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1. "�Òeµ

1.1 ¥o>Ä© :�¿R� ��� ¥o>Ä©  ấ�\�

{9��©�Òqt�Ö̧\�"fZþtæ¼s���H ���l�,Óüt, ��;�����Û¼��Hy��l�Óüt|9�_�+þAI���H��ØÔt�ëß�

/BN/åLt�ü< Ãº¹כt�\�¦ e±	��H W1àÔ0>ß¼\�¦ :�xK� Ãº5Åx�)a��. s�[þt�Ér B�Äº ú́§�Ér Ãº¹כ

t�\�"f t�5Åq&h�Ü¼�Ð �èq�÷&l� M:ë�H\� Ãº¹כ\�¦ \V8£¤
�#� r�çß�\� ���� &h�]X�y�

/BN/åLt�\�"f /BN/åL
�l� 0AK� E�æ¼�¦, /åL���ô�Ç ����o\� @/q�
�l� 0AK� W1àÔ0>ß¼

×�æçß�×�æçß�\�$��©��©�u�(storage or buffer)\�¦¿ºl��̧ô�Ç��. ¢̧ô�Ç�����o��Ð�Ð?/

l�0AK�"f���l���H���·ú�,Óüt�ÉrÃº¿º,Õªo��¦��;�����Û¼��H·ú�§4��̀¦��
���HX<Ãº¹כ

t���t�s�1lx
����"f�<Hz�́÷&��H \��-t�\�¦�¦�9
�#���K���ô�Ç��.s�M:, �<Hz�́÷&

��H\��-t���HÓüt|9�_�âì2£§|¾Ó_� k]jY�L\�q�YV
�#�7£x��
���HX< k = 1��� special

case��H Ãº5Åx ë�H]j(transportation problem)ü< °ú ��. ����"f �'a�̀¦ :�xK� Óüt|9��̀¦

Ãº5Åx
���H ë�H]j��H Ãº5Åx ë�H]j\�¦ �í�<Ê
���H �8 {9�ìøÍ&h���� +þAI�_� ë�H]j���¦ ½+É Ãº

e����.

s�XO�>� �'a�̀¦ :�xK� \��-t�\�¦ ��ô�Ç Óüt|9��̀¦ �Ð?/��H W1àÔ0>ß¼\�¦ \��-t�-âì

2£§ W1àÔ0>ß¼�� 
���HX< s�\�¦ &ñ
_�
���� ��n� çß� \��-t� 	�s���  ñ_� âì2£§�̀¦

µ1ÏÒqtr�v���H W1àÔ0>ß¼\�¦ _�p�ô�Ç��. \��-t�-âì2£§ W1àÔ0>ß¼_� :£¤fç
�Ér âì2£§ç�H

+þA(flow balance)õ� \��-t�ç�H+þA(energy balance)�̀¦ ëß�7á¤ô�Ç����H �.���s	כ âì2£§

ç�H+þAs�êøÍ W1àÔ0>ß¼\�"f y�� ��n�\�"f [þt#Q�̧��H âì2£§õ� ������H âì2£§_� ½+Ës�

°ú �Ér�
��p_¦̀�	כ��¦,\��-t�ç�H+þAs�êøÍy�� ñ\�"f�ª�=åQ��n�_�\��-t�	��� ñ

\�"f /BN/åL <�Ê�Ér �<Hz�́÷&��H \��-t�ü< °ú �Ér �¦̀�	כ _�p�ô�Ç��.

\��-t�-âì2£§W1àÔ0>ß¼0A\�"f&ñ
_�÷&��Hë�H]j\�¦\��-t�-âì2£§W1àÔ0>ß¼ë�H

]j���¦ 
���HX< �Ð:�x /BN/åLt�\�"f Ãº¹כt���t� âì2£§�̀¦ Ãº5Åx
���HX< ×¼��H q�6 x

�̀¦þj�è�o
���Hë�H]js���.s��Qô�Çë�H]j��H#Q�"�Óüt|9��̀¦�'a�̀¦:�xK�Ãº5Åx
���H@/
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ÂÒì�r_� ë�H]j\� &h�6 xs� ÷& 9, @/³ð&h�Ü¼�Ð �©�Ãº�̧�'a}©�ë�H]jü< ��Û¼/BN/åLë�H]j\�¦

[þt Ãº e����.

s��Qô�Ç Ä»+þA_� ë�H]j��H ���ª�ô�Ç ì�r��\� ���5g ���½̈÷&#Q M®oÜ¼ 9, �̧+þA�o �)a

ë�H]j��H @/ÂÒì�r &ñ
Ãº���Ãº�� q����+þA�'a>�d���̀¦ �í�<Ê
��¦ e����. s�\�¦ K����
�l�

0Aô�Ç ÅÒ�)a K�ZO�Ü¼�Ð successive linear programming(SLP)[5], piecewise linear

programming(PLP)[7], generalized reduced gradient(GRG) method[9], sim-

ulated annealing(SA)[3]1px�̀¦ ��6 x
��¦ e����.

\��-t�-âì2£§W1àÔ0>ß¼ë�H]j\�¦K����
�l�0AK�"f��H��6£§[j��t�\�¦ç�H+þAe��

>� �¦�9K��� ô�Ç��.

• \��-t�-âì2£§ W1àÔ0>ß¼_� 8£¤���

\��-t�-âì2£§ W1àÔ0>ß¼��H /BN/åL/Ãº¹כ\�¦ ëß�7á¤
����"f âì2£§s� �â
�Ð\�¦ ���� s�1lx

½+É M: \��-t��� �<Hz�́÷&�¦, ��·ú��©�/y��·ú��©�\�"f \��-t�\�¦ 7£x��/y���èr�~�́ Ãº e��

����H 8£¤����̀¦ �<Êa� �¦�9K��� ô�Ç��.

• @/�©�s� ÷&��H �&³z�́ë�H]j_� �¦Ä»ô�Ç :£¤$í


Ãº5Åx
���H Óüt|9�s� l��̂���t�, Ä»�̂���t�, ��m���� ���l����t�\� ���� &h�6 x÷&��H ]j

���d��_� 7áxÀÓü< +þAI��� �̧�FKm�� ²ú��������. ¢̧ô�Ç s�[þt�̀¦ Ãº5Åx
���H �'a}©�s� #Q�"�

:£¤fç
�̀¦ ��t��¦ e����Ht��̧ �¦�9
�#� ìøÍ%ò
K��� ô�Ç��.

• þj&h��o ë�H]j�Ð"f_� �'a&h�

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j��H y�� ��n�ü<  ñ\� @/6£x÷&��H \��-t�ü< âì2£§|¾Ó�̀¦

���&ñ
���Ãº�Ð, W1àÔ0>ß¼\�"f µ1ÏÒqt
���H \��-t� q�6 x�̀¦ 3lq&h��<ÊÃº�Ð, Õªo��¦ /BN/åL

õ� Ãº¹כ, âì2£§õ� \��-t� �'a>�\� ���� ëß�7á¤r�&��� 
���H �̧|	�[þt�̀¦ ]j����̧|	�Ü¼

�Ð °ú���H þj&h��o ë�H]j�Ð ����è­q Ãº e����.
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1.2 e�×iµ ¥o>Ä©

\��-t�-âì2£§W1àÔ0>ß¼ë�H]j��H���ª�ô�Çì�r��\����5g"f���½̈÷&�¦e����.�:r�7Hë�H

\�"f��Hì�r��Z>��Ð���½̈[þt�̀¦ì�r$3�
��9ô�Ç��. s�\�·ú¡"f, {9�ìøÍ&h�Ü¼�Ð��������H

�̧+þA_� +þAI�\�¦ |9��¦ �Å�#Q���9 ô�Ç��.

Äº���, ���Ãº��H ß¼>� W1àÔ0>ß¼_� y��  ñ\� @/6£x÷&��H âì2£§���Ãºü< y�� ��n�\�

@/6£x÷&��H\��-t����Ãº\�¦°ú���H��.s�[þt��s�\�"f@/³ð&h�Ü¼�Ð��������H]j����Ér

��6£§õ� °ú ��.

- âì2£§ç�H+þA:y����n�\�¦l�ï�rÜ¼�Ð[þt#Q�̧��Hâì2£§õ�������Hâì2£§_��ª�s�°ú 

��. s� M:, K�{©� ��n��� ü@ÂÒ�ÐÂÒ'� /BN/åLs� e������, Ãº¹כ�� e��Ü¼��� s�

âì2£§��t� �í�<ÊK�"f ç�H+þAs� s�ÀÒ#Q�����.

- \��-t�ç�H+þA :y�� ñ\�¦l�ï�rÜ¼�Ð·ú¡/+'��n�_�\��-t�	��� ñ\�"f7£x��

<�Ê�Ér y���è÷&��H \��-t�ü< °ú ��.

- âì2£§ x9� \��-t�
�ô�Ç : âì2£§õ� \��-t���H y��y�� �©�ô�Çõ� 
�ô�Ç�̀¦ �������.

s� M:, \��-t�ç�H+þA\�"f _��̧&h�Ü¼�Ð \��-t�\�¦ 7£x��r�~�́ Ãº e����H  ñ\�¦ ��

·ú� ñ�� 
��¦, _��̧&h�Ü¼�Ð y���èr�~�́ Ãº e����H  ñ\�¦ y��·ú� ñ�� ô�Ç��. ¢̧ô�Ç ��n�

×�æ\���H âì2£§�̀¦ {9�&ñ
l�çß� $��©�½+É Ãº e����H ×��ß¼�̧ �>rF�ô�Ç��.

��Û¼ì�r��_�\��-t�-âì2£§W1àÔ0>ß¼ë�H]j�����Û¼/BN/åL}©�ë�H]j��HÃº¹כt�\�

"f_� �¹��Û¼|¾Óõכ��9 ú�§4�(minimal·̈½¹כ guaranteed pressure)�̀¦ �̧¿º ëß�7á¤r�

v����"f q�6 x�̀¦ þj�è�o
���H ë�H]js���. W1àÔ0>ß¼��H /BN/åLt�, Ãº¹כt�, {9�ìøÍ��n�

�Ðs�ÀÒ#Q�����n�|9�½+Ëõ���·ú��©�(compressor), ìÁ�ÚÔ,{9�ìøÍ ñ�Ðs�ÀÒ#Q��� ñ|9�

½+ËÜ¼�Ð ½̈$í
�)a��. ]j����Ér ß¼>� âì2£§ç�H+þA, q����+þA âì2£§-·ú�§4� ç�H+þA(nonlinear

flow-pressure relations), ·ú�§4� �©�/
�ô�ÇÜ¼�Ð ½̈$í
÷&#Q e����. :£¤y�, q����+þA âì

2£§-·ú�§4�ç�H+þA\�"f��¹1Ï�Ð���ô�Ç\��-t��<Hz�́|¾Ó�Érâì2£§_�]jY�L\�q�YVô�Ç��.��

·ú��©�õ� ìÁ�ÚÔ��H ���½̈\� ���� �í�<Ê
�l��̧ 
���HX< on/off #�ÂÒ\� ���� ]j���d��
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�í�<Ê#�ÂÒ�� ²ú���4R mixed integer model�Ð �̧+þA�o�)a��. 3lq&h��<ÊÃº��H ��·ú��©�

\�"f_� �èq�\��-t�\�¦ þj�è�o
�����[4], ��Û¼½̈{9�q�6 x�̀¦ þj�è�oô�Ç��[1].

s� ë�H]j\�¦ K����
�l� 0AK� O’Neill et al.[5]_� ���½̈\�"f��H successive lin-

ear programming(SLP)\�¦ ��6 x
�%i���. Wolf and Smeers[8]��H �����[þts� >hµ1Ï

ô�Ç piecewise linear programming(PLP)[7]\�¦ ��6 x
�%i��¦, Martin et al.[4] %i�

r� Ä»��ô�Ç ~½ÓZO�Ü¼�Ð ]j���d���̀¦ piecewise linear constraints�Ð ³ð�&³
�#� K�ZO�

�̀¦ >hµ1ÏÙþ¡��. s�XO�>� q����+þA]j����̀¦ ���+þAÜ¼�Ð ��H��ô�Ç K�ZO�[þt�Ér ��0pxK�\�¦ �Ð

�©�
�t� 3lwô�Ç����H éß�&h��̀¦ ��t��¦ e��%3���HX< Mahlke et al.[3]_� ���½̈\�"f ]j���

d���̀¦ �̧y�����+þA�o ô�Ç ë�H]j\�¦ branch-and-cut ·ú��¦o�1puÜ¼�Ð ó�r +', simulated

annealing(SA) l�ZO��̀¦ �Ö̧6 xK� ��0pxK�\�¦ �ÃÐÒ�o
�%i���. s�XO���H l��>r ���½̈��H q�

���+þA +þAI�_� âì2£§-·ú�§4� ç�H+þA ]j����̀¦ ���+þA�o
���H +þAI��Ð K�ZO��̀¦ >hµ1Ï
�%i���.

Óüt ì�r��_� �©�Ãº�̧ �'a}©� ë�H]j�̧ \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� +þAI�\�¦ 
�

�¦ e����. W1àÔ0>ß¼��H /BN/åLt�, Ãº¹כt�, {9�ìøÍ��n��Ð s�ÀÒ#Q��� ��n�|9�½+Ëõ� *3�

áÔ, ìÁ�ÚÔ, {9�ìøÍ ñ�Ð s�ÀÒ#Q���  ñ|9�½+ËÜ¼�Ð ½̈$í
�)a��. s� ë�H]j %i�r� âì2£§ç�H+þA,

\��-t�ç�H+þA, âì2£§ x9� \��-t� �©�/
�ô�Ç ]j����̀¦ �í�<Êô�Ç��. �©�Ãº�̧ �'a}©� ë�H]j\�

"f��H \��-t�éß�0A\�¦ Ãº¿º(water head, m)\�¦ ��6 xô�Ç��. \��-t�ç�H+þA\�"f ��¹1Ï

\��-t��<Hz�́�Ér Hazen-Williams/BNd���̀¦ ú́§s���6 x
���HX<,Ãº¿º	���H ñ_�âì2£§

_� 1.85 ]jY�L\� q�YVô�Ç��.

s� ë�H]j\�¦ K����
�l� 0AK� Yu et al.[9]_� ���½̈\�"f��H generalized reduced

gradient(GRG) method\�¦��6 x
�%i���. ¢̧ô�Ç,Óütì�r��\���H�©�Ãº�̧�'a}©�(water

distribution network, WDN)_� 4�¤ú̧�ô�Ç Ãºo��<Æ(hydraulic)&h� �'a>�\�¦ ��ÀÒl�

0AK� Ãºo��<Æ r�ÓýtYUs�'�\�¦ ú́§s� �Ö̧6 x
�%i���. r�ÓýtYUs�'���H *3�áÔü< ìÁ�ÚÔ_�

��1lx�©�I�\�¦ {9�§4�
���� Ãºo��<Æ&h� �'a>�\�¦ �¦�9
�#� y�� Ãº¿ºü< âì2£§|¾Ó�̀¦ Ø�¦§4�

K�ï�r��. @/³ð&h�Ü¼�Ð Brion and Mays[1]_� ���½̈\�"f��H þj&h��o K�ZO�_� ìøÍ4�¤éß�

>����� *3�áÔ_� ��1lxr�çß��̀¦ Ãºo��<Æ r�ÓýtYUs�'� KYPIPE\� {9�§4�
�#� ���̧��H
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K�\�¦ :�xK� >h���~½Ó�¾Ó�̀¦ ½̈
�%i���.

1.3 Ðaµ%K� Ä©Å]�

�:r�7Hë�H�Ér8úx 6�©�Ü¼�Ð ½̈$í
÷&#Qe����. 2�©�\�"f��H#��Q��t��&³z�́ë�H]j\�¦�í�<Ê


���H \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j\�¦ &ñ
_�
��¦, ë�H]j_� þj&h��o �̧+þA�̀¦ ]jr�ô�Ç

+', �̧+þA_� Ãºo�&h� ½̈�̧\�¦ ·ú����:r��. 3�©�\�"f��H \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j

\�"f µ1Ï|
�÷&��H Y>� ��t� �'a¹1Ï�̀¦ :�xK� K�ZO� >hµ1Ï�̀¦ 0Aô�Ç ì�r$3��̀¦ ô�Ç��. 4�©�\�"f

��H �̧+þA_� K�ZO��̀¦ [O�"î

��¦, 5�©�\�"f��H K�ZO��̀¦ �&³z�́ë�H]j\� &h�6 xô�Ç z�́+«> ���

õ�\�¦ ��ÀÒ%3���. 6�©�\�"f��H ����:rõ� ÆÒÊê ���½̈ õ�]j\�¦ ]jr�
�%i���.
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2. %K�V� Ça��+ ��� �¿ÌfC�ª

s� �©�\�"f��H \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j\�¦ &ñ
_�
��¦, þj&h��o �̧+þAÜ¼�Ð ³ð�&³

ô�Ç��. Õªo��¦ Õª ë�H]j�� NP-hard\� 5Åq�<Ê�̀¦ �Ð�����.

2.1 %K�V� Ça��+

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j��H ÅÒ#Q��� W1àÔ0>ß¼ �©�\�"f /BN/åL/Ãº¹כü< \��-t�

�'a>�\�¦ ëß�7á¤
����"f q�6 x�̀¦ þj�è�o
���H ë�H]js���.

W1àÔ0>ß¼ D = (N, A)��H Ä»�¾Ó W1àÔ0>ß¼s���. ��n� |9�½+Ë N�Ér âì2£§�̀¦ $��©�

½+É /BNçß�s� e����H ×��ß¼��n� |9�½+Ë Ntü< ÕªXO�t� ·ú§�Ér {9�ìøÍ��n� |9�½+Ë Nn�Ð ��*'

�¦,  ñ |9�½+Ë A��H \��-t�\�¦ _��̧&h�Ü¼�Ð 7£x��r�~�́ Ãº e����H ��·ú� ñ |9�½+Ë Apü<

_��̧&h�Ü¼�Ð y���èr�~�́ Ãº e����H y��·ú� ñ |9�½+Ë Adü< âì2£§\� ���� \��-t��� �<Hz�́

÷&��H {9�ìøÍ ñ |9�½+Ë An�Ð ���÷¶��.

- D = (N, A),

- N = Nn ∪Nt,

- A = An ∪Ap ∪Ad.

ë�H]j_�ÅÒ¹כ���Ãº��Hâì2£§���Ãºü<\��-t����Ãºs��¦,s����Ãº[þt�Ér��l�çß�(multi-

period)�̀¦ ³ð�&³
�l� 0AK� �À»'���� t(t = 1, · · · , T )\�¦ ��6 xô�Ç��. âì2£§�̀¦ ����?/

��H ���Ãº��H W1àÔ0>ß¼_� y��  ñ\� @/6£x÷&#Q f t
ij�� 
��¦, \��-t�\�¦ ����?/��H \�

�-t����Ãº��H y�� ��n�\� @/6£x÷&#Q πt
i�� ô�Ç��.

- âì2£§ ���Ãº f t
ij ,

- \��-t� ���Ãº πt
i .
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ë�H]j_�ÅÒ�)a]j����Ér[j��t��Ð ½̈ì�r½+ÉÃºe����HX<, (1)âì2£§ç�H+þA, (2)\��-t�

ç�H+þA, (3)âì2£§ x9� \��-t� �©�/
�ô�Çs���. \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j��H s� [j

��t� ]j����̀¦ ëß�7á¤
����"f q�6 x�̀¦ þj�è�o
���H ë�H]js���.

��6£§ ]X�\�"f��H [j ��t� ]j���õ� 3lq&h��<ÊÃº\�¦ y��y�� ¶ú�(R�Ð�̧2�¤ ô�Ç��.

2.2 V�»ÈÐÐÏ�ø�  ấ�\�Áþ�ÊÁ

2.2.1 éÛ��̧!C�ÌfC

âì2£§ç�H+þA�Érþj�èq�6 xW1àÔ0>ß¼ë�H]j\�¦³ð�&³½+ÉM:��������H]j���õ�1lx{9�ô�Ç]j

���Ü¼�Ð y�� ��n�\�¦ l�ï�rÜ¼�Ð [þt#Q�̧��H âì2£§õ� ������H âì2£§s� °ú ����H �.���s	כ

s� M: [þt#Q�̧��H âì2£§õ� ������H âì2£§\���H ü@ÂÒ�ÐÂÒ'�_� /BN/åLõ� Ãº¹�̧כ �í�<Ê

s� ÷&�¦ y��y�� St
iü< Dt

i�Ð �����·p��. 8úx/BN/åL|¾Óõ� 8úxÃº¹כ|¾Ó_� ½+Ë�Ér °ú >� ÅÒ#Q

�����.×��ß¼��n�_��â
Äº\���H×��ß¼\�"f$��©�÷&����$��©�÷&#Q~��âì2£§s�f�Ë�Q��

����H�
9�¦�¦̀�	כ�#�]j���d��s�³ð�&³�)a��.s�M:×��ß¼_�$��©�|¾Ó\�K�{©�
���H���

Ãº��H bt
is��¦, s� ���Ãº��H ×��ß¼þj@/6 x|¾Ó bi\� _�ô�Ç �©�ô�Ç�̀¦ �������. ×��ß¼��H �íl�

$��©�|¾Ó B1
is� ÅÒ#Qt� 9, ��t�}��r�&h�_� $��©�|¾Ó�Ér �íl�$��©�|¾Óõ� °ú ���� ô�Ç��.

&ñ
o�
�#� ����?/��� ��6£§õ� °ú ��.

∑
j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt, ∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

0 ≤ bt
i ≤ bi ∀i ∈ Nt, ∀t.

- /BN/åL|¾Óõ� Ãº¹כ|¾Ó St
i , Dt

i ,

- ×��ß¼$��©�|¾Ó bt
i,

- ×��ß¼�íl�$��©�|¾Ó B1
i ,

- ×��ß¼þj@/6 x|¾Ó bi.
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2.2.2 Uc�/m�!C�ÌfC

\��-t�ç�H+þA�Éry�� ñ\�"f7£x��<�Ê�Éry���è
���H\��-t�ü< ñ_��ª�=åQ��n�_�\�

�-t�	��� °ú ����H �.���s	כ  ñ\�"f 7£x��/y���è
���H \��-t���H  ñ_� :£¤$í
\� ����

���&ñ
�)a��.{9�ìøÍ ñ\�"f��Hâì2£§\�����µ1ÏÒqt
���H��¹1Ï\�_�K��<Hz�́÷&��H\��-t�

�����&ñ
�)a��.s�M:\��-t��<Hz�́|¾Ó�Ér��¹1Ï�<Hz�́�<ÊÃº Lij(f t
ij)�Ð³ð�&³
� 9,s��<Ê

Ãº��H �̂¦2�¤7£x���<ÊÃº(nondecreasing convex function)s���. �̂¦2�¤7£x���<ÊÃº����H

$í
|9��Ér âì2£§s� 7£x��½+ÉÃº2�¤ ��¹1Ïs� &h�&h� �8 ß¼>� 7£x��
���H {9�ìøÍ&h���� �&³�©��̀¦

�¦�9½+ÉM:Ø�æì�ry�s�K���0px
���. z�́]j�&³z�́ë�H]j_�\V\�¦ ¶ú�(R�Ð���, Óüts�Ãº5Åx

÷&��H�â
Äº�<Hz�́�<ÊÃº��H Lij(f t
ij) = µij(f t

ij)
2s��¦,��Û¼��H Lij(f t

ij) = µij(f t
ij)

1.85,

���l���H Lij(f t
ij) = µijf

t
ijs���.

��·ú� ñ��H �&³z�́ë�H]j\�"f_� ��·ú��©� ¢̧��H *3�áÔ�©�õ� °ú �Ér [O�q�\�¦ _�p�ô�Ç��.

z�́]j s��Qô�Ç [O�q�[þt�Ér on/off �̧×¼ <�Ê�Ér Ä»ô�Ç >h_� ���1lxÃºï�rÜ¼�Ð 1lx���K�"f

&ñ
SX�y� �̧+þA�o
���� &ñ
Ãº���Ãº\�¦ �í�<Ê
���H +þAI��� �)a��. 
�t�ëß� z�́]j ·ú��¦o�

1pu�̀¦ >hµ1Ï½+É M:��H s�\�¦ Õª@/�Ð &h�6 x
���H ��Ér	כ r�çß�&h���� 8£¤���\�"f B�Äº q�

ò́Ö�¦&h�s�Ù¼�Ð éß�í�H ÂÒ1px ñ ]j���_� +þAI��Ð ¢-a�o
�#� K�\�¦ ½̈ô�Ç +', Êê%�o�õ�

&ñ
(post-processing)�̀¦ :�xK� on/off #�ÂÒ ¢̧��H ���1lxÃºï�r�̀¦ ���&ñ
ô�Ç��. y��·ú� ñ

\� K�{©�
���H ìÁ�ÚÔ�̧ ��ðøÍ��t��Ð &ñ
Ãº���Ãº\�¦ �í�<Ê
�l��̧ 
�t�ëß�, %i�r� °ú �Ér

~½Ód��Ü¼�Ð ¢-a�oK�"f ó�r��. &ñ
o�
�#� ����?/��� ��6£§õ� °ú ��.

πt
i − πt

j = Lij(f t
ij) ∀(i, j) ∈ An, ∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap,∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad, ∀t.

- ��¹1Ï�<Hz�́�<ÊÃº Lij(fij),

- ��¹1Ï�<Hz�́�<ÊÃº \V : µij(f t
ij)

2(Óüt), µij(f t
ij)

1.85(��Û¼), µijf
t
ij(���l�).

∗ µij : ��¹1Ï�<Hz�́>�Ãº.

2.2.3 éÛ��̧ ��� Uc�/m� (�×/
�ø5�

âì2£§ x9� \��-t� �©�/
�ô�Ç %i�r� �&³z�́ë�H]j\� ��H��
�#� �>rF�
���H ]j���s���. Äº
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��� �'a}©�_� îß�&ñ
$í
�̀¦ 0AK� \��-t� �©�/
�ô�Çs� ÅÒ#Qt���H ë�H]j�� ú́§��. �'a}©� ?/

\� õ��̧ô�Ç ·ú�§4�s� ��K�|9� �â
Äº �'as� ��\P�÷&���� ¾ºÃº�� µ1ÏÒqt½+É Ãº e��l� M:

ë�H\� y�� �'a\���H {9�&ñ
Ãºï�r_� ·ú�§4�\��-t� �©�ô�Ç <�Ê�Ér âì2£§ �©�ô�Çs� �>rF�ô�Ç��.

¢̧ô�Ç Óüt °ú �Ér �â
Äº �¦�̧�� Z�}�Ér t�%i��̀¦ :�xõ�
�l� 0AK�"f��H K�{©� t�&h�\�"f

_� Óüt_� \��-t��� �¦�̧\� K�{©�
���H 0Au�\��-t��Ð�� &���
�l� M:ë�H\� \��-

t� 
�ô�Ç ]j���s� 
¹כ��9���. Õªo��¦ ��Û¼�� /BN/åL|̈c M: ��Û¼_� �ª� ÷�r ��m���

{9�&ñ
Ãºï�r_� ·ú�§4��̧ ��H&÷̈½¹כ �â
Äº�� e����. s�ü< °ú �Ér �&³z�́]j���[þts� âì2£§õ�

\��-t�\�@/ô�Ç�©�/
�ô�Ç]j���Ü¼�Ð³ð�&³�)a��.&ñ
o�
�#�����?/�����6£§õ�°ú ��.

πi ≤ πt
i ≤ πi ∀i ∈ N,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t.

2.2.4  ấ�\�Áþ�ÊÁ

\��-t�-âì2£§W1àÔ0>ß¼ë�H]j_�3lq&h��<ÊÃº��H��·ú� ñ\�"f_�µ1ÏÒqt
���Hq�6 x�̀¦þj

�è�o
���H����Q�&³z�́ë�H]j[þt����q�6 x�<ÊÃº_�+þAI��s���.#	כ �̧�FKm����ØÔt�ëß�

��·ú� ñ_� âì2£§s� 9þtÃº2�¤, Õªo��¦ 7£x��
���H \��-t��� 9þtÃº2�¤ q�6 xs� 7£x��ô�Ç

����H ��Ér	כ 1lx{9�
���. s�[þt q�6 x�<ÊÃº\�¦ /BN:�x&h�Ü¼�Ð g(f, π)�Ð ����?/��. Óütõ�

��Û¼\�¦Ãº5Åx
���H\��-t�-âì2£§W1àÔ0>ß¼ë�H]j\�"f_�q�6 x�<ÊÃº��H��6£§õ�°ú ��.

min g(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij(π

t
j − πt

i) (water),

min g(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij((

πt
j

πt
i
)

κ−1
2κ − 1) (κ ' 1.4) (gas).

* κ >�Ãº��H Ãº5Åx÷&��H ��Û¼_� 7áxÀÓ\� ���� 1.1 ∼ 1.6_� °ú̀�כ¦ �������.[2][6]
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2.3 Ø̧e� ��� e�¡õ Ça�h�

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j\�"f ��6 x÷&��H ³ðl�\�¦ &ñ
o�
���� ��6£§õ� °ú ��.

³ð 2.1: \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� ³ðl�

³ðl� [O�"î


N \��-t�-âì2£§ W1àÔ0>ß¼_� ��n� |9�½+Ë, N = Nn ∪Nt.

Nt ��n�\� âì2£§�̀¦ $��©�½+É Ãº e����H ×��ß¼�� �>rF�
���H ��n�[þt_� |9�½+Ë.

Nn ×��ß¼�� \O���H {9�ìøÍ&h���� ��n�[þt_� |9�½+Ë.

A \��-t�-âì2£§ W1àÔ0>ß¼_�  ñ |9�½+Ë, A = An ∪Ap ∪Ad.

Ap \��-t�\�¦ _��̧&h�Ü¼�Ð 7£x��r�~�́ Ãº e����H  ñ[þt_� |9�½+Ë.

Ad \��-t�\�¦ _��̧&h�Ü¼�Ð y���èr�~�́ Ãº e����H  ñ[þt_� |9�½+Ë.

An  ñ_� �¦Ä»ô�Ç :£¤$í
õ� âì2£§_� ß¼l�\� ���� \��-t��� �<Hz�́÷&��H  ñ[þt_� |9�½+Ë.

f t
ij r�&h� t{9� M:,  ñ (i, j)_� âì2£§_� ß¼l�\�¦ ����?/��H ���Ãº.

πt
i r�&h� t{9� M:, ��n� i_� \��-t�\�¦ ����?/��H ���Ãº.

bt
i r�&h� t{9� M:, ��n� i_� âì2£§ $��©�|¾Ó�̀¦ ����?/��H ���Ãº.

Lij(f t
ij)  ñ (i, j)_� ��¹1Ï�<Hz�́�<ÊÃº.

St
i r�&h� t{9� M:, ��n� i_� /BN/åL_� ß¼l�\�¦ ����?/��H �©�Ãº.

Dt
i r�&h� t{9� M:, ��n� i_� Ãº¹כ_� ß¼l�\�¦ ����?/��H �©�Ãº.

fij  ñ (i, j)_� âì2£§ �©�ô�Ç.

πi ��n� i_� \��-t� �©�ô�Ç.

πi ��n� i_� \��-t� 
�ô�Ç.

B1
i ��n� i_� ×��ß¼_� �íl�$��©�|¾Ó.

bi ��n� i_� ×��ß¼_� 6 x|¾Ó �©�ô�Ç.

g(f, π) \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� q�6 x�<ÊÃº.
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\��-t�-âì2£§ W1àÔ0>ß¼\�¦ ����?/��H l� ñ��H ��6£§õ� °ú ��.

³ð 2.2: \��-t�-âì2£§ W1àÔ0>ß¼_� l� ñ

l� ñ [O�"î


{9�ìøÍ��n�

×��ß¼��n�

{9�ìøÍ ñ

��·ú� ñ

y��·ú� ñ

/BN/åLs� e����H ��n�

Ãº¹כ�� e����H ��n�

0A_� l� ñ[þt�̀¦ ��6 x
�#� ½̈$í
ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼_� \Vs���.

ÕªaË> 2.1: \��-t�-âì2£§ W1àÔ0>ß¼ \V

12



2.4 i¦�\��ª �¿ÌfC

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� þj&h��o �̧+þA�Ér ��6£§õ� °ú ��.

%K�V� 2.4.1 þj&h��o �̧+þA

min g(f, π)

s.t
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt,∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

πt
i − πt

j = Lij(f t
ij) ∀(i, j) ∈ An,∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap, ∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad,∀t,

πi ≤ πt
i ≤ πi ∀i ∈ N,∀t,

0 ≤ bt
i ≤ bi ∀i ∈ Nt,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t.

2.5 �¿ÌfC�+ ÊÁh��\� Ä©�¿

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j��H q����+þA 3lq&h��<ÊÃºü< q����+þA ]j���d���̀¦ ����� +þA

I��Ð þj&h�K�\�¦ ¹1Ô��H ��Ér	כ Óüt�:r, ��0pxK�\�¦ ½̈
���H �̧�	כ çß�éß�
�t� ·ú§��. s� ë�H

]j�� NP-hard\� 5Åqô�Ç����H �¦̀�	כ �Ðe��Ü¼�Ð+� ë�H]j_� 4�¤ú̧�$í
�̀¦ s�K�½+É Ãº e��

��.\��-t�-âì2£§W1àÔ0>ß¼ë�H]j��Hþj&h��oë�H]j(optimization problem)s�l�M:

ë�H\� ��6£§õ� °ú s� ���&ñ
 ë�H]j(decision problem)_� +þAI��Ð ��Ë̈#Q 7£x"î
�̀¦ K�

�� ô�Ç��. \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� ���&ñ
 ë�H]j��H ��6£§õ� °ú ��.

%K�V� 2.5.1 \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j(���&ñ
 ë�H]j)

{9�§4� : \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j(þj&h��o ë�H]j), z�́Ãº K.

|9�ë�H : \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j_� þj&h� 3lq&h��<ÊÃº °úכs� K�Ð�� ����Ér��?

13



ë�H]j 2.5.1s� NP-hard\�5Åq
���H���Ðs����þj&h��oë�H]j%i�r¦̀�	כ NP-hard\�

5Åq
���H ��Ér	כ çß�éß�
�>� �Ð{9� Ãº e��Ü¼Ù¼�Ð #�l�"f��H ���&ñ
 ë�H]j\� @/ô�Ç 7£x"î
ëß�

��ÀÒ�̧2�¤ ô�Ç��.

Proposition 2.5.2 \��-t�-âì2£§W1àÔ0>ß¼ë�H]j(���&ñ
ë�H]j)��H NP-hard\�5Åq

ô�Ç��.

7£x"î
:ì�r½+Éë�H]j�ÐÂÒ'�_����½Ó���8̈��̀¦:�xK�\��-t�-âì2£§W1àÔ0>ß¼ë�H]j(���

&ñ
 ë�H]j)�� NP-hard\� 5Åq�<Ê�̀¦ �Ðs��9�¦ ô�Ç��. ì�r½+É ë�H]j��H ��6£§õ� °ú s� &ñ


_��)a��.

%K�V� 2.5.3 ì�r½+É ë�H]j

{9�§4� : n>h_� �����Ãº |9�½+Ë N = {a1, · · · , an}.
|9�ë�H : s� |9�½+Ë�̀¦ ¿º |9�½+ËÜ¼�Ð ì�r½+É
�#�, y�� |9�½+Ë\� 5Åqô�Ç �����Ãº_� ½+Ës� "f�Ð

°ú >� ½+É Ãº e����H��?

ì�r½+É ë�H]j_� {9�§4��̀¦ ��6£§õ� °ú �Ér \��-t�-âì2£§ W1àÔ0>ß¼�Ð ���8̈�
���. W1

àÔ0>ß¼\�¦ ½̈$í

���H ��n�ü<  ñ��H ��6£§õ� °ú ��.

- ��n� : {9�ìøÍ��n� n + 1>h, ×��ß¼��n� 2n>h,

-  ñ : {9�ìøÍ ñ 2n>h, ��·ú� ñ n>h.

W1àÔ0>ß¼��H Äº��� ×��ß¼��n� - ��·ú� ñ - {9�ìøÍ��n� - {9�ìøÍ ñ - ×��ß¼��n� í�HÜ¼

�Ð s�#Qt���H (���í}
�àÔ\�¦ n>h Òqt$í
ô�Ç��. s�\�¦ y��y�� (���í}
�àÔ 1, · · ·, (���í}
�àÔ
ns����¦
���.ÆÒ���Ð 1>h_���n�\�¦Òqt$í

��¦,s�\�¦��n� ?��
���. n>h_�(��

�í}
�àÔ_� y�� {9�ìøÍ��n��ÐÂÒ'� ��n� ?�Ð �¾Ó
���H {9�ìøÍ ñ\�¦ n>h Òqt$í
ô�Ç��. Õª�Q

��� W1àÔ0>ß¼��H ÕªaË> 2.2%�!3� ½̈$í
�)a��.

/BN/åLõ� Ãº¹כ��H ��6£§õ� °ú s� ÂÒ#�ô�Ç��. Äº��� ë�H]j_� 8úx l�çß��Ér 2s���. Õª

o��¦ �̧��H ai�Ð�� Ø�æì�ry� 	�H Ãº D\�¦ ú̧���. /BN/åL�Ér y�� (���í}
�àÔ\� @/K� ÅÒ#Q

t���HX<,(���í}
�àÔ i\�@/K�(���í}
�àÔ��r����
���H��n����×��ß¼��n��Ð'Í	���P:

l�çß�\� D + ai, ¿º ���P: l�çß�\� 0_� âì2£§s� /BN/åL�)a��. Ãº¹כ %i�r� y�� (���í}
�àÔ
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ÕªaË> 2.2: ì�r½+É ë�H]j\�¦ ���½Ó���8̈�ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼ 1

\� @/K�, (���í}
�àÔ i�� =åQ����H ��n���� ×��ß¼��n�\� 'Í	 ���P: l�çß�\���H 0, ¿º ���

P: l�çß�\���H Dëß��pu_� âì2£§ Ãº¹כ�� µ1ÏÒqtô�Ç��. ¢̧ô�Ç ��n� ?\� @/K�"f�̧ Ãº¹כ

�� ÅÒ#Qt���HX< #�l���H 'Í	 ���P: l�çß�õ� ¿º ���P: l�çß� �̧¿º
∑

ai/2ëß��pu_� âì

2£§ Ãº¹כ�� µ1ÏÒqtô�Ç��.

Õªo��¦ {9�ìøÍ ñ_� ��¹1Ï�<Hz�́�<ÊÃº��H ��6£§õ� °ú s� ÅÒ#Q�����.

- y�� (���í}
�àÔ ?/_� {9�ìøÍ ñ : Lij(f t
ij) = π

D (f t
ij)

2,

- y�� (���í}
�àÔ\�"f ��n� ?�Ð �¾Ó
���H {9�ìøÍ ñ : Lij(f t
ij) = (f t

ij)
2.

�̧��H {9�ìøÍ��n���H π (> 0)ëß��pu_� \��-t�
�ô�Ç�̀¦ ��t��¦ ×��ß¼��n���H \��-t�


�ô�Çs� 0s����¦ 
���. ¢̧ô�Ç \��-t��©�ô�Ç�Ér �̧¿º \O���. Ä»|¾Ó �©�/
�ô�Ç�Ér �̧��H

 ñ\� @/K� �>rF�
�t� ·ú§�¦, �̧��H ×��ß¼_� 6 x|¾Ó�Ér Áºô�Ç
����¦ 
���. ��t�}��Ü¼

�Ð 3lq&h��<ÊÃº��H y�� ��·ú� ñ\�"f_� \��-t�7£x��|¾Óõ� âì2£§_� Y�L_� ½+ËÜ¼�Ð 
���.

g(f, π) =
∑
t

∑
a∈Ap

f t
ij(π

t
j − πt

i) s� �̧��H &ñ
�Ð\�¦ ·ú¡"f ÕªaË> 2.2\�  »	·¡­#� ����?/

��� ÕªaË> 2.3õ� °ú ��.

çß�éß�y� s� ë�H]j\�¦ 
���¹כ����, y�� (���í}
�àÔ_� ×��ß¼��n��Ð /BN/åL÷&��H âì2£§�̀¦

(���í}
�àÔ ú́�éß�_� ×��ß¼��n��Ð Dëß��pu Õªo��¦ ��n� ?�Ð aiëß��pu ¿º l�çß�\� ���5g

#Qb�G>� /BN/åL
���H ��s	כ ��·ú� ñ_� q�6 x�̀¦ þj�è�o½+É ����s	כ 
���H ë�H]js���. s�
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ÕªaË> 2.3: ì�r½+É ë�H]j\�¦ ���½Ó���8̈�ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼ 2

]j ��t�}��Ü¼�Ð þj&h� 3lq&h��<ÊÃºü< q��§½+É °úכ��� K\�¦ ��6£§õ� °ú s� [O�&ñ

���.

K =
∑

i∈N

(Dπ + ai(π + a2
i ))

\��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j(���&ñ
 ë�H]j)��H ÕªaË> 2.3%�!3� ½̈$í
ô�Ç ë�H]j_� þj&h�

3lq&h��<ÊÃº °úכs� K�Ð�� ������� °ú Ü¼��� �ÃÐ, ÕªXO�t� ·ú§Ü¼��� ��f±	��� ë�H]js���.

���$�,ì�r½+Éë�H]j���ÃÐs����\��-t�-âì2£§W1àÔ0>ß¼ë�H]j(���&ñ
ë�H]j)���ÃÐs�

����H���Ðs���.ì¦̀�	כr½+Éë�H]j���ÃÐs���� N_�"é¶�è\�¦8úx½+Ës�°ú �Ér¿º>h_�|9�½+Ë

A, B�Ðì�r½+É½+ÉÃºe����.s�M:, ai�� A\�5Åq
����,(���í}
�àÔ i�Ð/BN/åL÷&��Hâì2£§

�̀¦ 'Í	 ���P: l�çß�\���H aiëß��pu_� âì2£§�̀¦ ��n� ?�Ðëß� �Ð?/�¦, ¿º ���P: l�çß�\���H

Dëß��pu_� âì2£§�̀¦ (���í}
�àÔ ú́�éß�_� ×��ß¼�Ðëß� �Ð�·p��. ìøÍ@/�Ð ai�� B\� 5Åq
�

���, âì2£§ %i�r� ìøÍ@/�Ð �Ð�·p��. Õª�Q��� A_� ½+Ëõ� B_� ½+Ë�Ér �̧¿º
∑

ai/2s�l�

M:ë�H\� ��n� ?_� Ãº¹כ\�¦ Ø�æ7á¤r�v��¦, y�� (���í}
�àÔ_� ú́�éß� ×��ß¼��n� %i�r� Ãº

¦�\¹כ Ø�æ7á¤r�v�>� �)a��. ¢̧ô�Ç ��·ú� ñ\�"f 7£x��r�v���H \��-t���H ��·ú� ñ\� âì

2£§s� aiëß��pu âì\�¦ M:��H π + a2
is��¦, Dëß��pu âì\�¦ M:��H π�̀¦ 7£x��r������. Õª�Q

��� �̧��H��n�_�\��-t�
�ô�Ç�̀¦ëß�7á¤
�>��)a��.���²DGs��Qô�ÇK���H��0pxK���÷&
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�¦, s� M: 3lq&h��<ÊÃº °úכ�Ér Kü< °ú ��. ����"f þj&h� 3lq&h��<ÊÃº °úכ�Ér K�Ð�� �����

�� °ú Ü¼Ù¼�Ð \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j(���&ñ
 ë�H]j)�� �ÃÐe���̀¦ ·ú� Ãº e����.

ìøÍ@/�Ð \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j(���&ñ
 ë�H]j)�� �ÃÐs���� ì�r½+É ë�H]j�� �ÃÐ

s�����H�
�Ðs���.s�\�¦0AK�·ú¡"f7£x"î¦̀�	כ\�"f�Ð�����0pxK�%�!3�y��(���í}
�àÔ

�Ð /BN/åL÷&��H âì2£§�̀¦ ��n� ?�Ð ô�Ç ���, ú́�éß� ×��ß¼��n��Ð ô�Ç ��� ��¾º#Q �Ð?/��H

��s	כ þj&h�e���̀¦ �Ðs��9 ô�Ç��.

(���í}
�àÔ i\�"f ��n� ?�Ð ¿º l�çß�\� ���5g (x, ai − x)ëß��pu âì2£§�̀¦ �Ð�·p��

�¦ 
���. Õª�Q��� (���í}
�àÔ i_� ��·ú� ñ\�"f 7£x��r�~�́ \��-t���H 'Í	 ���P: l�çß�

\���H π + x2, ¿º ���P: l�çß�\���H π + (ai − x)2�� �)a��. �=��
���� (���í}
�àÔ_�

ú́�éß�×��ß¼��n��Ð��Hþj@/âì2£§s�âì�Ér��
��8���̧ ú́�éß�×��ß¼��n�_�\��-t�
�

ô�Çõ� ��¹1Ï�<Hz�́�̀¦ �8ô�Ç °úכs� π�Ð�� ������� °ú l� M:ë�Hs���. Õª�Q��� ú́�éß� ×��ß¼

��n��Ð �Ð?/��H âì2£§�Ér ¿º l�çß� ×�æ ��·ú� ñ_� \��-t�7£x��|¾Ós� ����Ér l�çß�\� �̧

¿º D\�¦ �Ð?/��H �,	כ 7£¤, (D, 0) ¢̧��H (0, D)_� +þAI��Ð �Ð?/��H ��s	כ 3lq&h��<ÊÃº °úכ

s� þj�è�� �)a��. ìøÍ@/�Ð ú́�éß� ×��ß¼��n��Ð (D, 0) ¢̧��H (0, D)_� +þAI��Ð âì2£§

�̀¦ �Ð�·p�����, ��n� ?�Ð��H ìøÍ@/�Ð (0, ai), (ai, 0)_� +þAI��Ð âì2£§�̀¦ �Ð?/��H ��s	כ

3lq&h��<ÊÃº°úכs�þj�è���)a��. ���²DG, (���í}
�àÔ_� ú́�éß�×��ß¼��n�_�Ãº¹כü< ��n�

?_� Ãº¹כ\�¦ ô�Ç l�çß�\� ô�Ç ���m�� Ø�æ7á¤r�&�ÅÒ��H ��s	כ þj&h�s�����H �.���s	כ s� M:

_� 3lq&h��<ÊÃº��H ·ú¡"f ½̈Ùþ¡1pws� Kü< °ú ��. ���²DG, þj&h�3lq&h��<ÊÃº °úכs� Kü< °ú 

�����, y�� (���í}
�àÔ\�"f ��n� ?�Ð_� âì2£§�̀¦ ¿º l�çß�Ü¼�Ð ¥̧>ht� ·ú§�¦�̧ ¿º l�

çß�_�Ãº¹כ\�¦&ñ
SX�y�Ø�æ7á¤r�(������H��s��¦ÕªXO������þj&h�K�\�¦:�xK�ì	כr½+Éë�H]j

�� �ÃÐs� ÷&>� 
���H ì�r½+É�̀¦ ~1�>� ½̈½+É Ãº e����.
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3. ®̧�P±Ó

s��©�\�"f��H\��-t�-âì2£§W1àÔ0>ß¼ë�H]j_�:£¤fç
�̀¦ì�r$3�ô�Ç��.·ú¡"f&ñ
_�ô�Ç{9�

ìøÍ&h���� �̧+þA ×�æ\�"f �&³z�́ ë�H]j\�"f ��ÅÒ ��������H +þAI�\� @/ô�Ç ì�r$3��̀¦ :�xK�

ÆÒÊê K�ZO��̀¦ >hµ1Ï½+É ��H��\�¦ �̧Ø�¦K��·p��.

3.1 Uc�/m�%�× �××iµ

\��-t�-âì2£§ W1àÔ0>ß¼��H ���l� W1àÔ0>ß¼\�¦ �í�<Êô�Ç��. ���l� W1àÔ0>ß¼_� $í
|9�

×�æ {9�ÂÒ��H SX��©�
�#� �Ð�� V,��Ér >h¥Æ���� \��-t�-âì2£§ W1àÔ0>ß¼\�"f�̧ $í
wn�ô�Ç

��. ���l� W1àÔ0>ß¼\�"f ���0A	�ü< ���ÀÓ_� Y�LÜ¼�Ð ³ð�&³÷&��H ���§4��Ér ��6£§õ� °ú 

�Ér$í
|9��̀¦��t��¦e����.: W1àÔ0>ß¼ü@ÂÒ\�"fÄ»{9�÷&��H���§4�|¾Ó�ÉrW1àÔ0>ß¼?/

ÂÒ\�"f �<Hz�́÷&��H ���§4�|¾Óõ� W1àÔ0>ß¼ ü@ÂÒ�Ð Ä»Ø�¦÷&��H ���§4�|¾Ó_� ½+Ëõ� °ú ��.

s�ü< Ä»��
�>� \��-t�����o|¾Óõ� âì2£§_� Y�L�̀¦ \��-t�|¾ÓÜ¼�Ð &ñ
_�
����, \��-

t�-âì2£§ W1àÔ0>ß¼\�"f�̧ 1lx{9�ô�Ç ZO�gË:s� $í
wn�ô�Ç��. Äº��� ��6£§õ� °ú s� 6��t�

\��-t�|¾Ó�̀¦ &ñ
_�
���.

(1) Ä»{9�\��-t�|¾Ó =
∑
t

∑
i∈N

St
i (π

t
i − 0).

(2) ��·ú�\��-t�|¾Ó(��·ú� ñ) =
∑
t

∑
(i,j)∈Ap

f t
ij(π

t
j − πt

i).

(3) �<Hz�́\��-t�|¾Ó(y��·ú� ñ) =
∑
t

∑
(i,j)∈Ad

f t
ij(π

t
i − πt

j).

(4) �<Hz�́\��-t�|¾Ó({9�ìøÍ ñ) =
∑
t

∑
(i,j)∈An

f t
ij(π

t
i − πt

j).

(5) $��©�\��-t�|¾Ó =
∑
t

∑
i∈Nt

(bt+1
i − bt

i)π
t
i .

(6) Ä»Ø�¦\��-t�|¾Ó =
∑
t

∑
i∈N

Dt
i(π

t
i − 0).
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Proposition 3.1.1 \��-t�|¾Ó�Ér ��6£§_� �'a>��� $í
wn�ô�Ç��: Ä»{9�\��-t�|¾Ó +

��·ú�\��-t�|¾Ó = �<Hz�́\��-t�|¾Ó(y��·ú� ñ, {9�ìøÍ ñ) + $��©�\��-t�|¾Ó + Ä»Ø�¦\�

�-t�|¾Ó.

7£x"î
: \��-t�-âì2£§ W1àÔ0>ß¼�� ÕªaË> 3.1õ� °ú s� ÅÒ#Q&�����¦ 
���.

ÕªaË> 3.1: \��-t�-âì2£§ W1àÔ0>ß¼

\��-t�|¾Ó�Érü@ÂÒ�ÐÂÒ'�Ä»{9�/Ä»Ø�¦÷&��H�	כ�õ�?/ÂÒ\�"f7£x��/�<Hz�́÷&��H	כ

Ü¼�Ð���÷¶��.
�t�ëß���n�
���\�¦ÆÒ��
����Ä»{9�\��-t�|¾Ó�̀¦��·ú�\��-t�|¾ÓÜ¼

�Ð Ä»Ø�¦\��-t�|¾Ó�̀¦ �<Hz�́\��-t�|¾ÓÜ¼�Ð ���8̈�½+É Ãº e����. Dh�Ð ��n� s\�¦ 
���

ÆÒ��
�#� s� ��n�_� \��-t� �©�ô�Çõ� \��-t� 
�ô�Ç�̀¦ 0Ü¼�Ð ¿º�¦, �̧��H /BN/åL��

n��Ð ������H  ñü< �̧��H Ãº¹כ��n��ÐÂÒ'� [þt#Q�̧��H  ñ\�¦ Õªo���� ��6£§õ� °ú �Ér

W1àÔ0>ß¼�� �)a��.

ÕªaË> 3.2: ��n�\�¦ ÆÒ��ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼
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l��>r \��-t�-âì2£§ W1àÔ0>ß¼_� Ä»{9�\��-t�|¾Óõ� Ä»Ø�¦\��-t�|¾Ó�Ér ��n�\�¦

ÆÒ��ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼\�"f ��·ú�\��-t�|¾Óõ� �<Hz�́\��-t�|¾Óõ� 1lx{9�
�

Ù¼�Ð ÕªaË> 3.2_� W1àÔ0>ß¼\�"f ��·ú�\��-t�|¾Ós� �<Hz�́\��-t�|¾Ó(y��·ú� ñ, {9�ìøÍ

 ñ)õ�$��©�\��-t�|¾Ó_�½+Ëõ�°ú ����H��\�©��$�Ðs�����)a��.Õª���X<#�l�"f¦̀�	כ

�-t�|¾Ó�Érd���̀¦���>h
�#��è��
����
∑
t

∑
i∈Nt

(bt+1
i −bt

i)π
t
i =

∑
i∈Nt

(bT
i −b1

i )π
t
i s���.

×��ß¼_� �íl�$��©�|¾Óõ�ü< ��t�}�� r�&h�_� $��©�|¾Ós� 1lx{9�
�Ù¼�Ð bT
i − b1

i = 0s�

÷&#Q $��©�\��-t�|¾Ó�Ér 0s� �)a��. ���²DG ��·ú�\��-t�|¾Óõ� �<Hz�́\��-t�|¾Ó(y��·ú� ñ,

{9�ìøÍ ñ)�� °ú ����H �¦̀�	כ �Ðs���� 7£x"î
s� ¢-a$í
�)a��.

×��ß¼_� �íl�$��©�|¾Óõ� ��t�}��$��©�|¾Ós� 1lx{9�
�l� M:ë�H\� �̧��H âì2£§�Ér ��

n� s\�"f Ø�¦µ1Ï
�#� s�Ð ��r� [þt#Q�:r��. ���²DG âì2£§�̀¦ þj�èéß�0A�Ð ��¾º��� y��y��

_� âì2£§�̀¦ 
���
���_� �â
�Ð�Ð ³ð�&³½+É Ãº e����. Õª �â
�Ð ?/\�"f \��-t��� 7£x

��½+ÉÃº�̧ �<Hz�́|̈cÃº�̧ e��t�ëß� ���²DG ��n� s�Ð ��r� [þt#Q�̧l� M:ë�H\� �â
�Ð ?/

\�"f7£x��ô�Ç\��-t�ü<�<Hz�́�)a\��-t���H°ú ��.���²DGô�Çþj�èéß�0A_�âì2£§\�@/

K�W1àÔ0>ß¼?/\�"f7£x��ô�Ç\��-t�|¾Óõ��<Hz�́�)a\��-t�|¾Ó�Ér1lx{9�
�����H��s	כ

��. y��  ñ_� ��·ú�\��-t�|¾Ó ¢̧��H �<Hz�́\��-t�|¾Ó�Ér s�[þt þj�èéß�0A_� \��-t�|¾Ó

_� ½+ËÜ¼�Ð Òqty��½+É Ãº e��Ü¼Ù¼�Ð, W1àÔ0>ß¼ ?/\�"f_� ��·ú�\��-t�|¾Óõ� �<Hz�́\�

�-t�|¾Ó_� ½+Ë�Ér °ú ��. s�\�¦ :�xK� \��-t�|¾Ó �Ð�>r ZO�gË:(Ä»{9�\��-t�|¾Ó + ��·ú�\�

�-t�|¾Ó = �<Hz�́\��-t�|¾Ó(y��·ú� ñ, {9�ìøÍ ñ) + $��©�\��-t�|¾Ó + Ä»Ø�¦\��-t�|¾Ó)

s� $í
wn�ô�Ç����H �¦̀�	כ ·ú� Ãº e����.

$í
|9� 3.1.1\�¦���½ÓÜ¼�Ð�7Ho�\�¦ �̧�FK�8���>hK������Ð��.$��©�\��-t�|¾Ó�Ér

7£x"î
\�"f�Ð%i�1pw 0s��)a��.ü@ÂÒ\�"fÄ»{9�÷&��Hâì2£§_�\��-t���Hë�H]j\�"fÅÒ

#Qt��¦, Ä»Ø�¦|̈c M: ��H&÷̈½¹כ \��-t� ¢̧ô�Ç ÅÒ#Qt�Ù¼�Ð ���²DG Ä»{9�\��-t�|¾Óõ�

Ä»Ø�¦\��-t�|¾Ó�Ér �©�Ãº�� �)a��. ���²DG, ��·ú�\��-t�|¾Óõ� y��·ú� ñ, {9�ìøÍ ñ\�"f_�

�<Hz�́\��-t�|¾Ó½+Ë�Ér�©�Ãº	���÷&#Q,��·ú�\��-t�|¾Ó�̀¦þj�è�o
���H��\õ��<Hz�́	כ

�-t�|¾Ó�̀¦ þj�è�o
���H ��Ér	כ 1lx{9�ô�Ç ë�H]j�� �)a��. �<Hz�́\��-t�|¾Ó ×�æ {9�ìøÍ ñ_�

�<Hz�́\��-t�|¾Ó�Ér ��¹1Ï�<Hz�́�<ÊÃº\�¦ s�6 xK� ��6£§õ� °ú s� ³ð�&³½+É Ãº e����.
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∑
t

∑

(i,j)∈An

f t
ij(π

t
i − πt

j) =
∑

t

∑

(i,j)∈An

f t
ijLij(f t

ij).

Proposition 3.1.2 {9�ìøÍ ñ_� �<Hz�́\��-t�|¾Ó�Ér �̂¦2�¤�<ÊÃºs���.

7£x"î
: �̂¦2�¤�<ÊÃº_�½+Ë�Ér �̂¦2�¤�<ÊÃºs�Ù¼�Ð F (f t
ij) = f t

ijLij(f t
ij)�� �̂¦2�¤�<ÊÃºe���̀¦

�Ðs���H �Ü¼�Ð	כ 7£x"î
�Ér Ø�æì�r
���. F (f t
ij)_� s�>��̧�<ÊÃº��H ��6£§õ� °ú ��.

F ′′(f t
ij) = 2L′ij(f

t
ij) + f t

ijL
′′
ij(f

t
ij)

��¹1Ï�<Hz�́�<ÊÃº Lij�� �̂¦2�¤7£x���<ÊÃºs�Ù¼�Ð L′ij ≥ 0, L′′ij ≥ 0s��¦, f t
ij ¢̧ô�Ç ë�H

]j_� ]j���\� _�K� q�6£§s���. F ′′(f t
ij) ≥ 0s�Ù¼�Ð F (f t

ij)�� �̂¦2�¤�<ÊÃºs��¦, ��

��"f y��·ú� ñ_� �<Hz�́\��-t�|¾Ó�Ér �̂¦2�¤�<ÊÃºs���.

��·ú�\��-t�|¾Ó�Ér ��·ú� ñ\� âìØÔ��H âì2£§s� 9þtÃº2�¤, 7£x��
���H \��-t��� 9þt

Ãº2�¤7£x��
���H3lq&h��<ÊÃºü<Ä»��ô�Ç:£¤fç
�̀¦��t��¦e���¦,:£¤y��©�Ãº�̧�'a}©�ë�H]j

_� 3lq&h��<ÊÃºü<��H >�Ãºëß� ���Ér B�Äº f�̈��ô�Ç +þAI�s���. ¢̧ô�Ç {9�ìøÍ&h�Ü¼�Ð {9�ìøÍ

 ñ\�q�K�y��·ú� ñ_�Ãº��&h���.����"fq����+þA+þAI�_�3lq&h��<ÊÃº@/���{9�ìøÍ ñ

_��<Hz�́\��-t�|¾Ó\�&h�]X�ô�Ç>�Ãº\�¦Y�L
�#��8ô�Ç+þAI�
∑
t

∑
(i,j)∈Ad

Kt
ijf

t
ijLij(f t

ij)��

@/îß�&h���� 3lq&h��<ÊÃº�Ð"f_� ��{©�$í
�̀¦ �������.

3.2 æ«h�p�äu
 A�â«(Critical Path)

s����\���H:£¤&ñ
W1àÔ0>ß¼+þAI�\�"fµ1ÏÒqt
���H\��-t�-âì2£§W1àÔ0>ß¼_�$í
|9�\�

@/
�#�·ú����:r��.·ú¡"f �̧+þA�o�)a\��-t�-âì2£§W1àÔ0>ß¼ë�H]j��H{9�ìøÍ&h����W1

àÔ0>ß¼\� @/K� &ñ
_�
�%i�t�ëß�, z�́]j �&³z�́\�"f ��������H W1àÔ0>ß¼ +þAI�\�¦ �¦

�9
����ë�H]j\�¦�Ð�� ò́Ö�¦&h�Ü¼�ÐK����½+ÉÃºe����.�&³z�́\�"f��H��Áº ½̈�̧<�Ê�Ér

��Áº ½̈�̧ü< Ä»��ô�Ç +þAI�_� W1àÔ0>ß¼\�"f ë�H]j�� &ñ
_�÷&��H �â
Äº�� ú́§��. ���

§4�/BN/åL}©�\�"f ���§4�s� /BN/åL|̈c M:, µ1Ï����è - 1	� �������è - 2	� �������è - 3	� ���

����è - C�����èü< °ú s� >�8£x&h���� �â
�Ð\�¦ ��5g þj7áx Ãº¹כt��Ð ���²ú��)a��. �©�Ãº

�̧�'a}©� %i�r� 2[Ãº"é¶ - 1	� *3�áÔ�©� - 2	� *3�áÔ�©� - 3	� *3�áÔ�©� - C�Ãºt�_� +þAI�

�Ð Óüts� ���²ú��)a��. s�XO�>� �©�0A >�8£x\�"f 
�0A >�8£xÜ¼�Ð ������÷&��H W1àÔ0>ß¼
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��H ��Áº ½̈�̧ <�Ê�Ér ��Áº ½̈�̧ü< Ä»��ô�Ç +þAI�\�¦ 
��¦ e����. ����"f Äºo���H W1

àÔ0>ß¼�� ��Áº ½̈�̧����H ��&ñ
 
�\� ë�H]j_� $í
|9��̀¦ ì�r$3�
�#� ò́Ö�¦&h���� ]X���H

~½ÓZO��̀¦ ·ú����:r��.

W1àÔ0>ß¼�� ��Áº ½̈�̧��� �â
Äº, ��n�|9�½+Ë N�Ér ��·ú� ñ\�¦ l�ï�rÜ¼�Ð ��6£§õ�

°ú s� ì�r½+É½+É Ãº e����.

ÕªaË> 3.3: cover(i, j)

y����n���H%i�~½Ó�¾ÓÜ¼�Ð���©�����î�r��·ú� ñ\�_�K�&�!Q�)a��.��·ú� ñ (i, j)��

&�!Q
���H ��n�|9�½+Ë�Ér cover(i, j)���¦ &ñ
_�ô�Ç��.

Ça��+ 3.2.1 y����·ú� ñ (i, j)\�@/K���n� j\�"fe��_�_���n� k��t�_��â
�Ð×�æ

\� ���Ér ��·ú� ñ�� �>rF�
�t� ·ú§�̀¦ M:, k��H cover(i, j)\� 5Åqô�Ç��. s��Qô�Ç ��n�

\�¦ �̧¿º �̧�Ér |9�½+Ë�̀¦ cover(i, j)���¦ &ñ
_�ô�Ç��.

y�� ��n��Ð [þt#Q�̧��H âì2£§�Ér Õª ��n�\�¦ &�!Q
���H ��·ú� ñ�ÐÂÒ'� f��]X�&h�Ü¼

�Ð���²ú��)a��.����"fy����·ú� ñ (i, j)\�"fµ1ÏÒqt
���H\��-t�q�6 x�Ér cover(i, j)�Ð

_� âì2£§/BN/åLõ� f��]X�&h�Ü¼�Ð �'aº��s� e�����¦ ½+É Ãº e����. Äºo���H ô�Ç cover\� @/

ô�Ç �'a¹1Ï�̀¦ :�xK� Ä»_�p�ô�Ç K�ZO��̀¦ �ÃÐÒ�o
��9 ô�Ç��. ��6£§_� \V\�¦ �Ð��.

��·ú� ñ��H ��·ú� ñ�� &�!Q
���H ��n�[þt_� \��-t� 
�ô�Ç�̀¦ �̧¿º ëß�7á¤
��̧2�¤

\��-t�\�¦ 7£x��r�&��� ô�Ç��. y�� ��n�_� \��-t� 
�ô�Ç ]j���d���Ér %i�~½Ó�¾Ó ÆÒ�:r

�̀¦ :�xK� ��·ú� ñ ��6£§ ��n�_� 
�ô�ÇÜ¼�Ð ��Ë̈#Q ³ð�&³½+É Ãº e����. \V\�¦ [þt#Q

��n� 5_� \��-t� 
�ô�Ç ]j���d�� πt
5 ≥ π5��H ��n� 2\�¦ l�ï�rÜ¼�Ð ³ð�&³
���� πt

2 ≥
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ÕªaË> 3.4: \V]j W1àÔ0>ß¼

π5+L3,5(f t
3,5)+L2,3(f t

2,3)�Ð����è­qÃºe����.s�ü<°ú s�,��n� k�� cover(i, j)\�

5Åq½+É M:, \��-t� 
�ô�Ç�̀¦ ��n� j\�¦ l�ï�rÜ¼�Ð ��õ�H 
�ô�Ç�̀¦ LBt
k�� 
���. Õª�Q���

LBt
k��H ��6£§õ� °ú s� &ñ
_��)a��.

LBt
k(f

t) := πk +
∑

(a,b)∈pathj−k

Lab(f t
ab), (k ∈ cover(i, j)).

���²DG��·ú� ñ (i, j)\�"f��n� j��H cover(i, j)\�5Åqô�Ç �̧��H��n�[þt_� LBt
k(f

t)�Ð

�� &���
�Ù¼�Ð \��-t� 
�ô�Ç ]j���d���Ér ��6£§õ� °ú s� ����?/#Q�����.

πj ≥ maxk∈cover(i,j){LBt
k(f

t)}, ∀t.

��·ú� ñ ��6£§ ��n�_� \��-t�êøÍ ��·ú� ñ\�"f \��-t�\�¦ \O����� 7£x��r�v�Ö¼

��ü< �'aº��s� e����HX< 3lq&h��<ÊÃº��� q�6 xþj�è�o 8£¤���\�"f �̂¦ M: 
�ô�Ç�Ð�� �8 	�H

°ú̀�כ¦ ��|9� s�Ä»�� \O���. ����"f 0A ÂÒ1pxd���Ér þj&h�K�\�"f 1pxd��Ü¼�Ð $í
wn�
�>�

�)a��. ���õ�&h�Ü¼�Ð ì�r$3�K��Ð��� ��·ú� ñ (i, j)�� &�!Q
���H ��n�[þt ×�æ LB °úכs�

���©� 	�H ��n�\�¦ ]jü@
��¦ �� Qt� ��n���H 
�ô�Ç�Ð�� Z�}�Ér \��-t�°ú̀�כ¦ °ú�>� �)a

��.���²DG LB °úכs����©�	�H��n�_�
�ô�Ç�̀¦ ú́�ÆÒ#QÅÒl�0AK��� Qt���H�9¹כ�s�

�©�_� \��-t�\�¦ ����� �©�I��Ð K�{©� t�&h��̀¦ :�xõ�
���H �.���s	כ s���Ér	כ ��u� Óüt

s� Ãº5Åx|̈c M:, �â
�Ð\� ��� ü�s� �>rF�
���H �â
Äº ���©� �¦�̧�� Z�}�Ér t�&h�ëß� �Å�>�

�FK \��-t�\�¦ ��
���� �� Qt� t�&h��Ér �����Û¼XO�>� :�xõ�
���H ��õ	כ °ú �Ér s�u�s�
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��. ���²DG ��·ú� ñ\�"f \��-t�\�¦ \O����� 7£x��r�~�́ ��������H	כ LB °úכs� ���©� 	�H

��n���t� �â
�Ð\�¦ Ä»d��y� ¶ú�(R�̂¦ ��¹כ��9 e����. ��·ú� ñ\�"f s��Qô�Ç ��n���t�

_� �â
�Ð\�¦ æ«h�p�äu
 A�â«(Critical Path)�� 
��¦ +'\� K�ZO�\�"f ��[jy� ��

ÀÒ�̧2�¤ 
���x��.

·ú¡"f���+þAô�Ç 
�ô�Ç ]j���d���̀¦ l��>r 3lq&h��<ÊÃº\�@/{9�
�#���6£§õ�°ú s� ���8̈�

½+É Ãº e����. s�\�¦ g′(f, π)�� 
���.

g′(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij(maxk∈cover(i,j){LBt

k(f
t)} − πi) (water)

g′(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij((

maxk∈cover(i,j){LBt
k(f t)}

πt
i

)
κ−1
2κ − 1) (gas)

���+þA�)a 3lq&h��<ÊÃº g′(f, π)��H y�� &�!Q Z>��Ð e��_�_� ß¼o�w�(�� J�Û¼\�¦ &ñ
�<ÊÜ¼�Ð

+� 
�ô�Ç�̀¦ ½̈½+É Ãº e����. cover(i, j)\� @/K� e��_�_� ��n� kij\�¦ 
���m�� &ñ

����

��6£§õ� °ú s� �̂¦2�¤�<ÊÃº +þAI�_� 
�ô�Ç gLB(f)�̀¦ ½̈½+É Ãº e����.

Óüt_� �â
Äº, 3lq&h��<ÊÃº 
�ô�Ç�Ér ��6£§õ� °ú ��.

g′(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij(maxk∈cover(i,j){LBt

k(f
t)} − πi)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij({LBt

kij
(f t)} − πi)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij(

∑
(a,b)∈pathj−kij

Lab(f t
ab) + πkij

− πi)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ij(

∑
(a,b)∈pathj−kij

f t
abLab(f t

ab) + πkijfij − πifij)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ij(

∑
(a,b)∈pathj−kij

f t
abLab(f t

ab) + πkijfij − πifij)

= gLB(f)

Proposition 3.2.2 Óüt_� �â
Äº, gLB(f)��H �̂¦2�¤�<ÊÃºs���.

7£x"î
: gLB(f)\�"f πkij
fij−πifij ÂÒì�r�Ér���+þAs���. ¢̧ô�Ç,

∑
(a,b)∈pathj−kij

f t
abLab(f t

ab)

ÂÒì�r�Ér ·ú¡"f Proposition 3.1.2_� 7£x"î
\� _�K� �̂¦2�¤�<ÊÃºe��s� �Ð#�&��Ü¼Ù¼�Ð,

gLB(f)��H �̂¦2�¤�<ÊÃºs���.
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��Û¼_� �â
Äº, 3lq&h��<ÊÃº 
�ô�Ç�Ér ��6£§õ� °ú ��.

g′(f, π) =
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij((

maxk∈cover(i,j){LBt
k(f t)}

πt
i

)
κ−1
2κ − 1)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij((

LBt
kij

(f t)

πt
i

)
κ−1
2κ − 1)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij((

∑
(a,b)∈pathj−kij

Lab(f
t
ab)+πkij

πt
i

)
κ−1
2κ − 1)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ij((

∑
(a,b)∈pathj−kij

(f t
ab)

2κ
κ−1 Lab(f

t
ab)+πkij

(f t
ab)

2κ
κ−1

πt
i

)
κ−1
2κ − f t

ij)

≥ ∑
t

∑
(i,j)∈Ap

Ct
ij((

∑
(a,b)∈pathj−kij

(f t
ab)

2κ
κ−1 Lab(f

t
ab)+πkij

(f t
ab)

2κ
κ−1

πt
i

)
κ−1
2κ − f t

ij)

= gLB(f)

Proposition 3.2.3 ��Û¼_� �â
Äº, gLB(f)��H �̂¦2�¤�<ÊÃºs���.

7£x"î
: ��Û¼ë�H]j_� ��¹1Ï�<Hz�́�<ÊÃº��H µij(f t
ij)

2s�Ù¼�Ð s�\�¦ @/{9�
����,

gLB(f) =
∑

t

∑

(i,j)∈Ap

Ct
ij((

∑
(a,b)∈pathj−kij

µab(f t
ab)

2κ
κ−1

+2 + πkij (f
t
ab)

2κ
κ−1

πt
i

)
κ−1
2κ −f t

ij)

s���. 1.1 ≤ κ ≤ 1.6s�Ù¼�Ð 2κ
κ−1 ≥ 1s� $í
wn�ô�Ç��. f t

ij) �½Ó�̀¦ ]jü@ô�Ç ÂÒì�r�Ér ��

6£§_� �<ÊÃº F (x)_� +þAI�\�¦ (̀>� �)a��. ����"f F (x)�� �̂¦2�¤�<ÊÃºe���̀¦ �Ðs����

7£x"î
s� 7áx«Ñ�)a��.

F (x) = (
n∑

i=1

|xi|αi)β (α1 ≥ · · · ≥ αn ≥ 0, αnβ ≥ 1).

F (x)��H ��6£§õ� °ú s� [j �<ÊÃº_� ½+Ë$í
�<ÊÃº�Ð ����è­q Ãº e����.

F (x) = f3(f2(f1(x))).

f1(x) = (x
α1
αn
1 , · · · , x

αn
αn
n ), f2(x) = (

n∑
i=1

|xi|αn)
1

αn , f3(x) = xαnβ.

f2(x)��H Minkowski inequality\� _�K�, f3(x)��H αnβ ≥ 1s�Ù¼�Ð �̂¦2�¤�<ÊÃºs�
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��. ¢̧ô�Ç f2(f1(x))��H ��6£§_� õ�&ñ
\� _�K� �̂¦2�¤�<ÊÃºe���̀¦ �Ð{9� Ãº e����.

f2(f1(λx + (1− λ)y))

= f2((λx1 + (1− λ)y1)
α1
αn , · · · , (λxn + (1− λ)yn)

αn
αn )

≤ f2(λ(x1)
α1
αn + (1− λ)(y1)

α1
αn , · · · , λ(xn)

αn
αn + (1− λ)(yn)

αn
αn ) (∵ αi

αn
≥ 1)

≤ λf2(x
α1
αn
1 , · · · , x

αn
αn
n ) + (1− λ)f2(y

α1
αn
1 , · · · , y

αn
αn
n ) (∵ f2 is convex.)

= λf2(x) + (1− λ)f2(y).

f2(f1(x)), f2(x), f3(x)�� �̧¿º �̂¦2�¤�<ÊÃºs�Ù¼�Ð, s�[þt_� ½+Ë$í
�<ÊÃº��� F (x)��H

�̂¦2�¤�<ÊÃºs���. ����"f gLB(f)��H �̂¦2�¤�<ÊÃºs���.

y�� &�!Q Z>��Ð ß¼o�w�(��J�Û¼\�¦ &ñ

����, s�\� @/ô�Ç �̂¦2�¤�<ÊÃº +þAI�_� 3lq&h�

�<ÊÃº 
�ô�Ç�̀¦ s�=åJ#Q è­q Ãº e����. 4�©�\�"f��H s� ���õ�[þt�̀¦ s�6 xK� K�ZO��̀¦ ]jr�

ô�Ç��.
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4. B�ß��

s��©�\�"f��H\��-t�-âì2£§W1àÔ0>ß¼ë�H]j\�&h�6 x½+ÉÃºe����HK�ZO��̀¦]jr�ô�Ç��.

K�ZO��Ér W1àÔ0>ß¼ ½̈�̧�� ��Áº{9� M: &h�6 x½+É Ãº e����.

4.1 B�ß�� 5�³À

3�©�_� �'a¹1Ï�̀¦ �Ð@/�Ð K�ZO��̀¦ >hµ1Ï
�%i���. W1àÔ0>ß¼�� ��Áº½̈�̧s����, ��·ú� ñ

Z>��Ð&�!Q
���H%ò
%i��̀¦ ½̈ì�r½+ÉÃºe����.y����·ú� ñ\�"f��H&�!Q
���H%ò
%i�_�Ãº

�\�¹tכ âì2£§�̀¦ /BN/åL
�l� 0AK� ¹ô�Çכ��9 \��-t�\�¦ 7£x��r�v���HX< s� M: ��·ú� ñ

��H :£¤&ñ
 ô�Ç ��n�_� \��-t� 
�ô�Ç�̀¦ ëß�7á¤
�l� 0AK� \��-t�\�¦ ��ô�Ç���¦�̧ K�$3�

÷&#Q�����. ����"f ��·ú� ñ\�"f Õª :£¤&ñ
��n���t�_� �â
�Ð, 7£¤, ß¼o�w�(�� J�Û¼\�¦

�ÃÐÒ�o
�#� s� �â
�Ð\�"f ¹ô�Çכ��9 \��-t�\�¦ þj�è�o
���H ��s	כ ����̂ \��-t� q�6 x

�̀¦ ×�¦s���HX< ò́õ�&h�{9� �.���s	כ ����"f ·ú¡Ü¼�Ð ]jr�|̈c K�ZO��Ér 8úx 4éß�>�\�¦ ��

5g ���'���)a��. ���$� �íl�K�\�¦ �ÃÐÒ�oô�Ç +', Õª K�\�¦ ���½ÓÜ¼�Ð &�!Q Z>� ß¼o�w�(��

J�Û¼\�¦ ¹1Ô���·p��. Õª��� ��6£§ ß¼o�w�(�� J�Û¼_� �<Hz�́\��-t�|¾Ó�̀¦ 3lq&h��<ÊÃº�Ð


�#� s�\�¦ þj�è�o
�#� K�\�¦ ½̈ô�Ç +', ëß���� s� K��� ��0pxK��� #Á	#Q±ú� �â
Äº K�

\�¦ �Ð&ñ

���H ���\O��̀¦ ��t�}��Ü¼�Ð 
�#� þj7áxK�\�¦ ½̈ô�Ç��.

4.2 (1) �ïe�B� ¿ÇÔaËc

3.1]X�_�\��-t�|¾Ó�Ð�>r�'a¹1Ï�̀¦s�6 xK�"f�íl�K�\�¦ ½̈ô�Ç��.\��-t�-âì2£§W1àÔ

0>ß¼\�"f ��·ú�\��-t�|¾Ó�̀¦ þj�è�o
���H ��õ	כ �<Hz�́\��-t�|¾Ó�̀¦ þj�è�o
���H �	כ

s� 1lx{9�
�����H �¦̀�	כ ·ú¡"f �Ð%i���. ��·ú�\��-t�|¾Ó�Ér ��·ú� ñ\� âìØÔ��H âì2£§s�

9þtÃº2�¤,7£x��
���H\��-t���9þtÃº2�¤7£x��ô�Ç����H&h�s�3lq&h��<ÊÃº���\��-t�q�6 x

õ� 1lx{9�
��¦, :£¤y� �©�Ãº�̧�'a}©�ë�H]j_� 3lq&h��<ÊÃºü<��H >�Ãºëß� ���Ér +þAI��Ð B�

Äº Ä»��
���. ¢̧ô�Ç �<Hz�́\��-t�|¾Ó�Ér @/ÂÒì�r {9�ìøÍ ñ\�"f µ1ÏÒqtô�Ç��. ����"f �í

l�K���H{9�ìøÍ ñ_��<Hz�́\��-t�|¾Ó_���×�æ½+Ë�̀¦þj�è�o
�#� ½̈ô�Ç��.��×�æ½+Ë�̀¦0A
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ô�Ç >�Ãº��H cover(i, j)\� �í�<Ê÷&��H  ñ[þt\� @/K� s�\�¦ &�!Q
���H ��·ú� ñ_� >�Ãº

��� Ct
ij\�¦ ÂÒ#�ô�Ç��.

Kt
ab = Ct

ij (a, b ∈ cover(i, j))

s� >�Ãº\�¦ �Ö̧6 xô�Ç {9�ìøÍ ñ_� ��×�æ�<Hz�́\��-t�|¾Ó�Ér ��6£§õ� °ú ��.

gloss(f) =
∑

t

∑

(i,j)∈Ad

Kt
ijf

t
ijLij(f t

ij)

gloss(f)��H �̂¦2�¤�<ÊÃºs���. s� �<ÊÃºü< {9�ìøÍ ñ_� \��-t�ç�H+þA ]j���d�� πt
i − πt

j =

Lij(f t
ij)_� 1pxd���̀¦ ��6£§_� ÂÒ1pxd�� πt

i − πt
j ≥ Lij(f t

ij)Ü¼�Ð ¢-a�o
��¦, \��-t��©�

ô�Ç ]j���d���̧ ¢-a�o
�#� �íl�K�\�¦ ½̈
���H �̂¦2�¤ þj&h��o �̧+þA�Ér ��6£§õ� °ú ��.

%K�V� 4.2.1 �íl�K� �ÃÐÒ�o�̧+þA

min gloss(f) + ε
∑
t

∑
i∈N

πt
i

s.t
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt,∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

πt
i − πt

j ≥ Lij(f t
ij) ∀(i, j) ∈ An,∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap, ∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad,∀t,

πi ≤ πt
i ∀i ∈ N,∀t,

0 ≤ bt
i ≤ bi ∀i ∈ Nt,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t.

ë�H]j 4.2.1�Ér 3lq&h��<ÊÃº�� �̂¦2�¤�<ÊÃºs��¦, ��0pxK� %ò
%i�s� �̂¦2�¤��� �̂¦2�¤þj&h�

�o�̧+þAs���. �̂¦2�¤þj&h��o �̧+þA�Ér ���Érr�çß� ?/\� þj&h�K�\�¦ ½̈½+É Ãº e������H �©�

&h��̀¦ ��t��¦ e����. gloss(f)s� âì2£§\� @/ô�Ç �<ÊÃº�¦ \��-t� ���Ãº\� @/K�"f��H

��Áº���3lq&h��<ÊÃº>h¹כ������s�\O�l�M:ë�H\�, ε
∑
t

∑
i∈N

πt
i�̀¦ÆÒ��
�#�ÅÒ#Q���âì

2£§\� @/K�"f ��n�_� \��-t�°úכs� þj�è��� °ú̀�כ¦ ½̈
��̧2�¤ 
�%i���.
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s� �̧+þA�̀¦ :�xK� ½̈ô�Ç K���H ¿º 7áxÀÓ_� ]j���d���̀¦ ¢-a�oÙþ¡t�ëß�, þj&h�K���H {9�

ìøÍ ñ_� \��-t�ç�H+þA ]j���d���̀¦ ëß�7á¤ô�Ç��.

Proposition 4.2.2 ë�H]j 4.2.1_�þj&h�K���H{9�ìøÍ ñ_�\��-t�ç�H+þA]j���d��(πt
i−

πt
j = Lij(f t

ij))�̀¦ ëß�7á¤ô�Ç��.

7£x"î
: {9�ìøÍ ñ_� \��-t�ç�H+þA ]j���d���̀¦ 
��� s��©� ëß�7á¤
�t� ·ú§��H þj&h�K��� ÅÒ

#Q&�����¦ 
��¦, ëß�7á¤
�t� ·ú§��H  ñ ×�æ 
���\�¦ ú̧��� (i, j)���¦ 
���. ��n� i, j_�

\��-t�	�ü<  ñ (i, j)\�"f �<Hz�́�)a \��-t�_� 	�s�\�¦ δ���¦ 
���. Õª�Q��� ��n�

i_� \��-t�°úכ (πt
i)
∗��H δëß��pu �8 �����4R�̧ #����y� πt

iü< �'aº���)a ]j���d���̀¦ �̧¿º

ëß�7á¤ô�Ç��. Õª�Q��� l��>r þj&h�K�\�"f πt
i = (πt

i)
∗− δëß� Ãº&ñ
ô�Ç K���H ¢̧ ���Ér þj

&h�K��� �)a��. s�]j ��n� i�Ð [þt#Q�̧��H  ñ\�¦ (k, i)�� 
���� Ãº&ñ
�)a þj&h�K�\�"f

��n� k, i_� \��-t�	���H  ñ (k, i)\�"f �<Hz�́�)a \��-t��Ð�� þj�è δs��©� ß¼>� �)a

��. ·ú¡"f Ùþ¡~�� �	כ %�!3� ��n� k_� °ú̀�כ¦ y���èr�v��¦ s� ���\O��̀¦ ìøÍ4�¤K�������

�Ð���, ���²DG s� ��n�[þt�̀¦ &�!Q
���H ��·ú� ñ ��6£§ ��n�\� ����ØÔ>� ÷&#Q ��·ú�

 ñ ��6£§ ��n�_� \��-t�°ú̀�כ¦ δ s��©� ×�¦{9� Ãº e������H ����:rs� ���:r��. s���H 3lq

&h��<ÊÃº\�¦ y���èr�v�Ù¼�Ð þj&h�K�����HX< �̧í�Hs���.
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4.3 (2) æ«h�p�äu
 A�â« ¿ÇÔaËc

4.2]X�\�"f ½̈ô�Ç �íl�K�\�¦ (f∗, π∗)�� 
���. ß¼o�w�(�� J�Û¼��H ��·ú� ñ�� &�!Q
�

��H ��n�[þt ×�æ ��·ú� ñ ��6£§ ��n�_� \��-t�ü< Õª ��n�_� \��-t�
�ô�Ç�̀¦ %i�~½Ó�¾Ó

ÆÒ�:rÜ¼�Ð�����·p LBt
k(f

t)��{9�u�
���H��n���t�_��â
�Ðs���.%i�~½Ó�¾ÓÆÒ�:r���

_� "é¶ ]j���d�� +þAI�\�¦ �¦�9
���� Ø�¦§4��)a K�\�"f ��n�_� \��-t� 
�ô�Çõ� \��-t�

���Ãº °úכs� {9�u�½+É M: Õª ��n��� ß¼o�w�(�� J�Û¼_� ô�Ç Aá¤ =åQs� �)a��. s�ü< °ú 

�Ér ~½Ód��Ü¼�Ð �íl�K� π∗ü< \��-t�
�ô�Ç πi\�¦ q��§
�#�, y�� &�!Q Z>��Ð ���©� ú́§

�Ér r�&h�\� ���5g ¿º °úכs� {9�u�
���H ��n���t�_� �â
�Ð\�¦ ß¼o�w�(��J�Û¼�Ð &ñ
ô�Ç

��.

ÕªaË> 4.1: ß¼o�w�(�� J�Û¼ �ÃÐÒ�o

4.4 (3) æ«h�p�äu
 A�â«�+ Õiµ��
Uc�/m�%�× i¦�¿�ª

3.2]X�_� �'a¹1Ï\�"f &�!Q Z>��Ð ß¼o�w�(�� J�Û¼\�¦ t�&ñ

���� s�\�¦ s�6 x
�#� 3lq&h�

�<ÊÃº 
�ô�Çd���̀¦ ½̈½+É Ãº e��6£§�̀¦ �Ð%i���. cover(i, j)_� ß¼o�w�(�� J�Û¼\�¦ ��n�

jÂÒ'� ��n� kij���¦ 
����, 
�ô�Çd�� gLB(f)��H ��6£§õ� °ú ��.

gLB(f) =
∑
t

∑
(i,j)∈Ap

Ct
ij(

∑
(a,b)∈pathj−kij

f t
abLab(f t

ab) + πkij
fij − πifij) (water)

gLB(f) =
∑
t

∑
(i,j)∈Ap

Ct
ij((

∑
(a,b)∈pathj−kij

(f t
ab)

2κ
κ−1 Lab(f

t
ab)+πkij

(f t
ab)

2κ
κ−1

πt
i

)
κ−1
2κ − f t

ij) (gas)
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s�
�ô�Çd���̀¦ 3lq&h��<ÊÃº�Ð
�#�·ú¡"f�íl�K�\�¦ ½̈
���H �̧+þAõ� Ä»��
�>�K�

\�¦ ½̈ô�Ç��. þj&h��o �̧+þA�Ér ��6£§õ� °ú ��.

%K�V� 4.4.1 ß¼o�w�(�� J�Û¼ �̧+þA

min gLB(f) + ε
∑
t

∑
i∈N

πt
i

s.t
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt,∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

πt
i − πt

j ≥ Lij(f t
ij) ∀(i, j) ∈ An,∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap, ∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad,∀t,

πi ≤ πt
i ∀i ∈ N,∀t,

0 ≤ bt
i ≤ bi ∀i ∈ Nt,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t.

ë�H]j 4.4.1�Érë�H]j 4.2.1õ�1lx{9�
�>� �̂¦2�¤þj&h��o �̧+þAs�Ù¼�Ðþj&h�K�\�¦ ½̈

½+É Ãº e����. s� þj&h�K�\�"f gLB(f) °úכ�Ér "é¶ ë�H]j_� 3lq&h��<ÊÃº 
�ô�Çs� �)a��. 
�

t�ëß� s� K���H \��-t��©�ô�Ç ]j���d���Ér ëß�7á¤r��������H �Ð�©�s� \O���. ����"f ��6£§

õ�&ñ
�̀¦ :�xK� s�\�¦ �Ð&ñ

���H õ�&ñ
�̀¦ ���2;��.
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4.5 (4) Uc�/m� (�×ø5� V�»ÈÐÐÏ� �×Ça�

\��-t��©�ô�Ç ]j���d���̀¦ ëß�7á¤
���H �â
Äº K�\�¦ Õª@/�Ð Ø�¦§4�ô�Ç��. ÕªXO�t� ·ú§�̀¦ �â


Äº ë�H]j 4.5.1�̀¦ :�xK� ��0pxK�\�¦ �ÃÐÒ�oô�Ç��.

%K�V� 4.5.1 \��-t� �©�ô�Ç ]j���d�� �Ð&ñ
 �̧+þA

min gLB(f) + ε
∑
t

∑
i∈N

πt
i +

∑
t

∑
i∈N

wt
iλ

t
i

s.t
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt,∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

πt
i − πt

j ≥ Lij(f t
ij) ∀(i, j) ∈ An,∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap, ∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad,∀t,

πi ≤ πt
i ∀i ∈ N,∀t,

0 ≤ bt
i ≤ bi ∀i ∈ Nt,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t,

λt
i ≥ πt

i − πi ∀i ∈ N,∀t,
λt

i ≥ 0 ∀i ∈ N,∀t.

\��-t��©�ô�Çõ� 	�s�����H &ñ
�̧\�¦ ���Ãº λ�Ð é�H +', s�\� @/ô�Ç ��×�æu�\�¦ Ãº

&ñ
K������"f ��0pxK�\�¦ �ÃÐÒ�oô�Ç��.
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4.6 B�ß�� ³À»ÈÐ

·ú¡"f[O�"î
ô�ÇK�ZO��̀¦¹כ���
������6£§õ�°ú ��.�:rK�ZO��Érß¼o�w�(��J�Û¼_�\��-

t�|¾Ó�̀¦ ×�¦s���H ��s	כ ��·ú� ñ_� \��-t�q�6 x�̀¦ ×�¦s���H ��õ	כ ����'a$í
s� e������H

&h�\� �ÃÌîß�
�#� >hµ1Ï÷&%3�Ü¼Ù¼�Ð ß¼o�w�(�� J�Û¼ ·ú��¦o�1pus����¦ "î
"î
ô�Ç��.

(1) �ïe�B� ¿ÇÔaËc

↓
(2) æ«h�p�äu
 A�â« ¿ÇÔaËc

↓
(3) æ«h�p�äu
 A�â«�+ Õiµ��
Uc�/m�%�× i¦�¿�ª

↓
(4) Uc�/m� (�×ø5� V�»ÈÐÐÏ� �×Ça�

ÕªaË> 4.2: ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu
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5. «Å���
%K�V� £� £� ��� Úr
ø�

s� �©�\�"f��H �:r �7Hë�H\�"f ]jr��)a K�ZO��̀¦ z�́]j �&³z�́ë�H]j\� &h�6 x
�#� l��>r_�

·ú��¦o�1puõ� K�ZO�_� $í
0px�̀¦ q��§K� �:r��.

5.1 ��
��@ 7�(�×

�©�Ãº�̧ �'a}©� *3�iç
 {9�&ñ
 >�S\� ë�H]j\� K�ZO��̀¦ &h�6 x
�#� �Ð��¤��. �©�Ãº�̧ �'a}©�

*3�iç
 {9�&ñ
 >�S\� ë�H]j��H 2[Ãº"é¶Ü¼�ÐÂÒ'� C�Ãºt���t� �©�Ãº�̧\�¦ /BN/åL
���H �'a

}©�\�"f y��t�_� Ãº¹כ|¾Ó�̀¦ ëß�7á¤
����"f *3�áÔ�©�\�"f �èq�÷&��H \��-t�q�6 x�̀¦ þj

�è�o
��̧2�¤ *3�iç
 {9�&ñ
�̀¦ &ñ

���H ë�H]js���. �¦�̧�� Z�}�Ér t�%i�s��� ��� ��o�\�

e����Ht�%i�\�Óüt�̀¦�Ð?/l�0AK��'a}©�?/\�e����H*3�áÔ\�¦s�6 x
�#�\��-t�\�¦��

K��� 
�l� M:ë�H\� \��-t�ü< âì2£§�̀¦ 1lxr�\� �¦�9K��� ô�Ç��. �©�Ãº�̧�'a}©� ?/_�

*3�áÔ�� ìÁ�ÚÔ��H on/off <�Ê�Ér Y>� >h_� Ãºï�r\� @/K� ���1lx
�l� M:ë�H\� �̧+þA�o �)a

ë�H]j��H &ñ
Ãº���Ãº\�¦ �í�<Êô�Ç��. 
�t�ëß� &ñ
Ãº���Ãº\�¦ Õª@/�Ð �¦�9
���H ��Ér	כ >�

íß�r�çß�s� �-Áº U�́#Qt�l� M:ë�H\� s�\�¦ ¢-a�o
�#� ó�r +' Êê%�o�õ�&ñ
�̀¦ :�xK� &ñ


Ãº���Ãº_�°ú̀�כ¦ ½̈
���H~½Ód���̀¦ ú́§s�s�6 xô�Ç��.s�¢-a�o�)aë�H]j���:r�7Hë�H\�"f

s���l�ô�Ç \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j\� �í�<Ê�)a��.

��n���H {9�ìøÍ&h���� ��n�ü< ×��ß¼��n��Ð ½̈ì�r÷&�¦,  ñ��H {9�ìøÍ ñü< Óüt\� ·ú�§4�

�̀¦��
���H*3�áÔ�©�\�K�{©�
���H ñ,Óüts�[þt#Q�̧��H�ª��̀¦ �̧]X�
���HìÁ�ÚÔ�Ð���÷¶

��. *3�áÔ�©�õ� ìÁ�ÚÔ��H y��y�� \��-t�-âì2£§ W1àÔ0>ß¼_� ��·ú� ñü< y��·ú� ñ\� K�{©�

�)a��. ¢̧ô�Ç 24r�çß� *3�iç
 {9�&ñ
�̀¦ 15ì�r éß�0A�Ð >�S\�
�l� M:ë�H\� 8úx 96>h_� éß�

0Al�çß��̀¦�������.�©�Ãº�̧�'a}©�*3�iç
{9�&ñ
>�S\�ë�H]j_�þj&h��o �̧+þA�Ér��6£§õ�

°ú ��.
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%K�V� 5.1.1 �©�Ãº�̧ �'a}©� *3�iç
 {9�&ñ
 >�S\� ë�H]j

min
∑
t

∑
(i,j)∈Ap

Ct
ijf

t
ij(π

t
j − πt

i)

s.t
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i ∀i ∈ Nn, ∀t,
∑

j|(j,i)∈A

f t
ji + St

i =
∑

j|(i,j)∈A

f t
ij + Dt

i + bt+1
i − bt

i ∀i ∈ Nt,∀t,

b1
i = B1

i ∀i ∈ Nt,

b1
i = bT

i ∀i ∈ Nt,

πi = πi + bt
i

Ai
∀i ∈ Nt,

πt
i − πt

j = Lij(f t
ij) ∀(i, j) ∈ An,∀t,

πt
i ≤ πt

j ∀(i, j) ∈ Ap, ∀t,
πt

i ≥ πt
j ∀(i, j) ∈ Ad,∀t,

πi ≤ πt
i ≤ πi ∀i ∈ N,∀t,

0 ≤ bt
i ≤ bi ∀i ∈ Nt,∀t,

0 ≤ f t
ij ≤ fij ∀(i, j) ∈ A,∀t.

�©�Ãºü<���Ãº_�³ðl���Hs�K�\�¦[�vl�0AK�\��-t�-âì2£§W1àÔ0>ß¼_�³ðl�\�¦

��|ÃÛ��. Óüt�Ér ×��ß¼\� $��©��)a �ª�\� _�K� ���&ñ
÷&��H Ãº0A\� ���� 0Au�\��-t�\�¦

°ú�>� ÷&��HX< #�l�"f \��-t�ü< âì2£§|¾Ó ��s�\� ���+þA�'a>�d��s� Òqtl�>� �)a��. s�

πi = πi + bt
i

Ai
]j���d��s� Õª �'a>�\�¦ �����·p ]j������X<, ���+þAs�l� M:ë�H\� K�ZO��̀¦

&h�6 x
���HX<��H ë�H]j�� \O���. (Ai��H ��n� i\� K�{©�
���H ×��ß¼_� éß����&h� V,�s�)
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5.2 ��
��@ 5�³À

"f�Ð ß¼l��� ���Ér [j >h_� W1àÔ0>ß¼\�¦ @/�©�Ü¼�Ð z�́+«>
�%i���. [j W1àÔ0>ß¼\�

@/ô�Ç &ñ
�Ð��H ��6£§õ� °ú ��.

³ð 5.1: z�́+«> W1àÔ0>ß¼ &ñ
�Ð

��n�  ñ *3�áÔ�©� ìÁ�ÚÔ ×��ß¼

W1àÔ0>ß¼ 1 41 40 2 6 12

W1àÔ0>ß¼ 2 100 98 5 14 27

W1àÔ0>ß¼ 3 146 145 7 21 34

z�́+«>r�&h��Ér 1r�çß�éß�0A�Ð 0r�ÂÒ'� 23r���t�8úx 24>h_�r�&h�\�@/K� z�́+«>


�%i���. ß¼o�w�(�� J�Û¼ ·ú��¦o�1puõ� �<Êa� SLP\�¦ ��6 x
�#� z�́+«>���õ�\�¦ q��§


�%i���.

5.3 ��
��@ Úr
ø�

K�ZO��̀¦ &h�6 xô�Ç ���õ���H ��6£§õ� °ú ��.

³ð 5.2: î̈
ç�H >�íß�r�çß�

z�́+«>@/�©� ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu SLP 	�s�

W1àÔ0>ß¼ 1 6.5�í 10.8�í -5.3�í(1.7C�)

W1àÔ0>ß¼ 2 20.5�í 41.7�í -21.2�í(2.0C�)

W1àÔ0>ß¼ 3 29.2�í 81.5�í -52.3�í(2.8C�)

³ð 5.3: 3lq&h��<ÊÃº °úכõ� 
�ô�Çõ�_� 	�s�_� î̈
ç�H

z�́+«>@/�©� ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu SLP 	�s�

W1àÔ0>ß¼ 1 7.8% 7.6% +0.2%

W1àÔ0>ß¼ 2 6.8% 6.0% +0.8%

W1àÔ0>ß¼ 3 7.2% 5.9% +1.3%
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ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu�Ér Ø�¦§4��)a K�_� 3lq&h��<ÊÃº °úכs� 
�ô�Çõ� 7%&ñ
�̧

	�s�����H ÄºÃºô�Ç ¾¡§|9�_� K�\�¦ Ø�¦§4�
�%i���. ¢̧ô�Ç SLPü< q��§K��̧ 	�H 	�s���

��t� ·ú§��¤��. Õªo��¦ >�íß�5Åq�̧��H SLP�Ð�� 2-3C� ��|¾Ó À1Ï|ÃÛÜ¼ 9, W1àÔ0>ß¼_�

ß¼l��� &�|9�Ãº2�¤ 	�s��� &�t���H �â
�¾Ó�̀¦ �Ð%i���.
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6. Úr
Òeµ ��� ÍÙÑñ ¥o>Ä© ø�V�

�:r ���½̈\�"f��H �&³z�́\�"f y��l� ���Ér Óüt|9��̀¦ W1àÔ0>ß¼\�¦ :�xK� Ãº5Åx
���H ë�H]j

[þt�̀¦ ì�r$3�
�#� s�[þt ë�H]j�� �̧¿º \��-t�ü< âì2£§_� �'a>�\�¦ �̧¿º �¦�9K��� ô�Ç

����H /BN:�x&h��̀¦ µ1Ï|
�
�%i��¦, s�[þt ë�H]j\�¦ �í�<Ê
���H \��-t�-âì2£§ W1àÔ0>ß¼ ë�H

]j\�¦ &ñ
_�
�%i���. \��-t�-âì2£§ W1àÔ0>ß¼ ë�H]j��H q����+þA ë�H]js�t�ëß� \��-t�

|¾Ó �Ð�>rõ� ß¼o�w�(�� J�Û¼����H Ä»6 xô�Ç $í
|9��̀¦ ��t��¦ e��%3��¦, s�\�¦ s�6 x
�#�

ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu�̀¦ ]jr�
�%i���. ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu�̀¦ �©�Ãº�̧

�'a}©�*3�iç
{9�&ñ
>�S\�ë�H]j\�&h�6 xô�Ç���õ�Ø�¦§4��)aK�_�3lq&h��<ÊÃº°úכs�
�ô�Çõ�

7% &ñ
�̧ 	�s�±ú� &ñ
�̧�Ð ÄºÃº
�%i��¦, s���H SLPü< q�5pwô�Ç Ãºï�rs�%3���. ¢̧ô�Ç

SLP�Ð�� 2-3C� ���Ér r�çß� ?/\� K�\�¦ Ø�¦§4�
�%i���HX<, W1àÔ0>ß¼_� ß¼l��� &�|9�

Ãº2�¤ >�íß�5Åq�̧ 	�s��� �8 ZO�#Qt���H �¦̀�	כ z�́+«>�̀¦ :�xK� SX����½+É Ãº e��%3���. ß¼

o�w�(�� J�Û¼ ·ú��¦o�1pu�Ér &h�6 xK���
���H W1àÔ0>ß¼�� ß¼�¦, ���Ér r�çß� ?/\� >�

5ÅqK�"f K�\�¦ Ø�¦§4�K��� 
���H z�́r�çß� �̧+þA_� �â
Äº &h�6 x½+Éëß�ô�Ç ��u��� e�����¦

Òqty���)a��.


�t�ëß� ß¼o�w�(�� J�Û¼ ·ú��¦o�1pu�Ér W1àÔ0>ß¼�� ��Áº ½̈�̧����H ��&ñ
 
�\�

>hµ1Ï÷&%3�����H ô�Ç>��� e����. Óüt�:r W1àÔ0>ß¼_� +þAI��� ìøÍ×¼r� ��Áº ½̈�̧��H ��

m��8���̧ ��·ú� ñ\�¦ l�ï�rÜ¼�Ð &�!Q
���H %ò
%i�s� ��*'��H W1àÔ0>ß¼����� \O�����H

t�&h�6 x½+ÉÃºe���̀¦�Ü¼�ÐÒqty���)a��.ÆÒÊê���½̈õ�]j�ÐW1àÔ0>ß¼��Ä»����Áº	כ

½̈�̧{9� M:�̧ �:r �7Hë�H\�"f ���>hô�Ç �7Ho��� &h�6 xs� ÷&��Ht� ��m���� �̧�FK ���+þA
�

#� >h¥Æ��̀¦ Õª@/�Ð ��4R°ú� Ãº e���̀¦t� ·ú����Ð��H ���½̈�� 
¹כ��9���. s���H �:r ���

½̈_� &h�6 x #3�0A\�¦ SX��©�½+É Ãº e���̀¦ �.���s	כ
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ABSTRACT
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Energy-Flow network problem is the problem that minimizes total energy

cost with flow-balance, energy balance and upper and lower bound of energy

and flow constraints. In this paper, we define the E-F network problem which

includes various problems in field such as water distribution problem and gas

pipeline problem. The problem is NP-hard. We present the Critical Path

algorithm which is faster than the most common algorithm and print out

the feasible solution and lowerbound of objective. The results show that the

proposed method achieves lowerbound-close solution.
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