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Consider the linear system

& = Ax + Bu
(D
y=Cx

with z(0) = xg.

Proposition 1: If (A, C) is an observable pair, then, for
any d > 0 and « such that 0 < o < 1, there exist gain
matrices Ly and L; such that

lexp((A—LyCOY)|| <o, Yteld/2,d], (2
and
lexp(—(A — LyC)t)|| < «, Vte[d/2,d. (3)

Then, the forward observer is given by

d
aif = AZy + Bu(t) + Ly (y(t) — Ciy) 4)
while the backward observer is

d

df.ﬁ‘b = —A.fb — Bu(d — S) — Lb(y(d — S) — Ci‘b). (5)
s

In fact, the backward observer is based on the backward-time

description of the system (1) written as

d

%:E = —AZ— Bu(d—3s),

with Z(s) = z(d — s) for s =d — t € [0,d].

y(d—s) =Cz, z(0)=x(d),

I. REAL-TIME APPLICATIONS
A. State Estimation of a Switched System

Consider a switched system given in Fig. 1, which has
two modes of operation described by

> i‘l = A1x1 + Blu,
1 .
To = Agxo + Aoy,
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Fig. 1.

All switches are synchronized.

for mode 1, and
5, - {$1 = A1z + Aoxo o
@y = Az + Bau, y = Caxa,

for mode 2, where the pair (A4;,C;), i = 1,2, is observable.
Now suppose that the system configuration switches between
modes 1 and 2 (i.e., between (6) and (7)) after every T
seconds, and we want to estimate the states z; and xo
completely. Note that, at each mode, the system is not
completely observable. For example, at mode 1, the state
To 1S unobservable.

One can design a separate observer for each mode of
operation as follows:

ii'l :Al"fl +B1U—L101.’%1 +L1y (83)

m;2 = ATy + ATy (8b)
for ¥1, and

11 = A1dy + Ajais (9a)

Ty = Aoy + Bou — LoCoiio + Loy (9b)

for ¥o, where L; and L, are large enough so that some
meaningful estimates &, and Z, are obtained over the interval
of length T'. In fact, at the end of the first period [0,7),
one can obtain the estimate Z;(7") by (8a) for mode I.
For the second interval [T, 2T), this estimate serves as the
initial condition of (9a), and the observer (9b) starts to
estimate x5 (t). However, the observer (9b) will exhibit some
transients during the initial period of the interval [T',2T),
which may corrupt the estimate &1 (¢) being obtained through
the observer (9a) because of initially large error between
f?g(t) and l‘g(t).

To overcome this problem, the following hybrid-type ob-



server may be utilized instead of (8) and (9)

S Il =A%, + Biu (10)
| 22 = Asdo + Agrdy
S 301 = A121 + A12d2 (11
2 5%2 = AQ‘%Q + BQU
&1 (KT) & (kT™)
' = (% . k>, 12
(xz(kT) Eo(KT) (12)

where the variables él and ég will be obtained shortly using
the back-and-forth operation such that the inequality,

12((k +2)T) — x((k + 2)T)| < ~[2(kT) — z(kT)|, (13)

holds for all ¥ > 1,  := (2¥,21)T, and a desired
parameter v < 1. The inequality (13) guarantees the con-
vergence of estimation error to zero due to the fact that
SUPyc e (ks 1)) [2(1) — 2(t)] < ME(KT) — 2(kT)| where
M is a constant. The latter inequality holds because the
dynamics for £ — x are linear and their growth is bounded
over a finite interval.

In order to obtain é 1 and ég, we prepare the back-and-forth
observer (4) and (5) for the z;-subsystem of (6) and for the
zo-subsystem of (7), respectively. For each subsystem, the
injection gains Ly and L;, are designed such that (2) and (3)
hold with d = T'/2 and

1
b
\/imax{al,ag,ag,oq}

where o] = M1 + LlLQ + LQ, Qg = L1M2 + Mg, Q3 =
M2 + L1L2 + Ll, Oy = L2M1 + M1 and

T
/ eAiSdSAij
0

and let R+1 be the number of round-trips of numerical back-
and-forth integrations that are possible within the interval of
length T'/2. Clearly, the number R relies on the computation
power.

Let the initial condition & (0~) and £(0~) be arbi-
trary. Fig. 2 illustrates the strategy to obtain & (k7~) and
& (KT ™), for k = 2, over the interval [T, 27") when mode 2
is active. At time ¢ = T, the estimate Z;(7) and Zo(T)
are set to & (T7) and &(T) respectively, and they are
integrated in the real time by (11). At the same time, the
initial condition of the forward observer (for estimating zs)
is set by &(T), and this forward observer runs in the
real time first until 7'+ T/2. At T + T/2, the backward
observer is employed with the terminal state of the forward
observer as its initial condition. The round-trip of back-
and-forth operation continues R times with the input-output
data of the interval [T, T + T/2], after which the forward
observer is finally integrated from 7" to 27". Since the time
elapsed by the back-and-forth operation and the last forward
operation does not exceed T'/2, the last forward integration
will ‘catch up’ with the real time, as indicated in Fig. 2.
While these operations are performed, the information about

Mi = ||eA’iT||7 L’L ::‘ 9 27.7:1’271#.77

A U1 & o 8 c
#1(T) = &(T)| @ U1 & o B8 [
Bo(T) = &(T7) .
.= Ty : :
3(0) = &(T7) : 3 :
a1 . .
& 8 - .
<_ — S R 0) = ak(TY/2)
2 . :
B2(0) = B (/2 mm o m e f._v_._._v> :
N P
) :
catch up real time
¢ & ,1'5“'
¢
- | © Sl o
QN =6 ) = — —m e m = XL ~eeeee

Fig. 2. Operation time chart for mode 2 in the interval [T, 2T). Solid
arrow implies real time frame, and solid-dot means numerical integration
time frame that is faster than real time. Circles with letters help identifying
the same times.

£5(t) is collected as illustrated in the figure. At the same
time with the start of the last forward observer, we begin the
integration of

& = A16 + A& (14)
with the initial condition £, (T") = £, (T~ and with the signal
&(t) obtained by back-and-forth operation over the interval
[T, 2T"). By this procedure, we obtain £, (27°~) and &,(27).
This procedure repeats in the next interval, with the role for
1 and xo being switched, and instead of (14), the following
equation is used to compute 52:

52 = Agéy + A (15)

We now proceed with the error analysis. Let € := & — .
Then, e(kT) = &(kT) —2(kT) = £(KT~) —2(kT). We note
that, for the (2k + 1)-th interval with k being nonnegative
integer, él is the estimate from the back-and-forth observer
while ég is the state of (15), and for the 2k-th interval, their
roles are reversed. Therefore, in the first interval [0,7), we

have that
e (T)| < e (0)]
le2(T)| < J|le™2T |||ea(0)] +

T
/ eA25ds Ay [OéR|€1(O)H.
0

Similarly, we can derive the following expressions for the
second interval [T, 2T),

T
@D < Il ()] + | [ eM%dsAva| [olealT)]
0
T
< e e (0)] + aft / Mo dsAra|| e |e2(0)]
0
T T
+ o?F / eM3dsAqy /eA"‘SdsAgl le1 (0)]
0 0




and

|e2(27)] < affjea(T)]

< aff|e2T|[Je2(0)] + o

T
/ €A28d8A21 |61(0)|

0
The terms within the brackets, [-], are due to the back-and-
forth observer, which yields a rich estimation on the entire
interval of length T, including the initial period. Finally, it
is seen that

[€(2T)| < e1(2T)| + |e2(2T)]
< a®(My + L1 Ly + L)€ (0)| + o (L My + M>)
x [e2(0)]

< %qq(on + [e2(0)]) < ~]e(0)].

This proves the claim (13) for even k. For odd k, the proof
is similar and thus omitted.

An underlying reasoning is that the use of the back-and-
forth observer has improved the transient response of the
state estimation error, thus leading to quality estimates of
the state variable over the entire interval.
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