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Abstract

The Sanchez-Pomraning method to resolve the double heterogeneity problem in the MOC
transport calculation is described in detail. This method is founded on the collision probability
method concepts which involves the collision and escape probabilities, and formally derived by
using the statistical treatment of the neutron balance equation along a path. The statistical
approach bring the concept of the chord and segment length distributions in the formulation of
the integral equation for the grain surface and matrix fluxes, which later turns into collision and
escape probabilities. For the analytic solution, a boundary layer of a grain thickness, in which
no grain is present, is assumed within each flat source region. The analytic solution of the
coupled integral equation which involves the convolution integral is derived first by Laplace
transform, but finally by substitution. This solution introduces an effective cross section which
represents the homogenized mixture of the matrix and grain. With observation that the resulting
analytic solution for the matrix is the same as the MOC solution for the homogenized medium,
the equivalent source is constructed so that the MOC calculation can be performed for the
homogenized mixture. The assumption of the boundary layer causes, however, a problem in the
neutron conservation which should be corrected by renormalization. This method requires very
little modifications to the existing MOC code to implement the double heterogeneity treatment.
Starting from the very basic collision probability relation, the exhaustive derivation and
explanation of the all the solution and terms needed to establish the MOC calculation sequence
with the double heterogeneity treatment are provided for complete understanding of the reader

who might not have sufficient background on this subject.
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1. Introduction

This monograph is to give a detailed description of the Sanchez-Pomraning method" to resolve
the double heterogeneity problem in the method of characteristics (MOC) calculation. The
MOC calculation with a double heterogeneity treatment need to be performed in the DeCART
whole core transport code for applications to the conditions involving grains of fuel or burnable
absorber admixed with a matrix. First of all, the double heterogeneity here means the additional
level of heterogeneity introduced by the presence of tiny grains which need to be homogenized
for practical calculation. Once the region containing the grains is homogenized, there will only a
single level of heterogeneity which includes all the other heterogeneous constituents. The most
typical example of the double heterogeneity is the VHTR core consisting of fuel blocks into
which triso fuel bearing compacts are placed. In the compact, the base material is graphite and
triply coated fuel particles or grains of ~0.5 mm in diameter are admixed. Since it is exhaustive
to trace each tiny fuel particles, there is a strong need for homogenizing the compact in a
practical transport calculation. The homogenization requires, however, special considerations
because the triso fuel particles are not tiny optically for the neutrons of certain energies and the
neutron flux essentially varies largely across the triso-grain to cause a large difference in the
reaction rate between the explicit and smeared triso representation. Therefore, a much more
delicate treatment than the trivial volume-weighted homogenization is needed for the micro-
heterogeneity treatment.

The double heterogeneity problem was addressed by several researchers, most noticeably by
Sanchez. He first used only the collision probability method (CPM) to perform the transport
calculation as well as to generate the solution kernel and homogenized parameters for the
stochastic mixture of the matrix and grains®. Later he replaced the CPM for transport calculation
with the method of characteristics® which would relieve the assumption of the isotropic angular
flux needed in the CPM transport solution. His most recent work® was to improve the solution
for the non-conservation problem resulting from the neglect of the first layer of grains right
inside the boundary during the analytic solution process. The three papers of Sanchez will be
followed here with sufficient details including proofs and explanations of the physical meanings
of each term or treatment. This detailed explanation is needed because his papers are quite
abstract in many aspects. He omitted explanations for seemingly obvious things although such

things are not clear to most readers who first encounter those.
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The problem to be solved here is a within-group transport problem in which the source is known
at each region and also within each grain. The method for solving the transport problem
involving double heterogeneity which is to be explained here consists of two parts: a priori
generation of the solution kernel and the homogenization parameter, and then the subsequent
MOC calculation to determine the average flux in the homogenized region and eventually the
grain specific reaction rate. The solution kernel derived in terms of the CP concepts will be of
prime importance in the determination of the homogenized cross sections and decomposing the
grain specific reaction rate. Thus the most part of this monograph will be devoted to the
derivation of the CP bearing solution which results from the analytic solution of so called the

renewal equations (cf. Section 2.1) for a stochastic medium.

In the next section, the characteristics of the stochastic problem are presented first to provide a
proper view of the problem that we are dealing with. The renewal equation which is the integral
balance equation is then derived in this section. The second section is to explain the
fundamentals of the CPM with essential relations and proofs which are needed in the
subsequent derivation. The third section is to derive the CPM based solution method which
results in a coupled linear system consisting of grain and matrix fluxes and collision
probabilities. The fourth section is to derive the analytic solutions to the renewal equation for
the cases with a homogeneous grain internal structure. The fitth section is to apply the CP
bearing analytic solution kernel to the MOC calculation and then to resolve so called the
boundary layer problem which results from the neglect of a thin layer of one grain thick during
the derivation of the analytic solution. The last section is to incorporate the heterogeneous

grains in the solution kernel.
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2. Statistical Formulation of Neutron Balance Equation in Stochastic Medium

Suppose a neutron ray passing though a region in which grains of different types are dispersed
in the base matrix. The configuration under consideration is depicted in Figure 1. The ray shown
here can be a ray used in the MOC calculation and the base region is a flat source region(FSR).
Here we denote the grain type by a positive integer, 1 through N (the number of grain types) and
the matrix by material 0. For now, we don't consider the internal structure of the grain. It will be
discussed in Sections 3.2 and 6.1. It is obvious from this figure that the neutron would encounter
various arrangements of the grains during its travel because the occurrence of a certain
configuration is stochastic. Under this circumstance, it is impractical to solve the neutron
conservation equation deterministically and a statistical approach is needed. The statistical
approach brings so called renewal equations which are detailed below. The term renewal comes
from “renewal process” which is a special sequence of processes occurring repeatedly with a
prescribed probability distribution function (PDF). A renewal process is distinguished from a
Poisson process which is a time-continuous “Markov process” in that the PDF is a general one
instead of an exponential PDF. Note that a Markov process is a process or event that occurs
totally independently from the previous processes and it is governed by an exponential PDF.

2.1 Renewal Equations

In the statistical approach, it should be first noted that a position x, measured from the region

entrance point for a particular ray, can be occupied by any one of the (N+1) materials. The

probability of occupying a position with the i-th material would be it’s volume fraction p,. If

we define the i-th material angular flux, ¢ (X), the expected value of the flux would be simply:

o(x) =D P (X). 1)
i—0

In order to determine ¢. (X) , we should consider various cases that the position x can be by the

volume of material i. Suppose placing a ray segment within a grain type i as shown in Figure 2.
The end point of the ray segment can be located either interior or at the boundary. In both cases,
there could be various grain configurations which can have the end point either in the interior or
on the boundary as shown by the example spheres in the figure. Similarly, the starting point of

the ray segment can be placed either any point in the interior or on the boundary.
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@ Grain Type 1

Flat Source Region

Figure 1. Ray passing through a stochastic medium

Now consider what contributions are there to affect ¢, (X). There are only two contributions if

@.(x) is for grain flux. The first one is due to the surface source which originates from the

incoming neutrons at the surface of the grain. The other one is due to the interior source which
originates from fission and scattering within the grain. Let’s denote the position of the source by

y as the distance from x as shown in Figure 2. After traveling the distance y from the source, the

neutrons would experience an exponential attenuation determined by the optical distance, e " .
This attenuation assumes that the entire path of length y is occupied by material i. But in the
stochastic circumstance, there is a certain probability that the entire path is occupied by the
material. Since there are two kinds of source, we need to consider two probabilities regarding

the ray segment which are defined as follows:

R.(I) = probability that the distance from an interior point to a surface point is greater

than I,
g;(1)dl = probability that the distance from an interior point to a surface point is greater

than | but less than I+dl.

From the definition, the following relations are obvious:

RO =[] 00 [loma o gi(l)=——di}|(l) 2)
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with L; being the maximum chord length of grain type i.

i
¢out

Figure 2. Various ray segment configurations for interior endpoint case (left) and

surface endpoint case (right)

For a given interior source density, S, :4—25¢+S with S_. specifying the external
Vd

ext ext

source consisting of the fission source and the in-scattering source, the intensity of the source
located between y and y+dy would be S;dy (in fact we need to consider the cross sectional

area oA of the ray since the source density is given per volume, but we do not use it explicitly
because SAwould appear in every term and can be cancelled out). On the other hand, the
probability that the path between the source and the destination point (x) is occupied by material

iis Ri(y) since the surface point should be located beyond y from the source in order to have

the path entirely occupied by material i. Thus the contribution from the infinitesimal source to

P(x) IS SdyR (y)e™.

For the treatment of the surface source, we need to define first the incoming angular flux

@"(x) which is the expected incoming angular flux to material i at location x. For the
incoming angular flux located away by y from x, (pii” (X—1), the probability that the path from
the infinitesimal surface source to an interior point x is occupied by material i is g, (y)dy which

would yield the contribution from the surface source as ¢" (X - y)g;(y)dye ™" In addition

there can be an incoming source at the region boundary which specifies the boundary condition
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X

at x=0. This source at the origin is attenuated by e™* and contributes to the flux with the
material existence probability R;(X) for the travel distance of x. By combining the two

sources which can occupy the position y and one from the source at the origin, we obtain the

following integral equation for the material flux for an interior point:

9, (X) = ¢, (O)R; (x)e™" + J-OX(Si Ri(Y)+9"(x-Y)g, (Y))eiziydy _ (3)

The incoming flux for the grain is related with the outgoing flux for the matrix and vice versa. If

there is a transition a grain to the matrix, it can occur with any type of grains. Therefore, there is
a certain probability for a grain to matrix transition for each grain type. Let t; be the transition
probability from grain type i to the matrix. Since once the transition to the matrix has to occur at

a point, the transition must be with at least one of the grain types, the summation of the

transition probabilities should sum up to 1.0, namely:

2=t )

In terms of the transition probability and the grain outgoing angular flux, the incoming flux to

matrix can be obtained as the following:
. N
25 () = Dt (%) . (®)
i=1

The opposite, however, is very simple since the transition to a grain is possible only from the
matrix. Namely, direct transition from a grain to another grain is not possible under the

assumption that no grains contact each other. In this case, the incoming flux to any type of grain

at location x is the same as the outgoing flux of the matrix, namely, " (x) = @g"(x) .

By replacing the incoming flux in Eq. (3) with the one of Eq. (5) which contains the outgoing
fluxes, we have coupled equations in which the outgoing flux of the other materials are related
with the internal flux of the material of interest. Since the outgoing flux which is the flux at the

surface is also unknown, we need a separate balance equation for that.

For the flux at the surface, consider the following probabilities:
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Q,(I) = probability that the chord length is greater than I.
f.(1)dl = probability that the chord length is greater than | but less than I+dl.

Similarly to Eq. (2), we have:

With these probabilities, the balance equation for the outgoing flux reads
o™ (X) = 9,(0)Q; (x)e ™" + .[0 (SiQi (+a"(x=yf (y))e_ziydy ' @)

The reason for using Q.(y) instead of R.(y) in the first term of the integrand is that the

chord length should be at least y in order to have the distance from an interior point to the
surface greater than y (cf. the right figure in Figure 2. All the cases other than the green one have
the chord length greater than y). The use of the chord length distribution for the incoming source
term is obvious because it is for surface to surface connection. Egs. (3) and (7) constitute the
renewal equations which are coupled through Eq. (5). Before deriving the analytic solutions to
the renewal equations, considerations on several segment length distributions are made in the

following.
2.2 Chord Length Distribution

Within a convex body, a segment can be defined by connecting any two points. The segment can
be a chord if the connection is made between two surface points. As shown later, the distribution
of the interior segment lengths which specifies g(l) is related with the chord length
distribution f (I). First of all, let’s first find an analytic expression for the chord length

distribution for a sphere.
2.2.1 Case of Sphere

From Figure 3, it is obvious that the probability that the chord length is in between | and 1+dl
would be the area ratio of the circular strip formed by d& around & to the entire area of the

sphere. We can note first the following relation between the angle and the chord length:
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-

L/

Figure 3. Chord length in a sphere

.0
| = 2Rsin—
5 ®)
Rsind Rdé&
and the radius of the strip is while the width is . The probability that the end

point of the segment be located within the strip would then be:

27zRsin@+RdO sind
47R? 2

p(e)do = do. 9)

This probability should be the same as the probability that the chord length is between |
and I+dl, namely:

sin@
f(Ddl = p(@)deszHI (10)
From this and Eqg. (8), we have
. 0
fy-Sin0do_sino 1 R _E(Lj- (11)
2 dl 0 R 2R* D\ D

2 Reos?
2
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with the diameter D which is the maximum chord length. The probability that the chord length
is greater than I, Q(I), is obtained by the integration of the above the probability distribution
function (PDF):

, 1Y
Qa)j]faml 4-—d—31(Dj (12)

The PDF for the chord length can also be used to determine the mean chord length:

T_j'unm'sz( )dL:ED:%R:%;. (13)

The probability that the distance from an interior point to the surface for a certain direction
which is R(l) can be obtained based on Figure 4. The left sphere in the figure is the same one in
the right. It is just shifted to the left by I. In this figure, we see that the probability that the
distance to the surface be greater than | is merely the ratio of the volume of the common part of

the two spheres to the total volume of the sphere. The volume of the common part is two time

the volume of the shaded part which represents a cut of a sphere. The height of the cutis R —IE.

vy

Figure 4. Distance from an interior point to surface

The volume of the cut is obtained by the integrating the volume of the disk located at z from the
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top of the cut to the bottom. Noting that the radius of the disk is R* — (R —z)? , we have the

volume of the cut as:

V= j:‘lzn(Rz ~(R-z)’dz=7 j:‘lz (2Rz—2%)dz . (14)
:ﬂ(R—lj (R—E(R-lDZ”(RJ] (Egj
2 3 2 2){3 "6

The probability is now obtained as:

I V(2R |
zﬁ[R_j (j , | (15)
R() = Ve 2)\3 6 :(1—;—Rj (1+4'—R)

The corresponding probability distribution function is now obtained by differentiation:

gl o) ) o) 2 )
_i£1_( | TJ_l_(ZIRJ f‘(gle Q)

4n | |
3

“4r|T (2R -
As shown in the last of the above equation, the PDF for the internal segment distribution

function can be obtained as the cumulative distribution function (CDF) divided by the mean

chord length. This relation is further investigated below.
2.2.2 Relation between Segment PDF and Chord Length CDF

As can be seen in Figure 4, g(l)dl would be the ratio of the volume of the disk located at the
bottom of the cut (marked in green, the thickness of the disk is dl). The area of the disk is
merely proportional to the surface area of the shell which spans from points B, C, and D
(marked with the light green arc in Figure 4). Since the surface area of the shell is proportional
to the CDF of the chord length as indicated by the green lines in Figure 4, the following relation
holds:

10
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Ndl = aQ(l)dI
a(h Q) | an
By imposing the normalization condition for the probability, we have
o % (18)
[ Q@i
Performing the integration of the denominator by parts, we have
D ’ ’ ' n|P b /dQ(I,) i D [/ ’ r T
jo Q(dI'=1Q(1"), —jo | le =j0 F(dl’ =T (19)

Note that the first term in the second expression above vanishes because Q(L)=0. Therefore, we
have now the general relation between the PDF of the segment length and CDF of the chord

length:

g(l) ===~ (20)

Note that this is a generic relation holding for all the convex bodies.

11
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3. Collision Probability Solution

The renewal equation can be solved analytically in terms of the various the collision probability
concepts and terms. Before solving the renewal equations, we first derive various the collision
probability relations and terms and then investigate the collision probability method (CPM)
based solution of the double heterogeneity problem which involves construction of an

equivalent homogenized problem with an approximation.

3.1 Basic Collision Probability Relations

Collision probability B; is defined as the probability for a neutron born isotropically and

uniformly in volume j to have its first collision in volume i. Since we suppose only one neutron

. L. 1 - . . o

in V,, the source density is v For a unit isotropic source density at positionT;, the flux at
j

position I would be given as follows which reflects the geometrical spread and attenuation

during the travel:

o P(in)

n(f —)f)=W

Bl (21)

where ,o(fj —T) is the optical distance between I, and F that is determined by the

macroscopic cross sections and the travel length at each interval of the line segment connecting

Fj and [ . R is the distance between the two points. For collisions in V,, the flux given by Eq.

(21) should be multiplied by the total cross section X,. With the source density of Vi the
j

first collision probability for V; to V; collision is then obtained as:

T
P, :IVi Zifvjvn(rj —F)dV,dV,. (22)
J

This brings the following reciprocity relation:

12
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PV
z:i

i<l it

- - Pjivi
=, J, @ = P)aviavi == or VxR =VisPy (23)
i j ]

Now consider the escape probability E; and the first-flight blackness ;. E; is the probability

for a neutron born in volume i to escape the volume without any collision while y; is the

probability for a neutron entering an external surface uniformly with the isotropic angular

distribution to have the first collision in volume i.

Suppose the volume configuration shown in Figure 5. The entire volume (V) is surrounded by a

surface whose area is S and there is an internal volume V;. Outside the volume there is a

uniform and isotropic source density Q which occupies the infinitesimal strip having thickness

ot . With these definitions, let’s first obtain the escape probability. For one source neutron in V.

which would give the source density of Vi E. is obtained as:

E, =jvi Lv—lin(rj —F)dAdV, . (24)

This is the survival probability of a neutron born in V, passing through S.

The isotropic neutron source residing outside the external surface yields a cosine current
distribution which means that the number of neutrons coming through any unit surface area has

a cosine angular dependence because the entrance area to be seen by the neutron has the cosine
. 1
dependence. For the cosine current, only 2 of the source neutrons can pass through the

surface due to the cosine dependence of the projected area. This can be easily seen by the
following:

— 2 =— du== 25
Qin = |2” |0 cosésin8ddda .0 pHau - ( )

Since the volume of the thin shell is Sét, the total number of neutrons passing through surface

Q

S whose area is A is ZA&' Among these neutrons the following number of neutrons will

have the first collision in V;:

13
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Ry = jvi jsj =,Q n(F; - F)dA5tdv, (26)

Figure 5. Escape probability vs. first-flight blackness calculation configuration

By definition the first flight blackness is obtained as:

7, J'Vi L,. QN > DAY, o o _ 27)
Qin S st |
4
From this and Eq. (24), we have
43, VAVAAYA =
Vi :T'Vi Ei or 7 :TvlziEi =IpZE (28)
where | =ﬂ is the mean chord length and p; is the volume fraction of the interior volume.

Between the escape probability and the collision probabilities, we have the following obvious

normalization conditions:

14
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N
E, +Z Py =1, (29)
j=1
_ N
T+|ZpiZiEi =1 (30)
i=1

where N is the number of interior volumes within the external surface and T is the transmission

probability for a neutron entering through the external surface with a cosine current distribution.
3.2 Collision Probability Balance Equations

In general there is an internal structure in a grain consisting of layers. By denoting the grain

type by i and the layer by k, we can define various collision probabilities:

P® = probability for a source neutron originating from the I-th layer of the j-th grain

ik, jl
type to have its first collision at the k-th layer of the i-th grain type,
PY = probability for a source neutron originating from the matrix (material 0) to have

its first collision at the k-th layer of the i-th grain type,
E® = probability for a source neutron originating from the k-th layer of the i-th grain

type to escape through the grain boundary,

The superscript g in the above symbols means grain which signifies that the quantity is defined
for a single grain rather than the group of all the grains of the same type. Representing the

number of grains by n;, parameters without the superscript is defined for the group of grains.

For instance, V, =nV;® is the total volume of the grain type i which would determine the
corresponding volume fraction by p; =%. Similarly, P, ,=nR?, is the probability for the

transfer from the matrix to any grain of type i.

Suppose that we are now interested in the average reaction rate in each type of grain as well as
in the matrix within a region which contains the mixture of the matrix and grains as shown in
Figure 1. The first approach we can take to determine those reactions rates is to use the balance

equation to be formed in terms of the collision probabilities (CP) as in the following subsection.

Before deriving the balance equation, suppose that isotropic neutron source densities are given

15
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. . 1 1 .
in each layer and matrix as S;, :4—25'ik¢,k +Seeik and S, :4_Zs,o¢o +Sg0- The first term
T T

is for the within group scattering while the second is for all the other sources. Out of the grain

internal sources, there will be neutrons leaking out to the matrix which can be represented as:
J. = Z n; z EiRVid Sy = Z EiViSik - (31)
i k i,k

This can be regarded as the surface source to the matrix. Using this surface and volume source
of the matrix, the balance equations for the matrix and each grain layer can be written as follows

in terms of the total collision rates:

VoZody = Poo VoS +3,) (32)

VieZiedi = PiloVoSo +3,) + z PeaVi' Sir - (33)
|

where Py, is the matrix-to-matrix collision probability. The first term of Eq. (33) signifies

that all the neutrons coming outside of a grain enters it only through the matrix while the second
term indicates the grain internal source coming from other layers. This is possible under the

assumption that there is no direct contact between grains, which is quite reasonable.

By using Eq. (31) and multiplying n; to Eqg. (33), we have

VoZofy = FogVoSo + Z Po.iVik Si (34)

ik

ViiZick = PioVoSo + z Ejglvjl Si)+ Z P Vi Si . (35)
i [
=Py oVoSo "‘Z Pik,OEJgIVjISjI +Zé‘i,jpilg,jlvjlsjl
il il

=Py oVoSo + z Pe.ji Eﬁvjlsjl
i

where the layer-to-matrix collision probability is defined as

16
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PO,ik = |:)oo Eiﬁ (36)

and the layer to layer collision probability is defined as

Peji = Pik,oEﬁ Jré‘i,an?,n 37)

with the Kronecker delta &, ;. Note that from the reciprocity relation, Eq. (23), layer-to-matrix

collision probability can be obtained from matrix-to-layer collision probability:
i Fo.ik (38)

Egs. (34) and (35) constitutes a linear system which is coupled through the source containing
the flux. The linear system can be solved once the coefficients consisting of EJ,P?, and Py,
are known. The escape probability and the layer to layer collision probability can be determined

by a suitable collision probability calculation routine. The matrix-to-matrix collision probability

or matrix self collision probability, P,,, however, can not be obtained as such. It requires a

special consideration which is to be described in the next subsection.
3.3 Determination of Matrix Self Collision Probability

The matrix self collision probability can be obtained through suitable homogenization of the
region containing the matrix and grains. Let’s denote the boundary of the region by I" and
define the transmission probability for the region by T and the escape probabilities for the

matrix and grains associated with the region boundary I as E, and E,, respectively. Then

the escape probability through T is related with the grain escape probability as:

Eik = Eo Eii. (39)

It is related with the region transmission probability through the following condition:

17
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1=T+;/O+Zni2yik : (40)
1+ M ZE z Z "‘Z,kE,k

wv wvm
=T + Oz E, + zz Y vk >, EJE,

V,
=T +1p,2,E, +|Zp,z ks ESE,

k |

The first equality of the above equation states that the probability for a neutron either to react
within anywhere in the region (matrix of grain) or transmit should be 1.0 and the second

equality comes from Eq. (28). The last term is further simplified as:

4V,,fJ
I Z p|z Ik ZIkEngEO =1 z plz Ai ZIkEngE
Ag
_Izplz Ik ZIkEngE
_E z pl Z%k
=|‘EOZ%(1—T§)

(41)

_ 9
Note that grain mean chord length, | = 4ng 9, and the reciprocity relation, Eq. (28), are

applied at the grain level for the grain first-flight blackness, y§ , which is the probability for a

neutron entering the grain surface of a Type i grain to have its first collision within Layer k. The

summation of the grain first-flight blackness over all the layers is of course unity minus the
grain transmission probability. By dividing both sides of the above equation by I_EO, we have

the following relation between the grain escape probability and the grain transmission

probability:

z plz I& Z“|k EIE = zvlkzlk EIE _Z F;_)I (1_Tig ) (42)

By inserting Eq. (41) into Eq. (40), the transmission probability is obtained as:
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T =1-p,E,l =
Po=at = (43)
where
. 1 )
S=x,+— Y B(1-T9) (44)
Po 5 |,
1
:20+V_Zvik2ikEig :
0 ik

On the other hand, the conservation relation for outward neutrons originating from the region
reads:

1=P, +ZPM +E,. (45)
ik

By using Egs. (38) and (44), Eq. (45) can be converted into:

Vikzik

1-Ey=Pp+ .
ix Voo
V., Z

:Poo+z KBS Py

ik Y00

00 Z +o zvlkzlkElk
O O ik

_Pos
z:0

Po.ik (46)

which in turn together with Eq. (43) gives:

2 3
=?(1 E ) 47)
— 20 _
=3 [1 oIS - T)]

Thus the problem of fining the matrix-self-collision probability turns into finding the region

transmission probability. Determination of the region transmission probability requires an

homogenization of the matrix and grains because it can’t be calculated for the stochastic
medium.
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The transmission probability can be determined in an alternative way by counting the number of
collisions (C) within the region for the unity, uniform and isotropic source entering the region
boundary surface, namely, T =1-C . Let the region be homogeneous with the cross section

Z, and ¢, be the average scalar flux within the region induced by the unit surface source.
Then the number of total collisions within the region would be:
Chom :V2h¢nom (Zh) (48)

Here ¢,,(Z,) indicates that the average flux is dependent on the homogeneous cross section.

Note that there should be a flux gradient within the region despite the medium is homogeneous.
On the contrary, for the heterogeneous region, denote the average scalar flux of the matrix

induced by the unit surface neutron source be ¢, and assume that the angular flux distribution
around a grain be isotropic such that the net current passing through the unit surface area is one-
fourth of the scalar flux at the surface of grain type i, ¢°. The number of total collisions for the

heterogeneous case is then
1
Crae =VoZothe: + 2 WA’ 74 L-T%). (49)

&

et

By denoting the grain surface to the matrix flux ratio by K; = which can also be regarded

the self shielding ratio, the above equation is converted as:

Chet :V(pozo +ZKi ni\/ﬂ:/_i(l_-rig)J%et :V[pozo +ZKi %(1_Tig)j%et- (50)

The homogenized cross section can be obtained by finding the suitable cross section which
would give the same number of collisions of the homogeneous case, Eq. (48) as the
heterogeneous collision number of Eq. (50). But this requires finding the heterogeneous flux

and the self shielding ratio as well as the homogeneous flux which is not trivial.
It is possible, however, to find a first order accurate homogenized cross section considering the

limiting case of the grains consisting of the matrix material. This case is in fact the

homogeneous case. Anyhow, under this condition the grain interior collision due to the surface
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source is balanced as:
g — 1 S 9,9
Vi®Zoghan (%0) = 4 (Z0) A7 (%o) (51)
Note that X, within the parenthesis indicates that the corresponding quantities are calculated

using the matrix cross section. By using the reciprocity relation, Eq. (28), Eqg. (51) can be

converted as the following which will give an approximated the self-shielding factor

PO (E) = (E)qﬁ(z) SEEIH (), (52)

ihon (20)= 40

FE) 1
from (%0)  EZ(Z,)

Ki(2) ~ (83)
By inserting Eqg. (53) into Eg. (50) and then by equating Egs. (48) and (50), we have the

homogenized cross section as:

1 Tg
%= miZo+ Y ‘I"ég(z : (54)

Once this homogenized cross section is determined, the region transmission probability can be
calculated for the homogeneous configuration and then the matrix self collision probability can
be determined by Eq. (47). Alternatively, the region self collision probability for the

homogenized medium, P(Z,), can be calculated to determine P,, by using the reciprocity

relations and conservation relations of Eqgs. (28) through (30) as the following:

_Zofq 7E) | _Zofy ZhECW) | _Zo[q_ En g4
Poo—i[l pol_ij i[l i~ j 2[1 poi(l P(Zh))]. (55)
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4. Analytic Solution of Renewal Equations

Among the input parameters needed to specify completely the coupled renewal equations given
by Egs. (3), (7), and (5), the segment or chord length distributions for the grains is obtained
easily by Eq. (11) and other relations described in Section 2.2.2. But other parameters such as
the transition probability and the matrix chord length distribution need further consideration
which is to be given in the next subsection. After the parameters are specified, the solution of

the renewal equation is derived in the second section.

4.1 Transition Probability and Matrix Chord Length Distribution

In order to determine the incoming current to the matrix at a point, (o(i)”(x), it should be

assumed that a transition from any one of the grain type to the matrix occurs at the point. Since
there are several possibilities for such transition, the incoming current to the matrix should
consist of the weighted average of outgoing currents out of all the grain types. The weighting
factor is the transition probability t; used in Eq. (5). The transition probability would depend

on the volume fraction of the grain type and the mean chord length. We can imagine that as the
mean chord length increases, the transition probability would decrease because there is more
chance to stay within the grain, rather than transition to the matrix. On the contrary, if one grain

type is more than the other grain types, the transition probability for the grain type would be

larger. From this observation, let t; = c% with a proportional constant c. If there ought to be a

I
transition from any grain to the matrix, the summation of all the grain to matrix transition

probability should be unity, namely:

Sh=cy Por o oeo b (56)

If there is only one grain type, the mean chord length of the matrix can be easily obtained by

supposing that the matrix portion of the track length is proportional to its volume fraction.

Namely, 1, =p,(l, +1) or po=|—|0|— which will give | :Lllzpol—l. In case of

oth Po Py

multiple grain types, we can think that the average grain chord length is an weighted average of
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each grain's mean chord length. We can use the transition probability as the weighting factor
since it is proportional to the volume fraction and sums up to unity. Then the following relation
holds (cf. Figure 6):

I . (57)
Po=""w _
b+t
i=1
bl Y
S
/_o'
Figure 6. Constituents of an average ray
_ N
Since tl; =cp, and Z p, =1- p, , the above equation can be converted to
i=1
lp +c(—py) ly
From Eq. (56), we now have the following relation which determines I_0
Po P
L= (59)
IO i=1 Ii
and
l, p
Po |

For the matrix chord length distribution, we can think of a binomial distribution with a large
number of trials. Each event is to pickup a molecule of either matrix or grain material then to
place it randomly on a line. If there is k successive occurrences of the grain material after n (>k)
trial, the matrix chord length proportional to k is obtained. The sequence of the k matrix

molecules does not matter so that it forms a binomial distribution. Since the probability of
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placing a molecule in a specific position is very small, the binary distribution becomes a

Poisson distribution which is represented by an exponential function ce™®. By imposing the
normalization condition and the requirement of the mean chord length, the exponential

distribution for the matrix chord length distribution is determined as:

il
) =Iie o (61)

0
The cumulative distribution function Q,(l) is obtained then by the integration

s L
Q, (1) =j0°°|ie bdl'=e b. (62)

Q)

Consequently, the PDF for the internal segment length, go(l)le is the same as f,(I)
0

and R,(1)=Q(l).
4.2 Solution of Renewal Equation with Boundary Layer Approximation

The first term of the renewal equation of Eq. (7) is the region incoming source contribution
term which involves the cumulative chord length distribution function Q,(l) . As shown above
for the matrix, Q,(l)is an exponential function which can be combined with the exponential

attenuation factor. But for spherical grains, it is a quadratic polynomial. It can be expected that
the term containing the quadratic polynomial multiplied to the exponential function may not
exist. The removal of the first term in the renewal equation is not a serious approximation. Since
the size of the grain is very small (L) and Q,(x) =R,(x)=0for x> L;, the following renewal
equation for the grain which does not have the region incoming source term is valid except for

very thin boundary layer of thickness L.

o7 (X) =JOL'(SiQi(y)+<o:"(x—y) L™y (>L). (63)

Note that the upper limit of the integral is set to the maximum chord length since beyond it the
probabilities are 0. For the matrix the renewal equation with the exponential chord length

distribution becomes:
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ou —3oX X 1 -3
2 '(x) = »,(0)e *o +J.o [So +|:¢’0 (x- y)je 2Oydy . (64)
0

~ 1 .
where X, =X, +=". These two equations are coupled through
0

25 () =2 o™ (). (65)

Before solving the system of the renewal equations, Egs. (63) and (64), we first need to note
that a convolution integral is involved. This suggests to use the Laplace transform technique

which can treat conveniently the convolution integral.

4.2.1 Laplace Transform Solution

The Laplace transform of Eq. (64) gives

S, 1 1 1 ot
— +: ~ ticDi S . 66
ly s+2Z Z‘ ®) (66)

0
cDgut (S) — ¢O (~) + _
S+X, S s+,

where
O (5) = Lo (00) = [ ™ (e ax (67)

Note that the convolution theorem of Laplace transform was used to represent the Laplace
equation of the convolution integral with the product of the two Laplace transforms. Before
performing Laplace transform of Eq. (63), rewrite the following factor appearing in the first

term using the relation (20):

5 =gy =1 " “ZYdy = |. E9
[ Qe dy =T g (y)e™dy=TE? (68)
Note that the integral of the second term is the definition of the escape probability because it is

25



SNURPL-SR-001(07)

the expected value of the non-attenuation probability. With this constant, the Laplace transform

of the first term of Eq. (63) becomes:

1N SiQi(y)eEiydyjf’ITE‘g. (69)

For the Laplace transform of the second term, let’s first change the upper limit of the integral to
x from L; which do not have any impact since f (y)=0fory>L; and also x>L; for

grains. Also consider the matrix outgoing current instead of the grain incoming current noting

out

that " (X) = ¢

grain transition). Then the Laplace transform is performed as follows with the change of the

(X) because transition to a grain is possible only from matrix (no grain-to-
order of integration and also the integration variable:

L(J.O ¢gut (X - y) fi (Y)e—Z.ydy) = _[0 J.O ¢(())ut (X _ y) fi (y)e—Ziydye_Sde | (70)
- fo fy o (x— y)e~dxf; (y)e ™" dy
) J-Ox-[ " @8 (x— y)e U Ndxf, (y)e B dy
y
= J-ooo J~Ooo P (r)e > dr f (y)e 5+ dy
= ®8Ut (S)IOOO fi (y)e_(zi+s)ydy

The last integral of the above equation can be replaced by a quantity which has a physical

meaning. Suppose first s=0. The integral becomes then the transmission probability, namely:

.[: f; (y)e™dy = T? _ (71)

because the integral is the expected value of the surface-to-surface non-attenuation probability

for the given cross section of X, . Noting from this physical significance, define
* ~Ei+S)Ydy — T 9
[ fi(y)e ™ dy =Te(s). 72)
By using Egs. (69), (70), and (72), the Laplace transform of Eq. (63) becomes now:

1EY
(D?ut (S) — Si I|SE|

+ T2 (s)Dg" (s) . (73)
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By inserting Eq. (73) into Eq. (66) and then multiplying s +§JO to both sides, we have

- out So 1 SiEEig g out
(5+20)CD0 (S)=(p0(0)+?+|=zti T+Ti (S)(Do (3) : (74)
o i
which can be rearranged as follows with t'_l _B coming from Eq. (60):
0 Po

(s 5, —IiztiTig (s)]@ﬁ“‘ (5) = 2, (0) %[so +IiztiEEigsij. (75)
= ¢0(0)+%£So +piz piEigSi]

Before solving the above equation for CDS”t (s), introduce an approximation to remove the s-

dependence of the transmission probability which causes nonlinearity:

ZZEO—%ZtiTig(S). (76)
o i
Then we have
1 1 1 1
dM(s)=——p (0)+=——| S, +— ESS. |. 77
0 () S—i—Z(/)O() SS-l—Z[ 0 pOZp| i |j

The inverse Laplace transform gives:

out _ —XX X —SX gt 1
@ (X) =@, (0)e "‘IO e"dx (So +FOIZ P Eigsi] (78)
=, (0)e™ +(so +iz PESS, %(1—e‘”)
Po
= (0)e ™+, (1-e™)

where
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~ 1 1
Das :_(So‘*‘_z piEigSi) (79)
z Po

4.2.2 Solution by Substitution for Outgoing Flux
The above solution involves the approximation of Eq. (76) which is not valid in general. But is
does suggest the solution form of Eq. (78). We take the solution form of Eq. (78) as is, but
now regard the cross section unknown. This is one way of resolving the nonlinearity as shown
below.
Let the solution for matrix be

o (X) = g (0)e ™ +¢,, (L&) (80)

which contains the attenuation of the region incoming source and asymptopic buildup term. By

plugging Eq. (80) into Eq. (63) for ¢"(x) yields

ou ' L —3(x— 3 (x— -3
7" () =STES + [ (2 (0)e ™™ + g, (1—e7) ) f,(y)e *Vdy @)
=SLE? +(9(0) — s, )6 ™ j: e (y)dy + 0, I: e f (y)dy

By defining the normal grain transmission probability and the reduced grain transmission

probability which corresponds to reduced cross section X, —X as:

T® = J-OLi e f.(y)dy

A L s (82)
T = [ e O (y)dy
(Z’iom = SiDEigl
Eqg. (81) is represented in a simplified form:
goiout (X) — ¢0 (O)Tige—Zx + (oas (T|g _-I-ige—EX)+ (biout . (83)

By inserting Egs. (83) into Eq. (64), we have
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P (X) = (00(0)9 o
S +=%t %(O)Tg ~Z(x- y)+¢ -|- Tg -2(x-y) q)out —ioydy
Z

:(”o(o)e_iox
* J.OX(SO +|izti (@™ + (/’asTig)]eioydy
0 i
e I;%Zti ((20(0) = )T Jo & dly
:(170(0)9_20X
"’OU 1 7~OX
+[S += Zt( L+, TO jZO(l_e 5 )
+:Zti ((% 0 —coas)Tig) S (e*zx —e-ioX)
0

=3 [S += Zt (¢.°“‘+¢asTg)]

0

(84)

-

_ @0 (O) ~ Pas )e—ZX
(¢O(O)_ (S += Zt (~0ut +¢as \J

T o ((Po (0) ~ Pas )Je_zox'

io—zTo

By imposing term by term equality between Eq. (84) with Eqg. (80), we have the following

identities:
1 1 ~out g —
B SO +:Zti ((0| +¢asTi ) =Py 1 (85)
20 IO i
1 1 A
= =>»tT9=1 86
I 2T, (86)
—Zox
With these two equations, the coefficient of of Eq. (84) becomes 0 automatically so that

the third term disappears.

Together with Egs. (60) and (44), Eq. (85) gives
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Sy += Zt o so+i2tifEﬁsi (87)

ZO—I:ZtiTig 2+_— Zt
0 i

So"'iz piEigSi
- 1 1
= == so+—2 p.ESS,
P; g > Py T
> +le 1-T9) 0

0 1 i

¢as

Note that Eq. (79) from the approximate solution would be the same as the above one if Z=% .

Eq. (86), however, determines the exact value of X as the following:

z=% ——ZtTg—Z += (1 Zt j (88)

This is the new homogenized cross section which can only be determined iteratively because

T.Yitself is dependent on <.

4.2.3 Interior and Final Solutions

So far the solution for the outgoing angular flux was obtained. In order to solve for the interior
angular flux which is needed to determine the reaction rates, first of all we note that there is no

distinction between the internal and outgoing flux for the matrix which is the dispersed medium,

OU'[

namely, ¢,(X) =g, (X). Therefore we need to solve only the renewal equation for the grain

interior flux which reads as follows with go,m (X) = @5" (%) :

L o s
000 =["(SRM+ 8" - NgM ™y x>L). (89)
Note that the segment distribution probabilities are used above instead of the chord length

distribution functions. The first term in the integral can be represented by the self collision

probability by using Eqgs. (2) and (68) as follows:
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I sRedy =2 R e[ - [ o ey (90)

S
=2 (1-E)
i
Si
:EPiig

where P? is the grain self-collision probability. By inserting the solution for the matrix, Eq.

(83), into Eq. (89), the following solution is obtained:

_Si b ~S(x-y) ) Iy
700 =5 R +[ (2@ + g (1-e ) g, (y)e o
S, X
=SR0+ ((00(0) - 0 )e 0 1, Y, ()e >y
S, x . .
=R+ 0 -0 [ 6 (e dy 0, [T o (e
= R 00 E 0 Ef
=@ (O)Eg RN (= _Eige_ V@
where the reduced grain escape probability is defined as:
E2 = [0, (y)e gy 92)
and
P9
5 =S 2 93
¢ =Si3 (93)

Finally, the flux at any point is obtained as the weighted average of the matrix and all grain

fluxes:

@(X) = Pop (X) + z P (X)
i1

(94)

N N N
=0a (P + Z PES) + (2 (0) — 025 )(Po + Z pET e ™ + Z P -
i=1 i1 i1
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5. Implementation of DH Analytic Solution in MOC Calculation

The method of characteristics (MOC) calculation is to trace the change in the ray intensity along
the line of ray which is called the characteristic line since it represents the line of motion of the
neutron. For the ray tracing, the problem domain and angular space need to be discretized. In
the spatial discretization, small regions are defined which is called the flat source region (FSR)
because the source as well as the cross sections are considered constant. In the stochastic
medium, the physical flat source region would contain grains and the matrix. Thus the analytic
solution obtained for the stochastic medium can apply. In the following, the basic solutions of
the MOC are described first and the stochastic solution is combined with the MOC solution to
give the solution for the grains as well as for the matrix within a flat source region.
Considerations of the consequence of the boundary layer problem which was introduced to be

able to obtain the analytic solution in the previous section will also be considered.

5.1 Basic MOC Solutions

Suppose a FSR in which the incoming intensity of a certain ray is specified. The balance

equation along the ray is simple as:

do
o~ 2S00 =0, (95)
whose analytic solution is
—ZX S —ZX
P(X) = e +—(1-e) (96)

At the exit of the FSR for the ray which is away by L from the entrance point, the outgoing

angular flux is obtained as
— 1 S
Pout = Pin (1= 1) +§ﬂ (97)
where
(98)
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which approaches to 1.0 as L increases. The difference between the outgoing and incoming

angular fluxes is then:

Po = Pout = Pin = /B(% - gDinj . (99)

The average of ¢(x) along the path of L is

q)_ —
" 2,55, %, (100)

P51 sy 3L

5.2 Incorporation of DH Analytic Solution into MOC Solution
If the FSR is a stochastic medium, the outgoing flux of the FSR would be the matrix outgoing
flux which is given by Eq. (80). This is in the same form as the MOC solution of Eg. (96). By

the comparison of Egs. (80) and (96), we can see that the cross section to be used should be

the effective cross section X defined by Eg. (88) and the effective source is should be
) 1
S=X¢p, ==| S, +— E’S. 101
Das Z[ 0 Z pl i J ( )

with the following newly defined cross sections which are obtained from the second line of the

above equation by using Egs. (56) and (60):

~ 1Y
S=%, +i;ti (1-2), (102)
$-3, +%Zti 1-T9). (103)

Since the definition of X is implicit in that 'I:ig is the transmission probability of Type i grain
obtained when the grain cross section is diminished by X from X%;, the calculation of X

should be done iteratively. Once the effective cross section is determined and the effective

source which consists of the sources in the grain and in the matrix, the outgoing flux of the
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region can be determined by Eqg. (97) and also the average angular flux in the matrix by Eq.
(100). The ray tracing can continue through the next region by using the outgoing current of Eq.

(97) as the next incoming current.

During the ray tracing, the average angular flux in the matrix is updated by

S
Pn 5 S
D = z 2 (104)
= +
Po SL B 5

whereas the average angular flux in the grain can be obtained from Eq. (91) which gives
together with Egs. (100) and (93):

_ 0)- ~ ~
P :%Eigﬂ"' Das EigI + @ (105)
_ S\~ .

—_ 2 ™ S
:¢0Eig —i_gﬂas(Eig - Eig)+ I:)|Ig E_I .

The grain average angular flux should be summed up to form the scalar flux. The scalar flux of

the grain will then determine the source S; by the multiplication of fission and scattering cross

sections.
5.3 Resolution of Non-Conservative Formulation

It was assumed in the derivation of the analytic solution of the renewal equation that the region
incoming current does not affect the grain flux by limiting the validity of Eq. (63) for x> L,
But the solution given by Eq. (96) assumes the validity of the equation over the whole track
length. This is so called the boundary layer problem which appears as the violation of the basic
conservation relation. It can be shown by examining the balance between the total production
and leakage over the track. By using the renewal solutions for the matrix and grains, Egs. (80)

and (91), the net production along the track is obtained:

34



SNURPL-SR-001(07)

Rorod = IOL( Po (S —Zoe (X)) + z Pi(S —Zip (X))jdx (106)
= b (S0~ (Lol (0)e ™+ (1—7))Yix

- L - —5X =g 42X Png
+ lepij.o [si —Z{Eig%(O)e ™ 1 0, (ES —Efe™ )+?SiJde

=P ((So —ZoPas )L = Zo (0, _¢a5)§J

+ z b ((SI _Zi(Das)Eig I-_Ziéig (¢7in _(/)as)gj

= L(poso +Z piSiES — 0.6 (PoZo +Z Pz E? )j
1 N 1
PoXo + Z pZiE? j
i1

7\

+(¢as - (oin)g

™M>

= (qoas - (Din)ﬁ_

™

where
S=peZ,+ ) PTES . (107)
i

and the term containing L above disappears due to the asymptotic flux given by Eq. (87) and

the second definition of S given by Eq. (44).

On the other hand, the leakage obtained by the MOC solution is given by Eq. (99), namely with

%z% of Eq. (101):

Dout = Pin = ﬁ(was = Pin ) _ (108)

The conservation of neutrons requires that the net production should be the same and the

leakage which in other word requires the equality of Egs. (106) and (108). The equality does

not hold since ==X . Therefore in order to force conservation it is necessary to adjust the

outgoing current of the MOC solution such that it matches with that of Eq.(106). This can be

done conveniently by using ﬁ:rﬂ instead of £ in Eg. (108), where rzg is the

renormalization factor, only when obtaining the outgoing current. For the calculation of the
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average angular flux in the matrix and grain, the regular value of £ which is based on X

should be used. This guarantees the net production term which can also be represented as
L[ Po (So +Zo(ﬁo)+z pi (S —Zi(/_)i)j instead of the one given in Eq. (106) be the same as the
i

adjusted leakage:

DPout — Pin = ﬂ((aas ~ ®in ) (109)
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6. Treatment of Heterogeneous Grains

In the derivation of the analytic solution in Section 4, the internal structure of the grain was not
considered. With the homogeneous grains, the knowledge of chord length distribution was
enough to the construction and solution of the renewal equation. For the heterogeneous grains,
however, which have the internal structures consisting of layers, the cross sections and sources
depend on the relative position (or local position) within the material. In this case, the
probability for each possible trajectory to pass through the material should be considered. This

section refines the solution of the renewal equation considering the internal structures.
6.1 Trajectory Probability

We observe that a trajectory (or chord) is uniquely specified by a relative point r and a relative

direction Q as shown the following figure.

Chord Length(r,€,) Chord Length(r,€,)

where ©-n>0 in this case

Figure 7. Trajectories specified by its exiting point r and its exiting direction
Q (left) and an interior point r and a direction Q (right)

We consider two probabilities defined below:

f. (r,Q)‘Q-ﬁ‘deA = probability that a phase point be around (r,Q) where r
is a point on the surface rig of the grain and Q is an

exiting direction in (27) , at the point in [Q,Q+dQ)]
and the position is within the surface element dA about r,
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g; (r,Q)dQdv = probability that a phase point be around (r,Q) where r

is a point within the volume V¢ of the grain and Q is a

direction in (4z) at the point in [Q,Q+dQ] and
position within the volume element dV about r

The probability density functions f,(r,Q) and g;(r,Q) may depend on the specific ray

and on the position x along the ray, but here we consider only homogeneous and isotropic
statistics for which they depend only on r and ©. The PDFs satisfy the normalization

condition:

Ir.g I(z,,) f (r,ﬂ)‘ﬂ-ﬁ‘deA=1, (110)

out

Jio ], 0 (r.@)dedr =1 (111)

For a sphere, we can find f, (r, Q) in terms of the local spherical coordinate formed by taking

the outward normal vector as the polar axis. Let the angle between the outward normal vector at
Ve
rand @ be Q . The f(r,Q,) should then be constant for 0< 6, < In order to

determine the constant, perform the following integration by changing the integration variable:

LQ .[(2;;) ‘Q . ﬁ‘deA = Lg I(Zﬁ) Cc0s 6,dQdA = Lg L:Zz cosd,2xsing,d0.dA. (112)

= Zﬁjrg I: wd pdA = 27ZL_9 %dA = A’

From this and the normalization condition of (110), it is clear for a sphere that

(1) AT for outward directions . (113)
i r, n)=

T
0 , for inward directions

From this it can be inferred that in order to perform the integration over the angle only for the

outward angle, the angular distribution function zA°f, (r,Qn) must be used in the integrand

which will give the value of unity only for the outward angle.
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6.2 Interface Flux

As for the homogeneous grain, there are two contributions in the heterogeneous grain if

q)i"‘“(x) is for grain flux. The first one is due to the surface source which originates from the

incoming neutrons at the surface of the grain. The other one is due to the interior source

consisting of the fission and scattering within the grain. Let’s denote the position of the first

source by x—I (r, Q) in the absolute coordinate and the second source by r—z€Q in relative

coordinate as shown below.

[

o [x-1(Le)] \0

v

Iy

I (r,Q)(=Chord Length)
Figure 8. Two sources contributing to @°"(X)

After traveling the distance | (r,Q) from the first source (incoming source), the neutrons in a

certain (r,) would experience an exponential attenuation determined by the optical distance,

e—‘ri(r,ﬂ,l(r,Q))

, Where 7, (r,©,z) is the optical distance from the surface point r to the interior
point r—zQ . So the flux at x due to a certain surface flux specified by (r,Q) can be

represented by following equation:
g eI o (y _|(r Q)) 1, (r,g)‘g.ﬁ‘ dQdA . (114)

On the other hand, the neutrons originating from the second source (internal source) travel over
the distance z. Thus the neutron at a certain (r,) would experience an exponential

r,Q,Z)

attenuation determined by the optical distance, e il . After integrating along the distance z,

39



SNURPL-SR-001(07)

the flux at x due to the internal source at (r,€) is obtained as the following:

J-l(r,Q) e—Ti(rlQ!Z)Si (r — ZQ, Q)dz fi (1‘, Q)‘Q : ﬁ‘ dQdA (115)

0

Finally we can write the outgoing flux at x as following:

=[], (™™ g (x =1, ) + 6™ (r, Q) ,(r,2)| @ NRIA (116

out

out

Here ¢ (r, Q) is the exiting flux due to the internal sources along the trajectory (r,Q):

I(r Q)

o (@)= e IS (r- 22, Q) dz (117)

Note that the source term depends on the local (grain) coordinate, while the average transition

flux %“‘ depends on the absolute position on the ray. We now introduce the length chord
variable y by simply inserting the identity IOLi 5(y-1(r,Q))dy =1 inside the dQdA integration
in Eq. (116). The &(y) is the Kronecker delta function, namely, &(y) equalto 1 iny=0and 0

otherwise. So the identity IOL' 5(y—-1(r,Q))dy=1 always holds:

OUI(X) o
_J'FQJ' J' y—I(r, Q) dy( e T ))¢°”t( x—I(r,Q))

[ Verns, (120, Q)dz) f, (r.2) Q- n|ddA

[ (O ) o
+H(I(r ) y) e (r—yQ, Q)) (r,@)|@-n| ddAdy

:jo“(< (y—I(r,@))e """ >A o

+{H(10r, ) -y)e ™5, (r-ye, Q)>A)dy
where the H(y) is a Heaviside step function, namely, H(y) equal to 1 in y>0 and 0

otherwise and ( ), indicates the integration over the surface T and over (2z),, with

multiplication by f. (r,Q)‘Q-ﬁ . We are now able to show that our generalization of renewal
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processes contains as a limiting case the previous formulation. Indeed, if we assume that the

optical thickness and the source in the material depend only on the position along the ray, i.e.

7 (rQy)=7(x-y,x), Si(r-yQ,Q)=5,(x-y)

, (119)
then Eq. (118) reduces to the more familiar form:
(9 =[S, (x= Y)Q 1)+ 5 (x= ) £, () 0y (120)
where
() =(5(y-1r ), (121)

is the probability density for chord of length y. Note that 1(r,€) is the chord length for the line

segment stretching toward € at a surface point r. This analog shows also how to proceed in
the more general case when the grains have internal structure. In fact, it suffices to define
appropriate averages to reduce Eq. (118) to the familiar form. For instance, we may associate

an average optical thickness z;(y) to chords of length y by the expression:
-5(y) _ [ 4-7i(r..2)
fily)e ™7 = <e s(y —|(F,Q))>A , (122)
and an average source S, (y) to chords of length greater than y according to:
S, (y)Q(y)e Y =(e29g (r -y Q)H (I(r,Q) -
(V)Q(v)e e (r-yQ@)H(I(r,2)-y)) (123)

which effectively allows to rewrite Eg. (118) in the form of Eq. (120). However, in order to
deal directly with each different layer in the grain, we choose to write the source contribution in

terms of the escape probability. The grain which has internal layers is shown in Figure 9.
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k —th layer

| (r,Q)(=Chord Length)

Figure 9. The heterogeneous grain

Consider a uniform, unity and isotropic neutron distribution within the k-th layer so that the
angular source density is 1.0. In order to identify the neutron emitting from layer k within grain
type i, introduce a characteristic function z (r) which is equal to 1 for r in layer k and 0
otherwise. For a neutron produced at position r-yQ with direction Q, the probability that

7;(r,.Q,2)

the neutron will escape from the grain without making a collision is e~ . For a given

surface element dA and a direction Q, there can be a pipe line stretched to the interior of the
grain along the —Q direction. The cross sectional area of the pipe is dA'=|i-Q|dA. The
volume element at y for dy is thus dV'=dy|ﬁ-Q|dA. Therefore the source given at y for
moving toward dQ around @ is dy|i-Q|dAdQ. For given dA, the integral over the angle
should be done only for the outward directions which requires the multiplication of
7AYf; (r,Q) as discussed below Eq. (113). Noting that there are a total of 42V, neutrons

emitting from the layer, we can obtain the escape probability:

1
47[V“E‘

= A -[r? .[(2”) o (1,Q) ; (r, Q)| @- nfddA

out

=A° <€0|k (r’ﬂ)>A

I(r.Q) __ ~
9 Ti(r.Q,2) . _ . g f.
b J.rig J.(Z’f)om IO e Zi (r ysz)dy‘sz n‘;zAi fi (r, Q) dAdQ (124)

where
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1 (09 s
[ e g (e yer)y, (125)

r,Q)=
#ic(r ) anvg do

is the uncollided flux exiting the grain at (r,Q) due to a unit isotropic and uniform source in

layer k. When the sources within the grain are uniform and isotropic in each layer, then we can
use Egs. (124), (125) and (68) to write the source contribution in Eq. (116) as:

o (r, Q) f, (r,Q ‘Q-ﬁ‘deA (126)
[["Wemtrans (r-20, Q)dzf (r,@)[@-ndadA

-[.1., [ e ““Z;(,k r-20,Q)d7, (r,2)|@- NdQdA
[ nten . (r- zg)si (r_ 20,9) daf, (v, Q) |- NiQdA

J~I(r,9) eiTi(rYQYZ)Zik (r-29Q)dzf, (r, Q) ‘Q . ﬁ‘deA

0

AnV8 WA
= ;Sik Ag EIE = Z ik Ajg V g —Z p|£l]< EIESIK

where we have used the decomposition of unity as 1:21"( (r) which is valid in any point
k

i . va o . . . .
within the grain, and where pj =V'—'; is the volumetric fraction of layer k in grain i. Note that

i
the above outgoing flux due to the internal source for the heterogeneous case is the
generalization of the corresponding one for the homogeneous case given in Eqg. (82). Using Eq.

(122) to calculate the transition term gives the result:

o 00 =[ " (x= ) f,(n)e ey + 5 (127)
This equation is very similar to Eq. (63) and again the solution for the average exiting fluxes is

given by Egs. (80) and (83). The asymptotic flux of Eq. (87) is now modified as the
following with the heterogeneous grain source term:
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S _'_|:_LZ:J[i¢’iOljt Sy +izti I Zsik Pi Eic ' (128)
o i = i

= 1

ZO—I:ZtiTig ) +—_—Zt

szslkplk ik 1 1
= E[SOJF_Z pizsikpiiEiE]
> +fz ‘I) A1-T?) Po T

0 i i

Pas =

Also, all the coefficients depending on the XS of the grain must be modified to account for the

internal structure. In particular, Eq. (82) are replaced by:

T [ e Oy = (e ) , (129)
Tg_J" e Ay +ny(y)dy <—T,r9)+2|(rﬂ)>

A

while Egs. (102) and (103) are modified using Eq. (30) to:

1S p
¥= DN t(1-T,° )=, +— L1-T,°
+o;(K )- +p°;1"(NK) , (130
=X +—z p.z Pz Ei =24 +_ZZ PicZi Eik
Po = 3 Po it k=1
1 ¢& (131)
S=Tp > Py (S ~DEL(E)
0 i=1 k=1

Note again that Eqg. (131) implicitly defines the effective cross section for the mixture. It

should be solved iteratively.

6.3 Interior Flux

The equation for the interior flux ¢, (x) is also obtained in a similar manner. By using the

density of probability, g;(r,), we can write an equation for the average flux at x when this

point is in layer k of a grain of type i. There are also two contributions in this case if ¢, (X) is

for the average angular flux in grain i at x. The first one is due to the surface source and the
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other one is due to the interior source. Let’s denote the position of the first source by
x—I(r,Q) in the absolute coordinate and the second source by r—zQ in the relative

coordinate as shown below.

Figure 10. Two sources contributing to ¢, (X)

After traveling the distance I(r, Q) from the first source (incoming source), the neutrons at a

certain (r,) would experience an exponential attenuation determined by the optical distance,

—‘ri(r,Q,I(r,Q))

e . So the flux at x in a certain (r,€) would be:

e—ri(r,9,|(l‘v9))¢gUt (x=I(r,))g; (r,Q)dvdQ (132)

On the other hand, the second source (internal source) travels over the distance z and the
neutrons at a certain (r,Q) would experience an exponential attenuation determined by the

r.Q,z)

optical distance, e il . After integrating along the distance z, the flux would be:

J-l(r,ﬂ) e_Ti(r,g,z)Si (r —0. Q)dZ g, (r, Q)deV

0 (133)

Finally we can write the flux at x as the following:

45



SNURPL-SR-001(07)

Pu (X)
7 (r,Q,1(r,Q)) out g ( ) (134)
_J.VQL”Z"‘(I.)( Po ( =I(r, Q))+(/’| (r 9))4kdﬂdr
where |(r,Q) is the distance in direction - from the point r to the surface of the grain

(distance to the point at which the trajectory enters the surface of the grain), ¢, (r, Q) is the

contribution of the internal sources to the flux at (r, Q) , Namely:
I(r,Q) iy (r,2,
®, (r,Q) = .[0 e (r.@ Z)Si (r— 7Q, Q)dz , (135)

and T, (r,Q,z) is the optical thickness from point r to point r—z€ . The characteristic

function y;, in Eq. (134) is introduced to perform the integral only at the k-th layer and the
PDF is divided by the layer volume fraction defined by:

pi = Ivg [, 2 (r) g (r,@)d0dr (136)

in order to reflect that the original PDF is defined for the whole grain, not just for the layer.

Renormalization is thus necessary to make the new PDF sums up to 1.0.

As before we introduce the length along the trajectory y by inserting _[OLi S(y-1(r,))dy inside

the dQdr in Eq. (134). After bringing the integration over dy out to the outside, we obtain an

expression very similar to Eq. (118), namely:

Pi i (X) . . (137)
2 Lﬁ o s(y=1a @)y (e g (x-1(r, @)
I

o[ Pemtraag (r—zQ,Q)dz)g. (r,Q)dQdv

0

[0 ()3 (-1 @)e ™ g (x-y)

+7 (r)H (I(r Q) y)e s (r -y, Q)) g, (r, ) ddvdy
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:J‘OLi (<Zik (r)5(y—I(r,Q))e_eiﬁ(rm“m) >V(08m (X— y)
2 (1) H (1, ) - y)e ™8, (r— y0, @) )dy

Now ( )

, indicates the integration over the grain volume V;® and solid angle (4z) after

multiplication by g;(r,2). Noting that 4zV,° should be multiplied to g; (r,Q)to merely

select the phase point where g, (r, Q) # 0. We define the collision probability as the following

in order to account for the contribution from the sources of each layer:

1 I(rQ) __(,
Pein =Zi J.vg ap Kk (r) EVE .[o Pl ngy)lil (r— yg)dy47zviggi (r,Q)der (138)
' il
1 I(r,ﬂ) . (r
=47V 9%, J.vg J.A” Zi (1) PRV J.O e M)y (r— yQ)dyg, (r, )dQdr
' il

= 47V.03, jvig L;; Zic (r) @, (r, Q) g, (r, Q)dﬂdr
=47V °%;, <Zik (r)e (r19)>\,

where ¢, (r, Q) is the uncollided flux at (r,€) due to a unit isotropic and uniform source

in layer |. This flux is obtained from Eq. (125) by merely replacing ik with il. The difference

now is that (r,€) is an interior point in the grain and that I(r,Q) is the length of the

trajectory from the entering point on surface I'% to point r. With these definitions, we can

write the volumetric source contribution to ¢, (x) in Eq. (137) as the following:

1 Q) .+ (o
Oy = p_l?( v Xik (r).L”J-O e i(ro )SI (r — ZQ,Q)ngi (r, Q)dﬂdv (139)
1 I(r,Q) 1 (.2
=07 b Xik (r)L”j0 g (e )ZZ” (r—zQ)S, (r—z2,Q)dzg, (r, Q)dQdV

1 I(r, ) -1i(r,Q,z
= an o X (r)L”I0 Degnrea) (r-zQ)dzg, (r,Q)dQdV
ik

:i L Vi'SiPi

pii Vigzik [
Zvilgsil Pikg,il
I

Vil Zie

out

To account for the contribution from the interface flux ¢, (x— y) we introduce an average
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optical path for each layer as:
6,(y)e ™ = (2, (r)e™ "5 (y-1(r,2))) (140)

where g, (y) is the density of probability that, given that the point x is inside grain i, the

distance of the trajectory from the entering pointto x is y, i.e.

6 (y)=((y-10n ), (141)

Putting the two contributions (volumetric and surface) together we have:

1 (v ;. ou
} € Ik(y)gi (y)(”o t(X_ y)dy""(”ik (142)

ou (X)=—
S pg e
Therefore, use of solution (91) yields the result:

@i (X) =9, (0) é.ﬂ e + @u (Eif — I§i£11<‘972)() + @y - (143)

The escape probabilities in this formula are given in terms of the density g, (y) as:

1 —Tik —Ti(I
Eit i '(y)gi(y)dy=<zik(r)e ( Q)>V (144)
=g —i - (¥)+Zy _ -7;(r,Q)+2I(r,Q)
Ei = b %o € 9.(Y)dY—<Zik (r)e >v

where 7, (r,Q) =1, (r,Q,1(r,Q)) is the optical distance in direction —© from point r to the

surface T9.

With the definitions of the layer escape probabilities, the layer average angular flux

corresponding to the homogeneous case, Eq. (105) becomes now

— __ A 1
P =PoEik + s (Bt — Eig)Jfg—ZVngSian?,il - (145)
ik ik |
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and the peudo cross section needed for the renormaliztion, Eg. (107), is now

N K
L= PpXg + zz PicZik Eik - (146)

i=1 k=1
Noting that Eq. (131) can be rewritten as:
b ol ShY 29 _3 (147)
X pot ZZ PiEik (B) [=PpZg + Zz PiZi Eik =2
i=1 k=1 i=1 k=1
we can represent the peusdo cross section in a simpler way as:

T=rz (148)

where the renormalization factor is defined as:

r=p,+ ZZ Pik élgk (). (149)

i=1 k=1
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7. Calculation Sequence for MOC with Double Heterogeneity

By integrating the MOC solution and the analytic solution for the heterogeneous grain, we can
now set the calculation sequence for the stochastic medium as the following:

1) calculate the collision probabilities and escape probabilities corresponding to Egs. (138)
and (144) for the grains given the cross sections and geometry

2) determine éiﬁ and X iteratively, by Eq. (131) and Eq. (144)

3) calculate B by Eg. (98) and r by Eq.(149), and ,B =rp

4) set the source in the matrix and each grain layer and obtain the asymptotic flux ¢, by
Eq. (128) and then the effective source for MOC by multiplying ¢, by X

5) update the matrix and grain layer average angular flux by Egs. (104) and (105), and
accumulate each scalar flux

6) determine FSR-outgoing current by Eq. (109)
7) move to the next FSR by using the outgoing current of the previous region

8) update matrix and grain sources using the scalar flux after the ray sweep is done for all
angles

9) repeat the MOC-DH iterations ( Steps 4-9 ) until the flux converges
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