-

View metadata, citation and similar papers at core.ac.uk brought to you by .. CORE

provided by Jagiellonian Univeristy Repository

Integr. Equ. Oper. Theory (2020) 92:8
https://doi.org/10.1007/s00020-020-2565-8 .
Published online February 11, 2020 Integral Equations
© The Author(s) 2020 and Operator Theory

®

Check for
updates

A Subnormal Completion Problem for
Weighted Shifts on Directed Trees, 11

George R. Exner, Il Bong Jung, Jan Stochel and Hye Yeong Yun

Abstract. The subnormal completion problem on a directed tree is to de-
termine, given a collection of weights on a subtree, whether the weights
may be completed to the weights of a subnormal weighted shift on the
directed tree. We study this problem on a directed tree with a single
branching point,  branches and the trunk of length 1 and its subtree
which is the “truncation” of the full tree to vertices of generation not
exceeding 2. We provide necessary and sufficient conditions written in
terms of two parameter sequences for the existence of a subnormal com-
pletion in which the resulting measures are 2-atomic. As a consequence,
we obtain a solution of the subnormal completion problem for this pair
of directed trees when 1 < oco. If n = 2, we present a solution written
explicitly in terms of initial data.

Mathematics Subject Classification. Primary 47B20, 47B37; Secondary
05C20.

Keywords. Subnormal operator, Weighted shift on a directed tree,
Subnormal completion problem, 2-Atomic measures.

1. Introduction

The class of unilateral weighted shifts on Hilbert space has been a stan-
dard and important source of examples with which to study the properties
of bounded linear operators on Hilbert space, including especially the in-
vestigation of subnormality (see [18] and [5]). A recently introduced class
of weighted shifts on directed trees provides a more extensive collection of
objects for study (see e.g., [1-3,14,15]). In [10], we initiated the study of a
subnormal completion problem for weighted shift operators on directed trees.
For a classical weighted shift, the subnormal completion problem is to be
given an initial finite sequence of positive weights and to determine whether
or not they may be extended to the weights of an injective, bounded, subnor-
mal unilateral weighted shift; such a shift is called a subnormal completion
of the initial weight sequence. It should be emphasized that the subnormal
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completion problem was initiated and solved explicitly for four initial weights
by Stampfli in [19]. Almost three decades later the problem was abstractly
solved by Curto and Fialkow in [7,8] (see also [6,9]). Relatively recently an
explicit solution for five initial weights was given in [16].

In the present paper we continue the study of the subnormal comple-
tion problem for weighted shifts on directed trees. As in [10], we restrict our
attention to the directed tree .7, ,, with a single branching point, 1 branches
and the trunk of length x, and we consider the subnormal completion prob-
lem with respect to the subtree .7, . ,, which is the “truncation” of 7} . to
vertices of generation not exceeding p. If 7 is finite and the p-generation sub-
normal completion problem on .7, . has a solution for given initial data A,
then we can always find a subnormal completion S5 such that the measures
Mf‘,p which are canonically associated with S5 at vertices of the first gener-
ation, are at most |“2%2|-atomic (see Theorem 2.2). So far as we know,
there is no solution of the p-generation subnormal completion problem on
Ty, written in terms of initial data for p > 2. The only explicit solution
is that for the 1-generation subnormal completion problem on .7, 1 (see [10,
Theorem 5.1]). In view of the above discussion, if the 2-generation subnormal
completion problem on .7, ; has a solution for given initial data A, then we
can always find a subnormal completion S5 of A on .7 ; with the property

that each measure uf:l is 1- or 2-atomic. In this paper we provide necessary
and sufficient conditions written in terms of two parameter sequences forA A
to admit a subnormal completion S5 on 7,1 with 2-atomic measures NE\,1~
As a consequence, we solve the 2-generation subnormal completion problem
on J, 1 for n < oo. The results, taken as a whole, suggest that a complete
answer to the subnormal completion problem even for this class of directed
trees is at present out of reach.

The paper is organized as follows. In Sect. 2, we provide notation, ter-
minology and results that are needed in this paper. In Sect. 3 we carry out an
in-depth analysis of the first two “negative” moments of the Berger measure
associated with the Stampfli completion of three increasing weights to the
weight sequence for a subnormal unilateral weighted shift (see Lemma 3.6).
In Sect. 4 we state and prove the solutions of the 2-generation subnormal
completion problem on 7, 1 with 2-atomic measures (the case n = oo is in-
cluded, see Theorem 4.1) and without any restrictions on supports of the
associated measures (only for < co; see Theorem 4.2). In view of Proposi-
tion 4.4(iii), to solve the problem with 2-atomic measures we have to compute
the infimum of a quadratic form in 7 variables subject to some constraints.
In Sect. 5 we give a solution of the 2-generation subnormal completion prob-
lem on % ; with 2-atomic measures written entirely in terms of the initial
data (see Theorem 5.2). This confirms the scale of the complexity of this
problem.
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(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3)

(3,1) (3,2) (3,3)

FIGURE 1. An illustration of the directed tree .7, ,

2. Preliminaries

In this section we sketch briefly the notation and results necessary for the
present discussion, but the reader is encouraged to consult [10] for a consid-
erably more complete presentation.

Given a complex Hilbert space H, we denote by B(H) the C*-algebra
of all bounded linear operators on H. Recall that an operator T € B(H) is
said to be subnormal if there exists a complex Hilbert space K containing H
and a normal operator N € B(K) such that Th = Nh for all h € H. We
refer the reader to [4,5,12] for the foundations of the theory of subnormal
operators.

Denote by Z4, N, R, Ry and C the sets of nonnegative integers, posi-
tive integers, real numbers, nonnegative real numbers and complex numbers,
respectively. Set Ny = {2,3,4,...} and Ny = Ny U {oo}. Define .J, by

J,={keN: k <} for v € Zy U{oo},

using the convention that Jy = @. We write card(X) for the cardinality of a
set X. In what follows, J, stands for the Dirac Borel measure on R, at the
point z € R. The closed support of a Borel probability measure p on R is
denoted by supp pu.

A pair 4 = (V, E) is a directed graph if V' is a nonempty set and F is
a subset of V x V. A member of V is a vertex of ¢, and an element of F
is called an edge of 4. For u € V, we set Chi(u) = {v € V : (u,v) € E}.
A member of Chi(u) is called a child of u. A vertex v of 4 is called a root
of 4, which we may also write as v € Root(¥), if there is no vertex u of
% such that (u,v) is an edge of 4. We set V° = V \ Root(¥). We say that
T = (V,E) is a directed tree if 7 is a directed graph, which is connected,
has no circuits and has the property that for each vertex u € V' there exists
at most one vertex v € V, called the parent of u and denoted here by par(u),
such that (v,u) € E. The reader is referred to [15,17] for more information
on directed trees needed in this paper.

We will consider a certain class of directed trees with a single branching
point obtained as follows: given n € Ny and x € N, we define the directed
tree 7, = (Vi.r, En.i) by (see Fig. 1):
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(1,1) (1,2) (1,p)

—e
—&  —(k—1) (2,1) (2,2) (2,p)
*——0— — 9
(3,p)

FIGURE 2. An illustration of the directed tree 7, . p,

Vow ={-k:keJ}u{0}u{(:j):ieJ,,jeN}
By = Ex0{(0,(6,1)) si € Jyy U{((i,4), (5,5 + 1)) si € Jy,j € N},
E.={(-k,—k+1): ke J.}
Define as well a subtree of .7, , on which we may be given “some of” the
weights of a proposed shift as initial data: for n € Ny, k € N and p € N| let
the directed tree I, .. p = (V3 k.p, En.iep) be defined by (see Fig. 2)
Vowp =1—k: ke J3U{0}U{(i,j) 1€ Jy,J € Jp},
Eywp=E.U{(0,(i,1)) i € J} U{((4, ), (i,5 + 1)) 11 € Jy,j € Jp—1}-
Given a directed tree 7 = (V,E), let £2(V) be the Hilbert space of

all square summable complex functions on V' equipped with the usual inner
product. The family {e, },ev defined by

1 ifov=
cw)y=9 PN ey,
0 otherwise,

is clearly an orthonormal basis of £2(V). Given a system A = {\, }yevo C C,
we define the operator Sy in £2(V) by Sxf = Az f for f € £2(V) such that
Az f € £2(V), where Az acts on functions f: V — C via

Ay - f(par(v)) ifveVe,
0 if v is a root of 7.

(A7 f)(v) = {

We call Sy the weighted shift on the directed tree J with weights {A, }oevo.
Throughout this paper it is assumed that the resulting operator Sy is
bounded (see [10] or more generally [15] for an approach suitable even for
unbounded shifts, and for discussions of when Sy is indeed bounded). If
Sy € B(£%(V)), in view of [15, (3.1.4)], one may more easily express Sy by

Sxey = Z Av€y.
veChi(u)

(We adopt the convention that ) . x, = 0.) The weighted shifts desired
are those which are subnormal operators. According to [15, Theorem 6.1.3
and Notation 6.1.9], the following assertion holds.
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Sx € B({3(V)) is subnormal if and only if for any u € V, there
exists (a unique compactly supported) Borel measure on R, denoted
by p, such that

(2.1)
IS3eul? = [ edid(o). nez..
JRr,

The characterizations of subnormality of Sy on the directed tree .7, ,; can be
found in [15, Corollary 6.2.2].

Matters are in hand for the statement of the fundamental problem con-

sidered Let .7 = (V, E) be a subtree of a directed tree .7 = (V, E) and let

={\ }UGVO be a system of posmve real numbers. We say that a weighted
shlft S5 on 7 with weights A = {/\ boepo € (0,00) is a subnormal com-
pletion of A on 7 if S5 € B(2(V)), A C A, e, Ay = A, forall v e VO,
and S5 is subnormal. If such a completion exists, we may sometimes say X
admits a subnormal completion on 7. The subnormal completion problem for
(7, T ) consists of seeking necessary and sufficient conditions for a system
A = {\ }oeve C (0,00) to have a subnormal completion on 7.

Following [10], the subnormal completion problem for (.7, . p, Ip.x)s
where p € N, is called the p-generation subnormal completion problem on
Ty (sometimes abbreviated to p-generation SCP on 7, ). In this particu-
lar case, our initial data takes the form

A={N}tveve, = {A=kt1,- - Aot U{ i ties, U U{iplies,

The following result, which gives the measure-theoretic way of solving
the p-generation subnormal completion problem on .7, ., is a consequence of
[10, Lemma 4.7 and Theorem 4.9].

Lemma 2.1. Suppose n € No, k,p € N and XA = {)‘”}UGVn",n,p C (0,00) are
given. Then the following conditions are equivalent:
(i) A admits a subnormal completion on F, .,
(ii) there exist Borel probability measures {p;};_, on Ry which satisfy the
following conditions:

n+1

/ s"dp; (s H ALy nEJy1, i€y, (2.2)
Ry
o 1
Soa / Ldils) =1,
i=1 + 5
ixil/ %dui( ) = % k€ Je1, (2.3)
i=1 Ry S H] —0 A2
n

1 1
ZA%/ ——dpi(s) € =, (2.4)
i=1 + sttt HJ 0 )\2
Sup sup supp p; < oo. (2.5)
ield,

Moreover, if {j;}]_, are as in (ii), then there exists a subnormal completion
S5 of A on T, . such that ,uf:l = p; for alli e Jy.
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In [10, Theorem 5.1] we gave an explicit solution of the 1-generation
subnormal completion problem on .7, ; written in terms of initial data. As
shown in [10, Theorem 6.2], the 1-generation subnormal completion problem
on , ., where k € N, reduces to seeking necessary and sufficient conditions
for a system A = {A, }oeve, | C (0,00) to have a 2-generation flat subnormal

O

completion on .7, .. It was also proved in [10, Theorem 8.3] that the problem
of finding a p-generation flat subnormal completion on .7, .. can be solved
by using the well-known solutions of the subnormal completion problem for
unilateral weighted shifts given in [6-9,16,19]. However, in most cases these
solutions are not written explicitly in terms of initial data. This means that
we have no explicit (i.e., written in terms of initial data) solution of the
p-generation subnormal completion problem on .7, . for p > 2, even when
k = 1. It is the right moment to make the following important observation
which is implicitly contained in the proof of [10, Theorem 7.1].

Theorem 2.2. Suppose € Na, £,p € N and A = {A}veve, | € (0,00)

are given. If X admits a subnormal completion on 7, ., then it admits a
subnormal completion S5 on 7, . such that

n—i—p—i—QJ
2 )
where |z] =min{n € Zy:n <z <n+1} forz € Ry;.

card(suppufjl) < L i€ Jy,

Proof. Applying [6, Theorems 5.1(iii) and 5.3(iii)] and arguing as in the proof
of the implication (iii)=-(iv) of [10, Theorem 7.1], we may assume without
loss of generality that for every i € J,, the measure p; appearing in the
proof of the implication (iv)=-(v) of [10, Theorem 7.1] satisfies the following
condition:

2
card(supp p;) < {%J and supp p; C (0, 00).
Next, by arguing as in the proof of the implication (iv)=-(v) of [10, Theorem
7.1], we get a subnormal completion with the desired property. O

It follows from Theorem 2.2 that if 7 € Ny and the 2-generation sub-
normal completion problem on 7, ; has a solution for a given data A =
{Atveve, , € (0,00), then one can always find a subnormal completion S5

of X on 7,1 with the property that each measure /1?:1 is 1- or 2-atomic.

3. Preparatory Lemmas

One of the goals of this paper is to explore when initial data A = {/\v}vevﬁ1 ,
on 7,12 admits a subnormal completion S5 on .7, 1 such that each of the

measures 2, (see (2.1)) is 2-atomic (under present circumstances, the mea-

sures ﬂf‘,1 may be taken to be 1- or 2-atomic due to Theorem 2.2). We first re-
quire some background on the Stampfli completion of three increasing weights
to the weight sequence for a subnormal unilateral weighted shift (cf. [19]).
In [19] the author gives an explicit construction of the completion of an
initial finite sequence of three weights x,y, z satisfying 0 < x < y < z to the
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A1 A1,2

Ao A2,1 A2,2

>\n,1 >\n,2

FIGURE 3. An illustration of a 2-generation SCP on .7
with Ao, {\i;1}ies, and {Ai2}ics, as given data

sequence of positive weights {a,, }2, for a (bounded, injective) subnormal
unilateral weighted shift W,. This includes a construction of the associated
Berger measure of W, (i.e., a unique Borel probability measure & on R, such
that for any n € N, 7, 1= a3. fR t"d£(t)), which turns out to
be 2-atomic. The completion sequence {an}nzo, which is called the Stampfii
completion of (x,y, z), is customarily denoted by (z,y, 2)"; it is known that
the moment sequence {7,}22, (with 9 = 1) for W, satisfies a recursion.

nl

Definition 3.1. The Berger measure of W, will be called the Berger measure
associated with the Stampfli completion (z,y,2)" of (x,y,2) and denoted by
ga:,yiz-

One may see [6-8] for an alternative approach to these same results. We
note also that one may consider the cases 0 < x < y = z (yielding a 2-atomic
measure with an atom at zero) and 0 < = y = z, and this last case yields
a completion whose Berger measure is 1-atomic.

Our technique will be to try to choose y; and z;, which will become
respectively )\Z 3 and )\Z .4 of the completion Sy, in such a way that the Berger
measures associated to (z;, y;, z;)" will become the ul,l and have good proper-
ties (and of course they will automatically be 2-atomic). Figure 3 summarizes
the task and our notation.

We begin by calculating the first two “negative” moments of the Berger
measure associated with the Stampfli completion (z,y, 2)" of (z,y, z).

Lemma 3.2. Suppose that (z,y,z) € R are such that 0 < x <y < z. Then

1 xt — 2229?4222 1
[ stenato =" -1
Ry S

ny(ZZ_y2) €T 22\ 22
and
L, a4yt et (Y 4 22°%) + 2Pyt - PR
. D) ‘Ewy,()_ x4(y37y22)2
N
2 4 2 2 4 2 2
T R R et I
_g y2 [ 22 42\ 2 . (3)
L5 -5%)
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Proof. To simplify notation, set { =&, , .. By [7, Example 3.14], we have
5 = p(sSo + (1 - p)6817

where p = S22 sy = (g — /U +4d) and s1 = 3 (1 + /BT +400)
with g = —x2y? Zz:zz and ¢, = 7> fjj:;z Straightforward computations
now yield (3.1) and (3.2). O

Next we investigate the function f which comes from the expression
appearing on the right-hand side of the second equality in (3.1).

Lemma 3.3. Let [ be a real function on 2 = {(u,v) € R*: v > u > 1}

given by
1—2u+uv
f(u,v)—m, ('LL,'U)E.Q
Then f(£2) = (1,00) and for any (u,v) € 2 and r € (1,00),
_ 2
flu,v) =r if and only if v = 1(7%# (3.3)
Further, for any u € (1,00), the map @, : (1,00) — (u,00) defined by
1 —2u+ru’
= - 1 .4
pulr) = T2 e (1,00) (3.4

is a bijection.

Proof. Tt is a routine matter to verify that for any u € (1, 00), the function
©y 18 a well-defined bijection from (1, 00) to (u, 00). Clearly, the function f is
well defined. Since (u, @, (r)) € 2 and f(u, p,(r)) = r for all r € (1, 00) and
u € (1,00), we deduce that (1,00) C f(£2). Next, a simple argument shows
that f(£2) C (1,00), so f(£2) = (1,00). It is a computation to show that (3.3)
holds. O

Corollary 3.4 below provides more information on the behavior of the
first “negative” moment of the Berger measure appearing in Lemma 3.2.

Corollary 3.4. Let x,y € R be such that 0 < x < y. Then for any z € (y, 00),
there exists a unique r € (1,00) such that

1 1
/]RJr ;dfx’yﬁz(s) = 7’?. (35)
Conversely, for any r € (1,00), there exists a unique z € (y,00) such that
(3.5) holds; the number z is determined by the formula v = @, (r) with u = z—z
and v = i—z

2
Proof. Making the substitutions u = % and v = ;—2, we see that (u,v) € £2

and
) V222 w2y

2\ g2 2

1 [1-—24 4521
22

Now applying Lemmas 3.2 and 3.3 completes the proof. O
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The expression on the right-hand side of the second equality in (3.2)
leads to the function g which appears in a lemma below. The proof of this
lemma follows from straightforward computations via Lemma 3.3. The details
are left to the reader.

Lemma 3.5. Let §2 be as in Lemma 3.3 and g be a real function on {2 given by

“l4u-v’+u+20+u—4u-v
2 b

g(u,v) = (u,v) € Q2.

u(v —u)
Forr € (1,0), let h, be a real function on (1,00) defined by

he(u) = g(u, 0u(r)), u € (1,00),

where @, is as in (3.4). Then the following statements hold for each r €
(1, 00):

(i) he(u) = 222570 e (1,00),

) limy, 14 Ay (u) = 00,
(iii) limy— oo by (u) = 12,
(iv) hr((1,00)) = (r?,00) and hy: (1,00) — (r?,00) is a bijection.

Putting together the last three lemmas, we obtain the following crucial

lemma.

Lemma 3.6. For any (z,y,2) € R3 such that 0 < x < y < z, there exist
r, ¥ € (1,00) such that

1 1
/R ) =1 (3.6)

1
/R S—Qdfm,%z(s) =9r°—. (3.7)

Moreover, for any = € (0,00) and any r,9 € (1,00), there exists (y,z) € R?
with © <y < z satisfying (3.6) and (3.7).

Proof. Assume (z,y,2) € R3 is such that 0 < # < y < z. Set u = Z—j and
v = ;—z Then (u,v) € 2. By Lemma 3.3, r := f(u,v) € (1,00) and v = ¢, (r),
S0
1 3.1) 1 1
/R+ ;dgz,y,Z(S) = Pf(uav) = 7"?,
which gives (3.6). In turn, by Lemma 3.5(iv), h,(u) € (r2,00) and
1 (3.2) 1 1
/]R+ Sﬁdfx,y,Z(S) = FQ(%U) = ﬁh,«(u),

which implies that (3.7) holds for some ¥ € (1, 00).

Suppose now that z € (0,00) and 7,9 € (1,00). Since ¥7r? € (12, 00), we
infer from Lemma 3.5(iv) that there exists u € (1,00) such that h,(u) = 9 2.
Set v = @y (r). Then (u,v) € {2 and

9(u,v) = hy(u) =97 (3.8)

1In view of Lemma 3.3, the definition of h, is correct.
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Setting y = xv/u and z = z/v, we see that 0 < z < y < z and
1 (3.2) 1 (3 8)
/ 7d§x,y,2(5) = jg(uvv) Ir’—
Ry S x
which gives (3.7). Since v = ¢, (r), we have
1 3.1) 1 1 .
[ St 0 = i) e

X

which implies (3.6). O

4. The 2-Generation SCP on .7, ;

We begin by solving the 2-generation subnormal completion problem on .7, ;
with 2-atomic measures (the case n = oo is included).

Theorem 4.1. Suppose 1 € No, k = 1, p =2 and XA = {N} U {N1}/_, U
{Xi2}, € (0,00) are given. Then the following statements are equivalent:

(i) A has a subnormal completion S on 7, 1 such that each measure ,uf:l

18 2-atomic,
(ii) there exist sequences {r;}._;, {19}7’ C (1,00) such that
19{1]
sup 7/\1 < 00, 4.1
ies, (0i = 1)ri " )
S r& =1, (4.2)
i=1 Ai’2
n )\2 1
9ir2 L < 4.3
2 i <3 (43)

Moreover, if (i) holds, then ,uf:l({O}) =0 for alli € J, and

) n )\12 n )\2 n ) )
A< Z% i’ N, e, < DN <swp Al (44)
i=1 "%2 i=1 v

Proof. We concentrate on proving the case when n = co. If n < oo, the proof
simplifies. In particular, the statement (4.1) can be dropped.
(i)=(ii) Let S5 be a subnormal completion of A on .7 ; such that each

measure fi; 1= uf:l is 2-atomic. It follows from [15, Corollary 6.2.2(ii)] that

ad 1

St [ St =1, (45)
=1 =+

3 A2 d ! 4.6
Z 7,1 R, /’(‘1( ) )\2 ( . )
=1

Applying (2.1) to u = e;1 and using the Berger-Gellar—-Wallen theorem (see
[11,13]), we deduce that for every i € N, the unilateral weighted shift W,
with weights a() = {); ,412}5%, is subnormal and p; is the Berger measure
of Wy . It follows from (4.5) that p; cannot have an atom at zero. Hence



IEOT A Subnormal Completion Problem. .. Page 11 of 22 8

each p; has two atoms in (0,00). As a consequence, \; o < 5\,-73 < 5\1-,4 and
Hi = &5, 5 .4,, forevery i € N (see [10, Lemma 2.3] and [7, Example
3.14, Theorem 3.9(iii)], respectively). Applying Lemma 3.6 to x = x; := A, 2,

Yy =y = N3 and 2 = 2 := Aj4, we deduce that there exist sequences
{ri}52; € (1,00) and {¥;}2, C (1,00) such that
1 1
/ —dpi(s) = ri~5—, 1€N, (4.7)
Ry S )‘m
1 2 1 .
S—Qdui(s) =97 YR eN. (4.8)
R4 7,2

According to the proof of Lemma 3.6, the sequences {r;}3°, and {;}°, are
constructed via the following process:

Yi = Ti/ Ui, 20 = Ti/Ui, 0; = oy, (17) and h,, (u;) = ﬁirf forie N,
where 0 < z; < y; < z; and 1 < u; < v;. (4.9)

(Recall that by Lemmas 3.3 and 3.5, the functions ¢,,: (1,00) — (u;,0)
and h,,: (1,00) — (r2,00) are bijections.) Combining (4.5) with (4.7), we
obtain (4.2). In turn, (4.6) and (4.8) imply (4.3). To get (ii), it remains to
prove (4.1).

For this, we show that under the circumstances of (4.9) the following
assertion holds:

Viry — 1
Z i= supsupsupp &y, y.. < 00 &= supr;———— < o0o. (4.10)
ieN ien (i = ry

Indeed, according to [7, Example 3.14], we have

1 .
SUP SUPP Ex; iz = 5 (1/11,z‘ + /3 + 41/10,1‘)7 ieN, (4.11)

—y? .
where o ; = —z7y? ;2_%2 for i € N and
2 .2
2% — &7 (49 o vi—1
1/]1774 yzy%*l'? 7 ’L’U,ifl’ ( )

Since v < 0 and 97 ; + 4thg; > 0 for every i € N, we deduce from (4.11)
that

5 <00 < supy,; < oo. (4.13)
ieN

By (4.9), hy,(u;) = 9;r? for all i € N, so Lemma 3.5(i) leads to
1—2r; + 9,772

Using the identity v; = @, (r;) and (3.4), we get

(u; — 1)(rju; — 1)

ieN. (4.14)

v —1= . GieN. 415
(ri = Duy (4.15)
Combining (4.12), (4.14) and (4.15), we see that
x? Wi — 1
g = — ui— 1) =2f ————— €N
Y1, Ti_l(ru ) = a; W=, i€
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This together with (4.13) yields (4.10). It follows from [15, Eg. (6.3.9)] that
Z < 00. Hence, by (4.10), (4.1) is satisfied, which shows that (ii) holds.

(ii)=-(i) Suppose now that (ii) holds. Applying the “moreover” part of
Lemma 3.6 to © = z; := \;2, r = r; and ¥ = ¥;, we deduce that for every
i € N, there exists (y;, 2;) € R? with x; < y; < 2; such that (4.7) and (4.8)
hold with u; = §xz,yz,zz According to the proof of Lemma 3.6, the sequences
{yi}$2; and {z;}32, are constructed via the procedure (4.9). It follows from
(4.1) and (4.10) that

Sup sup supp p; < 0. (4.16)
ieN

Since in general fR+ sd&, .- (s) = 2% whenever 0 < z < y < 2, we get

/ sdui(s) = A}y, i €N. (4.17)
Ry '
It follows that
ZA?J/ —dpi(s) “n T )\2’1 = 1, (4.18)
i=1 Ry § i=1 1,2

A2 43) 1
wlg (4.19)
)‘1,2

X 2°
)‘O

> 1 (4.8) —
ZA?,I/ —dupi(s) = Zﬁﬂ“?
i=1 Ry S i=1

Putting together the conditions (4.16), (4.17), (4.18) and (4.19), and applying
Lemma 2.1, we conclude that A has a subnormal completion S on 300 1 such

that /% 1 = i = &gy i,z Tor every i € N. As a consequence, each ul 1 is 2-
atomic, which gives (i).
Now we prove the “moreover” part. Suppose (i) is satisfied. The fact that

121 ({0}) = 0 for every i € N is a direct consequence of [10, Theorem 3.5(i)].
Notice that the second inequality in (4.4) follows from (4.3) while the third
and the fourth can be deduced from (4.2). Thus, it remains to prove the first
inequality in (4.4). It follows from [10, Theorem 4.9(i)] that A§ < >°72; A7 .
Suppose, to the contrary, that A§ = ».7°; A?,. Then, by the “moreover”
part of [10, Propositon 7.6], we see that Mf‘@ = ¢, for every i € N with ¢ =

>oi2y A7y, which contradicts our assumption that each u;i’l is 2-atomic. [

Now we are ready to solve the 2-generation subnormal completion prob-
lem on 7, for n € Ny without any restrictions on the supports of the re-

sulting measures 1.

Theorem 4.2. Suppose n € Ny, k = 1, p =2 and XA = {Xo} U { N1}, U
{Xi2}, C(0,00) are given. Then the following statements are equivalent:
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(i) A has a subnormal completion S5 on T 1,
(ii) there exists a sequence {r;}]_, [1 o0) such that

U /\2
el 4.20
7"1/\22— ; (4.20)
=1 v
L ! {é)\lg if i =1 for every i € J,,,

< %3 if r; > 1 for some i € J,.

(4.21)

i=1
Moreover, if S5 is a subnormal completion of X on 7, 1 such that each mea-
sure uf‘,l is 1- or 2-atomic, then (4.20) and (4.21) hold for some {r;}]_; C
[1,00) such that

r; = L(resp. r; > 1) if and only if uél is 1-atomic (resp. 2-atomic). (4.22)

Conwversely, if (ii) holds, then X admits a subnormal completion S5 on 1
which satisfies (4.22).

Proof. In view of Theorem 2.2, the statement (i) is equivalent to the fact that
A admits a subnormal completion S5 on Iy such that each measure ,uiﬂ is
1- or 2-atomic. Hence, in the proof of the implication (i)=-(ii), we can define
the partition (A, B) of J, as follows

A= {i€Jy:p}, is l-atomic} and B = {i € J,: pi}, is 2-atomic}.

By [15, Corollary 6.2.2(ii)] the measures u; = ,uzhl, i€ Jy, satisfy (2.2)-(2.4)

with Kk =1 and p = 2. If B = &, then it is easily seen that uz L = 5;\2 for
every i € J,, and so (4.20) and (4.21) hold with r; = 1 for all¢ € J,. If B 7é o,
then by comblnmg reasonings used above and in the proof of the 1mphcat10n
(i)=(ii) of Theorem 4.1, we get two sequences {r; };ep, {?: }icp C (1, 00) such

that
)\21
Z 5ot iy = (4.23)
i€A 1 i€B 22
A2, ) 1
Z A +) ir fA; Ve (4.24)
zGA 1€B

Since ¥; > 1 for any ¢ € B, we see that (4.23) and (4.24) imply (4.20) and
(4.21) with r; = 1 for i € A. Putting all of this together yields (ii) and (4.22).
To prove the converse implication (ii)=(i), we will define the family
{ui}ics, of Borel probability measures on R satisfying (2.2)-(2.5) with x =
1 and p = 2. First, we define the partition (A", B") of J, by
A'={ie Jy;:ri=1}and B' = {i € J,: r; > 1}.
If B" = @, then the probability measures y; = 02 , i € Jy, satisfy (2.2)-
(2.5). If B’ # @, then we proceed as follows. By (4.21) there exists 7 € (1, 00)
such that
)‘221 2 z 1
> T > = (4.25)

icA! A2 ien’ 1 2
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1 V3

FI1GURE 4. Mixed completions discussed in Example 4.3

If i € A’, then we set y; = 6/\2 If ¢ € B’, then we define u; as in the proof

of the implication (ii)=-(i) of Theorem 4.1 with ¥; = 7. As in that proof, we
verify that

/ sdpi(s) = )\?)2, ieJy,
R+

n
1 21 (420)
E A2 “du;(s) = § =
171\/11% s 2 (S) )\ a

i=1 + ieA' .2 jeB
n
1 (4.25) 1
2 o 2 zl
E )‘131/ S—Qdui(s) = i g 0415 X, < e
i=1 R+ zeA’ 2 jep 0

Hence (2.2)—(2.5) hold. Now, by applying Lemma 2.1, we conclude that X has
a subnormal completion Sy on .7, ; such that ,ug\J = p; for every i € J,), which
gives (i). Clearly, the measures {7, : i € A’} are 1-atomic while the measures

{Nf‘,ﬂ i € B’} are 2-atomic. This completes the proof of the “moreover” part
and the proof of the theorem. O

It follows from Theorem 4.2 that the 2-generation subnormal completion
problem on .7, ; may have a solution admitting simultaneously 1- and 2-
atomic measures. Below we give an example showing that the problem on
51 may have a solution of this kind with distinct atoms.

Ezample 4.3. Consider the 2-generation subnormal completion problem on
T51 with the initial data A = {Xo} U {\;1}72; U{Ni2}?_; C (0,00), where
Ao € (0,00) is arbitrary and the remaining weights are given by (see Fig. 4)

)\11:)\21:1,)\12:\/§and)\22:\/§.

We are looking for Ao for which A admlts a subnormal completion S5 on

T 1 such that ul 1 is 1-atomic while u2 1 is 2-atomic, and all these atoms are
dlfferent In view of [10, Theorem 4.9], any subnormal completion S5 of the
above X on % ; comes from compactly supported Borel probability measures
w1 and po on Ry which satisfy the following conditions
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2 ifi=1
dui(s) = N2, = ’ 4.26
/R+s M(S) 1,2 {3 ifi=2, ( )
1 1
/ ~du1(s) —|—/ —dus(s) =1, (4.27)
R, S R, S

1 1 1
/ —dpui(s) +/ —du2(s) < 5. (4.28)
R, S Ry S A

Let pq and po be Borel probability measures on R, given by
1 1
p1 =90, and o = §5y + 5(2.

It is a matter of routine to verify that p;, and ps with z = 2, y = 3 — /3
and z = 3 + /3 satisfy (4.26) and (4.27). Hence (4.28) holds if and only if
A2 < %, meaning that for such A\g’s the corresponding A admits a subnormal
completion on 75 ; with the desired properties.

If n € Ny, Theorem 4.1 takes a much simpler form which is a direct
consequence of Theorem 4.2.

Proposition 4.4. Suppose n € No, k =1, p=2 and A = {Xo} U{ N1}/, U
{Xi2}, C(0,00) are given. Then the following statements are equivalent:

(i) A has a subnormal completion S on 71 such that each measure uf"l

18 2-atomic,
ii) there exists a sequence {r;}/_, C (1,00) such that
q i=1
7 )\21
Zri/\;’ =1, (4.29)
=1 1,2
n )\2 1
2 Vi, 1
ri—— < 5, (4.30)
2 <%
2

(i) —oo < B(n) < %8’ where

TN TN
B(n) := inf {Z r? )\Zl :{ri}l, € (1,00) and Z”ATJ = 1}. (4.31)
i=1 ’L’,2 i=1 7,2

Below we discuss the 2-generation SCP on .7, 1 with 2-atomic measures
under some constraints. Let us suppose temporarily that n € Ny. According
to the “moreover” part of Theorem 4.1, if S is a subnormal completion of

A on J, 1 such that each measure ,uf:l is 2-atomic, then there exists ¢ € J,
such that 337 | A2 < A7, (use the fourth inequality in (4.4)). If the last
inequality holds for all ¢ € J,), then the solution of the 2-generation subnor-
mal completion problem on .7, 1 with 2-atomic measures takes a simple form.
Namely, the first inequality in (4.4), which is a necessary condition for solving
the 2-generation subnormal completion problem on .7, 1, now becomes suf-
ficient (see Corollary 4.5(ii) below). It is worth pointing out that in general

2We adhere to the convention that inf @ = —oo; in particular, —co < 3(n) means that the
set in (4.31) is nonempty.
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the inequality A§ < >-7_; A7, holds whenever the p-generation subnormal
completion problem on .7, . has a solution (see [10, Theorem 4.9(i)]).

Corollary 4.5. Suppose 1 € No, k = 1, p =2 and A = {Xo} U{ N1}/, U
{Xi2}, C(0,00) are given. Assume that

SN <A, i€y (4.32)

j=1
Then the following statements are equivalent:

(i) A has a subnormal completion S5 on ;1 such that each measure uf:l
18 2-atomic,
(i) A§ <>, )‘?,1-

Proof. (1)=-(ii) This is a direct consequence of the first inequality in (4.4).
(i))=(i) Define {r;}}_, C (1,00) by
Ao .
T, = 77772, 1€ JW' (433)

=151

It is easily seen that with this choice of {r;}/_; the Eq. (4.29) holds. Since

i l 1 (4.33) 1 (ii) i
A T TN

we obtain (4.30). Applying Proposition 4.4 completes the proof. O

Remark 4.6. In view of Proposition 4.4(iii), if n € Ny one may create many
sufficient conditions for solving the 2-generation subnormal completion prob-
lem on .7, ; with 2-atomic measures. The procedure goes as follows. First, we
look for a sequence {r;}ics, C (1,00) satisfying the Eq. (4.29). Second, we

2)‘11
=1 z)\4

appearing 1n (4.30). Finally, we require the value so obtained to be strlctly
less than

substitute this particular choice of {r;};cs, into the expression ) !

)\2

It is worth mentioning that the procedure described in Remark 4.6 has
been applied in the proof of Corollary 4.5 (see (4.33)). Below we give a few
more examples illustrating this procedure.

Corollary 4.7. Suppose n € No, k = 1, p =2 and A = {Xo} U{Ni1}]_; U
{Xi2}, € (0,00) are giwen. Then A has a subnormal completion S on

Ty such that each measure /1?:1 is 2-atomic provided any of the following
conditions holdS'

: n 2 ATy no A2\2
(i) 11)\2 L <1 and A§ 11>\4 <( ilrz’),

(ii) 77)\ <)\2 for each i € J, and)\o 21)\2 <n?,

2
(iii) 112] 1)\2 <1 for eachi € J, and N3 3. 1)\2 )\4 <( ;7:1)\%2>
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Proof. Apply Remark 4.6 to

1 14 1 1
Ti= = r, = an T = 577
n AL A
1 ,\éi n Aia 1 Z] 1 ,\2
in the cases (i), (ii) and (iii), respectively. O

The above discussion can be applied to solve the 1-generation subnormal
completion problem on .7, ; with 2-atomic measures.

Corollary 4.8. Suppose 1 € No, k =1, p=1and X = {\}U {1}, C
(0,00) are given. Then the following statements are equivalent:
(i) A has a subnormal completion S5 on Fy1 such that each measure ,uf:l

18 2-atomic,
(i) AF < 220 A7
Proof. (i)=>(ii) Let S5 be a subnormal completion of X on .7, ; such that each
measure :“z,l is 2-atomic. Then clearly this Sy is a subnormal completion of
AU {5\1-,2}1-61" on 7, 1. Hence, by the condition (4.4), (ii) is valid.
(i))=-(i) Choose any sequence {\;2}. ; C (0,00) that satisfies (4.32).
By Corollary 4.5, AU {)\iﬁg}ie]ﬂ has a subnormal completion S5 on 1 such

that each measure /%?‘,1 is 2-atomic. As a consequence, this Sy is a subnormal
completion of XA on 7,1 as well. O

In concluding this section, we consider the 2-generation subnormal com-
pletion problem on .7, ; from the point of view of the condition (4.32).

Remark 4.9. Suppose that n € No. Let us consider the situation in which we
are given initial data X = {Ao} U {1}/, U{ N2}, C (0,00) on J, 1,2
satisfying the equations

)\i)g = )\1727 1€ J77'

Notice that under the above assumption, if A admits a subnormal completion
on 7, 1, then it admits a 2-generation flat subnormal completion on .7, ; (see
[10, Theorem 8.3]), and any 2- generation flat subnormal completion Sy of A
on J,1 has the property that ,uz ] = ,ul , for all i € J, (apply (2.1) to
U= 6171) Below, we discuss a few cases related to the condltlon (4.32).

1° If )\%,2 <>r, )\?’1, then there is no completion of the sequence

AL2

s

to a subnormal unilateral weighted shift, because it is well known
that a subnormal unilateral weighted shift is hyponormal and so its
weights must be monotonically increasing. Therefore, by [10, Theo-
rem 8.3(iii)] there is no subnormal completion of X on .7, 1
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2° If A\f, = X271 A7, then the “moreover” part of Theorem 4.1 shows
that there is no subnormal completion S5 of A on 7, with 2-
atomic measures uél since we lack the third inequality in (4.4).
Alternatively, we may use the “moreover” part of [10, Proposition 7.6].

3° If AT, > D071 1 A7) and A§ < X074 A7, we may apply Corollary 4.5
to deduce that there is a subnormal completion Sg of A on 7, 1 with
2-atomic measures ,uf‘l.

4° If )\%72 > Z?:l )\1‘2,1 ar;d A2 = )\21 we may apply the condition
(4.4) of Theorem 4.1 to deduce that there is no subnormal completion
S5 of A on .7, 1 with the uil 2-atomic. Alternatively, again using
the “moreover” part of [10, Proposition 7.6] we may deduce that
the measures ,uil for any subnormal completion S5 of A on .7,
(provided it exists) must be 1-atomic.

5. An Explicit Solution of the 2-Generation SCP on 7 ;

In this section we give necessary and sufficient conditions for solving the 2-
generation subnormal completion problem on % ; with 2-atomic measures
explicitly in terms of the initial data. In view of Proposition 4.4(iii), the
solution of the 2-generation subnormal completion problem on .7, ; with 2-
atomic measures reduces to computing the infimum £(n) of the quadratic

form 77, 22 o subject to the constraints that {r;}/_; C (1,00) and

)\4
7 2
>orgst =1
T 2
i=1 4,2

This task is complicated. The main difficulty comes from the requirement
that the numbers r; should belong to the open interval (1,00). Even in the
case of n = 2, there are three different formulas for the infimum depending on
weights in question (see Theorem 5.2 below). However under some additional
restrictive assumptions, the infimum of the above quadratic form can be
computed explicitly.

Proposition 5.1. Let n € No, {a;}]_; C (0,00) and {b;}]_; C (0,00). Then
mi a2 LY C (0, 00 E : P R S
n { Zl b”ﬂl ' {rl i=1 = (0? ) and £ Qa;Tq 1} 7]71 ‘Z? . (51)

2
Moreover, if " b—” b—’ for every i € Jy, then

=1

n n
1
min{Zbirf: {ri}]_, € (1,00) and Zairi = 1} == (5.2)
i=1

i=1 i=1 7,
In both cases the minimum is attained for
1 .
r, = W, 1€ Jn. (53)
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Proof. Suppose {r;}!_; C (0,00) and Y7, a;r; = 1. It follows from the
Cauchy—Schwarz inequality that

7 " a T2 1/2 , n 1/2
=Y ar =3 G Vi< <z f> (Zbirf) |
=1 i=1 i =

Therefore, we have

Zbr > 7 (5.4)

i

'le

Substituting {r;};_; as in (5.3) shows that the inequality in (5.4) becomes
equality. This proves (5.1). The condition (5.2) is a consequence of (5.1). O

As shown below, a solution of the 2-generation subnormal completion
problem on .7 ; with 2-atomic measures can be written entirely in terms of
the initial data. This is done by computing the infimum 3(2).

Theorem 5.2. Suppose 1 = 2, £ = 1, p = 2 and X = {Xo} U {N1}2, U
{Xi2}7y C (0,00) are given. Then X has a subnormal completion S5 on
Fa1 with 2-atomic measures uil and 13, if and only if B(2) < /\ig and
1 < 7, where

(a1—az)’+aibs ifa <1

a%bl
B(2) = ﬁ ifl<o<r,
(52*121)2;&1171 ifr<o
with 0 = 24—, 7 = %, aj = A}, and by = N5 ; for j =1,2.

Proof. In view of Proposition 4.4, it is enough to compute 3(2). If we replace
r1 and ro by x and y, respectively, then (4.31) with n = 2 takes the form

B(2) = inf {@(m,y): x,y € (1,00) and ¢(x,y) = 1},

where
b b
@(fﬂ,y)=$2%+y2—§ and  ¢(z, y)—x@—i— 2L for zye (1, 00).
az bs b2
If x,y € (1,00) are such that ¢(z,y) = 1, then
b2 a1
=2 (1- %) >1 _
y bl < a2x = ’ (5 5)

so 1 <z < 7. As a consequence, we see that —oco < (2) if and only if 1 < 7.
Substituting y as in (5.5) into O(z,y), we obtain

O(z,y) = Az> — 2Bz +C, 1<z<rT,

where

ai aq 1
A= (14+9) p= M aqndo=—.
a% < + bl> a2b1 an b1
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Note that A, B,C > 0. The quadratic polynomial Q(z) := Ax? — 2Bz + C
regarded as a function on R has a minimum at x = %. Observe that

B 1
- = and Qo) =
o an (o) P

A
It is now a routine matter to compute 3(2) by considering three possible
disjoint cases 0 < 1,1 < 0 < 7 and 7 < 0. What we get is §(2) = £2(1) in
the first case, 5(2) = £2(o) in the second and 3(2) = £2(7) in the third one,
where

> 0.

(a1 — a2)2 +aiby

(be — b1)2 + a1by
a%bl '

1) =
() albg

O

and (1) =
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