF}] — 2aF¢ — 2p(3a + 3a + 6aty — 4ayB, — 2ayB, + F¢ + 2F%))

H1 - HZ When a, = Ay, ﬂl * ﬂz |S

(a(1+2ay-4yp)Br+a(—1-2ay+4yD) B2 +(—4a+3a(—1+ay)+P—6ayp—3F§ —3F&)(Fd—F&))
3a(14+2ay—-4yp)

The extra step was applied to I, — I, . II; — I, when a; = ay, f; #

Bo, F& = xFZ = xF; is stated below;

(B1—B2)a(1+2ay—4yp)+(3ay(a—2p)—3(x+1)Fs+(p—3a—4a))(x—1)Fg
3a(1+2ay—4yp)

After the extra step, familiar sets of variables appears, sets such as impact of
purchasing factors, -2(the actual price), and (x-1). If process a similar analysis procedure,
the sign of ‘3ay(a — 2p) — 3(x + 1)Fs’ is negative; signs of left sets are undecided.

The list of difference makers in this case is written below;
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o (B1 — B,): difference of within group network utility of both platforms;

o (x — 1): effect of access fee differences;

L1 5 , . .
o (P—ga—ga—4a)- actual price, competition among sellers, and cross-group

network externality;

o a(l + 2ay — 4yp): impact of purchasing factor.

This result shows within network utility still affects platforms profit as
appeared in case of ‘Optimized to Seller Side Access Fee — case 2’. Also (x — 1)

shows when optimized to buyer side access fee, seller side access fee affects

platforms’ profit. This also have a thread of connection with the idea of ‘buyer side
access fee affecting seller side access fee’. The partial term “(p — %a - ga —4a)” is
similarto (p — %a - ga) of ‘Optimized to Seller Side Access Fee — case 1°. There is,

however, an added part, ‘—4a’, which shows stronger effect as much strong as 4a.

Below is IT; — I, when a; # ay, B; = B, F¢ = xFZ = xFg and when x=1

Br— B2

Again a very simple result was obtained. Same amount of buyer side access

fees by competing platform enables this form. In other words, the ‘uncertainty by fee

differences’ disappears when each competing platforms charge same amount of access

fee. In this case, the ‘uncertainty by fee differences’ is [(3ay(a — 2p) — 3(x + 1)Fs +
(P —3a—4a))(x — 1)Fs].
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Platform differentiation (‘t’) also does not appear in this results. Although ‘t’
does appear in optimized Fg, subtracting of I1:-IT, may offsets the effect of ‘t’; thus the
variable ‘t’ is not a difference maker. When x=1, the result becomes very simple. What
matters is within group network utility alone. Another interesting thing is when
considering the difference of each platforms’ profit, variables t, and v does not have
impact on the difference of the profits; these do not even appear in the equations. It

could mean in this particular case the market platforms belong is free of t, and v .

4.5. Summary of Analysis

4.5.1. Summary of Difference Makers

Table 1. Summary of Difference Makers

Case Type With optimal Fs With optimal Fg
C) (@ = )
Difference (xay —a;) (_1X + 133
Case 1 Maker (t—pB) (ﬁ —Za-= a)
a; # ay, (x—1) 2 2 N
B = B2 a(1+ 2ay — 4yp)

No-Difference

l_[l - HZ Maker ﬁl a, 7/ 1 and v B y t, and v
1 2
-1
Difference (B, — xB) (’; )5
Case 2 Maker (B, + B2) (ﬁ —Za-= a)

a, = ay, (t— T) 2 2

B1 # B a(1l+ 2ay — 4yp)

NO-II\D/IIz:If(egrence p,7,and v t,and v
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In case with optimal Fs, Difference Makers are «, 3, t, and Fp. These variables
are not a part of sellers’ utility function but that of buyers’; Possible reason why these
variables affect platforms’ profit because sellers’ source of profit is related to buyers’. If
this is the case then platform might want to provide subsidies for buyer side access fee;
Also platforms’ differentiation does matter in this case. p, a, y, and v are No-difference

makers.

In case with optimal Fg, Difference Makers are «, B, Fs, a, the actual price, and
impact of purchasing factors. The reason why Fs and ‘a’ matters might be because too
much of seller side access fee and competition among sellers could lower the number of
sellers hence affect the cross group network externality that will lead to lower buyers’
utilities. If this is case, then platform might want to provide subsidies for sellers’ access
fee to ease the effect; also the actual price and impact of purchasing factors influence

platforms’ profit. t, and v are no-difference maker in this case.

4.5.2. Summary of Uncertainty by Fee Differences

Table 2. Summary of Uncertainty by Fee Differences

Conditions Cases Uncertainties by fee differences

(xa; — ay)Fg + (Z(a —2p) —
Case 1 3(x + DFp +3(t — B))(x — DFp +
With optimal Fs a(x—1)Fp
_ 3(By — xB)Fp + (2(a — 2p) —
I —1h Case 2 3(x + 1)Fg +Ba +3t+a)(x—1)F
(a; + ay)(—2x + 2)Fs + (3ay(a —
2p) —3(x+ DFs+ (p — 3a))(x — 1)F;
Bay(a — 2p) — 3(x + 1)Fs +
(P —3a —4a))(x — 1)F;

Case 1

With optimal Fg
Case 2
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According to each of fee optimizations, the uncertainty by access fee (if
described more precisely, it is uncertainty by access fee differences between competing
platforms) tends to have similar equations. Regardless what to optimize, the source of
optimized side (opposite side of optimized) seems to have concerns about paying
different amount of access fee compare to competing platform.; these concerns, however,

could be eliminated if competing platforms match the fees to each other.

4.5.3. Summary of Common Difference Makers

Table 3. Summary of Common Difference Makers

Types With optimal Fs With optimal Fg
Common a(l + 2ay — 4yp) and
MMy —1II, Difference Maker tand Fs Fs
Common 5 and ¢
No-Difference Maker p 7

Common difference makers of I1; — I1, with optimal Fs are t and Fg. The
differentiation of platforms affects numerator and denominator of equations of I1; — I1,;
The access fee to buyers affects numerator of equation I1; — IT,. Common no-difference
maker of IT; — II,with optimal Fsis 7 . Price sensitivity among buyer would not make

any differences on I1; — I1,. When optimal value of Fs is the aim of the platform then
what makes difference between competing platforms are t and Fg; also in this case, the

platforms are free of vy.

Common difference makers of I1; — I1,with optimal Fg are (1+2ay—4yp) and
Fs. The impact of purchasing factors affects numerator and denominator of equation of

I; — I, when a; = a,, 1 # B, and seller side access fees are different. This is a
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relation between the actual price and price sensitivity; also the access fee to sellers

affects numerator of equation IT1; — I1, when a; = a,, B; # B, and seller side access
fees are different. Common no-difference maker of I1; — I1, with optimal Fg is t; the
differentiation of platforms would not make any differences on I1; — IT,. When optimal
value of Fs is the aim of the platform then what makes difference between competing
platforms are the impact of purchasing factors and Fs; In this particular market, if
competing platforms charge same amount of seller side access fee then difference
makers could be simplifies as simple as either o or . Although these are not common
difference makers, these will be only concern for the platforms; Also in this environment

of optimal Fg, the platforms are free of ‘t’.

4.6. Case - Professional Social Network Services

Two Professional social network services were chosen; LinkedIn and Viadeo.
Both firms provide professional networking service; main source of profit of both
platforms is the seller (in this case job seeker). Below is a comparison table of both

services (Full comparison table can be found in appendix).

Table 4. Comparison of LinkedIn and Viadeo

LinkedIn Viadeo
Users 259 Mil 55 Mil
Monthly Visitors 97 Mil 4.6 Mil
Chinese, Dutch, English,
Available Languages Dutch, English, French French, Italian,
Portuguese, Spanish
Minimum Age to Join 18 -

27




LinkedIn Viadeo
Custom Skins N Y
Music plays on page
) bili N Y
Profile capability
Formatting | partial customization
N Y
of page layout
Standard text editing Y Y
College 88% 38%
Education
Breakdown No College 9% 43%
Unknown 3% 19%
35+ 80% 57%
Age j 0 0
Demographic 18-34 19% 44%
13-17 1% -
Subscription Buyer Side USD 39.95 USD 9.95
Fee Seller Side USD 19.95 USD 9.95
Revenue (2012) USD 972 Mil = USD 40 Mil (2009)
Net Income (2012) UsSD 21 Mil -

(Find The Best, 2014)

Although both services claims professional social network services, there are

few differences that seems critical for their characteristics. If consider the profile

formatting, Viadeo seems provide more customization than LinkedIn does; Also in

Education Breakdown section, 88% of LinkedIn users have at least college degree

whereas that of Viadeo is 38%. Also there are differences in age groups.

Although in reality it is not easy to compute transportation cost for both

platforms, differences of the age group, educational background and customization of

the service provide hints of dissimilarities. Also the difference of the number of users

and monthly visitors gives hint of cross group network externality and within group
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network utility.

If the ‘Access Fee to sellers” models applied in this case (LinkedIn as a
platform 1 and Viadeo as platform 2), then buyer side access fee scheme of Viadeo
might be a unnecessary discount. Although what Viadeo does on seller side access fee
would be a good decision in terms of profit maximization. For buyer side access fee of
LinkedIn is about 4 times higher than that of Viadeo, the case 1 of seller side access fee

equation will form as written below;

(—a+2p+5Fp)(a1—az)+(4a;—az)Fp+(2(a—2p)-5Fp+3(t—p))3Fp+3aFp
6(t—p)

If re-arrange the equation above, it will be arranged as below;

(—45Fp+6(a—2p)Fp—(a—2p)(a1—a2)+((9(t—p)+3(a1+a)+6(a1—ay)Fp
6(t—p)

Because of the differences mentioned earlier, if we assume t > g, then what
matters are whether ‘(—45Fz + 6(a — 2p)Fg’ is bigger than —(a — 2p)(a; — ay) +
((9(t — B) + 3(a; + a) + 6(a; — ay)Fg; since there are insufficient information about
the value of each variables, it cannot be certainly concluded which set of terms are
bigger; however if judged on the basis of two platforms revenue and net income, it
seems like this is the case of where Fg should be raised (Viadeo’s revenue and net
income is not publically announced; hence it means that the revenue and net income is
not high enough). If this is the case, lower buyer side access fee scheme of Viadeo is

unnecessary discount that will not contribute to platform’s profit.
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5. Conclusion

5.1 Conclusion

This study contributes to Two-Sided Market studies by providing model of
access fee charging platform competitions and its analysis. Modelling access fee
charging platforms’ competition, the study found out various implications. From the
analysis, the study showed that buyer side access fee affects seller side access fee;
furthermore showed the degree/strength of the effect of access fee to each other;
moreover this study showed how the effect could be controlled using access fee scheme.
This study also suggested sets of variables, the difference makers and the no-difference
makers. By comparing these difference makers and no-difference makers, the study
extracted the common difference makers and common no-difference makers. The
common difference makers are variables what platform should manage and research; the
common no-difference makers are variables that platforms could be free from allocating

resources.

From the findings, some of implications could be extracted. The implications
are if platform is in too much of uncertainty managing its business then the platform
could set its access fee same as its competing platforms according to the findings of this
study. This will dramatically reduce the uncertainty that is named ‘uncertainty by fee
differences’ in this study. Another implication is, as shown in case analysis, according to
situation of platforms, platform could set appropriate access fee schemes and avoid

unnecessary discount on access fees.

Beside this study extends the study of Li et al. by adding buyer side access fee;

this study shows importance of the transportation cost is only valid when platform
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charges seller side access fee only and not valid when platform charges buyer side

access fee; thus shows the result of Li et al.’s study might be lack of generality.

5.2 Limitations and suggestions

The study assumes marginal buyers and sellers and also assumes two
competing platforms are in equilibrium. This made the study simpler, however does not
fully represent real-life competition among platforms. The future study could consider
non-marginal buyers and sellers. The study assumes single homing of sellers. In reality,
sellers often multi-homes. (i.e. program developers in computing systems, employer
who uses professionals’ SNS.) Future study could be formulated to consider multi-
homing of sellers. The study assumes variables such as @ and /A as non-manipulative
for assuming manipulating these variables without affecting other variables would be of

non-sense; future study could include equations that set o« and /A as dependent

variables so that interactions between « and S and other variables could be observed.
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Appendix

1. Summary of Model sets

— Conditions
Buyers Sellers
Lietal. pay for goods access fee to platform
New pay for goods
Model access fee to platform access fee to platform
2. Notations
nk The proportion of the buyers who prefer platform 1
1—n} The proportion of the buyers who prefer platform 2
t Unit transportation cost (buyer side)
ng, The proportion of the sellers who join platform 1
1—ni, The proportion of the sellers who join platform 2
a; Cross-group network externalities of platform i, (i=1, 2)
Bi Within-group network utility of platform i, (i=1, 2)
up Buyers' utilities on platform i, (i=1, 2)
ul Sellers' utilities on platform i, (i=1, 2)
v Gross utility derived from the purchased product
P Monopoly price a seller can charge for the product he sells
a Coefficient of competition among sellers
y Coefficient of price sensitivity among buyers
1, Net profit of platform
Fli Access fee charged to buyers on platform i, (i=1, 2)
Fii Access fee charged to sellers on platform i, (i=1, 2)
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3. Summary of equation sets

Equations

Remarks

up = ayng + ping + v — (P — and) — njt

uj =ay(1—ng) +Bo(1—np) +v— @ —a(l —ng)) — (1 —np)t
ug = (g —y(@—and))( —an) — F,

ui=((1-np) —v®—al-n§)))P - a(l —ny) - F,

My = ngFy

I, =(1- n.%)Fz

Lietal.’s.

up = ang + ping +v— (P —anl) —npt— F

up = ax(1—n5) + fo(1 —np) + v — (P — a(l —ny))
—(1—n})t—F;

u§ = (np —y(P —and))(P — any) — F§
uf = (A -np) —y@—a(l —n§)))B - a(l —ny)) - F¢
I, = niF¢ + npF3

M, = 1 —npF + (1 —np)Fg

Access Fees to
Buyer side have
added

35



4. Summary of Results.

With optimal Fg

Case 1

ay # az, 1 = B

(—a+2ﬁ+(x+1)FB)(a1—a2)+(xa1—az) Fp+
(2(a-2p)-3(x+1)Fp+3(t—B))(x—1)Fp+a(x—1)Fp
6(t—p)

ay # ay, Pr = P
F} = xF2 = xF

(ma+2p+(x+1)Fp)(a1—az)+(xa1—a, ))Fp
+(2(a-2p)-3(x+1)Fp+3(t—B))(x—1)Fp+a(x—1)Fp

6(t—p)
mn, —1,
a # az, fr = P, _ (a —2p —3Fp)(a; —a3)
x=1 6(t—p)
— 29 —
Lietal. _ (a pP)(a; — a3)
6(t—p)
With optimal F Case 2
B1(—a+2p+3FE)+p2(a—2p-3F3)
ay = az, B # B +(3(a+t)+a—4p—3F4—3F5)(FA—F3)
6t—3B1-38>
(B1=B2)(—a+2p)+3(B1—xP2)Fp
@ = a2 b1 # Fo +(2(a-2p)-3(x+1)Fg+a+3t+a)(x—1)Fp
fo = xfy =ty 6t-3(B1+B2)
M -1,

x=1

ay = ay, B1 #* Ba,

_(a—2p = 3F) (B — )
6t —3(B; + 2)

Lietal.

_(@a=2p)(B1 = B)
6t — 3(B1 + B2)
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With optimal F,

Case 1

m, — 11,

ay # az, 1 = B

(a1 (a+2a?y—4ayp—2F¢ +2F%)
—ay(a+2a?y—4ayp+2FE—2FZ)
+(3a(-1+ay)+P—6ayp—3FE—3F2)(F¢—FZ))
3a(1+2ay—4yp)

ay # ay, Pr = P,
F} = xF2 = xF

(a1—az)a(1+2ay—-4yp)+(ai1+az)(—2x+2)Fg
+Bay(a-2p)-3(x+1)Fs+(p—3a))(x—1)Fg
3a(1+2ay—-4yp)

a # az, fr = P, i
x=1 3
With optimal F Case 2

My =10,

a; = ay, B # B

(a(1+2ay—4yP)B1+a(-1-2ay+4yP)B:
+(—4a+3a(-1+ay)+p-6ayp—3F§ —3F&)(Fd—F&))

3a(1+2ay—4yDp)

a; = ay, By * Ba
Fi =xF2 = xFg

(B1-B2)a(1+2ay—4yP)+(3ay(a—2p)
—-3(x+1)Fs+(p-3a-4a))(x—1)Fg

3a(1+2ay—-4yD)

ay = ay, By # Po,
x=1

B — B,

3
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5. Full Comparison of LinkedIn and Viadeo.

LinkedIn Viadeo
Users 259 Mil 55 Mil
Monthly Visitors 97 Mil 4.6 Mil

Available Languages

Dutch, English, French

Chinese, Dutch, English,
French, Italian,
Portuguese, Spanish

Minimum Age to Join 18 -
Custom Skins N Y
Music plays on page
- N Y
Profile capability
Formatting | partial customization
N Y
of page layout
Standard text editing Y Y
Photo Uploading Y Y
Private Message v N
) Sending
Site Features -
Public l\/_lessage N v
Posting
Video Uploading Y Y
Event/Activity Invites Y Y
File Sharing Y N
) Groups Y Y
Networking -
Features Multi user games N Y
Private Messages N Y
Real time updates from
Y
other users
Filtering Y N
Search Live search results Y Y
Features
Search suggestions N Y
Search Age N Y
Options Email Address Y Y

38




LinkedIn Viadeo
Interests Y N
Keywords Y Y
Name Y Y
Online Now N Y
College 88% 38%
Education 0 0
Breakdown No College 9% 43%
Unknown 3% 19%
35+ 80% 57%
Age 18-34 19% 44%
Demographic
13-17 1% -
Subscription Buyer Side USD 39.95 USD 9.95
Fee Seller Side USD 19.95 USD 9.95
Revenue (2012) USD 972 Mil = USD 40 Mil (2009)
Net Income (2012) UsD 21 Mil -
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Mathematica Script and Results

Solving the F!, Fi, F}, F2 in Access Fee Model using
Solve[ ]

Making sub and super scripted variables in Mathematica

Remove["Global "@+"]

nBl1 = Subsuperscript[n, B, 1]
nSl1 = Subsuperscript[n, S, 1]
(+ t %)

(+ a %)

alphal = Subscript[a, 1]
alpha? = Subscript[a, 2]

(+ B *)

betal = Subscript[f#, 1]

beta2 = subscript[f#, 2]

AFS1 = Subsuperscript[F, S, 1]
AFS2 = subsuperscript[F, S, 2]
AFS = Subscript [F, S]

AFB1 = Subsuperscript[F, B, 1]
AFB2 = Subsuperscript[F, B, 2]
AFB = Subscript [F, B]

uBl = Subsuperscript[u, B, 1]
uB2 = Subsuperscript[u, B, 2]
(¥ v %)

Phat = OverHat [P]

(* a %)

(+ ¥ *)

Pil = Subscript[I, 1]

Pi2 = Subscript[I, 2]

(¥ 8 %)

(v d ¥)
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Defining six functions

(# defining functions and equations «)

(# function 1 «) uBl = alphal + nSl + betal +nBl + v - (Phat - a +nSl1l) - nB1 + t - AFB1

(# function 2 )

uB2 = alpha2 + (1-nS1) +beta2 + (1-nBl) +v - (Phat-a+ (1-nS1)) - (1-nBl) s« t - AFB2
(# function 3 #) uSl = (nBl-+y¥« (Phat-a+nSl1)) » (Phat-a+nsl) - AFS1

(+ function 4 «)

us2 = ((1-nB1l) -y + (Phat-a (1-ns81))) + (Phat-a+ (1-n8l)) - AFS2

(# function 5 #) Pil = nS1 « AFS1 + nBl « AFB1

(# function 6 #) Pi2 = (1-nsSl) AFS2 + (1 - nBl) « AFB2

v-P-Fp-tng+fng+ang+oynt
v-P-Fi-t(l-ni)+8 (1-ni)+a(l-ni)+a; (1-n})
~Fh+ (P-ang) (nj-v (P-ani))

~FE+ (1-ni-v (P-a (1-n3))) (B-a (1-n3))

Fg nig + F3 g

F2 (l —né) +F2 (l —n};)

Defining six basic equations with conditions

eqnl = uBl = uB2
eqn2 = uSl = us2

v-DP-Fi-tng+fng+ang+ont ::v—f?—Fﬁ—t (l—né) + B2 (l—né) +a (l—né) + dlz (l—né)

—Fé+ (f’—ané) (né—y(ﬁ’—ané)) ::—F§+ (l—né—y(ﬁ’—a (l—né))) (ﬁ’—a (l—né))
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Solving eqnl and eqn 2 with respect to nj and n}

nBSlsol = Solve[{eqnl, eqn2}, {nBl, nS1}] [[1]]

{néa—((aJrZazy—llayﬁ) (—a+t—a2—BZ—F%+F§)—
(2a+ag +0t) (—a—azy+f>+2ayﬁ>+Fé—F§))/
(—(a—ZEA)) (2a+a1+a2)+(a+2a27—4a}(§) (—2t+51+52)),
néa((a—Zf’) ((a+2a2}/—4ayﬁ>) (—a+t—a2—BZ—Fé+F§)—
(2a+ay +0s) (—a—a2y+ﬁ>+2ayﬁ>+Fé—F§)))/
((a+2a2}/—4ayﬁ>) (—(a—ZfD) (2a+al+a2)+(a+2a27—4ayﬁ>) (—2t+{31+52))) -

—a—a2y+§+2ayﬁ+Fé—F§}

a (1+2ay—4yﬁ’)

(¥ 2 Condition )
condl = betal == beta2;
cond? = alphal = alpha2;

nBSlsoll = Simplify[nBSlsol, condl] /. beta2 -+ §
nBSlsol2 = Simplify[nBSlsol, cond2] /. alpha2 » a

{néﬁ (—a (1+2ay—4}/§’) (a—t+/§+a2+Fé—F§) +
(2 a+a+ads) (a+a2y— (1+2ay) @—F§+F§))/

(za(c-p) (1+2av-4vP)+(a-2P) (2a+ar+as)),
ni - (a2+at+2a2ty+aa2+aFé—2f’ (a+2aty—2aﬁy+a2+Fé—F§) -

AaFE-2tFs+2tFs-pB(a+2a®y-2F5+2F%)) /
(-2P(Zardaty-daByrop+0g)+a (Za+2t+daty+f (-2-day) rar+og))]

[nt-
—(—a(l+2a}(—47ﬁ>) (a—t+0(+/32+Fé—F§)+2 (a+a) (a+a27—(l+2ay) @—Fé-v—Fg))/
(—2 {a+a) (a—2§)+a(l+2ay—4yl§) (—2t+ﬁl+ﬁz)),

2o _p_> 2 pl 2
R vl avE FS+FS+((a—2f’) (—a(l+2ay—4}/]§>) (a—t+o<+/32+Fé—F§)+

1
Nng —

a+2a2}/—4ayl§
2 (a+d) (a+a27/—(1+2a)/) @—Fé+Fg)))/
(a{l+2avy-4v?) (-2(a+a) (a-28)+a(l+2ay-4vE) (—2t+/31+/32)))}
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Substituting nj and n{ into I1; and IT; then differentiate them by F{ and F?

being constants

DPilAFSlcondl = D[Pil /. nBSlscll, AFS1]
DPilAFS2condl = D[Pil /. nBSlscll, AFS2]
DPi2AFSlcondl = D[Pi2 /. nBSlsoll, AFS1]
DPi2AFS2condl = D[Pi2 /. nBSlscll, AFS2]
DPilAFSlcond2 = D[Pil /. nBSlsol2, AFS1]
DPilAaFS2cond2 = D[Pil /. nBSlscol2, AFS2]
DPi2AFSlicond2 =D[Pi2 /. nBS1lscl2, AFS1]
DPi2AFS2cond2 = D[Pi2 /. nBSlsol2, AFS2]

(-2a-0-0p) Fg

+((-2t+28)FL) /
Za (t-8) [1+2ay-4vP)+(a-28) (Zaray +a)

(—213 (2a+daty-dafy+a,+o)+a (Za+2t+daty+8(-2-4day) +Ot1+0(2)) +

(<'312+at+2azt)/+-<51ot2+-<'aFé—2f> (a+2aty—2aﬁy+a2+Fé—F§) -
aFi-2tFi+2tTi-plav2a’y-2F5+2F2)) /

(-2P (Za+daty-dafyra+az)+a (Zat2t+rdatyrf(-2-4ay) oy +0y))

(2a+0, +0;) Fi

- - +((2t-2p) F5) /
2a(t-p) (1+2ay-4yP)+ (a-2P) (2a+o+oy)

(72§ (2a+daty-dafy+ay+ay)+a (2at2trdaty+f(-2-day) +a+a))
(-2a-o;-ay) Fg

- - - -{t-2evzp) )/
2a{t-f) (1+2ay-4yP)+(a-2P) (Za+a, +ay)

(-2P (Za+daty-dafy+rai+o) +a (2a+2t+daty+f(-2-day) +a;+ay))

(2a+a, +az) F2
1- - - -{(zr-2py73)/
2a(t-f) (1+2ay-4%B)+ [a-2F) (2a+a +ay)

(-2P (2a+daty-dapy+ai+ay) +a (2a+2t+daty+f{(-2-4ay) +a,+0;)) -

(a2+at+2a2ty+aa2+aFé—2ﬁ> (a+2aty—2aﬁy+a2+Fé—F§) -
aFi-2tFi+2tTi-plav2a’y-2F5+2F2)) /

(-2P (2a+daty-dafy+a+ay) +a (2a+2t+daty+f(-2-4ay) +a,+az))

2 (a+a) Fi

N
~2(a+a) (a-2P)+a (1+2ay-4vPB) (-2t +f+6;)

1

S re—— (2 (a+a) (a-28)) /
a+2a*y-4avypP

(afl+zav-avP) (-2(a+a) [a-2F) +a(1+2ay-4avP) (-2t+8+8)))| 7+

a+aly-b-2ayb-Fl+FE

- +((a—2f>) (—a(l+2a}(—4}(ﬁ) (a—t+a+52+Fé—F§)+
a+2ay-4avyh

2 (a+a) (a+azy—(l+2ay) @—FéJrFé)))/
(a(l+2avy-4vP) (-2 (a+a) (a-2F)+a (1+2avy-4yb) (-2t+B8y+8)))
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2{a+a) Fi
_ +

-2 {a+a) (a—2f’) +a (l+2ay—4y§>) (-2 t+ 83+ 62)

1

- +(2 (a+a) (a—Zﬁ’))/
a+2a’y-4ayP

(a (1+2ay—4yf>) (—2(a+ot) (a—2§)+a(1+2ay—4yﬁ>) (—2t+51+/32))) Fi

2 {a+a) F2
_ +

~2(a+a) (a-2PF) +a(l+2ay-4vyP) (-2t+0+6s)

1

— +(2 [a+a) (a—Zﬁ’))/
a+2a’y-4ayP

(a (1+2ay—4yf>) (—2(a+ot) (a—2§)+a(1+2ay—4}/ﬁ>) (—2t+51+/32))) Fs

2 {a+a) FZ
1+ N ~ *
-2 (a+a) (a—2P)+a(1+2aY—4YP) (-2 t+5)+5)

[ - (2 (ara) (a-28)) /

a+2a2y-4dayb

(a (l+2ay—4y§>) (—2 (a+a) (a—2§)+a(l+2ay—4yﬁ>) (2t+51+/32)))] Fg -

a+a?y-P-2ayb-FL+F2

—((a—Zﬁ) (—a (l+2ay—4yﬁ>) (a—t+a+[52+Fé—F§)+
at+r2aly-dayh

2 (ava) [avafy - (1+2av) B-F1+E3))) /
(a{1+2ay-4vP) (-2 (a+a) (a-2PF)+a [1+2ay-4vE) (-2t+By+5)))
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. . . a _ i _ . |
Solving the simultaneous equations a_FS'H' =0and 572 [1, = 0 with respect to Fg

and F?

AFS1AFS2solCondl =

Solve[{DPilAFSlcondl == 0, DPi2AFS2condl == 0}, {AFS1, AFS2}] // Simplify
AFS1AFS2solCond2 =

Solve [ {DPilAFSlcond2 == 0, DPi2AFS2cond2 = 0}, {AFS1, AFS2}] // Simplify

1
{{Fé+—7 (—3a2—3at+3af5—6a2t}{+6a2[3’>/—2aa2+3aFé+2a2Fé+
& (t-f)

2f>(3a+6aty—6aﬁy+al+2a2+Fé—F§)+3aF§+fx2F§+al (—a+2Fé+F§)),

1
FZ 5 ——— (3a2+3at—3a6+6a2ty—6a26y+aa2—3aFé—fx2Fé+
& (t-5)

o (Za—Fé—ZFg)—SaFg—Zang—Zﬁ(3a+6aty—6a{3>/+2a1+a2—Fé+F§))}}

1
(fro-—
6Lt-36,-36;
(—3a2—3at—3aa—6a2ty+a(2+3a7{) [31+a/32+3a2}([32+3aF%+4otFé+
13(—(1+6ay) Bi+(1-6ay) i +2 (3 {a+a+2aty) +Fy-Fi)) +3aFs+2aF),

1
Fgam (3a2+3at+3a£x+6a2ty—a(l+3ay) B -
- 1~ z

2af,-3a’yB,-3aF-2aFl-3aF:-4aFs+
Pli-1+6avy) B+ (1+6avy) B-2 (3 <a+a+2aty>-F;+F§)))H

Substituting n} and n! into 1, and I, then differentiate them by Fj and F2

being constants

DPilaFBlcondl =D[Pil /. nBSlscll, AFB1]
DPilaFB2condl =D[Pil /. nBSlscll, AFB2]
DPiZ2AFBlcondl = D[Pi2 /. nBSlsoll, AFB1]
DPi2AFB2condl =D[Pi2 /. nBSlsoll, AFB2]
DPilAFBlcond2 =D[Pil /. nBS1lsol2, AFB1]
DPilaFB2cond2 = D[Pil /. nBSlscl2, AFB2]
DPi2AFBlcond2 = D[Pi2 /. nBSlsol2, AFB1]
DPi2AFB2cond?2 = D[Pi2 /. nBSlscl2, AFBR2]

a (1+2a§/—4}/ﬁ’) Fé

: “([a-28) E2] /

2a(t-f) [1+2ay-4vB)+(a-2B) (Zaro +ay)

(—2@(2a+4at7{—4a/37{+0(1+0(2)+a(2a+2t+4aty+[3(—2—4ay)+o<1+o<2))+
(—a(l+2ay—4yﬁ7) (a—t+/3+ot2+E‘é—E‘§)+

(Za+a+as) (a+a2>/—(1+2a)/) ﬁ—FéJng))/
(2a(t-p) [1+2ay-4yb)+(a-2F) (2a+a;+ay))
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a(l+2ay—47ﬁ>) Fi

+ ((—a+21§) Fé)/

2a (t-B) (L+2av-4vP)+(a-2P) (Za+a+ay)

(-2P (2a+daty-4aBy+ap+az) +a (2a+t2t+daty+f (-2-4ay) +a +as))

a(l+2ay—4>{ﬁ>) ¥z

-((a-28)F3) /

Za(t-B) (1+2ay-4dyPB)+(a-2P) (2a+a+a)

(-2P (2a+daty-4aByrog+oz)+a (2a+t2t+daty+f (-2-4ay) +a+az) )

a (l+2ay—4yﬁ>) Fg

1- - ((-a+2P) F5) /

2a (t-53) (1+2ay-4yﬁ>)+(a-zﬁ>) (Za+0 +ay)

(-2P (2a+daty-4afy+ar+a)+a(2a+2t+daty+f (-2-4day) +ap+a) ) -
(—a(l+2ay—4}/ﬁ>) (a—t+6+a2+Fé—F§)+

(2 a+0y +0s) (a+a2}/—(1+2ay) f’—Fé+F§))/
(za(t-p) (1+2ay-4¥P)+(a-22) (2a+oy+az))

a(l+2ay—4y§>) Fi

-2 (a+a) (a-2P)+a (1+2ay-4¥P) (-2t +0y+5:)

(a-28) £l

-2 {a+a) (a-2F) +a (1+2ay-4vPF) (-2t+fB+5)
(—a(l+2ay—4}/ﬁ’) (a—t+c(+/32+Fé—F§)+2 (a+a) (a+a2}/—(l+2ay) ﬁ—FéJng))/
(-2 qa+ay (a-2P)+a(l+2ay-4yP) (-2 L+B8,+6))

a(l+2a}/—4y1§) F%

, +
-2 (a+a) (a—Zﬁ) +a (l+2ay—4}/l§) (-2 T+ By +5z)

(a—Zf’) Fi

~2(a+a) (a-2P) +a{1+2ay-4%P) (-2t+B+8s)

a (1+2ay—4yf’) F2
- +
~2(a+a) (a-2B) +a(1+2ay-4¥PB) (-2t+f1+8a)

(a-28)

—2(a+a) (a-2B) +a (1+2ay-4vP) (-2t+8+5s)

a(l+2ay—4)(ﬁ>) ¥z
1+ _
~2(a+a) (a-2B) +a(l+2ay-4%D) (-2t+By+0)

(a-28) ¥2

N
—2(a+a) (a-2B) +a (1+2av-4vP) (-2t+8+5s)

(—a(l+2ay—4}/ﬁ>) (a—t+o<+/32+Fé—F§)+2 [a+a) (a+a2}/—(l+2ay) IS—FéJng))/
(-2 {a+a) (a-2ﬁ>)+a(1+2ay-4y§) (—2t+[31+52))
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Solving the simultaneous equations %l‘h =0and B%HQ = 0 with respect to F}
B i)
and F}

AFB1AFB2sclCondl =

Solve[{DPilAaFBlcondl = 0, DPi2AFB2condl = 0}, {AFB1, AFB2}] // Simplify
AFB1AFBZsolCond2 =

Solve[{DPilAFBlcond2 == 0, DPi2AFB2cond2 = 0}, {AFB1l, AFB2}] // Simplify

1
{{Fée (3a2+3at—3a{3+6a2ty—
3a{l+2ay-4v?)
GafBy+acy-a‘yoy -0y Fi+3aFs+og FE+oy (a (2+avy) —Fé+F§) -

@((3+2ay) g+ (3-2ay) ay+2 (3a+6aty—6a6y+2Fé+F§))),
1
F%% - (3a2+3at—3afi+6a2t}/—6a2[3y+2aa2+
3a(1+2ay-4yP)

azya2+3aFé+a2Fé+al (a—a2y+F;—F§) - Oy Fg—

P{{3-2ay)og+(3+2Zay) az+2 (3a+6aty—6a/3y+Fé+2Fg)))}}

1
{{Féa — (3a2+3at+3aa+6a2t}/—a(1+2a3/) Bi-2af,-4a’ypB, -
3a(l+2ay—4}/P)

2aFi+3aFi+2aFi-2P (3a+3ar6aty-2ayp-davyp+2F5+FE)),

1
FZ > (3a2+3at+3aa+6a2ty—2a(l+2a}/) By -afB,-2a%y B+
3a(l+2ay—4yp)

3aFé+2aFé—2aF§—2]§(3a+3a+6aty—4ayﬁ1—2ay62+Fé+2F§))}}
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Result

(AFS1 - AFS2) /. AFS1AFS2solCondl // FullSimplify
(AFsSl - AFS2) /. AFS1AFS2s0lCond?2 // FullSimplify

-0l (a—21§+Fé—F§) +4P (—FéJng) + Oy (a—Zﬁ’—F%JrF%)

{ 6 (t - f) }

-(a-2B) B+ (a-2P) B, -2 (a+2 D) [F3-FE)

Gt-205 -3 5 }

(AFS1 - AFS2) /. AFS1AFS2solCondl /. AFB2 + AFB /. AFB1 » AFB // FullSimplify
(AFS1 - AFS2) /. AFS1AFS2solCond2 /. AFB2 + AFB /. AFB1 » AFB // FullSimplify

(a-28) (oy —a)

!

(2-2F) (B -82)
{7 6t-38-38: }
(Pil-Pi2) /. nBSl1lsoll /. AFS1AFS2solCondl // FullSimplify
(Pil-Pi2) /. nBS1lso0l2 /. AFS1AFS2solCond?2 // FullSimplify
1
{6 (t-5)
(0(2 (a—2ﬁ>—Fé—2F§) + (—4 P+3 (a+t—@—Fé—F§)) (Fé—Fﬁ) + 0 (—a+2§+2Fé+F§))}

{ 1
Gt-383 -35

(B2 (a-2P-3FL) + (3(art)+a-4P-2F -3F) [FL-F2) +p (—a+2ﬁ>+3F§))}

(Pil-Pi2) /. nBSlsoll /. AFS1AFS2solCondl /. AFB2 - AFB /. AFB1 - AFB //
FullSimplify
(Pil-Pi2) /. nBSlsol2 /. AFS1AFS2solCond2 /. AFB2 - AFB /. AFB1 - AFB //
FullSimplify

(a-2P-3Fs) (a1 -0z
- 6 (t- ) i
(a-2P-3Fs) (By-B2)
{- 6t-35,-34, }
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(AFB1 - AFB2) /. AFB1AFB2solCondl // FullSimplify
(AFB1 - AFB2) /. AFB1AFB2solCond2 // FullSimplify

{_

1

" (0(2 (a+2a2}/—4ayf>+2Fé—2F§)+
3a(l+2ay-4yP)

(3a+2ﬁ) (Fé—Fg) -0y (a+2a2}/—4a}/§—2Fé+2Fg))}
{—(a (—1—2a}/+4}/ﬁ>) A1 +a (1+2ay—47@) 52+(3a+4a+2ﬁ>) (Fé—Fg))/

(3a{1+2ay-ayPF))}

(AFB1 - AFB2) /. AFB1AFB2solCondl /. AFS2 —» AFS /. AFS1 - AFS // FullSimplify
(AFB1 - AFB2) /. AFB1AFB2solCond2 /. AFS2 —» AFS /. AFS1 - AFS // FullSimplify

{% (o *0‘2)}
{%(ﬁl—ﬁﬁ}

(Pil-Pi2) /. nBSlscll /. AFB1AFR2sclCondl // FullSimplify
(Pil-Pi2) /. nBSlscl2 /. AFB1AFR2sclCond2 // FullSimplify

{

1

— (-oz (a+2a”y-dayP+2F; - 2F%) +
3a(l+2ay-4vP)

(3a(-1+ay) +§>—6ay§—3Fé—3F§) (Fs - F3) + (a+2a2}/—4ayﬁ>—2Fé+2F§))}
1

{ (a(l+2ay—4yﬁ>)51+
Ja(l+2ay-4vP)

af-1-2ay+4vB) B+ (-4a+3a(-1+ay)+b-Gayb-3F,-3F2) (Fé—Fg))}
(Pil-Pi2) /. nBSlsoll /. AFB1AFB2solCondl /. AFS2 -» AFS /. AFS1 » AFS //
FullSimplify

(Pil-Pi2) /. nBSlsol2 /. AFB1AFB2solCond2 /. AFS2 -» AFS /. AFS1 » AFS //
FullSimplify

{% (cq *0‘2)}

{%(Blfﬁﬂ}
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