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Abstract

We investigate the theory of Abelian functions with periodicity properties defined from
an associated algebraic curve. A thorough summary of the background material is given,
including a synopsis of elliptic function theory, generalisations of the Weierstrass o and

p-functions and a literature review.

The theory of Abelian functions associated with a tetragonal curve of genus six is con-
sidered in detail. Differential equations and addition formula satisfied by the functions are
derived and a solution to the Jacobi Inversion Problem is presented. New methods which
centre on a series expansion of the o-function are used and discussions on the large com-
putations involved are included. We construct a solution to the KP equation using these
functions and outline how a general class of solutions can be generated from a wider class

of curves.

We proceed to present new approaches used to complete results for the lower genus
trigonal curves. We also give some details on the the theory of higher genus trigonal curves
before finishing with an application of the theory to the Benney moment equations. A
reduction is constructed corresponding to Schwartz-Christoffel maps associated with the
tetragonal curve. The mapping function is evaluated explicitly using derivatives of the o-

function.
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Chapter 1
Introduction

Recent times have seen a revival of interest in the theory of Abelian functions associated
with algebraic curves. An Abelian function may be defined as one that has multiple in-
dependent periods, in this case derived from the periodicity property of an underlying al-
gebraic curve. The topic can be dated back to the Weierstrass theory of elliptic functions

which we use as a model.

The elliptic functions have often been described as one of the jewels of nineteenth cen-
tury mathematics and have been the subject of study from mathematicians including Abel,
Gauss, Jacobi, Legendre, Riemann and Weierstrass. They have been of great importance
since their original definition and have been applied in a variety of mathematical areas.
Over the last three decades their relevance in physics and applied mathematics has also
been greatly developed. This has in turn inspired renewed interest in the theory of Abelian
functions in which solutions to a number of the challenging problems of mathematical

physics occur naturally.

In this chapter we will start in Section 1.1 by describing the motivation for our work.
We discuss the theory of the Weierstrass g-function and introduce the generalisation that
we work with. Note that formal definitions and proofs will be presented in Chapter 2 with
the material in this chapter just for introductory purposes. We will highlight the important
areas of the theory which are studied in detail during the remainder of the document.

In Section 1.2 we will proceed to identify the key contributions that are made to the
topic by this document. This includes new classes of problems studied, new techniques and
methods used to solve the problems and new interpretations of the generalisation. Finally,

in Section 1.3 we present a guide to this document.
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1.1 Motivation

Let p(u) be the Weierstrass p-function. We define this formally in Chapter 2 and show that

it has two complex periods wy, wo:
o(u+wr) = p(u+ws) = p(u), forall u € C. (1.1)

Functions that are doubly periodic are known as elliptic functions and have been the subject
of much study since their discovery in the 1800s. The p-function is a particularly important
elliptic function which has the simplest possible pole structure for an elliptic function. It
has poles of order two which occur only on those points that are a sum of integer multiples
of the periods.

The g-function satisfies a number of interesting properties. For example, it can be used

to parametrise an elliptic curve,
y' = 42" — g — g, (1.2)

where g5 and g3 are constants. It also satisfies the following well-known differential equa-

tions,

(¢' ()" = 4p(u)® — gap(u) — gs, (1.3)
0" (u) = 6p(u)* — 3gs. (1.4)

Weierstrass introduced an auxiliary function, o(u), in his theory which satisfied,

o(u) = d—2 log [o(w)]. (1.5)

T du?

This o-function plays a crucial role in the generalisation and in applications of the theory.

A particularly interesting result it satisfies is the following two term addition formula.

et = o0

Taking logarithmic derivatives of this will give the standard addition formula for the Weier-
strass p-function. In this document we present generalisations of equations (1.3)—(1.6) for

new classes of functions.

Klein developed an approach to generalise the Weierstrass gp-function to a function
with two variables and four periods. Such functions were defined as hyperelliptic and the

approach is described in Baker’s classic texts [7] and [10] from 1897 and 1907 respectively.
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It is centered around a generalisation of the o-function which is then used to define new
p-functions by equation (1.5). This approach has motivated the general definition of what
we now call Kleinian p-functions.

Recall that hyperelliptic curves are algebraic curves with equations,

where f(x) is a polynomial of degree greater than four. The original functions of Klein
and Baker were associated with the simplest hyperelliptic curve, (with f(z) of degree five).
Baker later constructed examples using another hyperelliptic curve, but a theory for the
functions associated to an arbitrary hyperelliptic curve did not follow until the 1990s when
Buchstaber, Enolskii and Leykin published [19].

This was followed by a general definition for Abelian functions, structured by the un-
derlying algebraic curves to which the functions are associated. In this document we work

with cyclic (n, s)-curves defined by,
Yyt =2+ A 4+ Ao,

where A, ..., As_1 are constants and (n, s) a pair of coprime integers. Note that the original
elliptic curve in equation (1.2) was an (n, s)-curve with (n, s) = (2, 3) while the hyperel-
liptic curves are those (n, s)-curves with n = 2 and s > 4.

In each case the genus of the curve is a unique integer associated to the curve that plays

a key role. In particular, the functions become multivariate with g variables,
o=o(u) =o(u,ug,...uy).

The elliptic curve has genus one and hence the Weierstrass p-function has one complex
variable. The generalisations however, will have genus greater than one.

We will define the Kleinian g-functions as logarithmic derivatives of o(w) in analogy
with equation (1.5). However, we introduce a new subscript notation to make clear which
variables are used in the differentiation.

62

pij(u) = _8u,~8uj log [cr(u)].

Further derivatives are described by adding more subscripts and we may refer to the func-

tions as n-index p-functions.

0o 0 0

Oir g (W) = Pu Bu. B log [o(u)], 1< - <i,e{l,....qg}. (A7)

The generalised o and p-functions have properties in analogy to the Weierstrass functions.



Chapter 1: Introduction Section 1.1: Motivation

In particular the p-functions satisfy a periodicity equation like (1.1). Here the periods are
no longer scalar but matrices derived from the curve differentials. The 2-index g-functions
will have poles of order at most two, like the original p-function, while the poles of the

derivatives will have increasing orders.

Since the development of these general definitions there has been renewed interest in
the theory of Abelian functions, with mathematicians including Athorne, Baldwin, Eilbeck,
Gibbons, Matsutani, Nakayashiki, Onishi and Previato now also working in this area.

In the last few years a good deal of progress has been made on the theory of Abelian
functions associated to those (1, s) curve with n = 3, (labeled trigonal curves). In partic-
ular, the two canonical cases of the (3,4) and (3,5)-curves have been examined in [30] and
[11] respectively. The class of (n, s)-curves with n = 4 are labeled tetragonal curves and

are considered for the first time in this document.

There are a variety of problems and questions that may be addressed for each class of
curves. These often centre around derivations of generalisations for the differential equa-
tions (1.3) and (1.4). Other interesting relations include the various addition formula for
the functions, such as the formula to generalise (1.6).

The main tool that was used in the hyperelliptic and trigonal cases was a theorem by
Klein that linked the g-functions with points on the underlying algebraic curve. We present
this theorem in Section 3.2 and discuss how we may expand the Kleinian formula to find
differential equations between the p-functions. It has usually been the case that manipula-
tion of these equations can achieve useful results. However, we find that this tool is not as
helpful in the tetragonal cases and that alternative methods must be used.

Another problem for study is explicit descriptions of important substructures of the
curves, such as the Jacobian and Kummer varieties. These have been achieved in the cases

already studied as expressions using the associated g-functions.

Finally, the applications in other areas of mathematics are of great interest. Applications
of the elliptic p-function included the construction of solutions to the pendulum equation
and the KdV-equation.

The generalised p-functions have been demonstrated to give solutions to the 2-soliton
KdV-equation and the Boussinesq equation. Also, the generalised o-function has been used
in the evaluation of integrals such as those that relate to reductions of the Benney equations.

Both these applications are pursued further in this document.
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1.2 What is contributed in this thesis

The first major contribution of this document is the investigation of Abelian functions asso-
ciated with the (4,5)-curve, which is the first tetragonal curve to be considered. It has genus
six which makes it also the curve of highest genus to be investigated.

The expansion of the Kleinian formula in the (4,5)-case is considerably more involved
than the corresponding calculations in the trigonal and hyperelliptic cases. While we were
able to use this method to solve the Jacobi Inversion Problem, it was not applicable for the
derivation of differential equations. Instead we implemented new methods that center on
the construction of a series expansion for the o-function.

The computations involved are all considerably more complex than in the lower genus
cases. For example, from equation (1.7), the higher genus means there are much larger sets
of functions in this case. The extra complexity leads in turn to higher time and memory
requirements when the computations are performed. Alongside the development of new
mathematical methods, we have needed to create efficient computational procedures.

The computations were performed with the computer algebra package Maple. For sev-
eral calculations we have rewritten Maple commands so they are more efficient for our
problems. Additionally, we have made use of distributed computing by conducting many

of the computations in parallel using the Distributed Maple package, [72].

These approaches have allowed us to present a complete set of differential equations
that generalise (1.3) for the (4,5)-case. We have also derived a number of other differential
equations between the p-functions and an addition formula to generalise equation (1.6).

The new methods, techniques and Maple procedures can all be applied to other (n, s)-
curves with only minor modifications and so represent a significant contribution. For exam-
ple, we have investigated two higher genus trigonal curves in Chapter 4. Also, the computa-
tions themselves are of value as they demonstrate the benefits and possibilities of symbolic
computation and are one of only a limited number of serious applications of Distributed
Maple.

Other contributions arising from the study of the (4,5)-curve include an understanding
of another class of Abelian functions (the n-index ()-functions), which were introduced in
Chapter 3 to complete a basis for the simplest functions associated to the (4,5)-curve. We
have also constructed a solution to the KP-equation using Abelian functions associated with
the (4,5)-curve. Given the similar results for lower genus curves, such an application was
to be expected. However, we have presented here a wider class of solutions by outlining

the result for all (n, s) curves with n > 4.
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The work on the (4,5)-curve used a set of Sato weights associated to the theory which
render all equations homogeneous. A derivation of these weight properties is presented in
Section 3.3 for an arbitrary (n, s)-curve. Although no new results are presented here, such
a thorough investigation has not been presented in any of the literature and so represented
a worthwhile contribution to the understanding of the theory. This is also true for some of

the general theory on the functions given in Chapter 2.

The second major contribution of this document is the new approaches detailed in Chap-
ter 5. This includes a discussion of how we should approach the generalisations of the
elliptic differential equations, and new methods for deriving relations based on pole can-
cellations and the o-expansion. We present a method to derive the complete set of relations
bilinear in the 2-index and 3-index p-functions which may be applied to any (n, s)-curve.
We have also managed to generate complete sets of relations that generalise equation (1.3)

for lower genus trigonal curves.

Other contributions in this document include the proofs in Appendix B which recon-
cile the different definitions of the Kleinian o-function and the application to the Benney
equations in Chapter 6. The application involves the construction of reductions of the Ben-
ney equations where the mapping function may be expressed using Kleinian functions. We
present a specific reduction which uses results on the tetragonal curve considered earlier.
The chapter follows the ideas of previous examples but is considerably more complicated
and requires the development of a number of different methods. The procedures set out

here should now be easily applicable to a wide class of reductions.
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1.3 Guide to this document

Chapter 2

Here we present the background material necessary to understand the rest of the document.
Section 2.1 gives an overview of elliptic function theory, starting with some general results
on elliptic functions and then focusing on the Weierstrass functions. The key results which
are generalised in the later chapters are emphasised.

In Section 2.2 we describe the generalised functions which we work with. These are
presented using a general notation that may be specified to the cases of individual (n, s)-
curves. This section includes the definitions for the Kleinian o and g-functions.

In Section 2.3 we give a literature review with includes details on the derivation of the
general definition, information on the cases that has already been considered and the other

areas of current research.

Chapter 3

Here we present the theory of Abelian functions associated with the (4,5)-curve. We start
in Section 3.1 by explicitly deriving the differentials of the curve. We then define the
necessary functions including a new set of )-functions which are required in addition to
the p-functions for this case.

In Section 3.2 we introduce the Kleinian equation and describe a procedure which can
be used to generate relations between the g-functions from this theorem. We use these to
solve the Jacobi Inversion Problem for the (4,5)-case. In Section 3.3 we introduce a set of
weights that render all equations in the theory homogeneous. We describe the idea for an
arbitrary (n, s)-curve, giving explicit examples for the (4,5)-curve.

In Section 3.4 we describe how to derive a Taylor series expansion of the o-function
around the origin. This involves large computations performed in Maple and we include
a discussion of the steps that may be taken to ensure the computations are efficient. This
expansion is used to derive a number of relations between the Abelian functions which we
present in Section 3.5.

In Section 3.6 we establish the two-term addition formula for the o-function, giving
details on the construction. Finally, in Section 3.7, we introduce the applications in the KP

hierarchy of differential equations.

Chapter 4

Here we apply the techniques and methods described in Chapter 3 to two of the higher genus
trigonal curves. We present explicit results including differentials, expansions, addition
formula and differential equations. The differences and similarities with the tetragonal and

lower genus trigonal results are identified.
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Section 4.1 presents the theory of the cyclic (3,7)-curve and Section 4.2 the theory of
the cyclic (3,8)-curve.

Chapter 5

Here we describes a number of new approaches and techniques that were developed fol-
lowing the research on the (4,5)-curve. These have been used to derive new results for the
lower genus trigonal curves. In Section 5.1 we discuss the different approaches to the gen-
eralisation of equations (1.3) and (1.4), including the corresponding problems and results.
In Section 5.2 we describe a new process to derive complete sets of relations that are
bilinear in the 2-index and 3-index p-functions. Then in Section 5.3 we use these along
with some other methods to derive generalisations of equation (1.3) for the cyclic (3,4) and

(3,5)-curves.

Chapter 6

This chapter deals with an application of the theory of Abelian functions to the Benney
moment equations. We consider the reductions of the Benney equations in which the map-
ping function may be realised using the Kleinian o-function. A full introduction is given in
Section 6.1, followed by the necessary background information in Section 6.2.

The remainder of the chapter performs the explicit calculations for the case that relates
to the (4,5)-curve. This example is constructed in Section 6.3 with the integrand of the
mapping function evaluated in Section 6.5. This required sets of relations between the
derivatives of the o-function which were derived in Section 6.4. Finally, in Section 6.6 an

explicit formula for the mapping is presented.

Appendices

Appendix A contains background mathematics that is used in this thesis, starting with Ap-
pendix A.1 which derives some results for general elliptic functions. Appendix A.2 intro-
duces the Jacobi f-functions and then Appendix A.3 presents the multivariate #-functions
which are used in the realisation of the Kleinian o-function.

Appendix A.4 gives details on Weierstrass gap sequences which are used in the de-
scription of the general theory while Appendix A.5 defines Schur-Weierstrass polynomials
which have been shown to act as a limit of the o-function. Finally, in Appendix A.6 we
briefly recap the theory of resultants.

Appendix B explicitly resolves a technical point arising from the slightly different defi-
nitions of the Kleinian o-function. The remaining printed Appendices contain relations that
were considered too lengthly to include in the main body of the thesis. Those in Appendix
C relate to the (4,5)-curve and those in Appendix D to the (3,5)-curve. Finally, the relations

in Appendix E were used in the application to the Benney equations described in Chapter 6.
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Extra Appendix of files

Submitted alongside this document is an extra Appendix of files. This takes the form of
a CD-rom for the physical version and a folder of files for the electronic version. This
extra Appendix is split into two parts. The first contains text files of results that were too
large or cumbersome to typeset. These files are organised according to the curves they are
associated to and use an obvious notation.

The second part of this Appendix contains the Maple worksheets that were used to
derive many of the results in this document. Also included here are all the text files that are

referenced by these worksheets. Each worksheet starts with the code,
> currentdir ("path") :

with path replaced by the location of the folder containing this worksheet. This code tells
Maple the folder to work from.

To run the Maple worksheets copy the files to a machine and replace the start code
with the correct path referencing the directory in which the worksheet has been stored. For

example,
currentdir ("C:/Users/Matthew/Documents/Maths/DM—-45") :

Ensure that all the necessary text files which are referenced are also in this directory.

Some calculations were preformed in parallel using Distributed Maple. This is a free
piece of software that may be downloaded for from [72] and will need to also be present
in the directory with the worksheet. Distributed Maple opens Maple kernels on a cluster of
machines and allows data and commands to be sent from a master kernel to the others. For

more information see [72] and [65].



Chapter 2
Background Material

This section is designed to cover the necessary background material for the understanding
of this thesis. The new results presented over the coming chapters involve Abelian functions
associated with algebraic curves. These are multivariate functions of many periods.

We may think of Abelian functions as a generalisation of the elliptic functions. These
were functions of a complex variable which take values that are periodic in two directions.
They may be introduced by comparison to the trigonometric functions, which have a single
period. While there are no univariate complex functions with more than two periods we
can define multivariate functions with many periods, and we refer to these as Abelian. In
particular, an Abelian generalisation of the classic Weierstrass elliptic p-function will be

developed.

This chapter is split into three sections. Section 2.1 summarises key parts of elliptic
function theory. After giving some general information on elliptic functions it proceeds to
consider the Weierstrass p-function in detail. Emphasis is given to those areas of the theory
that are present or relevant in the generalisation.

Section 2.2 introduces the generalised functions. These functions are classified by sets
of algebraic curves from which the periods are generated. The section will give the neces-
sary theory of these curves before describing the functions and their core properties. Again,
emphasis is given to those areas of the material that are necessary or relevant in the proceed-
ing chapters. These functions are introduced in general terms to avoid repetition throughout
the document. It is easy to specialise these definitions to the case of particular curves, as is
the case in later chapters.

Finally, Section 2.3 acts as a literature review, putting the theory described in Section 2.2
in a historical context. It clarifies which classes of functions have been already studied at
the time of writing, what results have been derives and what other related areas of current

research are ongoing.

10
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2.1 Elliptic function theory

Elliptic functions are essentially functions of a complex variable that take values which
are periodic in two directions. They were first discovered in the mid 1800s as the inverse
functions of elliptic integrals. These integrals were connected with the problem of finding
the arc length of an ellipse, and it is from here that the name is derived.

This section starts by recalling some facts from complex analysis, before formally defin-
ing elliptic functions and introducing some of their key properties. It then moves on to
consider the specific example of the Weierstrass p-function, which is the subject of the
generalisation in the next section. The theory is presented, focusing on those results and
equations which appear later in the generalised theory. Unless noted otherwise, the classi-
cal theory given here is well known. We loosely follow Chapter 20 of [70] which gives a
thorough summary of the properties of elliptic functions (including the @-function). Other
resources used to write this section include [26], [28] and [3]. Additionally, [57] is recom-

mended for a broader examination of some key ideas.

2.1.1 Meromorphic functions

The defining properties of elliptic function are their periodicity properties and a constraint
on their singularities. Hence it is worth recalling some basic definitions that will be used
throughout this document, regarding the singularities of complex functions.

Let D denote an open subset of the complex plane, p a point in D and f a function

defined on an open subset of C and taking values within C.

Definition 2.1.1. The function f is holomorphic over D if it is complex-differentiable at
every point in D. It is a holomorphic function if complex-differentiable at every point on

which it is defined and an entire function if holomorphic over the whole complex plane.

If f is holomorphic then it is also analytic, and so may be described by its Taylor series

about a point. We may categorise singularities of complex functions as follows.
Definition 2.1.2. Let f be a holomorphic function defined on D — {p}.

e Suppose [ is not defined at p but there is a holomorphic function g defined on D with
f(u) = g(u) forallw € U — {p}. Then p is an removable singularity.

e The point p is a pole of [ if there exists a holomorphic function g defined on D and a

natural number n such that

fu) :% forall uwe D—{p}.

The number n is labeled the order of the pole. If n = 1 then the pole is simple.

11
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o The point p is an essential singularity if and only if lim,,_,, f(u) does not exist as a
complex number, nor equals infinity. The Laurent series of f at p will have infinitely

many terms of negative degree.

If there exists a disk D centred on p such that f is holomorphic on D — p then p is an
isolated singularity. By definition both removable singularities and poles are isolated. Any

isolated singularity that is not removable or a pole is an essential singularity.

Definition 2.1.3. The function f is meromorphic function on D if it is holomorphic on all

of D except a set of isolated points, which are poles of the function.

Since the poles of a meromorphic function are isolated, they are at most countably

infinite. The function f may be expressed as a Laurent series about p.

o0

fw= > anlu—p)", uweC @.1)

Definition 2.1.4. The constant «_; is called the residue of f(u). If [ is holomorphic at p

then the residue is zero, (although the converse is not always true). At a simple pole, the
residue is given by

Res(f(u),p) = im(u — p) f(u). (2.2)

u—p

2.1.2 Elliptic functions

Definition 2.1.5. An elliptic function is a meromorphic function, f(u), defined on C for

which there exist two periods w1, ws.
flu+w) = flu+ws) = f(u)  forallue C. (2.3)

The periods are non-zero complex numbers that satisfy w, /ws ¢ R.

The periods w;,wsy are usually assumed to be the smallest complex numbers in the
second quadrant of the Argand diagram which satisfy equation (2.3). In Figure 2.1 we have
plotted the points {0, w;, ws, w; + we} and joined them up to give a parallelogram. This is
known as the fundamental period parallelogram for the elliptic functions with periods
w1, wo. Note that if the ratio, w; /wo. was real then the parallelogram would collapse to a

line, and the function would either be a constant, or have just one period.

Copies of this parallelogram can be used to span the complex plane C. Each parallelo-
gram is called a period parallelogram and together they for a mesh over C. (See Figure
2.2.) Two points, say U and U’, that occur at the same position in the parallelogram are

called congruent. We may write this using the notation,

u=U (mod wy + wa).

12
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Note that an elliptic function will take the same value at congruent points.

Im

W1+W2

Re

Figure 2.1: The fundamental period parallelogram formed by w; and ws.

f/

,L.—"‘-_-—-__

Figure 2.2: A mesh of period parallelograms. The points U, U’ and U” are congruent, so
an elliptic function would take the same value at these points.

For integration purposes it is not convenient to deal with meshes if they have singu-
larities of the integrand on the boundaries. However, due to the periodicity properties, no
information would be lost if the integral of an elliptic function was taken not over a period
parallelogram, but over one of its translations (without rotation) which we label a cell. The
values assumed by an elliptic function along a cell are a repetition of its values along a

period parallelogram.

In Appendix A.1 a number of interesting and useful results for elliptic functions are

proved. We summarise these below.
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e An elliptic function has a finite number of poles in each cell.
e An elliptic function has a finite number of zeros in each cell.

e Consider the poles of an elliptic function in a cell. The sum of the residues will be

ZEero.
e An elliptic function with no poles is a constant.
e There does not exist an elliptic function with a single simple pole.

e A non-constant elliptic function has exactly as many poles as zeros (when counting

multiplicities).

e If f(u) is an elliptic function and ¢ a constant then the number of roots of f(u) = cin
any cell is the number of poles of f(u) in a cell. This number is defined as the order

of the elliptic function.

e Letay,...,a, denote the zeros and by, ..., b, the poles of an elliptic function (when

counting multiplicities). Then

ai+--+a, =b+---+b, (mod w; + wy) (2.4)

Types of elliptic functions

The two standard forms of elliptic functions are the Jacobi elliptic functions and the Weier-
strass elliptic functions. The generalisation given in the next section is based on the -

function of Weierstrass and so the rest of this section is dedicated to the study of this.

For a short summary of Jacobi’s approach see Chapter 21 of [70], while a clear detailed
description may be found in [54]. The three basic functions, denoted cn(u),dn(u) and
sn(u) arise from the inversion of the elliptic integral of the first kind. They are doubly
periodic generalisations of the three main trigonometric functions. (See Figure 2.3). While
they are still used in a wide variety of applications, they are not convenient for generalising
the theory.

It is easy to switch between the notation of the Jacobi and Weierstrass approaches using
f-functions, another component of Jacobi’s theory. While the Jacobi elliptic functions are
not easy to generalise, the #-functions are and the generalised #-functions are used to prove
parts of the general theory in the next section. The definitions and core properties of the
Jacobi f-functions are summarised in Appendix A.2. It may be possible to use f-functions
as an alternative to the Weierstrass function approach of this document, however they are

not considered as advantageous.

14
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One of the major benefits of the Weierstrass p-functions is that the pole structure is as
simple as possible, with one double pole in each cell. (Recall from Theorem A.1.1 that a
holomorphic elliptic function is a constant and there does not exist an elliptic function with
a single simple pole). Further, these poles occur exactly at the corners of the period paral-
lelograms. See Figure 2.4 for a comparison of a Jacobi elliptic function with a Weierstrass
elliptic function. Note that the Weierstrass p-function and its first derivative span the field
of elliptic functions and so the theory of elliptic functions may be constructed using only

these.

Visualising elliptic functions

The plots displayed over the coming pages were obtained from [55] and give visualisations
of periodic complex functions. They are included to clarify some of the points made earlier
in this section. Each plot is a square in the complex plane centred at the origin with corners
at £6 =+ 61. The blue regions indicate where the function in question has positive imaginary
part, while the red regions are where it has negative imaginary part. Along the boundaries of
these regions the function takes real values. The white lines indicate that the real part of the
function is zero, while the grey grid lines are lines of constant real or imaginary parts. Since

the functions are periodic the patterns will continue to repeat outside the region shown.

Figure 2.3: Comparison of a trigonometric function with an elliptic function

(a) The sine function (b) A Jacobi sn-function

In Figure 2.3 we compare a trigonometric function with an elliptic function. The val-
ues given by both the sine and sn-function repeat as the real part of the input variable is
increased or decreased. Hence the pattern in the plots repeats in the horizontal direction.

The sn-function will also repeat in the vertical direction as the imaginary part is varied.
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The plots are very similar close to the real axis, but differ in the rest of the complex
plane. Changing from sin(u) to sn(u) causes the vertical edges of the strips to bend inward
and enclose rectangles. Where the tips meet, the function has simple poles, as indicated by

rapid change in grid lines.

In Figure 2.4 we compare a Jacobi elliptic function with a Weierstrass elliptic function.
Both of these functions are elliptic and hence the patterns repeat in two different directions
due to the double periodicity.

Note that these plots of elliptic function are given for specific values of the periods.
The patterns and values the function take may change with different periods, but the core
properties do not.

In each of the plots a black line has been drawn around a cell (region which repeats over
C). Note that in each cell the Jacobi function has two simple poles, while the Weierstrass

function has a single double pole.

Figure 2.4: Comparison of a Jacobi elliptic function with a Weierstrass elliptic function

(a) A Jacobi sn-function (b) A Weierstrass p-function

Finally, in Figure 2.5, we compare two different special cases of the Weierstrass -
function. The difference arises from the values of the two periods which were used. In the
first plot it can be seen that the period parallelograms are in fact squares. In the second plot
the period parallelograms are made up from two equilateral triangles. This is not as clear
from the plot and so in each case the fundamental period parallelogram has been marked

on in black.
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Figure 2.5: Comparison of two different Weierstrass g-functions

(a) The lemniscatic g-function

Note that although the patterns are differ-
ent, the pole properties remain the same.
That is, the only singularities are double
poles at the corners of the period parallel-
ograms.

The third plot is the derivative of the func-
tion used for the second plot. It shows the
triangles that make up the period parallel-
ograms more clearly. The derivative has
triple poles on the parallelogram corners. _ o ‘ 271 Ml i 4 o _. _

(c) The derivative of the equianharmonic
p-function

2.1.3 The Weierstrass g-function

As with an arbitrary elliptic function the p-function is defined using a complex variable
u and two complex periods wq,ws. There are several alternative definitions which can
be given. The definition given below is probably the most common, although it will be
equation (2.21) that is extended in the next section to give a definition for the higher genus
o-functions. When dealing with problems that require numerical results then it is most
efficient to use the definition for the p-function in terms of #-functions. These are discussed

in Appendix A.2 with the definition given by equation (A.13).
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Definition 2.1.6. The Weierstrass g-function with respect to the periods wy,ws is given by

o) = pluswr,w) = =+ 3 {(U_mwi_wg)f ! }

el (mwy + nws)
m24n2£0

Remark 2.1.7.

(1) The infinite double sum in the definition has m, n ranging over the integers, with the
. . . . / .
entry where n = m = 0 excluded. For simplicity the notation Zmn is often used to

denote this.

w1
wa ®

(i) Note that if n, m # 0 then mw; + nws # 0. (If this were not the case thenn = —m
But recall from Definition 2.1.5 that £* ¢ R. Hence there is a contradiction since

n,m € 2.)

(iii) It is now clear that p(u) is holomorphic for all values of u € C except those equal
to mw; + nwy for some n, m. At these points the function has a double pole. Hence

©(u) is meromorphic.

Definition 2.1.8. Denote the period lattice formed from w1, w- by A. This is the set of points
A = mwy + nws, m,n € 7.

This can be used to simplify the definition of p(u) to
/
p(u) = p(u; A) =u™2 + > [(u — M) 2= A2 (2.5)

This series defining o(u) is absolutely and uniformly convergent (see Chapter 3.4 in
[70]), and is constructed from entire functions. Hence it is appropriate to use term by term
differentiation to define the derivatives of the p-function. We use the prime notation to

indicate the first derivative of the p-function with respect to its variable.

d

/ o o 3 -3
o) = () = ~2u' =23 (= Ay

==2) (u—Apn)> (2.6)

Lemma 2.1.9. The function ¢'(u) is odd:  ¢'(—u) = —¢'(u).

18
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Proof. Consider

' (—u) = =2 (= Appn)? =2 (w4 M),

—p'(—u) = =2 Z(u + Apn) 72

The set of points —A,, ,, is the same as the set A,,,, and so the terms in —p(—u) will be
the same as those in p(u) except in a different order. Now since the series for o' (u) is
absolutely convergent the order will not matter, and hence ©'(u) is odd.

|

Lemma 2.1.10. The function p(u) is even:  o(—u) = p(u).

Proof. The proof is in an identical manner to the previous lemma.

Lemma 2.1.11. The function @' (u) is doubly periodic with respect to wq, wo.

Proof. Consider
o (u+wy) =—2 Z(u — A +w1) 72

The set of points A,,,, + w; is the same as the set A, ,, so the series for ©'(u + wy) is a

rearrangement of the series for ©'(u). Hence, since the series is convergent,

O (u+w) =g (u). 2.7)

So ¢ (u) has period w; and using an identical method also period ws.

Lemma 2.1.12. The function p(u) is doubly periodic with respect to wy, wo.

Proof. Integrate equation (2.7) to give p(u + w1) = p(u) + A. Substitute in

u:—% to give p(%) :p<—ﬂ> + A

Recall that p(u) is even and hence A = 0. Therefore p(u) is periodic with period w;. An
identical method shows it is also periodic with period ws.
[ |

Remark 2.1.13. From Remark 2.1.7 we know @(u) is a meromorphic function and it has
just been shown in Lemma 2.1.12 that it is periodic with respect to wy,w,. Hence by

Definition 2.1.5, go(u) is an elliptic function.

Similarly, from equation (2.6) it can be seen that ©'(u) is homomorphic everywhere
except its poles and is hence meromorphic. Coupled with Lemma 2.1.11 this allows us to

conclude that g’ (u) is an elliptic function.
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The differential equation satisfied by g (u)

The Weierstrass g-function satisfies a differential equation linking the function with its first
derivative. This equation can be used to specify the function and is the core of several
applications. The equation can be derived by considering the series expansion of the (-

function.

Theorem 2.1.14. The function o(u) satisfies

[0/ ()] = 4p(u)” = gap(u) — g, (2.8)
where g, and g3 are defined as the elliptic invariants and are given by
/ /
g2 =60 AL g3 =140 A5, (2.9)
Proof. Consider the function, f(u) = p(u) — 2. From equation (2.5)
Fu) = [w—Apna) 2 =A%) (2.10)

m,n

Using Lemma 2.1.10 the function f(u) can be concluded even. It will be holomorphic in a
region about the origin and so Taylor’s theorem may be applied here. (Recall that an even
function will have an Taylor series expansion with only even powers.)

f0) 5 fU(0)

f(U)Zf(O)+TU AT

u' 4+ O(u).
From equation (2.10) it is obvious that f(0) = 0. Differentiating gives
/ !/
) = =6 [u— Al ™, = [0 =6) A
7 !/ ’ /
fOw)=-120) [u—Apal™b, = F0)=120> ALS
Then substituting back gives

flu)=3 u® +5 u* + O(u®)

/ /
> A > oA
= ig u® + ig u' + O(u®)
207° 287° ’
where

/ !/
g2 =60> AL gs=140) A5
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So the series expansion for p(u) is
p(u) = u=> + 5590u* + g gsu* + O(u®).
Differentiating term by term gives a similar series for o (u).
o' (u) = —2u™% + 5 gou + 2gau’ + O(ud).

Respectively cube and square these results to get

p(u) =u b+ Zgu? + L g5+ O(u?),

[0 (u)]* = 4u™® — 2gou? — g5+ O(u?).

Hence

[0/ (W)]? = 4p(u)® = —gau™ — g5 + O(u?).

Then, using equation (2.11),

[0/ (W)]* = 4p(u)’ + g2p(u) + g5 = O(u?).

2.11)

(2.12)

This means that the function on the left hand side is holomorphic at the origin. Further,

this function is constructed from elliptic functions, and so is elliptic itself. The function is

holomorphic at all points congruent to the origin, however these are the only possible singu-

larities. Therefore this is an elliptic function with no singularities and by Theorem A.1.1(v)

is a constant. Finally, since the expansion of the function is O(u2), this constant must be

set to zero.

[0/ (w)]* — 4p(u)® + g2p(u) + g5 = 0.

Therefore p(u) satisfies the differential equation given in the theorem for the given values

of g2, gs.

Corollary 2.1.15. The Weierstrass p-function satisfies

o (1) = 6p(u)* — 592.

Proof. Differentiate equation (2.8) derived above with respect to w.

20" ()" (u) = 12p(u)*p’ (1) — gop (u).

Then dividing both sides by 2¢'(u) will give the desired result.

21
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Corollary 2.1.16. Consider the differential equation

(%w) — 4y(2)* — Gay(y) — G(y).

A solution is given by
y = p(fz+a), « constant,

provided that periods wy,wy can be determined such that Gy and G5 equal the elliptic

invariants as given in equation (2.9).

Proof. Lety = p(+z + «) and consider

<diiy(z)> = ()¢ (2 + a))2 = ¢ (+2+a)%

Now apply Theorem 2.1.14 to conclude

() = toless + )~ ol + ) - g = 49(:)* = Ganle) G

as required.
[ |

Note that so long as G3 # 27G?3 it will be possible to find periods w;, w, such that G
and G equal the elliptic invariants. (See Chapter 21.73 in [70].) This result can be used to

derive the following integral formula for the p-function.

Lemma 2.1.17. The equation

NI

(2.14)

U= / (4153 — got — 93)_
3

is equivalent to the statement { = o(u).

Proof. Differentiate equation (2.14) with respect to &.

d ! ¢\’
E=E€ w0 = (i) = 48" — 926 — .

From Corollary 2.1.16 above, this gives £ = p(4u + «) for some constant «. To determine
a we let £ — oo. From equation (2.14) this implies v — 0 and hence « is pole of the

o-function. Therefore o = A,, ,, for some m, n and so
{=p(fu+a) =p(tu+ Apy) = p(£u) = p(u)

as required.
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This result is sometimes abbreviated to

U= / (483 — got — g3) " 2dt. (2.15)
p(u)

Elliptic curves

Much of the theory of elliptic functions is linked to the properties of a certain class of

algebraic curves, which is introduced below.

Definition 2.1.18. An elliptic curve is a non-singular algebraic curve which may be written
in the form

y? =a2® +ar +b. (2.16)

We may instead consider a general cubic polynomial on the right. However, as long as

it has no repeated roots, we can make a change of variables to obtain equation (2.16).

We now demonstrate the link between elliptic curves and elliptic functions. Substitute

x for 457 in equation (2.16) to obtain
y? = 4(2)® + 43az + b.

By Corollary 2.1.16 one solution will be y = p(u+ «) providing periods can be determined
so that the invariants g, g3 are equal to 4§a, b respectively. (Note that this condition will
always be satisfied due to a condition on a and b arising from the curve being non-singular.)
Hence the elliptic curve may be parameterised by the Weierstrass g-function.

It is well known that the surface mapped by an elliptic curve is topologically a torus. In
fact, the Weierstrass g-function describes how to get from a torus giving the solutions of an
elliptic curve to the algebraic form of the elliptic curve. A torus, 7', may be expressed as

the quotient of the complex plane and a lattice, A.
T = C/A.

(The complex plane with those points at the same position of the lattice ‘glued together’).

Then this torus may be embedded in the complex projective plane by means of the map

ue (1 p(us A), o' (u; A)).

Given an elliptic curve with equation y? = 423 — gox — g3, equation (2.15) could be

u:/oo dv. (2.17)
©

rewritten as
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2.1.4 Weierstrass’ quasi-periodic functions

Weierstrass defined other functions within his theory which were associated to the period
lattice A. While these functions are not elliptic they do satisfy quasi-periodic properties
which are demonstrated below. The o-function in particular plays an important role both in

the elliptic case and in the generalisation of the next section.

Definition 2.1.19. The Weierstrass o-function and the Weierstrass -function are defined

) ew

I 1 1
C(u)ZC(u;Am,n)zajLZ[u_A i+ - } (2.19)

below using the complex variable v and the period lattice A.

o(u) = o(u; Amn) = uﬂ [(1 - ﬁ) exp (A“ n %

m,n

2
m,n Am,n

As discussed in Remark 2.1.7 the ' means the term in the series with m = n = 0 is excluded.

From these definitions it is clear that o(u) is an entire function, with simple zeros at
each of the points A,, ,,. These are key properties of the function which are present in the
generalisation. The (-function is holomorphic everywhere except at the points A,, ,,, which

are simple poles of the function. Both these series are absolutely and uniformly convergent.
Lemma 2.1.20. Both ((u) and o(u) are odd functions of u.

Proof. First consider the (-function.

/

1 1 1 U
~C(cu) =2+ [u R W A?W]

s

! /

=c-3 =]+ S [err]

m,n

Both the sums on the final line run over all the integers, and so consist of the same terms in
a different order. Since the series is absolutely convergent the two sums can be concluded
equal and hence the (-function is odd.

Next consider the o-function.
14 U U n 1 U 2
exp | — — | = )
Amm‘ p Am,n 2 Am’n

14 U U + 1
ex — —
Ao ) TP\ A T2

Once again, this infinite product will have the same terms as o () but in a different order

and so the o-function can be concluded to be odd.
[ |
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Lemma 2.1.21. The Weierstrass functions are connected as follows.

dii log [a(u)} = ((u), %C(U) = —p(u). (2.20)

Proof. Taking logs of equation (2.18) gives

log [ 1 FRNC
O _ —
& m n Am,n 2

log [o(u)] = log(u) + Z

Then differentiate once to show

!/

@bg [ ( >:| - E i Z |:<Am,n - u) (Am,n> i Amv” " A?”’”:|

1 < 1 1 u
S i ; {(u - Am,n) " Amn * A?n,n:| = ¢(u),

as required. Now differentiate again to obtain the second result.

|
Corollary 2.1.22. From the previous lemma it is obvious that
d2
gmnz—g—bg[(ﬂ (2.21)

In the next section it is the o-function that is generalised first. Then the p-functions are

defined by satisfying a generalisation of equation (2.21).

Quasi-periodicity properties

Next the quasi-periodicity properties of these functions are derived from the periodicity

property of p(u) given in Lemma 2.1.12. First, integrate o(u + wy) = p(u) to give

C(u+wi) = ¢(u) +m,

where 7, is a constant of integration. Substitute v = —< into the previous equation to find

() -c(2)+n

Then use the fact that {(u) is odd to give

m=2¢ <ﬂ>
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Similarly,
w
C(u+ws) = C(u) + 12 where 7, = 2¢ (72) :

Theorem 2.1.23 (Legendre’s Formula). The formula nywy — newy = 2wt is satisfied by

these functions.

Proof. Consider [ ((u)du where C'is the boundary of the cell. There is one pole inside
each cell, with residue +1. Hence f 1S (u)du = 2mi by Cauchy’s residue theorem. Now

split up the integral to the four sides as discussed in Theorem A.1.1(iii) to find

t

27rz':/t B [((u)—@(u—sz)]du—/t [C(u) = C(u+w)]du

+ws

t+wq t+wa
= —772/ dt —f- 771 / dt = 771Ld2 — 772(4]1.
t t

Next the quasi-periodicity of o(u) is derived by integrating the property for the (-function.

/C(u—l—wl)du: / [C(u) + m]du

loglo(u+wy)] =loglo(u)] + mu+k = o(utw)=c-e"o(u).

wi

Here k was the constant of integration and ¢ = ek, To find ¢ first set u = — 5

7(3) =t (45)
Then recall that o(u) is an odd function to give

= —ehw1/?,
This can be repeated for w, giving the following quasi-periodicity properties for o (u).

o(u+w;) = —exp [771 (u + %)] o(u), i=1,2. (2.22)

The generalised o-function is defined later to satisfy an analogue of this property.

Series expansions

As an entire function, o(u) can be expressed using its Taylor expansion. The derivation
of such an expansion plays a key role in the following chapters and is a powerful tool in
the investigation of the generalised theory. The series expansion in the elliptic case can be

derived easily using the Laurent expansion for p(u) that was constructed earlier and given
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in equation (2.11).
p(u) = u? + 5gou? + gz gsu’ + O(u®).

Integrating and changing signs gives an expansion for the (-function.
C(u) =u™" — &gou® — sgsu® — O(u”).

Integrate again and take exponents to give the expansion for the o-function.

o(u) = exp [log(u) — z592u* — ggsu® — O(u®)]

=u-exp [ — s=gout — Zegsub — O(u®)].
We then use the expansion for the exponential function, e* = 1+ x + ‘%2 + O(x3), to show
o(u) =u— g590u° — g=gsu” + O(u). (2.23)

In fact, both the elliptic  and o-functions can be given as power series with coefficients

that satisfy a recursive argument. The o-function can be given by the double sum,

4m—+6n+1

o(u) = D amn (592> (203) (4m + 6n + 1) (2.24)

m,n=0

where apo = 1 and a,, ,, = 0 for either m or n negative. The other values are given by the

recurrence relation

16
Amn = 3<m + 1)am+1,n+1 + ?(n + ]-)am—Q,n—i—l

1

Similarly, the Laurent expansion of p(u) at u = 0 can be given by

1 on 92 93
p(u) = w2 + ;bnu ; where by = 500 2758
3 n—2
d bn - b bn— —1, f > 2.
an (2n+3)(n_2); k k—1 orn

(See for example [26] page 30.)

Building blocks of elliptic functions

The generalisation of the o-function will play a key role in the following chapters. One of
the main reasons for this is that any Abelian function can be expressed using o-functions

with the same periods. We prove this now for the elliptic case.
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Theorem 2.1.24. Any elliptic function f(u) can be expressed as a quotient of o-functions

with the same periods as follows.

~oo(u—a,)
=K- _ 2.25
f(u) f:[l D) (2.25)
where ay, . . ., a, are the set of irreducible zeros of the function, by, . .. b, are a set of poles

of f(u) such that all poles of f(u) are congruent to one of them, and K is a constant.

Proof. This proof follows Section 20.53 of [70]. Suppose f(u) is an elliptic function with
periods wy, wy as normal. By Theorem A.1.1(ii) there will be a finite set of irreducible zeros
of f(u), labeled here as ay, . . ., a,. By Theorem A.1.3 there will be a set of poles by, ..., b,
such that all poles of f(u) are congruent to one of them. (Recall that poles and zeros are

counted according to multiplicity). Further by Theorem A.1.5,
ay+ -4 a, =by+ -+ by (2.26)

Now, consider the function

The function g(u) will clearly have the same poles and zeros as f(u). Consider the effect

of increasing u by wy.

B n o'(u —a, + wl) B n exp[(u a, + 71)7]1] o'(u — CLT)
glu+w) = 71:[1 o(u—b, +wy) E exp[(u — by + % )m] o(u —b,)
v eplu—a + 4| |polu—a)
— [E explu — by + %] [Tl;[l o(u— br)]
However

ﬁ explu —a, + 4] _ ﬁ oxp(u) exp(—ar) exp(%y)

e explu— b, + %] % exp(u)exp(—b,)exp() % [—b,]
_oepl=(at--+a)]
exp[—(by +---+b)]

where the final equality follows from equation (2.26). Hence g(u+w;) = g(u) and similarly
for wy. Finally consider the quotient,

f(u)

m.
This is is an elliptic function with no zeros or poles. By Theorem A.1.1(v) it is a constant,

say K. Therefore the arbitrary elliptic function f(u) can be expressed in the form

o(u—ay)
o(u—>b,)’
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as required.

2.1.5 The addition formulae

One of the most celebrated features of the Weierstrass p-function is that it satisfies an addi-
tion formula. That is, p(u + v) can be expressed as a rational function of p(u), p(v), @' (u)

and @' (v) for general u, v.

Theorem 2.1.25. The following addition formula is true for two arbitrary complex vari-
ables u,v such that u # +v mod(wy + ws).

1 [¢'(u) = o'(v)]°

pu+v)=- {— — p(u) — p(v). (2.27)
R )=o)

If uw = +v mod(w; + w,), but 2u is not a period then the following duplication formula is
satisfied.

o(2u) = i [Z:((z))} —2p(u). (2.28)

Proof. Consider the equations
¢'(u) = Ap(u) + B, ¢'(v) = Ap(v) + B (2.29)
and solve simultaneously to give

(2.30)

This is valid for © # +v mod(w; + wy) which was specified in the theorem. Next consider

the function below, defined with this same A, B.

f(r) = ¢'(k) — Ap(r) — B.

The function f(k) is clearly elliptic, with a triple pole at k = 0. Therefore by Theorem
A.1.3 the function has three zeros and by Theorem A.1.5 the sum of these will be zero, (the
sum of the poles). From equations (2.29) it can easily be seen that 1 = w and Kk = v are
zeros of f(k). Then since the sum is zero the third zero must be k = —u — v.

Next consider the function
g(r) = ¢'(x)* — [Ap(x) + BJ*.
When « is congruent to u, v or —u — v,
JR) =0 = K =Apr)+B = ¢(x)’=[Ap(x)+ B,
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and so at these points the function g(x) will vanish. Expanding the bracket and using the

differential equation for the gp-function, (2.8), gives
9(r) = 4p(r)* — A%p(k)* — (2AB + g2)p(r) — (B* + gs),

which vanishes when p(x) is equal to any one of p(u), p(v) or p(u + v). For general u, v

these are unequal and so they are all roots of the general equation
4X° — A2X? — (2AB + g3)X — (B> +g3) =0

Now, recall that in general the sum of the roots of a cubic equation is given by —cy/c3,

where c3 and ¢, are the coefficients of the cubic and quadratic terms respectively. Therefore
p(u) + p(v) + p(u+v) = FA%

Finally, substituting from equation (2.30) and rearranging give the desired addition formula.

L[]
olut) = | =~ o)~ o)

To derive the duplication formula take the limit when v approaches u.

iy ot ) = & iy [ 2=V ) i o
imp(u+0v) =-lim [ ———F—| — p(v) — lim p(v).
o 1o | olu) — olv) v
So long as 2w is not a period, this will reduce to
L [¢'(u) = ¢'(uth)]
2u) = -1 -2 .
w20 = i Sy | 2t

Now apply Taylor’s theorem to p(u + h) and @' (u + h).

1.
p(2u) = 7 [im

hg!/(u) + O
{—hw@o+th%] ~ Zplu)

Therefore, so long as 2u is not a period,

p(2u) =

as required.
|

These addition and duplication formulae for the p-function are in fact the algebraic form
of the addition law that can be defined for points on an elliptic curve. It is this property of

elliptic curves which makes them so important in areas such as cryptography. For a detailed
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description of elliptic curves from the perspective of their use in cryptography see [67].
Additionally, [27] gives full details of how such schemes are implemented and details of
similar properties for the hyperelliptic generalisation discussed in Section 2.3.1.

Now we consider the corresponding addition formula for the o-function.

Theorem 2.1.26. The following addition formula holds for any two complex variables u, v.

R = p(u) = p(v). 231)

Proof. Consider the elliptic function

fu,v) = p(u) — p(v).

Let us describe this as a function of one variable, 2z = u + v,

f(z) = p(z —v) —p(z — ).

The function f(u,v) will have double poles when u = 0 or v = 0 (and at congruent
points). Equivalently f(z) has double poles at = = u and z = v. Next, f(u,v) will have
zeros when p(u) = p(v). Clearly this is when v = w and also when v = —u, recalling that
the p-function is even. Equivalently the function f(z) has zeros when z = 0 and z = 2v.
Therefore apply the result of Theorem 2.1.24 to give

f2) = K o(z —0)o(z — 2v) e ()= K

o(z —u)?o(z —v)?

for some constant /. Returning from z to u,v and recalling our original definition of

f(u,v) gives : ol )
_ olu+v)o(u—v
p(u) —pv) = K o(v)20(u?)

To determine the constant K use the series expansions given in equations (2.11) and (2.23).

Substituting in the expansions up to order six and expanding gives

0 = (464486400000(1 + K))u*v® — (464486400000(K + 1))u’v*

+ higher degree terms.

Hence we must have K' = —1, and so equation (2.31) has been derived as required.
[ |

While these addition formulae for the o and o-functions are related, in the higher genus
cases it will be the o-function addition formula which can be generalised. In fact it can be

generalised to whole families of addition formula depending on the symmetries present.
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2.2 Abelian function theory

At the end of this section a class of multivariate functions with multiple periods will be
defined. These will be an analogue of the Weierstrass p-function, but instead of using two
scalar periods the function will use two matrices of periods. These will be derived from
particular classes of algebraic curves, which give us a framework to classify the functions.
This section first introduces the curves considered and describes how period matrices are
derived from them. We then proceed to define a generalisation of the Weierstrass o-function

and uses that to define the generalised g-functions.

2.2.1 Curves, surfaces and differentials

We will consider the following set of algebraic curves, classified using the notation of [23].

Definition 2.2.1. For two coprime integers (n, s) with s > n we define a general

(n, s)-curve as an algebraic curve,

f(xv y) = OJ f(xv y) = yn -z’ — Z M[ns—an—,@s]xayﬁ- (232)
a,B

In this equation x, y are two complex variables while the (1; are a set of curve constants. The
subscripts of these constants are just labels chosen to match the weight properties that are
discussed in Section 3.3. The v and [ are integers restricted by o € (0,s—1),5 € (0,n—1)
and an + s < ns.

These curves have several properties which make them simpler to work with than an ar-
bitrary algebraic curve. They are non-singular, non-degenerate (have no multiple points)
and have one of their branch points at infinity in the projective plane, (denoted oco). In the
literature these curves are sometimes referred to as canonical curves. (See Chapter 3 of
[35] for some details regarding the theory associated to a less restrictive class of algebraic
curves).

We can think of these curves as compact Riemann surfaces by introducing a local
parametrisation of the curve. We describe the point (z, ) in the vicinity of the point (a, b)

using the local parameter ¢ at this point.

(a+&b+¢€) if (a,b)is aregular point.
1 1
(x,y) = (§—n, g) if (a,b) = (00, 00) is a branching point at co.
(a+&™b+¢) if (a,b)is another branching point of order m.

Recall that Riemann surfaces look like the complex plane locally near every point, but the

global topology can be quite different. They are one dimensional complex manifolds.
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The genus of such a surface is a unique integer associated to the surface which repre-
sents the maximum number of cuts along closed simple curves that can be made without
rendering the resulting manifold disconnected. It is topologically invariant and may be cal-
culated using the degree and singularity properties of the curve. It may be equivalently

thought of as the number of handles of the surface. (See Figure 2.6.)

Figure 2.6: The genus of mathematical surfaces

—

(b) A surface with genus one

(c) A surface with genus two (d) A surface with genus three

From [35] we see that the general (n, s)-curves have genus given by the particularly simple
formula,

g= %(n —1)(s—1). (2.33)
Throughout this document we will use g to represent the genus of the curve we are working
with. It can be thought informally as a measure of the complexity of the theory. Note that
the classic elliptic curve could be labeled a (2, 3)-curve and has genus one as predicted by
equation (2.33). We now define a subset of the general (n, s) curves obtained by setting

(8 = 0 in Definition 2.2.1.

Definition 2.2.2. For two coprime integers (n, s) with s > n we define a cyclic

(n, s)-curve as an algebraic curve,

f(x,y) =0, flz,y) =y — (2° + X121+ -+ Ax + ). (2.34)
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In keeping with tradition we use \; for the curve constants in the cyclic case.

We use the name cyclic because these curves are invariant under

(<] (z,y) — (2,Cy), (2.35)

where ( is a nth root of unity. The cyclic (n, s)-curve will also have one of its branch
points at oo and genus given by equation (2.33). The material presented in this section
is applicable to both the general and cyclic curves. However, it is computationally much
easier to work with the cyclic curves and in later chapters most results are limited to these

cases. For brevity the label (n, s)-curves is used when it is not necessary to specify.

We denote the Riemann surface defined by an (n, s)-curve with C'. The key to identify-
ing the properties of these Riemann surfaces and defining the associated period matrices is
the differentials associated to the surfaces. We will describe how these can be derived for

an arbitrary (n, s)-curve using the Weierstrass gap-sequence as a tool.

The Weierstrass gap sequence
Definition 2.2.3. Let (n, s) be a pair of coprime integers such that s > n > 2. Then the
natural numbers not representable in the form

an + bs where a,be N={0,1,2,...} (2.36)
form a Weierstrass gap sequence, W, ;. The numbers in the sequence are called gaps,
while the numbers that are representable in the form of (2.36) are labeled the non-gaps.

These sequences, first introduced by Weierstrass, are of great importance in several areas of
mathematics. Appendix A.4 proves and demonstrates the core properties of the sequence.
These include the property that the length of W, , is g = 3(n — 1)(s — 1), the genus of the
corresponding (7, s)-curve. We usually denote the sequence of non-gaps by W,, ,, include

zero as a non-gap and write both sequences in ascending order as below.
Wh.s = {w1,wa, w3, ... ,wy} W ={0,Ws,ws, ... }.

We summarise the rest of the results proved in Appendix A.4 below.

e An element of the gap sequence w € W, ; can be expressed as w = —an + (3s where

a,B € Z,a>0,0 < <n.The integers «, [ are determined uniquely.
e The maximal element of the sequence, wy, is equal to 2g — 1.
o Ifw e W, then (w, —w) ¢ W, ,.
o If w > wwhere w € W, s andw ¢ W, 5, then (w —w) € W, ;.

)
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e Each element in the gap sequence satisfies ¢ < w; < 27 — 1.

Some examples of Weierstrass gap-sequences are given below.
W2,3 - {1}7 W2,5 = {173}7 W3,4 = {1727 5}7 W3,5 = {17 274a 7}

The differentials associated with C

When working with Riemann surfaces there are traditionally three types of differential 1-

forms that are considered. (See for example [58] or [16] for a more detailed treatment).

o The differentials of the first kind, are the differential 1-forms that are regular every-

where. We refer to them as the holomorphic differentials.
o The differentials of the second kind are meromorphic, with zero residue at each pole.

o The differentials of the third kind are meromorphic with the sum of the residues equal

to zero.

We will first discuss the holomorphic differentials, which are the building blocks of those
functions that are holomorphic on the surface. They can be represented locally at every

point (z,y) on C' in the form
du = h(§)dg,

where h is a holomorphic function and ¢ the local parameter in the vicinity of (z,y). For
an algebraic curve of genus g there exist exactly g independent holomorphic differentials,
which form a basis. The following proposition, from [35], describes how we can construct

the basis of holomorphic differentials for an arbitrary (n, s) curve using the gap sequence.

Proposition 2.2.4. Let C be an (n, s)-curve of genus g and W, s the Weierstrass gap se-
quence generated by (n, s). Then a basis for the space of holomorphic differentials upon
the curve is
(z,9) vy d =1 (2.37)
du;(x,y) = x, 1=1,...,9 .
fo(x,y)

where P;, (); are the integers in the decomposition of the first g non-gaps, (Lemma A.4.1).

nP; 4+ sQ; = w; i=1,...,9.

This basis is sometimes called the standard or canonical basis of holomorphic differentials.

We denote the row vector containing the basis by du = (du;, dus, . . ., duy).

Example 2.2.5. We will construct a basis of holomorphic differentials for the cyclic (3, 4)-
curve which has genus ¢ = 3. In Example A.4.3 the gap sequence was calculated as

W34 = {1,2,5}. Then the first three non gaps can be decomposed as follows.
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w; =0=0-3+0-4 = P =0, @1=0
E2:3:13+04 — P2:1, QQZO
w3:4:03+14 :> P3:0, Q3:1

The cyclic (3,4)-curve is defined by
f(z,y) =0, where f(z,y)=1v"— (" + X32® + Xox® + Nz + \o). (2.38)

Therefore f,(z,y) = 3y* and a basis for the space of holomorphic differentials is

dz rdx @

duy (2, y) = 3_312’ dug(z,y) = 3_342’ dus(z,y) = 3y

We now define a particular second kind differential.

Definition 2.2.6. The 2-form Q((z,y), (z,w)) on C x C is a fundamental differential of
the second kind if

1. It is symmetric: Q((w, v), (2, w)) = Q((z, w), (z, y))
2. The only pole of second order is along the diagonal of C' x C' (where x = z)
3. It can be expanded in a power series as

Q((:E,y), (z,w)) = <ﬁ + O(l)) dede  as (v,y) — (z,w)

where & and £ are the local coordinates of (x,y) and (z,w).

We will construct a generalisation of Klein’s explicit realisation of the fundamental differ-
ential in Proposition 2.2.8. This generalisation was developed for the (n, s)-curves in [35].
This realisation is used in the Kleinian formula discussed in Section 3.2 and also allows us
to construct a basis for the differentials of the second kind. These are denoted by
B

J (x7 y) d

d?"j(l’,y) = f

x, 1=1...,9 (2.39)
y($ay)

and they are determined modulo the space spanned by the du. Denote the row vector

containing this basis by dr = (dry,drs, ..., dr,).

Definition 2.2.7. Define the following meromorphic function on C x C, where | |, means

that we remove any terms which have negative powers of w.

o -y S (2] o
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Proposition 2.2.8. The fundamental differential of the second kind can be expressed as

Q((:L‘, v), (2, w)) = R((x, v), (2, w))dxdz (2.41)
where

R((x,y), (z,w)) = %E((w,y), (z,w)) + Z dujéi,y) . drjgizz’ w)' (2.42)

The polynomials h;(x,y) contained within dr;(x,y) should be constructed so that () satis-

fies the symmetry condition in Definition 2.2.6.

For the proof see for example [30] page 9. This proposition will allow us to write the

fundamental differential of the second kind as

F((z,y), (z,w))dzdz

U w): 0) = 2 g ooy

(2.43)

where F' is a polynomial of its variables.

Example 2.2.9. Consider again the cyclic (3,4)-curve defined by equation (2.38). Since the

lf(z,w)] Y 3

wn—k+1 o w3—k+1’

curve is cyclic,

Therefore the function given in Definition 2.2.7 is

3 -
1 5y W y? + yw + w?
Z((l’,y), (Z,U))) = (LL’ _ Z) . 3y2 ) Zy w3—k+1 - 3y2<x _ Z) ’
k=1

Hence equation (2.42) becomes

R o) = 1

v + yw + w? 1 N hi(z,w) + xha(z,w) + yhs(z, w)
T — 2z 3y 9y2w? ’

where the polynomials /; have yet to be determined. Note that from the curve equation

1
w, = @(42'3 + 4)\322 + 2)\22 + )\1),

and so we can evaluate the derivative in R((z,y), (z,w)) and substitute for w,, (along with
any higher powers of w, using the curve equation). We can find the h; by imposing the

symmetry condition on 2 and hence R((z,y), (z,w)).
R((z,9), (2, w)) = B((,w), (z,9).
We find that the condition holds for
hi(z,y) = (52 + 32X3 + X2)y, ho(z,y) = 2zy, hs(z,y) = 22

37



Chapter 2: Background Material Section 2.2: Abelian function theory

Note that this set of polynomials is not unique. For example the A\, term could have been
included in h, instead of /1, however, this would have made no difference to the end results.
So given these values of h; we see that a basis for the differentials of the second kind

associated to the cyclic (3,4)-curve is given by

y(52% + 3zA3 + \o)dx
3y?
2zydx r2dx

3y2 dl’, dTg(l‘,?J)I 3y2

dx,

drl (‘Ta y) =

dz.

dT‘Q(.T, y) =

Further, the fundamental differential of the second kind is given by

Q((2,y), (2,w)) = F((g(:j)_a(;)j;z)(zxdz’

w

where F'((z,y), (z,w)) is the following symmetric polynomial

F((z,y), (z,w)) = 3\ + 22° + 3X32°1 + 2\ 2 + 2°2% + 2 022 + M7 + A2?)y
+ 3y2w? + (3N + 2232 4 3Xs2?2 4+ 20w + 272 + 2 oxz + A2 + Aoz )w
O

In Section 3.1.1 this calculation is performed for the cyclic (4,5)-curve with details of all

the steps shown in full.

2.2.2 Abelian functions

The next step is to describe how period matrices can be generated from these curves. After
that we introduce the notion of a function that is periodic with respect to these matrices —
an Abelian function. This subsection ends with a discussion on the Jacobian of the curve.
This is an important substructure of the curve that has algebraic group properties and can

be described by the associated Abelian functions.

Let C be the surface defied by an (n, s)-curve, and du = (duy, ..., du,) the vector of
holomorphic differentials defined in the previous section. We will usually denote a point in

CY by u, a row vector with coordinates (uy, ..., u,). Any point u € CY may be written as

P
/ du, (2.44)

1 o0

g
u =

(2

where the P; are a set of ¢ variable points upon C'.

Now we must choose a basis of cycles (closed paths) upon the surface C'. Denote them

aivﬂj7 ]-SZ).]ng
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and ensure they have intersection numbers

OZZ"Oéj:O, @ﬁj:(), Oézﬂjzézj: L lf Z:j (245)
0 if i+

(Note that these cycles are the first homology basis of the Riemann surface.) We now define
the periods associated to the surface as the integrals of the differentials along these paths.

We combine them into the following two g X g period matrices.

w' = (% due) W' = (jg dué) (2.46)
ag kt=1,...g Bk kt=1,....g

Note for future use that the matrix (w’)'w” is symmetric with
Im((w')"'w")  positive definite. (2.47)

(See [19] for details). These matrices play the role of the scalar periods wq,ws in the el-
liptic theory. They are used below to construct the period lattice A, defined in analogy to

Definition 2.1.8 from the elliptic case.

Definition 2.2.10. Denote the period lattice formed from W', " by A. These are the points
A={v'm+uw'n, m,necZz’.

We can now give a definition for those function that are periodic with respect to these

matrices, or equivalently, invariant under translations by this period lattice.

Definition 2.2.11. Let 9t(w) be a meromorphic function of u € C9. Then M is an Abelian

Junction associated with C if
M(u +w'm+w'n) = M(u), (2.48)
for all integer column vectors m,n € 79.

The Jacobian

Recall that an algebraic variety is the set of solutions to a system of polynomial equations.
An Abelian variety is an algebraic variety that is also an algebraic commutative group. (L.e.
a group law for points in the variety can be defined by regular functions.) Topologically an
Abelian variety is a complex g-handled torus.

Every algebraic curve C' of genus g > 1 is associated with an Abelian variety of dimen-
sion g, called the Jacobian of the curve and denoted .J. They are associated by means of an

holomorphic map from C' to J. Any point in the Jacobian can be generated by a g-tuple of
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points in C'. As with any complex torus of dimension g, the Jacobian may be obtained as

the quotient of a g-dimensional complex vector space by a lattice of rank 2g.

Definition 2.2.12. Let C be defined by an (n, s)-curve and A the lattice of its periods. Then
the manifold C9/ A is the Jacobian of C, denoted by J.

Intuitively speaking, the Jacobian is C?Y with those points on equivalent positions in the

lattice ‘glued together’. Let x denote the quotient map of modulo A over C.
k:CI—-CI/A=J

Then A = x71((0, ..., 0)). Note that the Jacobian of an elliptic curve is isomorphic to the
curve itself. Hence in the elliptic case equation (2.44) simplifies to equation (2.17), with
dx /y as the sole differential in the basis.

Next, the map that is used to move from the curve to the Jacobian is defined.

Definition 2.2.13. For k = 1,2,... define A, the Abel map, as below. This is a map from

the kth symmetric product of the curve to the Jacobian of the curve.
A : Sym*(C) — J

P Py
(Pl,...,Pk)H</ du+---+/ du) (mod A). (2.49)

Here the P; are points upon the curve C.

When k£ = 1 the Abel map gives an embedding, or a one dimensional image, of C.

The Jacobi Inversion Problem is, given a point v € J to find the preimage of this point
under the Abel map (2.49). Denote the image of the kth Abel map by W'*. (For k > ¢ the
image W k| = J by the Abel-Jacobi theorem.)

The next definition is for the strata of the Jacobian. These spaces decrease in dimension
and are the natural location to work with lower dimensional problems (as is the case in

Chapter 6). First note that we write, [—1](uy, ..., uy) = (—uq, ..., —uy).

Definition 2.2.14. Denote the the kth strata of the Jacobian by O and define it as below.
Ol = Wk y (1w, (2.50)

This is also referred in the literature as the kth standard theta subset or kth stratum.

These strata are all subsets of the Jacobian and are arranged as follows.
J=6llsell5...50l >0 (2.51)

where 0 is the origin, and in the literature is sometimes assigned to be O, When the

(n, s)-curve has n even the process is simplified and W = [~ 1] = glk],
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2.2.3 The Kleinian o-function

In Section 2.2.4 the class of Abelian functions that generalise the Weierstrass g-function is
defined. This is done using an auxiliary function which we discuss in this section.

First define two further period matrices, (in addition to those given in equation (2.46)),
by integrating the basis of meromorphic differentials, dr. (This basis was defined in equa-
tion (2.39) and should be explicitly determined through the construction of the fundamental

differential of the second kind detailed in Proposition 2.2.8.)

n = (]{ d?’g) n' = (7{ dW) (2.52)
g kl=1,...g k kl=1,....g

77777

The matrix M satisfies

0, —I 0, —I
Ml 7 P M =2 ¢ Y7, (2.53)
Ig 09 IQ 09

where I is the identity matrix of size g and 0, is the zero matrix of size g. Equation (2.53)
is known as the generalised Legendre equation and we refer the reader to page 11 of [19]

for more details.

The Kleinian o-function will be a function associated to the curve C' that generalises the
Weierstrass o-function discussed in Section 2.1.4. (When C' is the classical elliptic curve
then the Kleinian o-function will equal the classical function.) It will be a function of g

variables where g is the genus of the curve.
o=o0(u) =o(u,u, ..., uy).

The function was first introduced by Klein in his research on hyperelliptic functions, (see
Section 2.3.1). This approach is developed for the general (n, s)-curves in [19], [35] and
[60]. The definition was developed so that the function would generalise the classical o-
function, maintaining those properties that are necessary for the successful development of
the theory of Abelian functions. These conditions were that the function be entire, satisfy a
quasi-periodicity property, have a specific set of zeros and a particular series expansion.
Given these properties it was shown that the Kleinian o-function could be expressed
using multivariate -functions. These are a generalisation of the Jacobi 6-functions, (dis-
cussed in Appendix A.2). The essential definitions and properties that are important for this

document are summarised in Appendix A.3. We refer the reader to [59], [42] and [53] for

41



Chapter 2: Background Material Section 2.2: Abelian function theory

a detailed treatment of the multivariate 6-functions.
In a number of applications authors have developed theory purely in the §-functions, see
for example [61]. However, the o-function approach pursued in this document is considered

the most advantageous method for developing the theory of Abelian functions.

We now give the definition for the Kleinian o-function associated to C' using §-functions
and equivalently as an infinite sum. We then present the key properties that the function
was designed to incorporate. For a more detailed study of the construction and properties

of the multivariate o-function we refer the reader to [19] and [60].

Definition 2.2.15. Let C be an (n, s)-curve and M the matrix of periods discussed above.
Then the Kleinian o-function associated to C' is defined using a multivariate 6-function

with characteristic 0] as
o(u) = o(u; M) = cexp (3un () u”) - 0[0] () u” | ()" 'w").
Using Definition A.3.2 for the 0-function, we can write it as an infinite sum.

o(u) = cexp (Fun/ (W) u’) x Z exp [272’{ (2.54)

meZ9I

%(m_’_(s/)T(wl)flw//(m_’_(s/)+(m+6l)T((w/>fluT+dll)} .

The O-function characteristic, [0], is the 2g vector of half integers

5] = [ Z]

that is related to the Riemann constant with base point co. (See Appendix A.3 for the
definitions or [19] for full details). The constant c is dependent upon the curve parameters
and the choice of cycles {«, 3;}. It is fixed later in Remark 2.2.23.

Remark 2.2.16.
(i) When the (n, s)-curve is chosen to be the classic elliptic curve then the Kleinian o-

function coincides with the Weierstrass o-function.

(i1) For brevity we will now just refer to the Kleinian o-function as the o-function and

specify if we are referring to the classical function.

(iii) The derivatives of the o-function with respect to the variables in w are often used and

are referred to as o-derivatives.

They are denoted in this document by adding subscripts as follows.

o 0 0

= Ce g
8ui1 auiQ 8uln

0i17i27---7in(u) (U), il S e S Zn € {L ce 79}-

42



Chapter 2: Background Material Section 2.2: Abelian function theory

If appropriate then the commas in the indices may be removed for simplicity.

(iv) If the vector of variables to which we are referring is obvious or not relevant then we

may omit it. For example we may write o;; instead of o;;(u).
We now summarise the most important properties of the o-function.

Lemma 2.2.17. The Kleinian o-function and the o-derivatives are all entire functions of u

over CY.

Proof. This is clear from equation (2.54).

Next we make precise the periodicity properties of o(u).

Lemma 2.2.18. Given u € C9, denote by u’ and u" the unique elements in R such that

u:w/u,+w/lu//-

Let £ represent a point on the period lattice. Then
L=u0 +u"8" €A, v ez (2.55)
Foru,v € CYand £ € A, define L(u,v) and x(€) as follows:

L(u,v) — 'LLT(UI’U’ + 77”1)”)7
x(€) = exp [2mi{ (€)"6" — (£7)"6" + 1(€)"e"}].

Then for all u € CY,£ € A the function o(u) has the following quasi-periodicity property.

o(u+£€) = x(€)exp [L <u + 5,5)} o(u). (2.56)
(Note that if o(u) = 0 then clearly o(u + £€) = 0 also. Therefore, while the o-function

itself is not A-periodic, the zero set of the function is. )

Additionally, the o-function is modular invariant:
o(u; TM) = o(u; M), forY € Sp(29,7Z). (2.57)

(Sp(2g,7Z) is the group of size 2g symplectic matrices with elements in 7).

Proof. The quasi-periodicity property (2.56) is a classical result, first discussed in [7], that
was fundamental to the original definition of the multivariate o-function. It is a gener-
alisation of equation (2.22) in the classical case and follows from the properties of the

multivariate -function.
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Although both ¢ and the #-function are not independent of the basis of cycles, the o-
function is, so long as the restriction (2.45) is satisfied. Such a change is equivalent to
multiplying M by another symplectic matrix.

See [19] or [60] for the construction of the o-function to satisfy these properties.

[ ]

Recall that the elliptic o-function has zeros on each of the lattice points. This is not
the case in general, however, we are still able to specify where the o-function has its zeros.
(The extra simplicity in the elliptic case is due to the fact that an elliptic curve is isomorphic

to its Jacobian.)

Lemma 2.2.19. The function o(u) has zeros of order one when u € O~ Further, for

all other w we have o(u) # 0.

Proof. This is a classical result first discussed in [7], generalised in [19] and formalised
with this notation in [14]. The o-function was defined using a Riemann #-function with
base point co. By Corollary A.3.7 the §-function, and hence the o-function, would vanish
on the theta divisor, which when generated by this base point coincides with our definition
of Ol—1,

]

Recall that the Weierstrass o-function was an odd function of the variable u. In general the
Kleinian o-function has definite parity with respect to the change of variables, u — [—1]u

and is odd or even depending on the choice of (n, s).

Lemma 2.2.20. The o-function associated with an (n, s)-curve has definite parity which
may be predicted by
o(—u) = (=1)2a DD (y). (2.58)

Proof. This is Proposition 4(iv) in [60].

[ |
Consider the Taylor series expansion of o(u) about the origin, 0 = (0,...,0). This
will be multivariate in the variables u1, ..., u, and will also depend on the parameters of

the underlying (n, s)-curve. These were denoted by us or As depending on the type of
curve, (Definitions 2.2.1 and 2.2.2). The final property of the o-function that is presented in
this section allows the part of the expansion that does not depend on the curve parameters

to be specified up to a multiplicative constant.

Theorem 2.2.21. The Taylor series expansion of o(u) about the origin may be written as
o(u) = K - SW, s(u) + terms dependent on curve parameters, (2.59)

where K is a constant and SW,, s the Schur-Weierstrass polynomial generated by (n, s).
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Proof. The result was first stated in [20], with an alternative proof now available in [60].
[ |

The Schur-Weierstrass polynomial is a finite polynomial in the variables w that is not
dependent on the curve parameters. Appendix A.5 defines the Schur-Weierstrass polyno-
mial and give details on how it is constructed from the integers (n, s). Some examples are

given below for specific values of (n, ).

W2,3 = U

W275 = %(—ug + 3U1>

Wiy = %(ug + 20u; — 20u3us)

Ws5 = = (uf + 448usujus — 56usuy — 112u; + 448uj — 448uyuy )
Remark 2.2.22.

(i) In the elliptic case we have (n,s) = (2,3) and so the o-function expansion should
contain only one term, u; multiplied by a constant that does not depend on the curve
parameters. Check equations (2.23) and (2.24) to see that this was indeed the case.

(In the elliptic case the curve parameters were the elliptic invariants gs, g3.)

(ii) The polynomial SW,, ; will have, with respect to the variable u,, a leading term given

by a constant multiplied by

2D

Qo

(Note that this is the case in the four examples above). This follows from Proposition

4 of [60] and matches the parity property of the o-function given in Lemma 2.2.20.

This section concludes by fixing the constant ¢ in the definition of the Kleinian o-

function.

Remark 2.2.23. We will fix the constant ¢ in Definition 2.2.15 to be the value that makes

K = 11in Theorem 2.2.21. Some other authors working in this area may instead set

( 9 >§ 1
c= .
det(w’) Dz

where D is the discriminant of the curve C. In general these two choices of ¢ are not
equivalent. However the constant ¢ will cancel in the definitions of all the Abelian functions
used in this paper, (see Appendix B). Hence almost all results derived in later chapters of
this document are independent of c. (The only exceptions are the two-term addition formula
in Sections 3.6 and 4.1 which we discuss when they occur.)

Note that this choice of c ensures that the Kleinian o-function matches the Weierstrass

o-function when the (n, s)-curve is chosen to be the classic elliptic curve.
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2.2.4 The Kleinian g-functions

We are now in a position to define the generalisation of the p-function. We define it using
the Kleinian o-function by taking logarithmic derivatives, in analogy to equation (2.21) in
the elliptic case. Since in general there is more that one variable, there will be a num-
ber of possible p-functions we can define depending on which variable is chosen for the

differentiation. We introduce some new notation to overcome this ambiguity.

Definition 2.2.24. Define the 2-index Kleinian g-functions as

82
gwhoz—am&%bgkum, i<je{l,....g} (2.60)

Lemma 2.2.25. The 2-index @-functions are meromorphic functions with poles of order

two when o(u) = 0.

Proof. Expand equation (2.60) to give

() = Tiw)o;(w) — o(u)oi;(u)
pU( ) O'(U)2

(2.61)

Recall that the o-function is entire and so p;;(u) will be meromorphic, with poles of order

two only when o(u) = 0.
|

Lemma 2.2.26. The 2-index Kleinian p-functions are Abelian functions.

Proof. We need to prove that p;;(u) satisfies the periodicity property (2.48). This is equiv-
alent to proving
pij(u +£) = i (u), (2.62)

where £ is an arbitrary point on the period lattice as defined in equation (2.55). We can
prove this using the quasi-periodicity property of the o-function, given in equation (2.56).

First recall the function L(wu, v) defined in Lemma 2.2.18. We will examine the function
L(u + g, £) which we label L(u) for simplicity.

s £ £ g 1 pt 1" pt
L(u) =L u+§,£ =(u+g ('€’ +n"e").

Using the subscripts to indicate the components of the vectors and matrices we see

Uy + %1 ' My +maly + -+ Uiggl + 77115” +nialy + -+ 771g€//
L(u) = :
ug + 2 Mo by + nlply + -+ 0 0+ nglé” ol A
= (Ul + 51) (7711gll + 77/126/2 +-ot 77/196; + 0y + 7712” Tt 77196”)
~+Wﬁ@ﬂ%ﬁ+%%+m+%ﬂ+%w+%ﬂ +%ﬂ)
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Therefore, the derivatives of L(u) are

- 0
Li(w) = ou;

A 0 -
e/

L(w) = ny by + mjgly + -+ + iyl + i l] + il + -+ i,

We can now examine the quasi-periodicity of the first and second o-derivatives, noting that

the latter simplifies due to equation (2.63).

o(u+€) = x(&) exp | L(w)| - o(u)

oiu+£) = x(@) exp | L(w)| - [Liw)o(u) + oi(w)]

(
oij(u+£) = x(£) exp :i(u): [Li(u) Li(u)o (w) + Lj(u)oi(u)
+ Li(u)aj(u) + 0ij(u)] (2.64)

Now substitute u for u + £ in equation (2.61) and use equations (2.64).

gi(u+L)oj(u+£) —o(u+£)o;;(u+£)
o(u+ £)?

N < [Li(w)o(w) +oi(w)] - [Lj(w)o(u) + o5(w)]

pij(u+£) =

So p;;(u) satisfies the periodicity condition and by Lemma 2.2.25 the function is meromor-

phic. Hence it is an Abelian function.
|

We extend this new notation to define the derivatives of these functions.

Definition 2.2.27. For n > 2 define n-index Kleinian go-functions as

o 0 0 . .
41,02, in(’u’) = _auil auiz cet auzn log [O’(fu,)]’ 31 S e S n € {17 s 79}

Note that the n-index g functions are all independent of the constant ¢ used in the

definition of the o-function. (See Appendix B for the proof.)

We now use similar techniques to show that these functions are also Abelian.

Lemma 2.2.28. The n-index p-functions are meromorphic functions with poles of order n

when o(u) = 0.
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Proof. Use proof by induction. The statement has already been proved for the case n = 2

in Lemma 2.2.25. Suppose it is true for n = p. Then we could write

f(u)

o(u)p

1,12, ip (U) =

where f(p) is an entire function. Differentiating gives

0

ipt1

ﬂm]WWMMMPmMmﬂ

o(u)?

ap

1,02, ipyipt1 (u) =

o) |G )| S e ) ot |5 )| s )

O—(u)zp—(P—l) g(u)p""l

Since both f(w) and o(w) are entire functions we know the numerator is entire. Hence the
function has poles of order p + 1 when o(u) = 0. Therefore, if the statement is true for

n = p then it is true for n = p + 1 as required.
|

Lemma 2.2.29. The n-index Kleinian @-functions are all Abelian functions.

Proof. Given that equation (2.62) is true we can just differentiate to conclude that all the n-
index g-functions satisty the periodicity condition. Coupled with Lemma 2.2.28 this shows
that the n-index Kleinian g-functions are all Abelian.

[ |

We now give some remarks on how these functions are related to the Weierstrass (-

function.

Remark 2.2.30. Definition 2.2.24 was given as an analogy to equation (2.21) in the elliptic
case. It was remarked earlier that when the (n, s)-curve is chosen to be the classic elliptic
curve then the Kleinian o-function coincides with the classic o-function. In this case, since
g = 1, there is only one 2-index Kleinian @-function and it coincides with the Weierstrass

p-function. The only difference would be the notation with

p11(u) = p(u), pm(uw) =), pun(e) =" ().
So to emphasise, 2-index p-functions play the role of the classic p-function, a 3-index the
role of the first derivative ©’ and a 4-index the role of the second derivative p”.
Remark 2.2.31.

(i) Both the Weierstrass p-function and the Kleinian p-functions have poles of order two
when the o-function is zero. In the elliptic case this occurred on the lattice points, but

in general it occurs for u € O~
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(i1) In the elliptic case the functions g’ and ¢” had poles of order three and four respec-
tively, occurring again at the lattice points. Similarly the n-index Kleinian p-functions

have poles of order n when u € ©l9~1,

Recall that the Weierstrass g-function is an even function of its variable while the derivative
¢ is odd. A similar property is present for the p-functions associated to a general (n, s)-

curve.

Lemma 2.2.32. The n-index o-functions have definite parity with respect to the change of

variables u — [—1]u. The functions are odd if n is odd and even if n is even.

Proof. Recall Lemma 2.2.20 which stated that the o-function had definite parity. Suppose
first that the o-function is even. Then the odd index o-derivatives will be odd functions

while the even index o-derivatives are even functions.

Then consider the effect of the change of variables on ;;(u) as given by equation (2.61).

oi([=1]u)o;([=1u) — o([=Hu)oi;([-1]u)

oij([—1]u) = 2 o([~1]u)?
_ (—1) Ui(u)U;(ZLJ); o(u)o;;(u) ~ ou(w).

Hence the 2-index p-functions would be even. Now suppose that the o-function is odd.
Then the odd index o-derivatives will be even functions while the even index o-derivatives

are odd functions.

Consider again the effect of the change of variables on p;;(u).

oi([=1]u)o;([=1u) — o([=Hu)oi;([-1]u)

pii ([—1]u) = o([~1]u)?
_ oi(u)a;(u) — (—1)*o(u)oi;(u) "
— (—1)o(w)]? = @w( )-

Therefore, regardless of the parity of the o-function, the 2-index g-functions are even.
It clearly follows from their definition that the n-index p-functions must then alternate

between having odd and even parity.
[ |

We now give some remarks on the notation used in this document.
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Remark 2.2.33.

(i) From now on we may just refer to the -functions, specifying if we are referring to

the Weierstrass function or to p-functions of a particular index.

(i1) The p-function indices are usually single digits such as p;;. Occasionally commas are

used for clarity, asin @;, ;. .

(ii1)) The order of the indices is irrelevant. For simplicity we always use ascending numer-

ical order, as indicated in the definitions.

(iv) If the vector of variables to which we are referring is obvious or not relevant then we

may omit it. For example we may write p;; instead of p;;(u).

Note that as the genus of the curve increases so do the number of associated p-functions.
It was noted above that when ¢ = 1 there is only one gp-function of each index, coincid-
ing with the Weierstrass gp-function and its derivatives. However, when g = 3 for ex-
ample, there will be six 2-index p-functions, ten 3-index p-functions and fifteen 4-index

o-functions.

{@ij} = {@11, £12, £135 §922, §923, @33}
{pijk} = {9111, §112, §2113, §2122, §2123, §2133, §222, §2223; §233, @333}
{@ijkl} = {@1111, 1112, 1113, £1122, £1123, 21133, §21222, §£1223, §£1233; §£21333,

2222, 2223, 2233, §22333, §73333 }
In general, the number of r-index g-functions associated with a genus g curve is

(g+r—1)!
ri(g —1)!

(Since the problem is choosing 7 indices from g possible indices with repetition allowed

and order not important.)
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2.3 Literature review

The definitions of the previous section were given for an arbitrary (n, s)-curve of genus g,
generating infinite classes of Abelian functions with increasing genus. Such a definition was
not developed as an immediate generalisation of the Weierstrass elliptic function theory.
In this section we discuss in chronological order the cases that have been considered. We

present some of the more important results which motivate the work in the coming chapters.

The first generalisation of elliptic functions were labeled hyperelliptic functions and
had two variables and four periods. They could be defined as functions on the Jacobian of

a hyperelliptic curve.

Definition 2.3.1. A hyperelliptic curve is an algebraic curve given by an equation of the

form

where f(x) is a polynomial of degree n > 4 with n distinct roots.
From Definition 2.2.2 all the the cyclic (2, s)-curve are hyperelliptic curves.

There were several alternative approaches taken to developing the theory of hyperellip-
tic functions, before Klein developed the definitions that were generalised in Section 2.2.
These originated from the German language paper, [51]. The following quote is taken from
the introduction of [19], with the citations replaced with the numbers used in the Bibliog-

raphy of this document.

“The paper of Klein [51], was an alternative to the developments of Weierstrass [68],
[69] (the hyperelliptic generalisation of the Jacobi elliptic functions sn, cn, dn) and the
purely O-functional theory of Goppel [45] and Rosenhain [64] for genus 2, generalised
further by Riemann. The o-approach was contributed by Burkhardt [24], Wiltheiss [71],
Bolza [18], Baker [8] and others.”

It is the work of Baker in particular that has motivated the recent developments in

Abelian function theory.

2.3.1 The genus two generalisation

In 1897 Baker published a classic monograph, [7], detailing Klein’s theory. Later in 1907
he published a second monograph, [10] which derives in detail theory related to the genus
two hyperelliptic curve. Both books have now been reprinted with the publication details

available in the Bibliography.
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The simplest hyperelliptic curve is, in our notation, the cyclic (2,5)-curve which has

genus g = 2.
C: y? = 2% 4+ Mgt + Az 4 Moz + N+ Ao

A basis for the space of holomorphic differentials upon C' may be calculated as

du = (duy, duy) where
dz xdx

dU1 = —, dUQ = —.
The associated meromorphic differentials of the second kind are calculated as
dr = (dry,drs) where
. )\333 + 2)\4332 + 12.%3 2

dx, dry = m—da:.

dr
' 4y y

We can then define the period matrices and the hyperelliptic o-function as in the general
case.

We define the hyperelliptic p-functions as logarithmic derivatives of the hyperelliptic
o-function. Since the genus is two there will be three generalisation of the Weierstrass

o-function, {11, P12, P22 }. Similarly

{pz‘jk} = {91117 112, £122, @222}a
{@z’jk} = {@1111, 1112, 1122, §21222, @2222}

In [10] Baker derived many results that generalised the Weierstrass theory. We detail three
examples below which motivate the new results in this document. These results are even
more impressive given that matrix theory was still in its infancy and all calculations were

performed by hand.

e In the elliptic case the p-function satisfied the following differential equation be-
low, expressing the square of the first derivative of the p-function in terms of the

o-function itself. (See Theorem 2.1.14.)

[¢/ (w)]* = 4p(u)® — g2p(u) — gs.

We may interpret [/ (u)]? as a pair of 3-index g-functions multiplied together. In the

genus two case there are 10 such combinations.

{@'jk@lmn}:{@%lla 2111112,  £1110122, 211169222,

2 2 2
Ol12,  P1120122,  ©11260222,  Ploos  P1220222, P29}

Baker derived expressions for these 10 products as polynomials in the
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2-index g-functions of total degree no greater than three.

300 = 4039 + 4P12022 + 411 + M3y + Ao
01920922 = 4059012 + AaP2op12 + 207, — 2011902 + %)\3922 + %)\1
(2.65)

e Consider next the second differential equation of the elliptic case, expressing the

second derivative ¢”(u) using the p-function itself. (See Corollary 2.1.15.)

o (1) = 6p(u)* — 392.

Baker derived expressions for the five ©;;x; as polynomials of 2-index g-functions of

total degree no greater than two.

2222 = 65, + 3As + Aapaz + 4o
©1222 = Oa2p12 + Map12 — 2911
(2.66)

e Finally, consider the addition formula for the Weierstrass o-function derived in

Theorem 2.1.26.
L) - ot o0

The following hyperelliptic o-function addition formula has the same ratio of

o-functions on the left hand side, but an extra cross-product on the right.

_U(ua—é_ll‘)’gz((:); Y = p11(u) + P21 (W) P22(V) — P2 (W)p21(v) — p11(v). (2.67)

2.3.2 Developing the general definitions

In [9] Baker developed results for a genus three hyperelliptic curve, but after the research on
hyperelliptic functions in the late 1800s there was little progress on a further generalisation
for almost a century. The classical elliptic functions have been of great importance in math-
ematics since their original definition. However, over that last three decades their relevance
in physics and applied mathematics has been greatly developed. This inspired renewed in-
terest in the theory of Abelian functions and led to the general definitions introduced in [19]
and [35].

In 1997 Buchstaber, Enolskii and Leykin published a theory, [19], for the functions as-
sociated to hyperelliptic curves of arbitrary genus, (the (2, s)-curves). They develop Klein’s

construction of the fundamental differential and specify the o-function, using results on the
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Riemann #-function.
A key result is the solution of the Jacobi Inversion Problem for an arbitrary hyperelliptic
curve of genus g, (Chapter 3 of [19]). The authors prove that the Abel preimage of © € J

is given by {(z1,v1), ... (2,4, y,)} with x4, ..., z, the zeros of P(z,u) = 0 where

P(z,u) =27 — $g_1@g,g(u) - xg_ngy—l(u) - x@gﬁ(u) - pgﬂ(“)-

The corresponding v, . . ., y, are then given by

0
= ——P(x,
Yk 8ug (-T U) T=xp
Also derived are the relations that connect the functions ¢,; with their derivatives, (Chapter
4 of [19]). In particular a set of equations expressing the ¢ .4 as a polynomial of 2-index

p-functions with total degree at most two.

©gggi = (6999 + A2g)9g:i + 69901 — 2041, + %551,1')‘251—1'

These generalise Corollary 2.1.15 in the elliptic case and equations (2.66) derived by Baker.
Similarly there is a generalisation of the key elliptic equation, (Theorem 2.1.14) generalised
by Baker in equations (2.65). These express products of 3-index g-functions as a polyno-

mial of 2-index p-functions with total degree at most two.

PggiPggk = 4@g,gpg,ipg,k - 2(@9,1’@971& + @g,k@gfl,i) + 4@k71,z’71
+ 4(9g,k0g,i—1 + 9g,i90g.5—1) — 2(Pri—2 + Qik—2) + A2gPg.kg,i
+ %)\29—1(51‘;;%,9 + 0k g©ig) + A2i—20i i + %(/\21‘—15k,z‘+1 + Aok—10; kt1)-

In Chapter 5 of [19] matrix formulations of these equations are developed. The paper also
introduces applications of the results to the Sine-Gordan equation, the Schrodinger equation
and the KdV system.

These developments of the hyperelliptic theory inspired new applications such as [41]
and [33] and an interest in the development of a general theory. In 2000 Eilbeck, Enolskii
and Leykin published [35] which developed the definitions in [19] from hyperelliptic curve
to (n, s)-curves. In particular they relaxed the cyclic restriction, allowing additional powers
of y in the curve equations as specified by Definition 2.2.1. The fundamental differential,
o-function and p-functions were introduced for the general cases.

In 1999 Buchstaber, Enolski and Leykin published [20] and [22] which introduced the
connection of the o-function to the Schur-Weierstrass polynomials, as set out in Theo-

rem 2.2.21. This idea was developed further in the recent paper by Nakayashiki, [60].

The next step was to investigate the theory for (n, s)-curves with n = 3.
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2.3.3 Abelian functions associated to trigonal curves

Definition 2.3.2. Define those (n, s)-curves with n = 3 as trigonal curves.

In [21] Buchstaber, Enolskii and Leykin furthered their methods in [19] for the hy-
perelliptic case to obtain realisations of the Jacobian and another important structure, the
Kummer variety, for the case of an arbitrary trigonal curve of genus g. Over recent years
several groups of authors have begun to investigate other aspects of the theory of Abelian
functions associated to trigonal curves, both general and cyclic. (Note that in the literature

the cyclic trigonal cases are sometimes referred to as strictly trigonal or purely trigonal.)

The two canonical classes of trigonal curves are the (3,4) and (3,5)-curves of genus
three and four respectively. Detailed studies are given in [30] by Eilbeck, Enolski, Matsu-
tani, Onishi and Previato for functions associated to the general (3,4)-curve, and in [11] by
Baldwin, Eilbeck, Gibbons and Onishi for functions associated to the cyclic (3,5)-curve.

Both papers explicitly construct the fundamental differential, solve the Jacobi Inversion
Problem and obtains sets of differential equations between the p-functions. These include
complete sets of relations to generalise Corollary 2.1.15 and the beginnings of sets to gen-
eralise Theorem 2.1.14. Also obtained are previously unconsidered sets of relations that are
bilinear in the 2 and 3-index p-functions and two term addition formulae for the o-function
that generalise Theorem 2.1.26. The sets of differential equations in these papers were
recently completed using some new approaches as discussed in Chapter 5.

In [30] a second addition formula is derived, for the case of the cyclic curve only. This

expresses a similar ratio of o-functions,

o(u+v)o(u+ [(|v)o(u + [(?v)

as a polynomial of Abelian functions and is related to the invariance in equation (2.34). In

[11] a duplication formula for the o-function is presented.

The results of [30] and [11] have influenced the research into tetragonal curves that is
presented in Chapter 3 of this document. In particular, both papers required the introduction
of an additional set of Abelian functions associated with the curve in order to derive the full
theory. This idea is introduced and extended in Section 3.1.3 for use in the rest of the
document.

Another important contribution of these papers were the results on the o-function ex-
pansion. In [30] there is a proof that this expansion will have coefficients in w that are
polynomial in the curve coefficients. Both papers derive such an expansion and use it to
generate results. It should be noted however that in these papers most of the results were
obtained independent of this o-expansion, through the Kleinian expansion technique out-

lined in Section 3.2. As discussed in Section 3.2 this technique is not always as fruitful and
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so alternative approaches using the o-expansion have been developed in this document.

In fact, the first use of the o-expansion was in [14] where Baldwin and Gibbons use re-
sults on the Abelian functions associated to the (3, 5)-curve to evaluate an integral that char-
acterises reductions of the Benney moment equations. This was part of a series of papers
and in Chapter 6 a similar application of the results for the tetragonal curve is presented. A

summary of the key literature in this topic is given in the introduction to Chapter 6.

2.3.4 Recent and additional contributions

Research on this area is continuing in several different directions. This document starts by
investigating the next logical class of (n, s)-curves; those which have n = 4. It then uses
ideas generated from this work to further the canonical trigonal cases. Meanwhile in the
opposite direction, the new addition formula (2.68) found for trigonal curves has inspired
new relations for the Weierstrass o-function in [36].

Other areas that have been explored include determinant expressions for the functions.
In [63] Onishi develops formula to express ratios of o-functions associated to a trigonal
curve as determinants involving the curve variables. (This was preceded by similar results
for hyperelliptic functions in [62]). In [34] the topic of Frobenius-Stickelberger formula is

explored with applications of such formula presented in [31].

A particularly interesting new contribution to the theory of Abelian functions has in-
volved a new methodology which simplifies the derivation of the relations between Abelian
functions using representation theory. The recent paper [4] presents this approach for hy-
perelliptic curves of genus one, two and three.

This new approach is based on the observation that the underlying algebraic curves
belong to families permuted under the SL(2) action. This has been interpreted in [5], [6]
as a covariance property of the p-functions. In [4] each of the identities between the -
functions belong to a finite dimensional representation of SL(2), with it only necessary to
generate one identity in each representation.

These covariant ideas were considered originally by Baker in [7] and later in [25], but
without such success. A requirement of the new approach is that the theory be developed
for a generic family of curves, as opposed to the (n, s)-curves used in this document with
one branch point to infinity. An alternative covariant definition of the p-functions is used.
However, it is possible to translate all the results generated this way into the language of
the p-functions used in this document.

The benefit of this approach is the minimal amount of computer algebra required. If the
methods can be developed for a more general class of curve then they may be useful in the

further development of the theory of Abelian functions.
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Abelian functions associated with a

cyclic tetragonal curve of genus six

In Section 2.3 we discussed those classes of (n,s)-curve that had been already studied
in relation to their Abelian functions. The theory for the cases where n = 2 was well
established and much progress had been made for the cases where n = 3, although research
on some aspects is still continuing. The next logical class to consider would be those curves

where n = 4.
Definition 3.0.3. We define those (n, s)-curves with n = 4 to be tetragonal curves.

In this Chapter we investigate Abelian functions associated with the (4,5)-curve. This
is the first curve from the tetragonal class to be studied in detail and is the simplest of these
curves.

We construct the Abelian functions using the multivariate o-function associated to the
curve, as discussed in general in Section 2.2. We then derive a number of results for these
functions including a basis for the space of fundamental Abelian functions, associated sets
of differential equations, the solution to the Jacobi Inversion Problem and an addition for-
mula for the o-function. At the end of this chapter we demonstrate that such functions can
be used to construct a solution to the KP-equation and we outline how a general class of

solutions could be generated using a wider class of curves.

This chapter was recently summarised and published in [39], which was co authored
by Professor Chris Eilbeck. The Maple worksheets that were used in the derivation of the
results can be found in the extra Appendix of files and some of the key results have been

made available online at [38].

The (4,5)-curve has genus g = 6 which is considerably higher that any curve previously
considered. This leads to larger classes of associated Abelian functions and much larger
computations in all areas of the theory. In [21] it was the opinion of the authors that certain

results could not be derived for the tetragonal curves. This prediction was made not because
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of the computation complexity but because of a number of other complications which hin-
der methods used in lower genus cases. This is characterised by the fact the inequality

n<g=sn—-1)(s—1)<s

1
2
is not satisfied for n > 3. One of the major differences in this work was the extent to which
the series expansion of the o-function was used to obtain results for the p-functions. The
derivation of this expansion is one of the major results in this chapter, involving consider-

able computing power and requiring efficient programming.

This chapter is organised as follows. In Section 3.1 we start by introducing the curves
and functions we use, drawing on the definitions and properties that were given in general
in the previous chapter. Then in Section 3.2 we discuss a key theorem satisfied by the
o-functions that connects the p-functions to a point of the curve they are associated to.
We are able to manipulate this result to derive relations between the p-functions, although
we find this process is much more involved than in previous examples. While it is not as
useful in deriving the key differential equations between the g-functions, it does allow us
to construct a solution to the Jacobi Inversion Problem.

In Section 3.3 we discuss the set of weights that can be defined for the theory of Abelian
functions and which are necessary for the computations that follow. We present these for a
general (n, s)-curve giving explicit examples for the (4,5)-case.

In Section 3.4 we derive properties of the o-function including the series expansion.
This involves some heavy calculations and we discuss the computational difficulties and
how they can be overcome. Next, in Section 3.5, we use the o-expansion to derive differ-
ential equations between the Abelian functions.

Section 3.6 establishes and constructs the addition formula for the o-function and finally
in Section 3.7 we give details on the application to the KP-equation. Appendix C contains
some of the results obtained in this chapter that were considered too large to keep in the
main text. Other results too large to typeset, along with the Maple worksheets used to derive

the results can be found in the extra Appendix of files.
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3.1 The (4,5)-curve and associated functions

The tetragonal curves have not been the subject of detailed study before, so it is worthwhile
to establish what properties exist and how the associated Abelian functions behave. The
simplest tetragonal curve is, in the notation of the (n,s)-curves, a (4,5)-curve. Using

Definition 2.2.1 the general (4,5)-curve is given by g(z,y) = 0 where

9(z,y) = y" + (x4 ps)y® + (1o® + pex + p110) v + (pa2® + pr2® + pnz + pas)y
— (2% + par” + psx® + pn22® + pe + f120) (117 constants).

We will simplify further by considering the cyclic subclass of this family. By Definition
2.2.2 these are the curves C, given by f(z,y) = 0 where

f(z,y) =y* — (m5 + Mzt 4+ Na® + Xz + Nz + /\0), (A constants). 3.1
Using equation (2.33) we can check that this curve has genus
g=3(—-1)(s—1) =6.
It contains an extra level of symmetry demonstrated by the fact that it is invariant under

(<l (z,y) — (2,Cy), (3.2)

where ( is a 4th root of unity.

We start by constructing the differentials on the Riemann surface defined by C'. Recall
the Weierstrass gap sequence given in Definition 2.2.3. We must formulate this sequence

for (n, s) = (4,5). Take each natural number in turn and see if it can be represented as
4a + 5b forsome a,b € N={0,1,2,...}.

If so it is a nongap and we overline it. We stop once we have found g = 6 gaps.

0,1,2,3,4,5,6,7,8,9,10,11,12,13, ...
So the sequences of gaps and non-gaps are given by
Wys ={1,2,3,6,7,11}, Was=1{0,4,5,8,9,10,12,13,...}. (3.3)

Now we follow Proposition 2.2.4 to construct the standard basis of holomorphic differen-

tials upon C'.
xPini

fy(z,y)
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The integers { P;, ); } are the integers used in the decomposition of the first g non-gaps.

W =0 =0-440-
Wo=4 =1-4+0-
Wy3=5 =0-4+1-
Wy=8 =2-4+0-
Ws=9 =1-4+1-
We=10=0-4+2-

P=0, Q=0
P,=1, Q2=0
Py=0, Q@Q3=1
P, =2, Qs=0
Ps=1, Qs=1
Ps=0, Q=2

Ry

From equation (3.1) we have f,(z,y) = 4y* and therefore the standard basis of holomor-

phic differentials upon C'is

du = (duy, ..., dug), where  du;(z,y) = gif;’y)dw,
Yy
=1 — —
witn (@) 2 g2(,y) = =, g3(, y) y2 (3.4)
ga(z,y) = a*, g5(x,y) = zy, g96(x,y) =y~
We know from the general theory that any point u € C° can be expressed as
6 P;
u = (Ul,UQ,U37U4,U5,U6) = Z/ du7 (35)
i=1 70

where the P; are six variable points upon C'.

3.1.1 Constructing the fundamental differential

Recall Definition 2.2.6 for the fundamental differential of the second kind associated to an
(n, s)-curve. Recall also Klein’s explicit realisation of this differential which was set out
in Proposition 2.2.8. We will now construct the fundamental differential associated to the
(4,5)-curve. This will involve a basis of meromorphic differentials which have their only
pole at co. Following equation (2.39) in the general case, we will denote this basis by
B
dr = (dry,...,drs), where dri(z,y) = %daﬁ. (3.6)
y

Start by constructing the meromorphic function ((z, y), (z, w)) that was given in Def-

inition 2.2.7. Using the curve equation (3.1) we have

L) R

wn—k+1 w4—k:+1 ?
4 3,4 2,4 4 4
41—k f(Zaw) _jJyw yw yw w3 2 2 3
Zy [w"—k“] =t =+ e +w2 —l—g—y +y w + yw” + w”.
k=1 w
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Hence, from Definition 2.2.7, the meromorphic function is

4
S((2,9), (70)) = g - Zy WAk 4ap3(z — 2) '

Next we form the function R((x,y), (z,w)) given in Proposition 2.2.8 by equation (2.42).

R((z,y), (z,w)) = %Z((x,y), (z,w)) + Z duj-cgiay) , drjf; w)

d <y3—|—y2w+yw2—|—w3> 1 1

4_y3 + W <h1(z, w) + zhy(z,w)

dz

r—z

el 0) + (e 0) + oyt ) + PR 0) ).

where the polynomials /; are from equation (3.6) and have yet to be determined. Multiply-

ing up by 16y3w? allows us to write

16y°w’ R((2,9), (2,w)) = Q1 ((2,9), (z,w)) + Qa2 ((x,9), (2,w)), 3.7)

where
d 3 2 2 3
Qu((o0) (syw) = - (LI (338)
Q2((z,y), (z,w)) = hi(z,w) + zha(z,w) + - - - + y*hg(z, w). (3.9)

By Definition 2.2.6 the fundamental differential must be symmetric and hence by Proposi-
tion 2.2.8 so must the function R((z, y), (2, w)). We will determine the /; by imposing this

condition which may be written as follows.

Q1(<£C,y), (va)) + QQ(('%ZD? (z,w)) = Q1(<Z,w), (l‘,y)) + QQ((Zaw)a (:L',y))

Rearrange this to give the following equation that we will ensure is satisfied.

Ql(('r7y)7 (z,w)) - Ql((sz)v (l‘, y)) = Q2((27 w)? (Sﬂ,y)) - QQ((xv y)v (27 w)) (3.10)

First we must perform the differentiation in equation (3.8) to obtain

viw, + 2yww, + 3wtw, (3 + v*w + yw? + w?) ) o
w?,

Ql((may)a (Z,’U})) = ( (:L’ _ Z) B (x _ Z>2
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We simplify this by using the curve equation,

wh = 25+ At F N2+ X2 + Nz + Ao, (3.12)
Differentiating the curve equation with respect to z gives

dww, = 52" +4M2% + 332" + 2002 + Ny

. 524 + 4)\423 + 3)\322 + 2)\22! + /\1
B 4w '

(3.13)

W

Then substituting (3.12) and (3.13) into (3.11) gives

1
(z — 2)2] [4y°w® + w? (A2 + INs2"x — 8As2" — 2),27

Ql(($7 y)u (Z, 'UJ)) = |:
+ 30z + 120232 — 5323 + 4o — 112° + 1524 + 6)\221’) + w(2y)\1,z
+ dydozr 4+ SyM 2P + 2uhix — dydazt — 2yN32® + dydg — 6y2° + 6yls2’a
+ 10y2"z) + 20" Aoz” + 2y°Xozw + 52w 4 3y iz + ¥ As2® + 4y* A

— 22 + P+ 4P\ e+ 3y2)\322x] . (3.14)

We can now form the left hand side of equation (3.10) by reversing the roles in equation
(3.14) and subtracting the new equation from the old. After considerable canceling of terms

this leaves us with

LHS(3.10) = wy (223 — 223 — 22%x + 22%2 — 42"\ + 4a® Ay — 62° + 62°)
+ 42 (20 + 82 Ay + T2z + 327w 4+ 112° + Bads + 2A3 + dwzdy — 2°)
— w? (2)\2 4+ 822N, + 7220 + 3222+ 1122 + 523 + )3 + 4wz )y — :U3).

We have been able to collect this into three parts; the terms which contain w?, the terms
which contain 32 and the terms which contain wy. The right hand side of equation (3.10) is

simply

RHS(SlO) = hl(xu y) + Zhg(l[‘, y) + whg(l’, y) + 22h4(l’7 y) + ZU}]’L5(JI7 y) + w2h6<x7 y)
— hi(z,w) — zhe(z,w) — yhs(z,w) — 2?hy(z,w) — 2yhs(z, w) — y*he(z, w).

We can now assign values to the h; so that equation (3.10) holds. First set hy(x,y) to be
the terms in LHS(3.10) that do not contain z or w.

hi(z,y) = y° (112® + 5ads 4 822Xy + 2X,).

These must all come from the section of terms that contain y2. Similarly, the terms on the

left hand side of equation (3.10) that do not contain w but do contain a single power of z
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must also come from the y? section. We set these to be zhy(x, y).
zhy(x,y) = 3° (2)\3 + Txz + 4352)\4) = hy(z,y) =¢* ()\3 + T2 + 4x)\4).

Next set 22hy(x,y) to be those terms on the left hand side of equation (3.10) that do not

contain w but do contain a single power of 22,
Pha(r,y) =y*(32%2), = ha(z,y) = 3y’

We have now determined values for three of the six h;. Substitute these values into equation

(3.10) and cancel terms to obtain

wy(Zx)\g — 220 — 22%0 4 2022 — 422\ + 42\ — 627 + 6x3) + w?a® —y?23

= why(x,y) + zwhs(z,y) + w?he(z,y) — yhs(z, w) — vyhs(z, w) — y*he(z, w).
(3.15)

2,.3

Now, the only term on the left of equation (3.15) containing w? is w?z? so set

h6(‘rvy) - x3.

Then set those terms on the left hand side of equation (3.15) with a single power of w and

no z to be whs(x,y).
whs(z,y) = wy (23 + 4a* s + 62°) = hy(z,y) = 2zy(Xs + 22\ + 327).
Substituting the expressions for i3 and hg into equation (3.15) leaves us with
wy( — 22%x + 22%2) = zwhs(z,y) — yhs(z, w).
Hence we must have
zwhs(z,y) = wy(22°2), = hs(z,y) = 227%y.

Note that this set of polynomials is not unique. If we had proceeded in a different order then
some of the terms may have been put into different polynomials /;. However, this would
make no difference to the end results.

Substituting the expressions for the /; into equation (3.8) gives

Q2((z,y), (z,w)) = (11w?2® + 5w’zA3 4+ 8w?Ay2® + 2w?\s) + 3w’s’z + y*2°
+ 2uyzie + l’(wz)\g + Tw?2% + 4zw2)\4) + (6w23 + 422w + 2zw)\3)y. (3.16)

Then substituting equations (3.14) and (3.16) into equation (3.7) gives an explicit equation
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for R((x,y), (z,w)).

R((z,9), (z,w)) = [16w3y3135 - 2)?

+ 39220 + w2z + dwydeza + 2wyds2ie + dyPw® + wiad 2 + e

] {3w2x4z + 30w + Asw?a® + 4y? )

+ 2y oz + 3y N2 + 4y A2 x + P A x + 3y 2 + 207 N2 + ¢t
+ dwydg + 2w hox? + 422 wy\gx? + 2zwyrsz? + 2wyl 2 + 2wy x

+ 223wyx? 4 2wyz22x® + 4wy + 2w ez + dw 2Pz + 3wisr?z|.
We can substitute this into equation (2.41) to give an explicit realisation of the fundamental
differential presented in the summary below. In the extra Appendix of files there is a Maple
worksheet in which these calculations were performed.
Summary

The fundamental differential of the second kind associated to the (4,5)-curve is given by

F((z,y), (z,w))dzdz
16(z — z)%y3w?

Q(z,y), (z,w)) = (3.17)

where F' is the following symmetric polynomial

F((z,y), (z,w)) = 4y’w’ + (3z2* + 2°A3 + 2°2% 4+ 2X02° + 3wX32°
+ 42300 + 4o + Mz + 20012 + 3)\1z) y?+ (2)\12 +4dXoxz + 4N + 2\
+ 422 N2 4 20222 + 22327 + 22327 + 2:E)\322)wy + (A3x3 + 4\
+3MT 4 20022 + Mz + 2222 + 32tz + 2012 + 32?2 + 4)\4x3z)w2. (3.18)

In obtaining this realisation, the following explicit basis for the differentials of the second

kind associated to the cyclic (4,5)-curve was derived.

b
dr = (dry, ..., drg), where dr;(z,y) = ]fféwdw, (3.19)
Y
hi(z,y) = y? (112% + 5z + 822 \y + 2)) ha(z,y) = 3y*x
with  ho(z,y) = y? (A3 + T2 + dady) hs(z,y) = 222y
hs(z,y) = 2zy (s + 22 + 327) he(x,y) = 3.

3.1.2 Abelian functions associated with the (4,5)-curve

We can now proceed to define Abelian functions as in the general case. Start by choosing
an appropriate basis of cycles upon the surface defined by C, (ensuring condition (2.45) on

the intersection numbers is satisfied.) We label these o, 3;, for 1 <7, j < 6 and define the
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Section 3.1: The (4,5)-curve and associated functions

period matrices by integrating (3.4) and (3.19) around these cycles.

0= (), = ()

.....

kl=1,...6

These can be combined into the matrix M which satisfies the generalised Legendre equation

given earlier in (2.53).
u)/ UJ/,
M = / " '
non

Let A denote the lattice generated by the first pair of period matrices, (Definition 2.2.10),
and define an Abelian function associated to C' as a meromorphic function that is periodic
over this lattice, (Definition 2.2.11).

By Definition 2.2.12 the Jacobian of C'is J = C®/A and by Definition 2.2.13 the Abel
map associated to the (4, 5)-curve is defined by

2 : Sym*(C) — J

(PL,....P) (/:du+--~+/Pkdu> (mod A),

o

(3.20)

where the P; are points upon C'. Finally by Definition 2.2.14 the strata of the Jacobian are

the images of the Abel map. When k& = 1 the Abel map gives an embedding of the curve C'
upon which we define £ as the local parameter at the origin, 2(; (c0).

Iy
HI
=

(3.21)
The local parameter at infinity

Many calculations are easily performed at oo with the aid of the local parameter £&. We
derive here series expansion in £ for the main variables. First, note that in terms of &,
1 d 4

R (3.22)
¢t dg S

and

y= (2" + Xzt + M+ X)) = (0 NE M N
! MY 1 A 3N o (e 3hdg o TAR .
(3o (5 )

4 4 16 128
</\1 3MAs 3A2 0 212\ 77A
T 5

11 15
16 32 128 2048>f +0("). (3.23)
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(See Appendix C.1 for a longer expansion.) Using these substitutions we can calculate se-

ries expansions for the six holomorphic differentials in the basis du given by equation (3.4).

dup = [~€0 4 O(EM)de  duy = [€2 + O(€%))de
duy = (€5 + O(EO)de  dus = [~ + O(€9)]de (3.24)
duy = [—€° + O(¢)]d¢ dug = [~ 1+ O(€4)]d¢

Integrating these gives us a set of series expansions for the variables w.

Uy = _ﬁfll + O<€15) Uz = _%56 + O(flo) Uy = _%52 + 0(56)

1 1 (3.25)
= =3+ 0" w =38+ 00w =—£+0(&).

Note that the higher order terms in (3.24) and (3.25) will all depend on the curve parameters
Ao, - - -y A\q. (See Appendix C.1 for larger expansions).

Abelian functions

Define the Kleinian o-function associated to the (4,5)-curve as in Definition 2.2.15 and

note that it is a function of g = 6 variables.
g = O'(U) = U(u17 Uz, U3, Uy, Us, u6)~

Define the 2-index p-functions associated to the (4, 5)-curve as in Definition 2.2.24.

0ij(u) = —ana—ujlog [o(w)], i<je{l,...,6}.
There will be 21 of the 2-index @-functions,

{@ij} = {@117 §212, 913, 214, €215, 216 §222, §223, §224, §225, §226,
£33, §934, §9355 §9365 §244, §245, §246, §55, £256, @66}.

Similarly we can define the n-index g-functions as in Definition 2.2.27.

o 0 0
v i = — . < e <7 .. .
pn,w ,,,,, in (’U,) auil auiz 8%‘" 1Og [U(u)}a 11> S in € {17 16}

There will be 56 of the 3-index p-functions and 126 of the 4-index p-functions.

In Lemma 2.2.28 the n-index gp-functions were shown to have poles of order n when
o(u) = 0. By Lemma 2.2.19 this occurs when u € OFl. Any Abelian function that is
holomorphic must be constant (by a generalisation of Liouville’s theorem) and it is not
possible for an Abelian function to have simple poles. Hence those Abelian functions with
poles of order two have the simplest pole structure possible and are sometimes referred to

as fundamental Abelian functions. (Note that the Weierstrass p-function is in this category.)
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3.1.3 The Q-functions

We find in Section 3.5 that the 2-index g-functions are not sufficient to construct a basis for
the fundamental Abelian functions associated to the (4,5)-curve. We overcome this problem
by considering another class of Abelian functions, alongside the g-functions. These can

also be defined using the Kleinian o-functions and the following operator.

Definition 3.1.1. Define the operator A\; as below. This is now known as Hirota’s bilinear

operator, although it was used much earlier by Baker in [10].

0 0

A= —
‘ 8uz a’Ui

We now check that an alternative, equivalent definition of the 2-index Kleinian -

functions is given by

1
0ij(u) = —WAiAjU(U)U('U) o i<jed{l,...,6}. (3.26)

Applying the operator as defined above we see that

A [o(w)o ()] = 8% o(u)o(v)] - ai [o(u)o(v)] = o (v);(u) — o(u)o;(v),

AiA; [U(U)U(Uﬂ = o(v)oi;(u) — oi(u)o;(v) — oi(v)o;(u) + o(u)oi;(v).

Hence equation (3.26) may be evaluated as follows:

o) = ~gorm Ao lwolw) |
1
- _20.(u)2 [U(U)%‘(U) —oi(u)o;(v) — oi(v)o;(u) + 0(")%’(’”)} o
1 o) — 20-(w)o ()] = oi(u)o;(u) — o(u)o;(u)
= " So(u)? 20 (u)0ij(u) — 204(u)o;(u)] ()’

This is the same ratio of o-derivatives as we obtained in equation (2.61) from the original
definition of p;;(u). Hence the two definitions are indeed equivalent. We now extend this

approach to define a new class of functions.
Definition 3.1.2. Define the n-index Q-functions, for n even, associated to an (n, s)-curve

with genus g by

—1
Qiyig,...in (W) = ﬁAilAiz---AinU(u)U(’U) - (3.27)

where iy < --- <1, € {l,..., g}

Note that these functions are all independent of the constant c used in the definition of

the o-function. (See Appendix B for the proof.)
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Lemma 3.1.3. The n-index Q)-functions are meromorphic functions with poles of order two
when o(u) = 0.

Proof. Applying the Hirota operator on o(u)o(v) repeatedly yields a polynomial of o-
derivatives, all of which are entire functions. Hence a ()-function is an entire function

divided by o(u)? and so will have poles of order two only when o(u) = 0. |

These functions are a generalisation of the ()-functions used by Baker in his work on the
(2,5)-case. The 4-index ()-functions have been considered before when similar problems
occurred in research on the trigonal curves. In these papers the 4-index ()-functions are
just defined as ()-functions and are sufficient to complete the basis of fundamental Abelian
functions. However, in the (4, 5)-case we will find that it is necessary to use a 6-index Q-
function and in higher genus cases it is inevitable that even higher index )-functions would

be necessary. Hence we have given this general definition.
Remark 3.1.4.
(i) From now on we may write just refer to the QQ-functions, specifying if we are working
with functions of a particular index.

(i) The subscripts of the p-functions denote differentiation

0

a pil,’ig,...,in - pilzi2:~'~7in7in,+l7
uzn+1

but this is not the case for the ()-functions. Here the indices refer to which Hirota

operators were used.

Lemma 3.1.5. If Definition 3.1.2 were applied with n odd then the resulting function is

identically zero.

Proof. Let f(u,v) be a symmetric function.

f(u,'v) = f('v,u).

Consider the Hirota operator applied to such a function.

0 flv,u).

A1) = 0 f(a,0) — () = ()~

U; V; 8”1
Let f be the derivative of f with respect to the ith component of its first variable. Then
Aif(u,v) = f(u,'v) — f(v,u). (3.28)

Now consider the Hirota operator applied a second time.

0 0 0 ; 0
Ainf(’U,,’U) = a_%f(u7lv) - a_ujf(v?u) - a_vjf(uav) + a_vjf<'v7u)'
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Let f; and f5 be the derivative of f with respect to the jth component of its first variable

and second variables respectively.
AN f(u,v) = filu,v) — fo(v,u) — fo(u,v) + fi(v,u). (3.29)
Note that the right hand side is symmetric.
AjAif(v,u) = fi(v,u) — fo(u,v) — fo(v,u) + fi(u,v) = AjA; f(u,v).  (3.30)
Now consider the effect on equation (3.28) of setting v = u.

A f(u,v) = f(u,u) — f(u,u) = 0. (3.31)

v=Uu

An n-index Q-function is constructed by applying n Hirota derivatives to o(u)o(v) and
then setting v = wu. Since o(u)o(v) is symmetric, we can conclude that a 1-index Q-
function must be zero by equation (3.29).

By equation (3.30), the application of two Hirota operators on o(u)o(v) will generate a
symmetric function. Similarly any even application of Hirota operators on o(u)o(v) would
also generate a symmetric function. Finally, we can apply equation (3.31) to conclude that
any n-index @)-function with n odd must be zero.

[ |

In [30] it was shown that the 4-index Q-functions could be expressed using the Kleinian

p-functions as follows.

Qijke = Qijke — 20ij9re — 20ik0je — 20ieOjk- (3.32)
This specialises to
Qijkk = Qijkk — 2015 9kk — 4QikOjk, Qiijj = Qiijj — 2055 — 4@@2]'7
Qijjj = ©iji — 69ij 05 Qiiii = Piiii — 695
A similar result is presented here for the 6-index Q)-functions.

Proposition 3.1.6. The 6-index QQ-functions may be written as

Qijkimn = Qijkimn — 2 [(@zg Okimn T QikQjimn + QilQjkmn T QimQjkin + @m@jklm)
+ (@jkmmn + QjiPikmn T OjmQikin + @jn@z‘kzm) + (@kz@ijmn + QkmQijin + mn@mm)
+ (le@zjkn + @ln@ijkm) + pmn@i]’kl} +4 [(@ijml@mn + 45 kmPin + @z’j@kn@lm)
+ (@ik@jl@mn + Qik§jmPin + @ik@jn@zm) + (@iz@jk@mn + QiljmOkn + @iz@jnmm)
+ (Pim®ik®m + Pim@jitPkn + Pim@inOrt) + (PinQikPim + PinQj1Okm + @mpjmmz)] :
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Proof. Apply Definitions 2.2.27 and 3.1.2 to reduce the equation to a sum of rational func-
tions involving o-derivatives. We find that they all cancel (Maple is useful here). The
actual structure of the sum was prompted by considering the existing result for the 4-index
(-functions.

|

Corollary 3.1.7. The 4-index and 6-index ()-functions are even Abelian functions.

Proof. Equations (3.32) and Proposition 3.1.6 demonstrate that these functions may be
expressed as a sum of even Abelian functions, and hence they are themselves even Abelian
functions.

]

The proof that all n-index @)-functions are even and Abelian will involve a lengthly in-

duction. This document uses only 4 and 6-index ()-function so Corollary 3.1.7 is sufficient.

Note that Proposition 3.1.6 specialises to the following set of formulae.

Qz‘jklmm = Qijkimm — 2§ Pklmm — 2QikPjimm — 20iQjkmm — 4QimPjkim — 20k Qilmm
— 20510ikmm — 4QjmQikim — 20k19ijmm — 4PkmPijim — 4QumPijkm
= 20mm@ijkt + 8QikQjmPim + 8Qim©j1Pkm + 8QijPkm©im + 8Qi1OjmPrm
+ 49 Pr19mm + 4Pik©j10mm + 4QiPjkPmm + 8QimPim Okt + 3Qim Pk Pim
Qijrir = Qijrin — 20590 — 295 — 6Qupjrn — 20k0au — 69uQimu — 69riju
— 6puijr + 12055 0un0u + 1200000 + 1200000 + 24000519
Qijirn = Qijrrn + 160000 + 80u@iorr — 400 + 160a0ikor + 80i 00
— 20401k — 405k 0 + 49ijOreou + SQikPikou — 20kk0i1 — 40Ok
— BPrPijkl — 20uQijkk — Qi kKl
Qijrkkk = Qijkkkk — 25 Qkkkk — SQik@jkkk — SQjkQikkk T 4800k Ok
+ 12@@'@2;4 — 120pk 00k
Qijjrkk = Pijjkkk + 120055 Ork + 24@#@@% + 24050101k — 401 ik — 6QrKPijjk
— 6pikjjkk — 205 Qikkk — 1205k0ijkk
Qiijikk = Qiijikk T 40195 9rk + 320k Qij 9k + 8@%@% — 20ii95jkk — 2§55 Qiikk
+ 8@?kpjj + 8pu@j2k — 8Pk Qiijk — 20kkPiij; — SPijPijkk — SPikPijjk
i3ii = ©igizii — 1090495555 + 609507 — 20055045
i = ©igsii — 20a85535 — 12055055 — 160459555 + 4805055 + 120407
Quiijjj = ©iiijj; — 09550iii; + 3699055 — 69155 — 1801955 + 240},
iiiiin = @iiiiii — 309 + 6005
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3.2 Expanding the Kleinian formula

This section is based upon the following Theorem, originally by Klein and given for a gen-
eral (n, s)-curve as Theorem 3.4 in [35]. The result is derived from the Riemann Vanishing
Theorem for the §-function, in which the o-function and hence the g-function can be ex-
pressed. In this section we will use the theorem applied to the (4,5)-case to solve the Jacobi

Inversion Problem, as well as generate relations between the g-functions.

Theorem 3.2.1. Let {Py,..., Ps} be an arbitrary set of distinct points on C, and (z,w)

any point of this set. Then for an arbitrary point (x,y) and the base point cc on C' we have

e & N F((y), (2w)
D> 9i (/ du ;/@O dU>gz($,y)gg(z7w)— TR

ij=1 o0

(3.33)

Here g; is the numerator of du; from the standard basis of holomorphic differentials and
F((z,y), (z,w)) the symmetric function that appeared in Klein’s realisation of the funda-
mental differential. These have already been derived for the cyclic (4,5)-case with the g;

presented in equation (3.4) the symmetric function given by equation (3.18).

Equation (3.33) is often referred to as the Kleinian formula. We now describe how
equations between the p-functions can be derived from this theorem. We will describe
the steps taken, although it is recommended the calculations be performed in a computer

algebra package such as Maple. Define

6

(z,y) Py,
U :/ du — Z/ du

and consider the effect on @ as the point (x,y) tends to infinity. We may describe this by
writing @ = u + u¢ where u € C° and 4 is a vector containing the series expansions in &
of the variables. (These expansions were derived in equation (3.25) with longer expansions
given in Appendix C.1.)

Taking the Taylor series series expansion in £ we see that

pij(a) = [@zj — P6i;€ + (%@661’]’ - %@5@‘) £ — (%@6661’]’ + %@4@‘ - %@561’]’) &
+ (i@%e@z‘j + %@551‘3‘ - i%em‘j + %@461;7) 54 - (310@66666@‘ - %@61‘]‘)\4
+ %@5561’3’ - 1_12@56661'3' - %@45@' + %@4661’3’)55 - (%0@666666@' + ﬁ%m‘j
+ %@44@‘ + %@5@'}\4 - %@66@'}\4 - %@4561’]’ — ﬁ@56666i3‘ + %@46661’;‘ — %@:ﬁj
+ %@55661’;‘)56 - (ﬁp%@ﬁ%&j + %@2@' — 5—8@41'3')\4 — 4—10@666@')\4 + %@4461']'

13 1 1 1 1 1
+ m/\4@56ij T 15 955666ij T 7542466661 — §§236ij — 3a0§2566666i7 — 136456615 T - - -
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et i@%m;’ - ﬁ@s%&j)g + (@@66666666@' + ﬁ@556666i;’ + ﬁ@5555z’j
+ 1_12@351']‘ + %@26@']’ - 9—16@555661‘3‘ + ﬁ@%%ﬁ&j - %0@66662‘3)\4 + 1_15@566@' A4

- %@445@‘ - 11—0?’5@4&]')\4 - i@55z’j>\4 - ﬁ@%%ﬁﬁﬁij - %@366@‘ - %@45666@‘
+ 3_16@4466ij + i@4556ij)£8 + ( - m%%%%ﬁ&j - 3751;4@5555613' - %@3561]'
+ ﬁ@%ﬁeaﬁ%ij + ﬁ@456666ij — ﬁ@45566ij - 1—(1)8@446661'9' + rLl@4555ij

+ 3—16%1‘]‘/\3 — %8@61']'/\42 + 1—189341']‘ + ﬁ@555666ij - ﬁ@%‘%ﬁﬁ&j + 3_16@3666@'
- ﬁ%sﬁﬁﬁb‘ﬁij + %@44561’;’ + ﬁ@zmj — ﬁ@%&j - ﬁmmj - 5%14@45@‘)\4

+ o Maa60i7 T 2559556 M — 7ap Ms666i T 1559666001 Aa) € + 0(510)} (w)

(Note that the final (u) is notation to indicate that the right hand side is a function of
u € C%). Now let us construct a series expansion in £ for equation (3.33) as (x, y) tends to
infinity.

Start by forming the sum on the left hand side using the expansion above and the poly-
nomials g; in equation (3.4). The sum runs forall ¢, j € (1,...,6). Multiply this by (x— z)?
and subtract the polynomial F' given in equation (3.18). Substitute for the variables (z, y)
using their expansions in £. Then multiply out to form a final series expansion in ¢ that
must equal zero.

The coefficients of the £ will be polynomials in p-functions and the variables (z, w). It
follows that each coefficient with respect to £ must be zero for any u and some (z, w) on C.
This gives us a potentially infinite sequence of equations, starting with the five equations

given below.

0=p1 = —2%+ P62 + (56w + P26) 2 + PesW? + P36W + P16 (3.34)
0= p2 = (pa5 — Paes — 2w) 2% + ((P55 — Ps66) W + P25 — P266) 2
+ (956 — p666) W + (935 — P366) W + P15 — P166 (3.35)

0=p3= (@44 - %@456 + %@4666) 22+ ( — 3w? (@45 - %@556 + %@5666) w — %@256
T 24 T %@2666)2 + (%@666 - %@566 + @46) w? + (%@3666 T 34 — %@356)11}
+ P14 + 391666 — 2156

0=ps= (@4566 - %@446 - %@46666 - %@455) 22 4 ((@5566 - %@456 - %@56666 - %@555)10
— 38246 — %@255 T 2566 — %@26666)2 o (@5666 - %@556 - %@66666 - %@466)11}2
+ ( - %@36666 + 3566 — %@346 - %@355)10 - %@16666 + P1566 — %@146 — 59155

0=ps = —32" — (2016 + 3M\1) 2% + (2pus56 — 20415 — 15915666 — 2056W — 2026 — 3A3
+ %@4466 + %@46)\4 + imb‘%ﬁﬁ)zz + ( — 2pgsw” + (ﬁ@se‘%ﬁﬁ - %@455 + %@4566

- %@55666 + %@56)\4 — 2036 + 295556)w - %@25666 - %@245 — 22X + %@2466 + .
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c+ + 200556 + 570266606 — 2016 T 39260) 2 + (3066 1 — 5056666 + 570666666
- %@456 + %@4666 + %@5566)102 + (i@366666 + %@3466 + 2@3556 + %P36>\4 - %@345

5 5 5 1 5 5 1
— 035666 W + S91556 — 15615666 T 3769166666 — A1 T 01466 — ¢145 T 3164

These equations all contain p-functions and the variables z,w. They are valid for any
u € CO, with (2, w) one of the points on C that are used in equation (3.5) to represent u.
We have labeled the polynomials p; for later use. They are presented in ascending order
(as the coefficients of &). The polynomials have been calculated explicitly up to p14 (using
Maple). They get increasingly larger in size and can be found in the extra Appendix of files
or online at [38]. The Maple worksheet in which they are derived may also be found in the

extra Appendix of files.

3.2.1 Generating relations between the ©-functions

We now describe how these equations may be manipulated in order to generate relations be-
tween the p-functions. We achieve this by eliminating variables between pairs of equations
using the method of resultants. Appendix A.6 gives a definition of the resultant, details on
its construction and a simple example to demonstrate its use. For more information we re-
fer the reader to [43] Chapter 12. The calculations were performed in the computer algebra

package Maple using the inbuilt resultant function.

The first step is to take pairs of the equations derived above and take resultants to elim-
inate the variable w. (Note that equivalently we could have started by eliminating the
variable z.) Denote the resultant of polynomials p; and p; by p; ;. Since p; and p; were

equal to zero, so must the resultant that is obtained.

pij = Res(p, pj) = 0.

This gives us a set of new equations in z and the g-functions. These equations are quite
large and so are not printed here. Instead we present Table 3.1 detailing the number of terms
they contain once expanded and the degree in z.

Note that when examining combinations that involved the higher p; a polynomial with
degree in z that was less than seven was never found. In general, the higher the p; involved
in the resultant, the more terms the resultant would have.

The next step is to combine these to find polynomials of degree five in z. By the fol-
lowing theorem such polynomials would be zero. This would allow us to set each of the

coefficients of the polynomial to zero, giving relations between p-functions.
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Table 3.1: Details on the polynomials p; ;

resultant | # terms | degree in 2
P12 317 7
P1,3 744 8
P14 1526 9
P15 2080 8
P23 2670 7
02,4 9479 8
P25 13943 9
P34 30756 7
P35 31592 10
P45 311250 12

Theorem 3.2.2. Consider an equation in z with coefficients in the @-functions evaluated
at an arbitrary point u € CY9. If the equation has degree in z less than g then it must be

identically zero.

Proof. Such a polynomial would have at most g — 1 independent roots, but must be satisfied

for g arbitrary variables u € CY. Hence the polynomial must be identically zero.
]

So we start by selecting one of the polynomials with degree seven in 2z and rearrange
it to give an equation for z”. The simplest approach is to use pj 5 as it is the smallest such

polynomial. The coefficient of 27 in p; 5 is —4 (g6 SO we may use this equation to write

1
2l = (degree six polynomial in = with coefficients in p-functions). (3.36)

B 466

Then since p; 3 has degree eight in 2 we can substitute equation (3.36) twice into p; 3 to
leave an equation of degree six in z. We label this equation (T1) for future use. (Note that
equation (T1) can be found in the extra Appendix of files or online at [38].)

The next step is to rearrange (T1) to give an equation for 2°. Although (T1) is the

simplest such equation, it still has the following non-trivial coefficient of z°.

1
16@(256

(72@66@55926«5 — 3696695669566 — 240016955066 + 480169566056 — 7255056 9566

+ 7208604669666 + 2406601695 + 1206606006956 — 12066966660566 T 7262669368666
— 4806666 956955 + 90056945056 — 30066955036 + 720556056866 + 6404606666856

+ 2406666566056 — 2495666056966 — 909669866846 — 1440560166056 — T2086845 9666
+ 9956 + Y9666 + 72066 9569469666 + 3696695660568666 — 36866055056 8666

— 12066364756 + 4@%666 936 + 144@26@35 + 144@26@456 - 18@2566 @ge‘ - 96@26@44

— 1440550366 + 108035056 — 4805601066 + 112036056 — 144@6@%6)- (3.37)
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We rearrange (T1) to obtain an equation of the following form for 2°.

1
z0 = W (degree five polynomial in z with coefficients in p-functions) (3.38)
We may now take any of the other p; ; and repeatedly substitute for 27 and z° using equa-
tions (3.36) and (3.38) until we have a polynomial of degree five in z. By Theorem 3.2.2
the coefficients with respect to z of such an equation must be zero. Further, since they are
zero we can take the numerator of the coefficients leaving us with six polynomial equations

between the p-functions from each p; ;.

There is one further simplification to be made by recalling Lemma 2.2.32 which stated
that all the p-functions have definite parity. This means that we separate each of these six
relations into their odd and even parts, each of which must independently be zero. We will
denote the polynomial equations between @-functions that we generate using this method

as follows.

Definition 3.2.3. Reduce equation p; ; to degree five in z using equations (3.36) and (3.38).
Then define
K(pi,jv n, j:)

to be the relation achieved by selecting the coefficient with respect to 2", taking the numer-

ator and selecting either the even or odd parts as indicated by + or — respectively.

The simplest of these relations came from the reductions of p, 3 and p; 5, however these
relations are still very long and complex. We do not print them here but we do present Table

3.2 which indicates the number of terms in each.

Table 3.2: The polynomials K(p; ;, n, +)

equation # terms equation # terms
K(ps, 3,5 +) | 1907 K(pn, 5,5 +) | 6631
K(paa,5,—) | 1788 K(p15,5,—) | 6145
lC(pggA +) | 6595 IC(,O15,4 +) | 18062
IC(,OQ 3, ) 6405 IC(,Ol 5, s ) 17105
IC(ng,S +) | 13113 /C(p15,3 +) | 28442
K(p23,3,—) | 12835 K(p1s,3,—) | 27226
/C(ng,z +) | 17152 K(p1s,2,+) | 33892
K(p23,2,—) | 16820 K(p1s,2,—) | 32424
K(p2s,1,+) | 12387 K(p1s,1,+) | 23614
K(p2s,1,—) | 12192 K(p1s,1,—) | 22723
/C(,ozg,o +) | 5214 /C(p15,0 +) | 10334
IC(pQ 3, ) 5070 IC(,Ol 5, y ) 9765
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So the simplest relation between the @-functions that may be derived this way has 1907
terms, with the others rising in size considerably. (Note that in general, as the indices of
pi; increase so do the size of the relations obtained.)

In the lower genus cases the equations p; could be reduced to give expressions involving
linear p-functions. These could be manipulated to derive relations of interest, such as those
that generalise the elliptic differential equations. This was not possible here since the terms
in the K(p; ;,n, =) are multiples of several p-functions. However, many of the interesting
relations have been derived using alternative methods in Section 3.5.

The reason for the extra complexity is not just the increased genus giving a greater
number of p-functions. It is also due to the fact that two rounds of substitution were needed
to achieve a polynomial in 2z of degree ¢ — 1 = 5, while in all the lower genus cases only
one round of substitution was necessary. Further, in the lower genus cases the coefficient of
29 in the equation that was used for the substitution was a constant, not a p-function. Hence
it was possible to end up with linear terms in the p-functions within the end equations.

While these equations do not seem to be of interest themselves, they are an essential
component in the construction of the o-function expansion in Section 3.4. Further, they

allow us to give an explicit solution to the Jacobi Inversion Problem.

3.2.2 Solving the Jacobi Inversion Problem

Recall that the Jacobi Inversion Problem is, given a point w € J, to find the preimage of

this point under the Abel map, given in equation (3.20) for the (4,5)-curve.

Theorem 3.2.4. Suppose we are given {uy,...,us} = u € J. Then we could solve the
Jacobi Inversion Problem explicitly using the equations derived from the expansion of the
Kleinian formula, (3.33).

Proof. Consider equation (T1) defined in the discussion above. This is a polynomial equa-
tion constructed from p-functions and the variable z. The equation has degree six in z so
denote by (21, ..., z¢) the six zeros of the polynomial. Next, rearrange equation (3.34) to
give an equation for w?. Substitute this into equation (3.35) and multiply all terms by g6

to give the following equation of degree one with respect to w.

0= w( — 22%p66 + 2(P66 955 — Pess66 1+ V666056 — Pas) + P369666 + Pec§I35 — 668366
- @36@56) + 2% (56 — P606) + 2 (P66015 — Po6a66 + PecsPa6 — Ps66) + 2(Pest2s
— 6687266 — ©56§726 T Pe66§26) T V15666 — P166§66 T Pe66§16 — 56§16 (3.39)

Substitute each z; into (equation 3.39) in turn and solve to find the corresponding w;. There-
fore the set of points {(z1,wy), ..., (26, ws)} on the curve C' which are the Abel preimage

of u have been identified as expressions in p-functions.
|

76



Chapter 3: Cyclic tetragonal curve of genus six Section 3.3: The Sato weights

3.3 The Sato weights

For any (n, s)-curve we can define a set of weights for all the objects in the theory such
that all equations are homogeneous with respect to these weights. These are known as
Sato weights, although we will often just write weight in this document. The weights have
played an important role in the research on lower genus cases and are used regularly in the
following sections.

In this section we will define and derive the weights associated to the theory of an arbi-
trary (n, s)-curve, giving explicit examples for the cyclic (4,5)-curve. Such a justification
for the weights in the general case has not been presented in the literature, but follows

logically from the general definitions.
We start by defining what we mean by weights.

Definition 3.3.1. Define the weight of an object x as an integer o, such that under the
mapping
Y 1Y (3.40)

all equations are homogeneous in the variable t. (An equation is homogeneous in t if each

term has the same degree in t.)

From this definition it is clear that the following statements must hold.

weight[a - b] = weight(a) + weight(b),

weight [%} — weight(a) — weight(b),

weight[a"] = n - weight(a)

Given this definition let us derive weights for the variables and parameters of a cyclic
(n, s)-curve such that the curve equation is homogeneous. Start by applying the mapping
(3.40) to the curve equation (2.34).

Y= A2 T+ g
(03)" = (52)" + (R ) (2) ok () (0) + (k)

tnaygn — 5= S | ta’\3*1+(s_1)az:\3_1fs_l 4ot takl—i_a“:\l;f; + % :\0‘

We need this to be homogeneous with respect to ¢ and hence the weights of x and y are
determined up to a constant by

noy, = 5.

To keep with the convention in the literature we choose these weights so that they are the
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largest negative integers satisfying the condition. That is

The weights of the curve constants are then determined uniquely by ensuring that the other

terms in the equation are also homogeneous. We define this choice as the Sato weights.

Definition 3.3.2. Define the Sato Weights for the curve variables and constants in the

equation of a cyclic (n, s) curve to be

weight[z] = —n, weight[\, 1] = —n,

weight[y| = —s, weight[\,_s] = —2n,
(3.41)
weight[A\;] = —n(s — 1),

weight[\g] = —ns.

Define the Sato weight of all other constants to be zero and define the Sato weights of other
objects to be those weights that follow logically from these.

If we had instead used equation (2.32) for a general (n, s) curve then we would have
still had the same condition on the weights of z and y. Making the same choice would lead
us to define the weights of the curve constant y; to be the negative of their subscripts. The

subscripts were chosen in Definition 2.2.1 as a label to satisfy this property.

Example 3.3.3. In the cyclic (4,5)-case we have

x Yy /\4 )\3 )\2 )\1 )\0
Weight | —4 | —5| —4 | =8 | =12 | —16 | —20

[l

The next step is to derive the weights of the variables w. They can be determined
uniquely given Definition 3.3.2. Recall the definition of the local parameter for (x,y) as

infinity.

Hence the Sato weight of the parameter ¢ is one for any (n, s)-curve.
Recall that series expansions in £ can be derived for the basis of holomorphic differen-

tials and hence the variables wu.
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In the (4,5)-case these were given in equations (3.25) as

w = —fE" +0(E"), us =5+ 0(£"), us =36+ 0(&"),
uy = =3 +0(E),  w= 38+ 0, us=—+0(E).

Applying the mapping (3.40) and considering the first term of the expansions would lead us
to conclude that the weights of u were given by the leading powers of £ in the expansions.

Note that the expansions rise in powers of £ by n = 4, and that the coefficients of the
higher order terms depend on the curve parameters. The weights of the curve parameters
in each coefficient decrease by n = 4 ensuring that the expansion remains homogeneous
and the u have definite Sato weight. (See the larger expansions for the (4,5)-curve given in

Appendix C.1 to check this is the case.)

Theorem 3.3.4. The variables u associated to an (n, s)-curve have definite weight that
may be derived from the series expansions in &.

Further these weights may be predicted as follows using the Weierstrass gap sequence
Wys = {w, ..., w,} defined in Definition 2.2.3.

weight[uy] = w, =29 — 1

weight[ug] = wy_4

weight[u,_1] = wy (3.42)
weight[ug] = w; =1 (3.43)

Sketch of Proof. Since the weight of £ is always one it is simple to choose weights of u
to match the first term in the series expansions. The expansions in £ will always increase
in steps of n, with the coefficients in the curve parameters increasing in weight by n. This
is because the infinite expansions came only from the variable y which was in each differ-
ential of the basis. Hence the variables u associated to an (n, s)-curve always have definite
weight.

The dependency on the Weierstrass gap sequence is due to the fact that the standard
basis of holomorphic differentials that we use was constructed from W, ;. (See Proposi-
tion 2.2.4).

|
Example 3.3.5. In the (4,5)-case we assign the following weights to w.
Uy Ug | Uz | Ug | Us | Us
Weight | +11 | +7 | +6 | +3 | +2 | +1
U
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Remark 3.3.6.

(1) The weights of the variables coincide with the order of their zero at oc.

(i1) The weights of the entries of the standard standard basis of holomorphic differentials

are one less than the corresponding variables.

weight[du,]| = w, — 1 =29 — 2

weight[dug] = w,_1 — 1

weight[du,| = wy — 1
weight[du,] = w; — 1 =0 (3.44)

This can be proved in an identical way using the series expansions for the differentials

in £. In the (4,5)-case these were given by equations (3.24).

(iii) The weights of the basis of differentials of the second kind, dr may be established

similarly.

Consider the definition of the o-function as an infinite sum. Given that the variables
and differentials have definite weight we can conclude that this is an infinite sum in which
each term has the same weight. Hence the o-function will have definite weight, which may

be predicted using the following theorem.

Corollary 3.3.7. The Sato weight of the o-function is given by

weight[o(w)] = i(ﬁ C1)(s2— 1),

Proof. Recall Theorem 2.2.21 that established the first part of the series expansion of the o-
function about the origin. From equation (2.59) the o-function will have the same weight as
the corresponding Schur-Weierstrass polynomial. Next recall Remark 2.2.22(ii), that SW,

will have, with respect to the variable u,4, a leading term given by a constant multiplied by

i(nz—l)(SQ—l)
g .

Since the variable u, always has weight one we can conclude that STV, ; and hence o(u)

has the weight described.

[ |
Example 3.3.8. The o-function associated to the (4,5)-curve has weight
weight[o(u)] = l(42 —1)(5* = 1) = 15.
24
O
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The next task is to derive the weights of the Abelian functions we use. We start by

establishing the weight of the o-derivatives.

Lemma 3.3.9. The weight of the o-derivatives may be calculated from the weight of the

o-function as

weight[oy, 5, . (u)] = weight[o(u)] — ( Z Weight[uik]> . (3.45)

k=1,....,m
Proof. We know that o(u) can be expressed as a Taylor series in w. Since o (u) has definite
weight, each term in that expansions must have the same weight. Consider just one of the

terms, and denote the power of u; in this term by a. Denote the remainder of the term by 7.
olw)="---+uf T(up,ug, ..., U_1,Ut1,...,Uy) + -

Then

O'Z'(U) R +CLU?—1 -T(ul,u2,...,ui_l,uiH,...,ug) —+ -

So the weight of this term will have decreased by the weight of u;. This will be true for all
terms in the series and hence o0;(u) o;(u) has definite weight given by the weight of o (u)
minus the weight of u;.
An identical argument may be applied to a k-index o-derivative in order to establish the
weight of a (k + 1)-index o-derivative. Hence the result may be established by induction.
|

Lemma 3.3.10. The 2-index p-functions have a definite weight that is independent of the
weight of o(u). It is given by

weight[p;;(u)] = — (weight[u,] + weight[u;]). (3.46)

Proof. Recall equation (2.61) expressing the 2-index g-function as a ratio of o-derivatives.

(u) = O'(U,)oil@(u) - Uil(U)O'iZ(’u,)
pij(w) ()2 )

Let o, be the weight of y. We calculate the weights of the individual parts with the aid of
Lemma 3.3.9.

weight [0 (u)oy, 5, (u)] = weight[o(u)] + weight[o;, ;, (u)]
- [aa] + [aa - auil - auiQ] - 2050 - O-/uil - auiza

weight [0y, (u)oy, (u)] = 200 — a,, — ) s

1

weight [0 (u)?] = 2a,.
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Now, perform the change of variables in Definition 3.3.1 on g;; to find that

e )5, ) — () 1)

0if (W], o, = 1200 & (u)?

=12 5 (u).

So after the change of variables we find that we can express ;;(u) as a power of ¢ mul-
tiplied by a function not varying with ¢. Hence ¢ has definite weight and we can see that
weight is as given in the lemma. Note that the weight of the o-function canceled in the

calculation and does not have any influence of the weight of p;;(u).
[ |

Example 3.3.11. Given Example 3.3.5 specifying the weights of w in the (4,5)-case, we

can conclude the weights of the associated ¢;;. For example,
wi[pra(u)] = —wifur] — wifus] = —(11) = (7) = ~18.

We can calculate the weights of the other functions similarly.

weight[p1] = —22 weight[pa3] = —13 weight[psg] = —7
weight[p1s] = —18 weight[pa] = —10 weight[pyy] = —6
weight[p3] = —17 weight[po5] = —9 weight[py5] = —5
weight[p14] = —14 weight[pog] = —8 weight[pye] = —4
weight[p5] = —13 weight[ps3] = —12 weight[ps5] = —4
weight[p6] = —12 weight[pss] = —9 weight[pse] = —3
weight[pos] = —14 weight[ps5] = —8 weight[pgs] = —2
0
Lemma 3.3.12. The n-index p-functions have weight given by
weight[;, 4, i, (u)] = — Z weight[uy]. (3.47)

Proof. We already know the weight of the 2-index g-functions from Lemma 3.3.10. We
can hence use a similar proof to that of Lemma 3.3.9 to conclude that taking derivatives

reduces the weight by that of the variables that the differentiation is with respect to.
]

Example 3.3.13. In the (4,5)-case the highest weight 4-index p-function will be pgg66 With
weight —4, while the lowest weight one will be 1117 with weight —44.
O
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Finally we derive the weight of the Q-functions.

Lemma 3.3.14. The n-index QQ-functions have weight
weight[Qi, ,...i, (w)] = — > weight[u;,]. (3.48)

Proof. The lemma states that the weight of a Q-function is the same as the weight of a
p-function with the same indices. The must clearly be the case for the 4-index and 6-index
(-functions by applying the mapping to equation (3.32) and Proposition (3.1.6).

To see the statement generally consider repeatedly applying the Hirota operator to

o(u)o(v).

= o(v)o;(u) — o(u)o;(v),

AAj[o(u)o(v)] = o(v)oij(u) — oi(u)o;(v) — 0i(v)o;(u) + o(u)oy;(u).

Each application of the Hirota operator results in a sum of terms, each the product of two
o-derivatives. Consider the indices present in each term as a whole. They will be the same
indices as before the operator with one extra added (the index of the operator). Hence the
weight of each term will be the weight before with the weight of the new index variable
subtracted. Hence each application of the operator decreases the weight as expected. Set-
ting v = wu does not change the weight and the division by o(u)? removes the dependency
on the weight of the o-function.

|

So to summarise, the weights of the curve variables were determined up to a multi-
plicative constant. After choosing this constant in Definition 3.3.2 the weights of the curve
constants were determined uniquely and the weights of the other constants were assumed
to be zero. Unique weights for the differentials, variables, and o-function also follow from
this choice. The weights of the Abelian functions were derived from their definitions and
shown to depend only on the weights of the variables indicated by their subscripts.

We can now conclude that any equation involving only objects with definite weight
must also be homogeneous with respect to the Sato weights. This is a powerful tool that

simplifies many calculations in the remainder of this document.
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3.4 The o-function expansion

In this section we establish some properties for the o-function associated with the cyclic
(4,5)-curve and then calculate the Taylor series expansion for o(u) about the origin. This
expansion represents a significant computational challenge, but gives rise to a number of

interesting results later in the document.

3.4.1 Properties of the o-function

Theorem 3.4.1. The Taylor series expansion of o(u) about the origin may be written as
o(u) = K - SWy;5(u) + terms dependent on curve parameters, (3.49)
where K is a constant and SWy 5 the Schur Weierstrass polynomial generated by (4,5).

Wi = —L 15 1,82 1,4 7 1 4 2
SWys = Ug~ + 335 UgUsUL — T5UUL — TogUeUsUS — GUAUIUSUG — Us U
8382528 336 126 6

3,,6 11,2 3 2
72u4u6 33264% uz + 27u5u6 + u4u5u3 2uduguzus — udug + UgugUy

2,3 3 3 9 1,7

8
— JUsU3UE — uqu3 + EU4U6 3024u6u4 756%‘“5

Toos UgU2 — Us U4U6

+ 1008 36

2 1 4
Uy + u4u6u5u2 + u4 -3 u4 UgUs

1 6

1.4 1,32 1 Yl
+ 3Uzu + 3UGU3 9u4u5+399168

1
+ 2u5U3U2 + U5 U6 U2 —|— u65u2u4 — EU4 Ug UQ + 3 U43U6 u5 . (350)

(See Example A.5.21 in Appendix A.5 for the construction of this polynomial.)

Proof. This is an application of a result for the general case given in Theorem 2.2.21. The
general result result was originally stated in [20]. A flaw in the proof have been discovered
and there has recently been an alternative proof offered in [60]. This paper is currently only
available as a preprint, so we present here a simple proof of the result that is specific to the
(4,5)-case.

Consider u € O expressed as

P1 P5
/ du+-~~—|—/ du,

where the P are points on C'. Consider u close to the origin and use equations (3.24) to

u

express the variables in w with five local parameters.

O=u + &+ + &+ 05 + -+ 0(&P),

O=ug+&++&+0(E) + - +0(&). (3.51)
Now consider the case when A = 0. Since the higher order terms in equations (3.24) all
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depend on curve parameters they simplify to

Uy = _ﬁgll, Uy = _%677 Uz = _ééﬁ? Uy = _%537 Us = _%527 U = _’57

and hence the higher order terms in equations (3.51) all reduce to zero. This leaves

0=+ el 4o+ Rl

O=ug+& +--+&.

Label these six equations eqq, . .., eqs and recall the theory of resultants summarised in
Appendix A.6. We can take pairs of equations and obtain a third equation, the resultant,
which has one less variable and when satisfied implies the original equations are satisfied.
Calculate five new polynomials by taking the resultant of eq; with each of the other four

equations, eliminating the variable &; by choice.

eql2 = Res(eq17 qu: 55)7 eq14 = Res(‘%h, eq4a 55)7 eql6 = Res(eq17 eqﬁa 55)
eq,3 = Res(eqy,eqs,&5),  eq;5 = Res(eqy, eqs, &s5),

Factor each of these polynomials and discard smaller factors. Next calculate four new poly-
nomials by taking the resultant of eq;, with each of the other three equations, eliminating

the variable &, each time.

eq,93 = Res(eqy, eq;3, &), eq,55 = Res(eqy, eqy5,4),
eq94 = Res(eqy, eqyy, &), eq;55 = Res(eqy, €q4,a)-

Continue in the way until only one equation remains and &, . .., &5 have all been elimi-
nated. (Alternatively, it should be possible to perform the calculation in one step using a
multivariant resultant method, see for example [43] Chapter 13.)

From the theory of resultants we are left with a polynomial, unique up to multiplication
by a non-vanishing holomorphic function, that must be zero for u € ©P. By Lemma
2.2.19 we can conclude this polynomial to be a multiple of o(u).

Performing this calculation in Maple we find that the largest factor is indeed the Schur-
Weierstrass polynomial (3.50).

|

Recall that by Remark 2.2.23 the constant in the definition of the o-function was chosen
so that ' = 1 in Theorem 3.4.1.
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Lemma 3.4.2. The function o(u) associated with the (4,5)-curve is odd with respect to the

change of variables u — [—1]u.

Proof. By Lemma 2.2.20 the o-function has definite parity and with (n, s) = (4,5) we can
conclude it to be odd. Note that this matches SW, 5 above which is also odd under this

change in variables.
|

We now have enough information to derive a Taylor series expansion for o(u).

Theorem 3.4.3. The function o(u) associated with the cyclic (4,5)-curve may be expanded

about the origin as
o(u) = o(u, uz, us, ug, us, ug) = Cs(w) + Crg(w) + -+ + Crspan(w) + - -

where each CY, is a finite, odd polynomial composed of products of monomials in
u = (uy,us,...,us) of weight +k multiplied by monomials in X = (Ag, A3, ..., \) of
weight 15 — k.

Proof. The theoretical part of the proof follows [30] and [11]. By Theorem 3(i) in [60] we
know the expansion will be a sum of monomials in w and A with rational coefficients, and
by Lemma 3.4.2 we conclude that the expansion must be odd.

We also know that o(wu) has definite weight, which we calculated in Example 3.3.8 to
be +15. The rationale of the construction is that although the expansion is homogeneous
of weight +15, it will contain both u (with positive weight) and A (with negative weight).
We hence split up the infinite expansion into finite polynomials whose terms share common
weight ratios.

The first polynomial will be the terms with the lowest weight in w. These must be the
terms that do not vary with A and have weight 15 in w. The indices then increase by four

since the weights of possible A-monomials decrease by four, (see Example 3.3.3).
]

3.4.2 Constructing the expansion

We now describe how the o-expansion was constructed using the framework established
by Theorem 3.4.3. First, by Theorem 3.4.1 and the choice of c in Remark 2.2.23 we have
Ci5 = SW, 5 as given by equation (3.50). Using the computer algebra package Maple we

calculate the other polynomials successively as follows.

1. Select the terms that could appear in C}. These are a finite number of monomials

formed by entries of w and A with the appropriate weight ratio.

2. Construct 6 (u) as the sum of C, derived thus far. Then add to this each of the possible

terms, each multiplied by an independent, unidentified constant coefficient.
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3. Determine the unknown constants by ensuring & (u) satisfies various properties of the

o-function. There are three methods that we use.

(I) Ensuring the relations presented in Lemma 3.5.5 are satisfied. These are rela-
tions which express 4-index ()-functions as a linear combination of fundamen-
tal Abelian functions. All the functions are defined using the o-function and

so we ensure they are satisfied when & (u) is used.

(I) Ensuring the relations between the p-functions that were derived from the
Kleinian formula in Section 3.2 are satisfied. These relations were denoted
by K(pi j,n,+) as defined in Definition 3.2.3. We substitute the p-functions

for their definition in o(u) to give conditions on the o-function.

(III) Ensuring o(u) = 0 for u € P as predicted by Lemma 2.2.19.

Step 1 is simple to complete using the in-built Maple command partition, part of the
combinat package. This command will identify all the partitions of an integer. When
identifying the terms in C;, we compute all the partitions of k£ and discard all those that con-
tain integers that are not the weight of a variable in w. (Discard any partitions that contain
non-gaps.) We are left with partitions which we can easily identify with w-monomials.

We can also discard all those which have a total degree in u even as we know that o (u)
is an odd function.

We use the same command to identify those A-monomials of weight 15 — £, this time
discarding any partitions which contain integers that are not multiples of n = 4. The possi-
ble terms can all be written as a constant multiplied by one of the u-monomials, multiplied
by one of the A-monomials.

Hence Step 2 is to simply write ¢(u) as the sum of those C, already determined with
each of the possible terms added, each multiplied by an unknown constant ¢;. We then need

to identify these constants using the methods in Step 3.

Notes on method (I)

It is computationally easiest to use method (I), however is not possible to use this method
at the beginning stages of the expansion. The relations in Lemma 3.5.5 were themselves
derived using the o-expansion, which is why they have not been presented yet. However,
as we discuss below, this is not a circular argument.

Note that each successive C} contains terms with a weight in A four less than the pre-
vious C%. The relations in Lemma 3.5.5 are between Abelian functions and so by the
weight properties discussed in Section 3.3 must be homogeneous. The relations were de-
rived weight by weight starting with the highest. At each weight the A-monomials which
may be present are either those monomials of that weight, or those of a higher weight,

which are multiplied by an Abelian function to ensure the correct weight overall. Hence,
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in the calculation of that equation using the o-expansion, it is only necessary to use the

o-expansion truncated after the corresponding C.

So the relations in Lemma 3.5.5 were derived in decreasing weight order, in tandem
with the o-expansion. l.e. once a new C} was calculated, four more weight levels of
the equations in Lemma 3.5.5 could be calculated. These could then be employed in the
calculation of the next (..

Once a sufficient number of equations have been derived in Lemma 3.5.5 it is possible
to use only method (I) when constructing the C;. However in the (4,5)-case this only
becomes possible once the o-expansion has been calculated up to C'3g. For the lower C a

combination of all three methods was used.

We now discuss how to implement method (I). We take a relation from Lemma 3.5.5
and substitute the Abelian functions for their definition in terms of the o-function. We
evaluate these definitions so that we have a sum of rational function of o-derivatives equal
to zero. Since all the functions used in Lemma 3.5.5 have poles of order two, this sum can
be factored so the denominator is o(u)?. Since this is not zero in general we can multiply
up to leave the numerator. Note that the numerator will be a sum of products of pairs of
o-derivatives.

The next step is to substitute o(u) for the expansion &(u), evaluating the o-derivatives
in the process. We now have a sum of products of expansions. We must expand these
products to leave a polynomial with terms in the unknown constants, the v and the A.
We will collect together terms with common wA-monomials and identify their coefficients
as sums in the unknown constants, thus giving us conditions on the constants since each

coefficient must equal zero. Note the following important points.

e Expanding these pairs of products will create terms with A-monomials of a lower
weight than those in (u). These terms must be discarded since we would not have
all such terms at this weight and hence any conditions gained from them would be

invalid.

e The terms in 6(w) which had unknown constants were those terms with the lowest
weight A-monomials. Since any multiples of such terms are discarded by the previous

point, the conditions on the constants will be linear.

So we are left with linear equations in the constant coefficients. Since they are linear it is
relatively easy for a computer package like Maple to solve these for the constants, (using
the Maple command solve). However, as with everything in this section, it gets compu-
tationally more difficult for the higher CY.

We may repeat this procedure on all the currently available equations from Lemma
3.5.5.
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We now present a number of points about the implementation of method (1) for the
higher CY.

e The most difficult part of this method is expanding the products of expansions, es-
pecially for the later Cj for which (w) is very long. Using the standard Maple
command expand is only acceptable for the first few Cy, after which it takes a great
deal of CPU time and eventually more memory than a standard machine has available.
This problem is overcome by implementing a new procedure, specifically designed

to make use of the weight simplifications, which we describe now.

Upon completion of the expansion we are left with only those terms that are of the
A weight of C';. Those with lower weight were discarded for the reasons discussed
above. Those with higher weight must, at the end of the expansion, cancel each other
out since the relation we started with was true. (The only reason the end polynomial
is not zero is because some of the coefficients were not yet determined.) Hence the
computation may be simplified by missing the middle step and not considering terms

that when multiplied together do not have A-weight 15 — k.

We achieve this by first cataloguing the terms in each of the expansions into sets of
terms with the same A-weight. We then identify the pairs of weights which together
add to 15 — k. For example if we were working on (3, then we would be interested

in A-monomials of weight —16. The possible pairs are
[0,16], [4,12], [8,8], [12,4], [16,0].

We would then form the end polynomial as a sum of pairs of products of terms. The
first group of products would have been each term with weight O in A in the first
expansion, multiplied by each of terms with weight 16 in A in the second. We then
add to this products of the terms with weights 4 and 12 respectively and continue for

each the possible pairs.

The final polynomial is the same we would have achieved using the regular expand
command and then discarding the terms with lower A-weight. However this method
is considerable quicker, and more importantly, far less memory intensive. It is neces-

sary to use such a procedure after the first few C to overcome memory limitations.

e Even using the improved procedure described above, the computation can still be
time and memory intensive. This may be alleviated by using Distributed computing
to run the computations in parallel on a cluster of machines. The problem is already
prepared for parallelization since each product of expansions may be evaluated indi-
vidually. It is logically simple to allow each of these expansions to be conducted on
a different machine and then add them up at the end to achieve the final polynomial.

We implemented this using the Distributed Maple package.
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This is a free piece of software that opens Maple kernels on a cluster of machines and
allows data and commands to be sent from a master kernel to the others. For more

information see [72] and [65].

e The computation may be very memory intensive, even when using the above sugges-
tions. The problem may be broken down into smaller problems by considering each
possible A-monomial at weight 15 — k separately. Such monomials never appear to-
gether (since we discard lower weight terms) and so are not interrelated. If there are
n different A-monomial at weight 15 — k then the problem may be split into n parts
by considering each case separately. This is far simpler for some A-monomials than
others and involves a repetition of work, increasing computation time. However, it
is necessary in the later stages to make the computation feasible with the available

memory allowances.

e For the higher (', there are many relations in Lemma 3.5.5 that may be used. How-
ever, in practice we find that all the information may be gathered from a small group
of these, if chosen carefully. This choice can be made by considering the special case
with A3 = Ay = Ay = A\g = 0. There will hence be only one A monomial, A} for
some n. This case is very easy to implement (just substitute all the others to be zero)

and so it is reasonably quick to check if a given relation is useful.

Note also that while it may be possible to identify the coefficients with two or three
high weight relations, it may be quicker to use a larger number of relations of a
lower weight. This is because the relations at the higher weights involve lower in-
dex o-derivatives and so the expansions that must be multiplied are longer. Again,

experimentation with the case A3 = Ay = A\; = Ay = 0 can identify optimal choices.

Notes on method (II)

We may implement method (II) in the same way as method (I). Start by substituting the
o-functions in IC(p; j, n, £) for their definitions as o-functions so that we have an equation
involving o-derivatives. Then take the numerator, substitute in (), expand the prod-
ucts, discard the terms with A weight lower than 6(u), collect terms with the same u-
monomials and set their coefficients to zero. Finally solve the resulting linear equations in

the unknown constants.

Note however that method (II) is computationally much more difficult than method
(I). This is because the relations used in method (I) were linear in functions with poles
of order two. Hence the numerator involved the multiplication of two large polynomials.
The K(p; ;,n, +) however involve products of functions with no limit on their poles. The

simplest relation, /C(p2 3, 5, +), has poles of order eight and so using it involves multiplying
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eight expansions together. Hence method (II) should only be used if method (I) has been

exhausted.

Method (IT) was necessary in the derivation of all the C'x up to and including Cjg, after
which method (I) was sufficient. For the higher C} it was not desirable or necessary to
implement method (II) in the same way as method (I). The first reason for this is that it
becomes very computationally difficult. The second is that it is not clear which of the
K(pi j,n,£) will be useful. It is unlikely that the first few will be and just deriving the
IC(pi,j, m, £) alone can be computationally intensive.

Instead note that we use method (II) only after method (I) has been exhausted. Usually
by this stage all except a few of the constants have been determined. This means that we
can simplify considerably by looking at specific values of u for the answer.

Start with the relations p; defined in Section 3.2. Then at this stage perform the substi-
tution for o(w), factor and take the numerator. Then instead of substituting for 6(u), we
substitute for 6(u) evaluated at a specific value of u, say w = (1,1,1,1,1,1). First cal-
culate the o-derivatives at this special point (computationally easy) and then substitute for
these in the relations derived from the p;. We achieve a relation in the curve parameters and
the variables (z,w). Then follow the same steps as in Section 3.2. Eliminate w by taking
resultants and then reduce equations to degree five in z. If the resulting equation is not zero
then use the coefficients of the A to find the values of the constants.

Note that when searching for the equations that will assist we can simplify by setting

A3 = Ay = A1 = A\¢ = 0 as this allows for speedy computations.

Notes on method (III)

Method (III) is to ensure that &(u) = 0 for u € OP). We do this by substituting w in & (u)
for the series expansion in five local parameters, using the equations in Appendix C.1.
We then take a multivariate series in &, ..., &5 and identify the coefficients of £. These
will be relations between the constants ¢; and the curve parameters. We must discard those
coefficients with A-monomials of weight lower than those in C}.. The remaining coefficients
can be set to zero and used to identify the coefficients c;.

The multivariate Taylor series can be taken using the Maple command mt ayloxr. This
is simple for the first few C}, but quickly becomes very difficult. Since O/ ¢ P! for k < 5
we can alternatively check that o(w) = 0 on a lower strata. This is computationally easier,
but gives less conditions on the constants, (since there are less local parameters and hence

less coefficients).

Example: Calculating C9

We now describe how C'j9 was constructed, making use of all three methods to identify the

coefficients.
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The first step is to identify all the different monomials in w that have weight 19. We use
the Maple procedure partition to find all the partitions of 19. We then discard those
partitions that contain an integer not in W, 5 = {1,2,3,6,7,11}. We relate the remaining
partitions to the monomials in u they represent. For example the partition of 19 into 19
ones is related to ul’.

We find 115 possible monomials. However, we can discard all those that are not odd

functions to leave 62.

The next step is to identify all those A-monomials that have weight 15 — 19 = —4 in
the curve parameters. The only such monomial is clearly A\;,. We hence form &(u) using

constants c; as
é-(u) = SW475 + A4 (Cluég + 02ué7u5 + .. )

We need to determine the 62 coefficients ¢;. We start with method (I) by considering
relations from Lemma 3.5.5. There is only one relations that may be derived here using
o(u) = SWy5(u) only. This is the relation for ()s5666, Which has weight —5. (The relation
for this function cannot involve any lower weight A-monomials and it cannot involve A4
since there is no Abelian function of weight —1 with which it could be combined. See

Section 3.5.1 for full details.) We were able to use o = ST, 5 to find

Q5666 = —2§45.

We substitute the () and p-functions for their definitions in o (w)to leave a rational function

in o-derivatives with denominator o (u)?. We multiply up to leave

0= —05666(U)0(U) + 30’566(U)0'6(U) — 3056(’11,)066(’11,)

+ O'5(’U,)O'666(’U,) — 20'45('11,)0'(’11,) —+ 20'40'5.

We now substitute o (u) for 5(u) and calculate the relevant derivatives. We then expand the
products and remove the terms with higher weight A-monomials. We are left with a poly-
nomial in w and )\4. Collecting common uA-monomials together gives us coefficients in
the ¢;. We set these to zero and solve for the unknowns using the Maple so1lve command.

We find that we can express 49 of the 62 unknowns using the others.

We next use method (IIT) by ensuring that &(u) vanishes for u € ©P°l. We substitute u
in 6 (u) for the series expansion in five local parameters. We then take a multivariate Tay-
lor series, with those terms containing A-monomials of weight lower than —4 discarded.
We identify the coefficients of the remaining A¢;-monomials. These are relations between
the constants ¢; and the curve parameters. We substitute in the equations for the 49 coeffi-

cients derived using method (I). We then solve to find that 60 of the 62 coefficients can be
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expressed as a linear combination of the other two.

To find the final two ¢; we use method (IT). In this case we can use the simplest relation
derived from the Kleinian equation, C(p2 3, 5, +). Again we substitute the p-functions for
o-derivatives, factor, take the numerator and then substitute o (u) for 6(u). We evaluate the
derivatives, expand the polynomial and collect the coefficients of the monomials in w and
A. Then substitute in the conditions on ¢; and we are able to assign a numerical value for
the one ¢; in which the others were evaluated. We hence gain numerical values for all the
¢;. We find that

— 3,8 3 6
019 = /\4 : [13970880 UG U4 + == 135 U U5~ — u6 UsUg" U3 — Uﬁ U4U2 —|' 5 Us U2

4 5
— 45 ’LL6 Us U3 — 5u6u5 U4 + UG U5 Uy — 30 U6 UgUT + 3557 024 UG U5 U4 —f- U5 Uy

_ 7 5 1 15, 2 1 8
1890 ug" U5’ + o Ue up® + 20956320 g us” 3 sty — 45 Us Ug — 83160 ug' s

7 1

_ 1 1 .9
630 g Uz’ 5040 g ug® + 3024 Ug

2, 2 1 7
UgUg + 5 u6 U4 U1 + U Us U4 U2 — 790 Us U,4

8 2, 5, 2 2, 4, 3 2 3, 2 1 2
—mue’ U5U4U3+1—5U6 U~ UgUg — g Us Us U4U3—§U6U5 Uy U3+muﬁ Uy

1 5 2 4 8 8
— UG U5U4 Us + u6u5 UgUg — UgUyg U3 + u6 U4 + 5555 2520 Ug u5 Ug + =g 5040 U U7

4
+ 55 30 U66U4 U9 + uﬁ U4U3 + 3 u53u3u2 945 u67u5 us + u6 U5 (5) + U4 U9

_ 6 317 . 12 8 12
180 U U5 s 997920 U6~ Us us + 35 630 UG U5 U J“ u6“4 + 997920 997920 Ug U2
3, 3 11 4 3, 2. 4
+ 5 15 Us U4U3 — EUG Uy U — 83160 U  UsU3 — 60 U6 Us U4 + UG U5~ Uy } (352)
Summary

Using the techniques described above we have calculated the o-expansion associated to the
(4,5)-curve up to and including Csg9. Appendix C.2 contains Cs3 while the rest of the expan-
sion can be found in the extra Appendix of files or online at [38]. The Maple worksheets in
which the (', are derived can also be found in the extra Appendix of files. The polynomial
get increasingly large as indicated by the table below displaying the number of non-zero

terms in each.

Cis | Crg | Coz | Cor | Cs1 | Cs5 | Cs9 | Cug Cur Cs1 Css Cso
32 | 50 | 176 | 386 | 1048 | 2193 | 4452 | 8463 | 16264 | 28359 | 49753 | 81832

So the final polynomial calculated had almost 82,000 terms. In fact, these were just the
terms with non-zero coefficients; there were over 120,000 possible terms in C'sg.

The later polynomials represent a significant amount of computation. Many of the cal-
culations were run in parallel on a cluster of machines using the Distributed Maple package
([72]). This expansion is sufficient for any explicit calculations. However, it would be ideal
to find a recursive construction of the expansion generalising equation (2.24) in the elliptic

case, (see for example [32]).
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3.5 Relations between the Abelian functions

In Section 3.3 we proved that the Abelian functions all have definite weight and hence any
equations between them must be homogeneous. We will construct several important sets of
such relations in this section. These include several classes of equations that generalise the
theory from the elliptic case. They also include the results that allow us to find applications

in the KP hierarchy in Section 3.7.

First we will introduce the following definition to classify the Abelian functions associ-

ated with C' by their pole structure.

Definition 3.5.1. Define
I'(J,0(mek))

as the vector space of Abelian functions defined upon J which have poles of order at most

m, occurring only on the kth strata, O

The case where £ = g — 1 is of interest to us because all the Abelian functions con-
sidered in this document vanish for u € ©~1. Note that the dimension of the space
I'(J,O(mOl~1)) is m? by the Riemann-Roch theorem for Abelian varieties. (See for
example [53] page 99.)

Recall that the n-index p-functions have poles of order n (Lemma 2.2.28), while the
n-index () functions all have poles of order two (Lemma 3.1.3). In both cases these poles
occurred if and only if o(u) = 0 which by Lemma 2.2.19 is when u € O,

Therefore we classify the Abelian functions associated to the (4,5)-curve as follows.

Oir iz € T (J,0(nOP),
Qirinin € T(J,0(200)). .

Recall also that since holomorphic Abelian functions are constants and there exists no
Abelian function with simple poles, those with poles of order two have the simplest pole
structure. Hence we sometimes refer to those functions that belong to (J, 0200 as
fundamental Abelian functions.

We will construct a basis for this space of fundamental Abelian function, and in doing
so generate linear relations between such functions. First we must prove the following
lemma which restricts the linear combinations of basis entries to those with polynomial

coefficients in .

Lemma 3.5.2. Suppose we have a basis for the vector space I' (J, O(m@m)). Then an ele-
ment of the space that is not contained in the basis can be expressed as a linear combination

of the basis entries, with coefficients polynomial in A = {4, A3, A2, A1, Ao}
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Proof. The significance of the lemma is that we need not consider the coefficients to be
rational functions of A, as may be expected. We can modify the argument from Theorem
9.1 in [30] to prove this. Let X be an element of the vector space that is not in the basis.
Then

X =3 A0,

where the Y; are elements of the basis and the A;() are rational functions of A. Since X
is an Abelian function it will have definite weight, and hence the terms A;(\)Y; must all
be homogeneous with this weight.

Now, we have a set of polynomials, Aj()\), with finite indeterminates, A. This is a
polynomial ring and hence a UFD, which means we can write each polynomial as a product

of prime elements. Let us write each rational function A;(A) in reduced fractional form,

X = ZJ: %Y;, (3.54)
where P; and (); are homogeneous polynomials that do not share prime elements. Now we
will suppose for a contradiction that at least one of the A;(A) is not polynomial.

Let B denote the least common multiple of the set {Q);(A)}, and multiply equation
(3.54) by B. There will be specific values of A that set B = 0 while leaving at least
one of the P;(\) non-zero, (Chapter 1 of [46]). In such a case we obtain an equation that
contradicts the linear independence of the basis.

For example, suppose that A;(\) is not polynomial. Then Q1(A) will contain a non-
trivial irreducible. Consider the zeros of this irreducible. At least one of the zeros must not
be shared by P; (), or P;(A) would also factor to give this irreducible. Therefore, when A
is fixed at this value we find that Q;(X) = B = 0 but P;(\) # 0.

Hence, in such a special case we would have contradicted the linear independence of

the basis. Therefore we conclude that the A;() must all be polynomial in A.
|

3.5.1 Basis for the fundamental Abelian functions

We now present the basis for the space of fundamental Abelian functions, followed by the

details of how it was constructed.

Theorem 3.5.3. A basis for T'(J, O(200))) is given by

Cl @& Cpn & Cpiz & Cpiz & Cpuy @& Cprs
®© Cpig & Cpa & Cpoz @ Cpu & Cpas & Cpmp
®© Cpzzs @ Cpzs © Cpzz @ Cpzs © Cpu & Cgpys
®& Cpis @ Cpss © Cps6 @ Cpes © CQsse6 © CQusse
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© CQusss © CQuss & CQsse6 & CQsss6 & CQases

© CQass6 & CQzus6 & CQassse & CQzz6 &  CQzuss

& CQaues © CQauus & CQuues ® CQisse ©  CQazes

© CQasss @& CQass & CQazas & CQuass &  CQasus (3.55)
© CQsu & CQaus & CQoua & CQizes & CQisse

© CQuu © CQuzss & CQass & CQazzs & CQiass

& CQiass & CQiass & CQues ® CQi2aa &  CQuise

& CQuue ® CQuss & CQius & CQuuua & CQriae6-

Proof. The dimension of the space is 29 = 25 = 64 by the Riemann-Roch theorem for
Abelian varieties. It was concluded above in equation (3.53) that all the selected elements
do in fact belong to the space. All that remains is to prove their linear independence, which

can be done explicitly using the o-expansions in Maple.
]

The actual construction of the basis is as follows. We start by including all 21 of the
2-index gp-functions in the basis, since they are all linearly independent. The next step is
to decide which 4-index )-functions to include. We do this by systematically considering
weight levels, starting at —4 (the highest weight of any ()-function) and decreasing.

At each weight level we identify ();;; to be added to the basis and derive equations for
the non-basis entries as a linear combinations of basis entries. This is achieved using the

following method, described for weight level —k, and implemented with Maple.

1. Start by forming a sum of existing basis entries, each multiplied by an undetermined
constant coefficient, c;. Note however that we need not include all the basis entries in

this sum, since the sum must be homogeneous of weight —k.

First include any basis entries at weight —k that have already been determined, (the
©i;). Then include any elements with a higher weight, that may be multiplied by
an appropriate A-monomial to balance the weight at —k overall. (Note that all the
possible elements of a higher weight have already been determined since we are
working systematically in decreasing weights.) Note also that from Lemma 3.5.2 we

need not consider basis entries multiplied by rational functions in the A.
Note that we must account for the possibility of a constant term of weight —k. Such

a term must be a multiple of a A-monomial at weight —k.

2. Add to this sum the @);;x; of weight —Fk, each multiplied by an undetermined constant

coefficient, ¢;.

3. Substitute the Abelian functions for their definitions as o-derivatives. This will give
a sum of rational function which may be factored to leave o(u)? on the denominator.

(This is because the sum is a linear combination of functions with poles of order two

96



Chapter 3: Cyclic tetragonal curve of genus six Section 3.5: Relations between the Abelian functions

when o(u) = 0.) Take the numerator, which should be a sum of products of pairs of

o-derivatives.

4. Substitute o(u) in this sum for the o-expansion calculated in Section 3.4. Note that
the sum contains A-monomials with weight no lower than —k. Hence we may trun-
cate the o-expansion after the polynomial which contains A-monomials of weight

—Fk. Evaluate the o-derivatives as derivatives of this expansion.

5. Expand the pairs of products to obtain a polynomial. Note that this will create terms
with A-monomials of a lower weight than —k. These terms must be discarded since
we would not have all such terms with this A-monomial, (because we truncated the

expansion). Hence any information gained from them would be invalid.

6. Collect this polynomial into a sum of the various uA-monomials with coefficients
in the unknown constants, {c;, ¢;}. Note that these coefficients will be linear in the

unknowns, (since the unknowns were from the original sum, not the expansions).

7. Consider these coefficients as a series of linear equations in the unknowns set to zero.

Since it is linear it is quite simple for a computer algebra package like Maple to solve.

e If there is a unique solution for the ¢; in terms of the g; then each of the @);;1; at
weight —k may be expressed as a linear combination of existing basis entries.
(To obtain the relations repeatedly set one of the ¢; to one and the others to zero

in the solution that was obtained.)

e However, it will more often be the case that this is not possible, and hence some

of the ();;1; must be selected as basis entries.

Suppose that there are = unknowns and (z — y) of the unknowns may be ex-
pressed using the other y. This means that specifying y of the ¢; determines
numerical values for all the ¢; and the other ¢;. Hence y of the ();;; may be
expressed as a linear combination of basis entries and the other );;x;. These
other @);;1; must be added to the basis.

There is usually several choices for which ();;; to add to the basis, (since the
basis (3.55) is clearly not unique). However, we should check that the Q;;x
chosen are acceptable as in some special cases the ();;; at a weight level may

be linear combinations of each other.

To obtain the relations for the non-basis ();;, repeatedly set one of the corre-

sponding ¢; to one and the others to zero in the solution that was obtained.

Hence we have identified the basis entries at weight —% and obtained relations for all

the non-basis entries as a linear combination of basis entries.

We give an example of this procedure for weight —8.
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Example 3.5.4. Start by constructing the sum of existing basis entries. The entries at weight
—8 are o5 and p35. We additionally take the entries at weight —4 and combine them with
\4. Finally we may have a constant at weight —8 so we need to include A3 or \3. We then

add to this sum the three ()-functions at weight 8 to end with the equation,

0 = 1996 + Cop35 + C3046 1 + Cas5 1 + 05)\421 + ceAs3
+ ¢1Qua66 + @2Qu556 + 35555 (3.56)

We substitute the Abelian functions for o-derivatives and take the numerator. We
then substitute in the o-expansion truncated after Cs3, since this was the polynomial that
contained A\? and )\3. Expanding the products of expansions will generate terms with
{02, A%, A3\, A\3A\2} which must all be discarded. The polynomial that is left is collected
into uA-monomials with coefficients in the unknowns. Setting these to zero and using the

Maple solve command we find a solution is given by

hy = —=72q3 + 6hy, hy = —12q3 + hy, hzy = —64q3 +4hy, hs =0,
he = —48qs +4hs, q = —16q3 + ha, g2 = —10g3 + ha,

for any values of h4 and g3. Therefore once two of the unknowns are determined the others
are established. This means that only two of the three ();;,; may be expressed as a linear
combination of the basis entries and the other ();;z;. We choose to add (5566 to the basis.
To find the equations for the other two (), first rearrange the equation for ¢; above so that
it takes the role of hy,.

hi = 6q1 +24q3, ho=aq1 +4q3, hs=4q, hs=q +16q3, hs =0,
he = 4q1 + 16q3, q2 = q1 + 6gs.

Then set ¢; = 1, g3 = 0, substitute in (3.56) and rearrange to find

Qa6 = 6926 + 935 + 4 146 + Aagss + 4X3 — Qusse.

Similarly setting ¢; = 0, ¢3 = 1 we find

Q5555 = 24096 + 435 + 164055 + 163 — 6Q4556-
]

So we follow this procedure at successively lower weights, constructing the basis and
equations as we proceed. Note that after every four weight levels an additional CY; of the
o-expansion is required. As discussed in Section 3.4 these relations were constructed in

tandem with the o-expansion. Once a new C;, was found four more weight levels could be
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examined. The relations obtained could then be used to construct the next C},.

Note also that as the weight decreases, both the the possible number of terms in the
original sum and the size of the o-expansion increase. Hence the computations take more
time and memory. The most computationally intensive part is Step 5 where the products of

expansions must be calculated and the terms with weight in A lower than —£ discarded.

e Since all the terms in the end polynomial contain an unknown, we should not use the
procedure described in the last section to perform this calculation, or we would lose

many constraints.

e However, we do find that the resulting system of linear equations for the unknowns
is very overdetermined. Hence we can simplify by setting some of the u to specific
values. We find that setting u = (u1,ug,1,1,1,1) achieves enough constraints to

specify the unknowns, while being computationally far simpler.

e To further save computation time and memory distributed computing may be em-
ployed to expand the pairs of products in parallel. This was implemented using the

Distributed Maple package, [72], discussed in Section 3.4.

Upon examining all the 4-index )-functions, we find that 63 basis elements have been
identified. To find the final basis element we repeat the procedure using the 6-index ()-
functions. We find that all those of weight higher than —30 can be expressed as a linear
combination of existing basis entries. However, at weight —30 one of the Q) jxim, is required
in the basis to express the others. The Maple worksheets in which these calculations were

performed can be found in the extra Appendix of files.

3.5.2 Differential equations in the Abelian functions

We present a number of differential equations between the Abelian functions. The number

in brackets on the left indicates the weight of each equation.

Lemma 3.5.5. Those 4-index Q-functions not in the basis can be expressed as a linear

combination of the basis elements.

(—4) Qeos6 = —3¢55 + a6

(—5) Qsee6 = —2¢15

(—6)  Ques6 = 6Aage6 — 20044 — %QE)E)GG

(=7)  Quse6 = 2M 56 + 2036

(=7)  Qsss6 = 4\apse + 4pss

(—8)  Quaes = 4\apa6 + Aa@ss + 935 + 626 — Qusse + 4A3
(—8)  Qss55 = 164055 + 435 + 2426 — 6Qus56 + 163
(—9) Quse = %/\4945 + 2095 — Z51934 - éQ4555
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(=9)
(=10)
(=10)
(—11)
(=11)
(—12)
(=12)
(=12)

(3666 = 2A4g045 — %Q4555
Q2666 = —5Quas5 — 3 Q3566 — 3MQ5566 + 4P66 A3
Quaa6 = 6Aapaa — 2024 — 20366 — Quass + 3 MQss66 — 2 Q3566 + 4663
(3466 = 436 \4 — %Q3566
Qua15 = Bpss g — 205677 + 8ps6 A3 — 3Q2s66 — 2 Q3556
Q2166 = 816 — 33 + 2\ — %Q2456 — Q3456 + X126 + 2A4035
(3555 = 2416 — 833 + 164935 — 603456
Quuaa = — 12016 + 933 + 62 + 12Qs456 + 12055\ + 4pasA]
— 1694603 — 305503 + 12X40026 — 18435 — 6Qas56

The full list down to Q1111 can be found in the extra Appendix of files or online at [38].

There are similar equations for all the 6-index Q)-functions, except (Q114466 Which is in

the basis. Explicit relations have been calculated down to weight —39. The first few are

given below while the full list can be found in the extra Appendix of files or online at [38].

(~11)
(~11)

Q66666 = 40044 + 15Q5566 — 24666\

Q566666 = 20036 — 49561

Qss6666 = 2426 — 12035 — 2Qu556

Ques666 = —20035 + HQus56 + 16016 1 — 200554 — 8A3
Qusssss = — 16025 + 5031 + 5Qus55 — 5 Pas M

Qs55666 = — 169034 + 2Qu555 — 16945\

Quase66 = 8021 + Quass — 2Q3566 — 24aa s — 14Q5566 A1 + 40@66)\421
(Qass666 = — 824 — 4Q3566 + 2Q5566 A1 + 8663

Qs55566 = — 16924 + 4Qua55 + 8W3566 + 8Qs566 A4 — 160663
®366666 = —DW3556 + 16936 \4

Quasee6 = —6Q2566 + 3Qs556 + 120361 + 456 AT + 8p363
Quss566 = —2Q3556 + 249361 + 8956 \]

Q555556 = —20Qs556 + 11203604 + 16056 0] + 320563

Proof. By Theorem 3.5.3 and Lemma 3.5.2 it is clear such relations must exist. The explicit

differential equations were calculated in the construction of the basis, as discussed above.
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Corollary 3.5.6. There are a set of differential equations that express 4-index p-functions

as a polynomial of Abelian functions of total degree at most two.

(—4)  peees = 6955 — 3955 + 4046 (3.57)
(—5)  ©s666 = 6956066 — 26045 (3.58)
(—6) pae66 = 6916966 + 61966 — 2044 — %@5566 + 366055 + 603
(=7)  ©as66 = 2045066 + 4916056 + 2Aa56 + 236
(=7)  ©s556 = 6955056 + 4Xag56 + 4936
(—=8)  Pusss = 201966 + 4916 + A\apas + Aapss + 35 + O
— 556 T 4045056 + 2046055 + 43
(—8)  ps555 = 6935 + 16X4355 + 435 + 2426 — Bpusse
+ 24945056 + 1204655 + 16A3
(—9)  ©uas6 = 2044056 + 4045046 + 3MPa5 + 2025 — 3931 — 94555 + Pa5055
(—9) 93666 = 6936566 + 21045 — %@4555 + 394555
(—10) o666 = — 3604455 + Ps50a1 + 2Xa025 + PesAaP55 + o635
+ 60269066 + 20715 + 20368956 — %@3566 — %)\4@5566 + 4663
(—10)  Passs = 2055011 — 2021 — Paass — 2Xip66 + 6Aapas — 2Xa025 — 203566 + 40735
— Pe6A1§255 + S9e635 + 100369056 + 694644 + 466 A3 + %/\4@5566

Proof. Apply equation (3.32) to the first set of relations in Lemma 3.5.5 and rearrange.
]

The set of equations in Corollary 3.5.6 is of particular interest because it gives a general-
isation of Corollary 2.1.15 from the elliptic case. This was the elliptic differential equation

that allows higher order derivatives to be substituted out.

o' (u) = 6p(u)* — 5g2.

We discuss this generalisation more in Section 5.1 and present a full set of equations from
06666 to to p1111 in Appendix C.3. The other elliptic differential equation, which was de-

rived in Theorem 2.1.14, is

[¢/ ()] = 4p(u)* — gap(u) — gs.

A generalisation would be a set of equations that express the product of two 3-index -
functions using a polynomial of fundamental Abelian functions with total degree at most

three. These are referred to as quadratic 3-index relations. For the cyclic-(4,5) curve these
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relations have been derived for the first few weights and are presented below.

Note that the ()-functions present here were those included in the basis (3.55).

(=9)

Dass = 496 T 926 + 4016066 — 4955066 — 49660 + 4Paa + 2Qs566
0566807666 = 40956856 + 2046956 — P55056 — 2045066 + 2036
0266 = 826 + 4pssAa + 4X3 — 2Quss6 — 4pasPs6 + 402066 + P2
Ps568666 = 2036966 T 2016955 — 2085 — 4955\ + 2045056 + 665566
+ 2055086 — 4926 — 2035 — 4A3 + 2Quss6
Pa669666 = 4916086 + 4056 + 2076 — 2046955 — 20554 + PasPs6
— 2011966 — 9665566 — 2026 — 2035 — 2A3 + Qusse
©556§9566 = 5605566 + 2426642554756 + 2@%(3 - %@45)\4 + %Q4555 - %@34
P5550666 = — 205 T 6966055056 + 4015016 + 3915 M — 401456
— 3p56Q35566 + 8936966 — 5031 — 2 Qusss — ApasPss + SPsePes
46649566 = %Q4555 + Pa555 — 29025 + %@34 + 4668046856 — 9565566
+ 4psee M — 2014956 — 2045046 — 3945\
1569666 = 2066946956 + 2045086 T 204506 1+ 3015\ + 2014056
+ %@56@5566 + 236066 — %@34 - %Q4555 — 2045055 (3.59)

We do not give the details on the construction of these relations here, but instead refer the

reader to Chapter 5. This chapter deals with new results for the first trigonal cases including

a section on quadratic 3-index relations. The methods, problems and comments there are

also relevant for the (4,5)-case.

Proposition 3.5.7. There are a set of relations that are bi-linear in the 2-index and 3-index

©-functions starting with the relations below.

(—6) 0= —gps55 + 20456 + 20566066 — 2056666 (3.60)

(=7) 0= =246 + 20455 — 20166966 + 20666 1 + 2016666

— 2055666 T ©55§666 T 56656

(—8) 0 =2p460566 — 20560466 + ©555066 — 20550566 + P556956 — 20366

(—8) 0 = 20456066 — 445 T ©566466 — 366 — 566 4 — 450666 — 26246566

(—9) 0= —2p455066 + 40266 + 204590566 + 20466055 — 2460556

— 9555656 T 95566755 — 29356

(—10) 0 =2p956 — 40316 — 20446956 + 20440566 + 20450166 + P150556

— 20445966 — £455§56

(—10) 0= —2p366066 + 20360666 T 2459556 — 26346 + ©355 — 455556
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(—10) 0= 06pas6 + ©355 — 20561 + 555\ + 2044566 + 40456946 — 20455056
+ 49450556 — 49456855 + 20460555 — 69316 — 20450466 — 4P446§56
(—11) 0= Pasps55 — 49246 — 2045056 — 20446055 + 2046455 + 260255
— 20345 + 2044556 — ©455655
(—=11) 0= 8pgesA3 — 120966566 + 120260666 + 20350666 — 120246 + 6255
+ 20345 — 4paa5056 + 4Pa50a56 — AAaP556066 + 2A1055 0666
+ 2405668256 — 20469455 + 2044556 — 403565966 + 69364566
— Pa55955 + ©459555 — 405642366,
(—12) 0 = —6p344 — 1004451 + 40444956 — 8014456 — 4145616 + 8050446
+ 1093564056 + 100466366 + O0556366 + TA1955566 — 14Aa055¢566
+ TAaps56§56 + 18245 — 1003690466 — 200445055 + 04560455
— 40366 A1 — 100566A3 1 120566A3 + 300260566 — D35 566
— 100360556 + ©44¢9555 — 30956266
(—13) 0= 20310566 + 40360156 — 355056 T 20350556 — 2035655 T 368555
— 4336 — 20150366 — 43464756

Proof. The relations above can be calculated by cross differentiating suitable pairs of equa-
tions from Corollary 3.5.6. For example, equation (3.57) expresses @gg66 () while equation
(3.58) expresses gse66(w). If we substitute for these equations into

0 0
8_%@6666('“/) - 8—%95666@) =0,

then we find bilinear equation (3.60).
|

There is no analogue of Proposition 3.5.7 in the elliptic case, although similar relations
have been derived using the cross differentiation method in the hyperelliptic and trigonal
cases. Note that this method is much trickier in the (4,5)-case due to the large number
of @-functions in the basis. This means that often more than two pairs of equations from
Corollary 3.5.6 need to be differentiated and examined. This gets increasing difficult at the
higher weights as there are more interrelated Q-functions.

In Chapter 5 we present a new method of deriving every bilinear relation associated
with a particular (n, s)-curve. This is used to complete the sets in the cyclic (3,4) and (3,5)-
cases. It was applied also to the cyclic (4,5)-case with all the bilinear relations that have

been derived available in the extra Appendix of files.
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3.6 Addition formula

In this section we develop the two term addition formula for the o-function. This gener-
alises Theorem 2.1.26 in the elliptic case which was first generalised by Baker in equation

(2.67) for a hyperelliptic function.

Theorem 3.6.1. The o-function associated to the cyclic (4,5)-curve satisfies a two term

addition formula,
o(u+wv)o(u —v)

- :f(u,v)—f(v,u),

o(u)?o(v)?

where f(u,v) is a finite polynomial of Abelian functions associated to C. It may be written
as

flu,v) = [P30+P26+P22+P18+P14+P10+P6+P2}(u7/v)7
where each Py,(u,v) is a sum of terms with weight —k in the Abelian functions and weight
k — 30 in A-monomials.

Proof. We seek to express the following ratio of sigma functions, labeled LHS(u, v), using

a sum of Abelian functions.

LHS(u,v) = — (3.61)

By Lemma 2.2.19 the o-function has zeros of order one along O and no zeros anywhere

else. This implies that LHS(u, v) has poles of order two along
(0P x Jyu (8P x .J)
but nowhere else. Hence we can express LHS (u, v) as
LHS(u,v) = Y (clej (w)Y;(v) + cszj(v)Yj(u)>, (3.62)
J

where the X; and Y; are functions chosen from the basis in Theorem 3.5.3 and the {1, co,}
are constant coefficients. A simple modification of Lemma 3.5.2 will show that these con-

stant coefficients must be polynomial functions of A.

Recall Lemma 3.4.2 which stated that o(u) is odd with respect to the change of vari-

ables u +— [—1]u. Now consider the effect of (u,v) — (v, u) on LHS(u, v).

o(u +v)o(|~1)(u - v))

LHS(v,u) = — ()20 (w)?

= —LHS(u, v).

So LHS(u, v) is antisymmetric, or odd with respect to the change (u,v) — (v, u). Hence
we must have ¢y; = —cy; in equation (3.62) and equivalently LHS(u, v) can be written as

f(u,v) — f(v,u) for some function f.
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Finally we use the fact that sigma has weight +15 to determine that the weight of
LHS(u, v) is —30. Hence we need only consider those from the basis (3.62) that may give
the correct overall weight. These will be the terms of weight —30 and the terms with higher
weight that be combined with an appropriate A-monomial. This allows us to conclude that

the function f(u,v) may be split up as indicated in the theorem.
|

The formula is derived explicitly below. This is just the first of a family of similar
addition formula for the o-function, related to the invariance expressed in equation (3.2).
Work has been conducted on the extra addition formula in the trigonal cases in [30]. In
[36] we see that this has inspired new results in the lower genus cases. Unfortunately such
addition formula cannot currently be derived for the (4,5)-case using this approach as it
requires the derivation of an additional basis and more polynomials in the o-expansion,

which is not currently computationally feasible.

Constructing f(u,v)

We now describe how Maple was used to explicitly find f(u, v). (The corresponding Maple
worksheet is available in the extra Appendix of files.) First equation (3.62) is constructed
with the undetermined constants. This contains 1348 terms, but only 647 undetermined
coefficients due to the antisymmetry property. We may then determine the coefficients
using the o-expansion, in a similar method to that described in the previous section.

We must substitute the Abelian functions for their definitions to give a sum of rational
function in o-derivatives. We then take the numerator and substitute in the o-expansion
truncated after Cy3. (The addition formula may contain A-monomials of weight —28, which
were contained in Cy3 of the o-expansion.) We must then multiply out the products, discard
terms with weight in A less than —28, collect the uvA-monomials, set the coefficients to
zero and solve to find numerical values of the constants.

Note that the addition formula will have poles of order four and so we are required to
multiply the product of four large expansions. This can be difficult and there are a number

of techniques used for simplifying this problem.

e We design a procedure that is more efficient that the Maple expand command. We
cannot take the same approach of Section 3.4 and consider only the terms at a single
weight as there are unknowns at all weights. However, we can take a similar approach
and only multiply the terms that will not be discarded. To achieve this we categorise
the terms in the four expansions by their weights, and only consider the combinations

of four entries that result in an acceptable A-weight.

e We may determine the conditions gradually by repeating the calculation, systemati-

cally adding C}, to the o-expansion. For example, if we just use o(u) = SW;;5 then
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we identify the coefficients in P3y. This causes much repetition of work, but can ease

the later calculations as many coefficients are found to be zero at each stage.

e The system of equations is again over-determined so it may be possible to use specific

values of w and v to ease computations.

e We again use distributed computing to expand the products in parallel. This was

implemented using Distributed Maple, [72].

We find that polynomials are given as below.

Py(u,v) = s (u)Aadshi — Zpas(w) Aot — L6 ANiA1 + 5066 (w) AT
- %@66(“))\3/\0

Ps(u,v) = Pogs(w)ps55(v) As A + 15Qs566(v) Ao — 49a6() 066 (V) AT A
— 4pa6(v)p66(w) A3 + 3055 () P66 (V) AMado — 69355(v) P66 (w) \jA1 + paa(u) Az
- -Q5566( JAsAL + 3@44( v) Ao — 1;3—6@44(71))\?;)\1 - 2@5566(”)/\?;>\1
Pio(u,v) = [5036(w)0s56(v) — 2024(v) — 3Qs566(v) — 59a4(v) 55 (1) — 37 Quass(v)
- ‘@35(")@ 6(v) + 4Q5566( ) ps5(v )p\o + [4@44('0)@46( )+ @24(1’)
+ L o36(w) p56(v) + 6026 (V) Pe6 (1) — 5 035(w) P66 (V) + 6944 (V) P355(w)
— 3Qs566(w) 016(V) + £Qs566(w)955(V) — 2Qs566(w) — 2Quass(w) | A

Pra(u,v) = [p25(w)pa5(v) + $Q3aa5(w) + 3014(v) + S Q3366(V) — 5 Q3556(w) P56(vV)
+ ©22(u) — 6p44(w)pa6(v) + 3Qs566(V) 26 (u) + %@16(11')@66(”) - %@24(“)@55(0)
+ 22 Q3566 (V) P55 (1) — 57Qu555 (1) Pa5(V) — 3T 033(1) P66 (V) — 3 Quass (V) pas(w)
- §Q3456(U)@66(0) — 2004(v)pa6(w) + §Q4455(’U)@55(U) — 335 (1) Qss66(V
— 2034(w)pu5(v) — 5 035 (1) a4 (V) + 15Q2556 () P66(V) — 5 Q3566 (V) Pa6 (1
+ 15@2566 (V) 956 () | A1 + |57 Q3566 (V) 055 (1) + §025(8) 9a5(v) — 15Qs556(w) Ps56(v)
+ %@34(“)@45(’0) - %Q%Gﬁ(’v)%ﬁ(u) - 3—10(23366(@) - %qus(u) + %@14(”)}&)\2
- %@16(”)@66(“))\3 + %@16("1)@66(“))\421)\3 - 33_2@16(1))@66<u))‘§

)
)

Pis(u,v) [10Q2566 )936(V) — p23(u) Pus(v) — %Q2345( )+ 4@56( ) Q2366 (V)
5@12(’“) 24Q4555( u) 25 (v) + %@34(“)@25(’0) — 2pu5(u)p15(v) + 5955(’“)@14(”)
— 31955(%) Q3445 (V) + G055 (1) Qs366 (V) — 37934(V) Qusss (1) — 2Qs556() P36 ()
- 1%@3344(’0)} Az + [2_70622566(“)@36('0) - §Q3556(U)@36(U) - iQ3566(U)@35(U) +...

~—

106



Chapter 3: Cyclic tetragonal curve of genus six Section 3.6: Addition formula

- 3923(1) 045 (V) — F016(V) Qss66(w) — 505 (1) 915(v) + 2066 (1) Quss6(v)
+ 2066(1) Quags (V) + 30a4(V) P16(w) | Mads + [4g66(1) Q1556(v)
+ 1—10Q2566(U)@36(U) + 8916 (v) Q566 (w) + 466 (1) Qaes(v) — 6—;944(0)@16(111)] A}

Pay(u,v) = [ps5(v)p1a(w) + $015(v) 25 (1) — Bpis(w)Qss66(v) — 3Qs366(v) 35 (00)
— 25 Q2566 (1) Q3556 (V) — £ Q3456(1) Qs566(V) — 2Q1466(%) Pas (V) — Qus56(w) Qss66(v)
+ 2044(w) Q156 (V) — Q1466 (V) Q5566 (1) — 2—14@23(1&)624555(1’) + %@33(“)@3566(’0)
+ 5 Q1266 (1) 66 (V) + 3 Qusss (V) pes (1) — 3923(v)p3a(w) + 75Q2556 (1) Qss66(v)
+ 3 Q1444 (1) P66 (V) + Q3445 (V) P35 (1) — F016(w) Quass (V) — Q2366 (1) P36(v)
— 4p16(u)p2u(v) — g@w( w)p34(v) + i@l5(U)Q4555(U) - @23(”)@25(“)}/\3
+ [3Qu266 (1) P66 (v) — 6Q1s56(v) 966 (1) — 75 Qsas6 (1) Qa566(V) — 4aa (1) Quss6(v)
- %Q1466(U)Q5566(U) - 1—1()@2445(U)K936(U) + 4Q 66 () pas(v) + %Q%%(U)Q%%(’U)
- 1%@33( ) Q3566 (V) + %Q2556(U>Q3566('v) - §Q1444(U)@66(’0) + %Q1556(U)Q5566('U)
+ 2016(w) Quass (V) + L 016(w) Qs566(v) + 5Qa366 () 036(V) + Z16(w) 24 (v)] A

Pos(u,v) = [2_14623566(11')622266('0) - $Q2556(U)Q3366(’U) - %Q1556(U)Q4455(’U)
— Quia6(u) — %Q5566(’U)Q1266(u) + %Q1466(U)Q4455(U) + 3_10692556(“)@3445(”)
— 15 Q3445(v) Q3a56(w) — Q5566 (V) Qrase (w) + §Qss66(1) Q1s56(v) — P11 (w)ps5(v)
- %Q5566(U)Q1444(’U) + 2%@3556(”)@2445(“) + %Q3566(U)Q2356(’U) + i@1155(u)
- 3—10Q3456(U)Q3366(u) + %Q2566(U>Q2445('v) + %Q1466('U)Q3566(u)
+ 2Q1466 (V) P24 (1) — 1—30@3445( )g33(w) + %Q2556(u)@14(v) - %@45(”)@1346(11)
- %@16(”)@14( ) + 5933( ) Q3366 (V) — %Q3366(0)K916(U) - i@2335(u)@45(’0)
+ 2003(w) 15(v) + 4p16(v) P (w) — Zs3(w)P14(v) — §36(1) Q2245(v)

+ 3044 () Qr266(V) + 5944(0) Quaaa(w) + 2936 (V) Qazaa(w) — 205 () p13(v)

— 2035 (w)912(v) + 57015 (1) Q236(v) — 15 Q3a56(w)914(v) — P66(v) Q1244 (wt)

+ 15916(0) Qaaas () + 6944 (w) Q1356(v) — 2Q1556(w) P24(v) | Mg

Pyo(u,v) = §Quiase6(w) + 5 Q3566 (v) Quzse (1) — 5914(v) Qasse(w) + 5Qus56(v)p14(w)
+ 15@3344 (V) Qsus6(w) — 325 (V) Qusas(w) + 3Qusse(V)P11(w) — $Qaaz6(w)pos(v)
+ 2Qs304 (1) 916(V) + 57Q1316(V) Qusss(w) + 5Q1145(V) P56 (w) — 2Q2345(w) P33(v)
- lQl556( )22(w) + %Q1155(U)@46(’0) + %Q3566('U)Q1266(u) + %Q2236(U)@34(U)
5@12( V) Q3456 (®) — §Q1356(U)Q4455(U) - 2%@2245(”)@2566(“) +
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+ £ Quas (1) Q3445 (v) — 3Quags(w)P14(V) — P26(V) P11 (w) + P36(V) Q1245(w)
+ %Q2345(U)Q2556(’U) + 26(v) Q246 (1) + Q2346(v) 015(u) + %Q1444('U)Q3566(u)
5@16( v)Qa345(u) — 1—12Q3445(U)Q2266(U) + %Q5566(’U)Q1244(’U:) - %@33(”)@3344(“)
+ 5Q1466(U)Q3366(U) + i8Q4555(’U)Q2335(U) + %Q4455('U>Q1266<u) + Q1246 (V) 35 (u)
— $Qua55(0) Qrasa () + £Q2345(V) Qsuss(w) + 3Q1156(V) a5 (1) — Pa6(V) Qu1a6(w)
+ Q2256(V)915(w) — Zp12(v)p16(w) — $Qus56(V) P2a() — §5933(v) Quass (u)
- ﬁ@2236(v)Q4555(u) - %Q3344(U)Q2556(’U/) - %Q2566('U>Q2344<u)
— 75 Q3556(V) Q2245 (1) — 35 Q3556 (V) Q2344 () + §Q2445(v) Q2366 ()
+ §Q1556(V) Qsze6(w) — 3Q1255(w)p26(V) — 3Q1144(V) P6(w) + 044 (V) Qr1e6(00)
- —Q2335( )3a(w) + %Q3366(’U)Q2266(U) + %@24(”)@1266(“) — Qua55(v) 16 ()

— 5Qa256(v) P23 (1) — P2 () Quass (V) + 5955(vV) Quias(U) — Qa346(V) p23(w)

+ § Q1346 (1) P34 (v) — §014(1) Qa66(v) + P13(v) Qasss (1) + % ps3(w) P1a(v)

— £012(v)Qass6 (1) — 2024(v) Quasa(w) + § Q2335 (V) 25 (1) + Paa(v) Qu21a(wt)

- %Q2356<U)Q3366<u) %Q3445(U)Q1556(’U/) - %Q3445(’U)Q2356<U) — p35(v) P11 ().

Note that the 6-index ()-function in basis (3.55) is present in P3q and was essential for the

construction of the addition formula.

The two term addition formulae are the only results in this document that will change
with a different choice of ¢ in the definition of the o-function, (see Remark 2.2.23). Using
an alternative constant will change the polynomial f(w,v) by a multiplicative constant

factor, (see Appendix B).
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3.7 Applications in the KP hierarchy

The Weierstrass @-function had applications in many areas of mathematics, (see for exam-
ple [3]). It may be used to construct solutions for problems such as the pendulum equation,

and in particular the function,

W(x,t) = Ap(z — ct) + B,
gives a traveling wave solution to the KdV equation,

Wi+ 12WW, + W = 0.

A similar application may be derived from Baker’s results on the Kleinian @-functions
associated to a (2,5)-curve. In [10] (page 47 of the reprinted edition) Baker derived the

following equation between the hyperelliptic o-functions.

1
(2222 — Bpsy = 5)\3 + 22 + 4p12.

We make the change of variables u; = T, uy = x to get

1

We then differentiate with respect to x.

Now set \y = 0, ¢t = —47 and define W (z,t) = —p,.(z,t). Then W (x,t) is a solution of
0=W,+ 12WW, + W,pe.

So Baker had constructed a 2-soliton solution to the periodic KdV equation.

More recently, in [21] and [35], the cyclic trigonal curves have been linked to the
Boussinesq equation. In [11] the p-functions associated to the cyclic (3,5)-curve are shown

to satisfy
Q4444 = 6@?14 — 3(033.

Differentiate twice with respect to u,4 to give the Boussinesq equation for g4, with uy

playing the role of the space variable and u3 the time variable.

Given these results it is not surprising to see a similar result occurring in the cyclic

(4,5)-case. This time a solution to the KP-equation can be constructed.
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Recall equation (3.57) derived in Corollary 3.5.6.

O6666 = 6956 — 3955 + 4as.

Differentiate twice with respect to ug to obtain

0
£2666666 — 1287 (@66@666) — 35566 T 4§24666- (3.63)
6

This time we use the substitutions ug = , us = y, us = t and define the function

W(Jf, Y, t) = pxa:(ula Uz, U3, tv Y, x)

Substituting into equation (3.63) and rearranging will show that W (z, y, t) is a solution of
to the following form of the KP-equation.

[(Waee — 12WW, —4W,] _+ 3W,, = 0.

In fact this is just a special case of the following general result for Abelian functions asso-
ciated with algebraic curves.

Theorem 3.7.1. Let C' be an (n, s)-curve with genus g as defined by equation (2.34). De-
fine the o-function and Abelian functions associated with C' as normal. Finally define the

function W(u) = pgq(w), which we may denote W (z,y,t) after applying the substitutions
Uy =, Ug—1 =Y, Ug_o =t.
Then, if n > 4, the function W (x, y, t) will satisfy the following version of the KP-equation.

(Weae — 12WW, — bW,)  — aW,, =0, (3.64)

for some constants a, .

Proof. Recall Definition 3.3.2 and Theorem 3.3.4 which gave the Sato weights for C'. The
weights of the variables u were the entries in the Weierstrass gap sequence generated by
(n, s). These are the natural numbers not representable in the form an+ s where o, 3 € N.

Since s > n > 4 we know that {1, 2,3} cannot be represented in this form. Therefore
we have

weight(u,) = +1, weight(ug_1) = +2, weight(ug,_s) = +3.

By Lemma 3.3.10 this implies the 2-index p-functions will have weights

Wt(pg7g> = _27 Wt<pgvgfl) = _37 Wt(pgflzgfl) = _47 Wt(p972vg> = _47
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with all the other 2-index p-functions having a lower weight.

Next consider ()y445, Which by Lemma 3.3.14 is the highest weight ()-function with
weight —4. We noted in Section 3.5 that the ()-functions all belong to I (J, 0201 )) , the
space of Abelian functions associated to C' with poles of at most order 2 when u € Q91

By Lemma 3.5.2 we can express ()yq44 a8
Qg.9.9.0 = APg—1,g-1 + bpg_24 + C, (a, b, c constants),

since these are the only Abelian functions of weight —4, and there is no function of lower
weight that could be combined with a A-monomial to give the correct weight. We use

Definition 3.1.2 to substitute ()44, for its expression in p-functions.

£9,9.9.9 — 6@§,g = aPg-14-1+ bpg2y +c.

Then differentiate twice with respect to u, to give

_ 0
©9.99000 =125, (99.999.99) T A0g-19-1,0.9 T bPg-29.6.9-

Then make the substitutions suggested in the theorem to obtain equation (3.64).
|

Hence the Abelian functions associated to the cyclic (n, s)-curve with n > 4 may all
be used to construct solutions to the same KP-equation as those functions associated to the

cyclic tetragonal curve of genus six.

111



Chapter 4
Higher genus trigonal curves

The results of Chapter 3 required the development of new techniques, methods and the
corresponding Maple programs. In this Chapter we have applied these to generate results
for the higher genus trigonal curves. In most cases the same methods and programs could

be used with only slight modifications and hence we do not repeat the discussion of these.

We start in Section 4.1 by investigating the Abelian functions associated to the cyclic
(3,7)-curve. This curve has genus g = 6, the same as the cyclic (4,5)-curve investigated in
Chapter 3. It will be interesting to see whether the theory is more closely related to that of
the lower genus trigonal curves studied in [30] and [11] or to that of the (4,5)-curve with
which there is a shared genus.

Next, in Section 4.2 we repeat the process for the cyclic (3,8)-curve which has genus
g = 7 and is the highest genus curve to have been considered. The Maple worksheets that

were used to derive results can be found in the extra Appendix of files.

The main motivation for the investigation of these two higher genus curves is to facili-
tate with the future construction of a general theory for the trigonal curve. However, they
also have potential applications in both integrable systems and the theory of Weierstrass

semigroups.
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4.1 The cyclic trigonal curve of genus six

In this section we present results for the Abelian functions associated with the cyclic (3,7)-

curve. This is the curve C' given by
P =27+ Nx® + Asad Mgt + A3x® + Aoz + Mz + Ao 4.1)

Using equation (2.33) we find this curve has genus g = 6. (Note this curve has the same

genus as the cyclic (4,5)-curve investigated in Chapter 3.)

4.1.1 Differentials and functions

We need to start by investigating the differentials on C'. Recalling Definition 2.2.3 we

construct the Weierstrass gap sequence generated by (n, s) = (3,7).
Wiy =1{1,2,4,58 11},  Ws;={3,6,7,9,10,12,13,...}. 4.2)

We follow Proposition 2.2.4 to construct the basis of holomorphic differentials upon C.

du = (duy,. .., dug), where du;(z,y) = Ji g;;w dz,
win @y =1 g2(z,y) xg gs(@,y) = @7, 43)
9a(@,y) =y, g5(z,y) = 2°, g6(@,y) = zy.
Any point u € C° can be expressed as
6 P;
u = (u17u27u37u47u57u6> - Z/ d,u’a (44)

i=1 7

where the F; are six variable points upon C'.
Next we must construct the fundamental differential of the second kind, (Definition
2.2.6). We follow Klein’s explicit realisation set out in Proposition 2.2.8 and find that the

fundamental differential may be expressed as

F((x, v), (2, w))dxdz
9(x — 2)2y2w?

Q((z,y), (z,w)) = (4.5)

where F' is the following symmetric polynomial.

F((z,y), (z,w)) = 2M\yz + Xoz’w + 2\ jwz + 3w + 3xA3y2° — yz'\
+ 222y 23 \s + Aoy Ny + y2tads + Aoy 4 3y2taihg + 3xtwhe? + y2ta®
+ 223wAs 2% + 22°w22 + 227y 25 + ptw2® + 3yt + Myx + Mwz + 3y
+ sztwz — Mztw + 2 zwz + 20axyz + 3Nz wz + Aziwz. 4.6)
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(See Section 3.1.1 for a detailed example of such a construction.)
In obtaining the realisation, an explicit basis for the differentials of the second kind

associated with the cyclic (3,7)-curve was derived.

dr = (dry,...,drg), where dr;j(z,y) = %y;y)dx, 4.7)
hi(z,y) = y(9x4)\6 + 522Ny + 112° + Xg + 325 + 7x3)\5),
ho(z,y) = (43:)\5 + 622 X\g + 82° + 2)\4)
with hs(z,y) = y(5x — M+ A5+ 3x )\6),
ha(z,y) = 23 (36 + 422 + 2)5),
hs(z,y) = 227 y,
he(w,y) =

We can now proceed to define Abelian functions as in the general case. Start by choos-
ing an appropriate basis of cycles upon the surface defined by C'. (Ensure condition (2.45)
on the intersection numbers is satisfied.) Then define the period matrices as in equations
(2.46) and (2.52) by integrating the differentials (4.3) and (4.7) around these cycles.

Let A denote the lattice generated by the first pair of period matrices, (Definition 2.2.10),
and define an Abelian function associated with C' as a meromorphic function that is periodic
over this lattice, (Definition 2.2.11). Define the Jacobian as the complex space modulo this
lattice, (Definition 2.2.12) and recall Definition 2.2.13 for the Abel map.

2 : Sym*(C) — J

P P
(Pr,...,Py) — </ du+~~~—|—/ du> (mod A), (4.8)

[e.9] o0

where the P, are points upon C. Finally by Definition 2.2.14 the strata of the Jacobian are
the images of the Abel map.
When k = 1 the Abel map gives an embedding of the curve C' upon which we define &

as the local parameter at the origin, 2, (c0).

£ =a73. (4.9)

1 d:v_ 3

e &
1 Ao\ 1 As A2\ 1 A4 2)\6)\5 HAS 9 5
—w (et (5-3) (5w e
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dup = [~€0+ O(E®))de,  dug = [—€ + O(¢*))de,
dup = [~€T +O(EO)dE,  dus = [€' + O(E")]de,
dug = [€4 + O(¢T)]de, dug = [~ 1+ O(¢*)]dé.

w = —FHE HOEY), us= -3+ 0(E), us =3 +0(),

1 ; (4.10)
up = =€+ 0(E"),  wy= 5+ 0(ET), us=—E+0(EY).

We will work with the Abelian functions derived from the Kleinian o-function associ-
ated with the (3, 7)-curve. This is defined as in Definition 2.2.15 and is here a function of
g = 6 variables.

0= O'(U) - 0(U17u27 Uz, Uy, Us, u6>-

The Schur-Weierstrass polynomial can be constructed as in Example A.5.21.

_ 1 6,,3 1 1,2,5 1 3,2

SWir = gspmamote’ + U5 + gouatigul + gap5uaug’us + gugudug — juzugul
+lu2uu3 1u2uu—|—uuu 1uuu—uuu—|— uuu ulu
2 Wetsty — 7 %4 e Us 64501 T 2465 20504 286U5 T 2061

1,72 2 1
— SoUeUsus + 5u3u6u5 + —u3u6u5 + 2uzuqul + —u5u4 640u4u6 + u4u6u2
_ 3, _ 1,8 5 8,4 1 _9
U3UeUr Uy 61 U5 QOU4UGU3U5 + 2560U6U5 U4 U3zUq UU3UsUS5
1 3_ 3 12,2 1.6,4 , 1.2 6
— FanoUslls. T U6U3 — raagUs U5 — grUalls T o UsUG (4.11)

Recall that this polynomial is the canonical limit of the o-function.

Define the n-index p-functions associated with the (3, 7)-curve as in Definition 2.2.27.
Since the genus is six there will be the same number of g-functions as in the (4,5)-case. We
will also need to use the n-index ()-functions as defined in Section 3.1.3.

In Section 3.3 we proved that all the objects in the theory associated with any (n, s)-
curve may be given a weight so that all equations are homogeneous. In the case of the

cyclic (3,7)-curve these weights are as follows.

T Yy )\6 )\5 )\4 )\3 )\2 )\1 )\0
Weight | -3 | -7 -3 | -6 | =9 | —12| —-15| —18 | =21

up | ug | ug | ug | us | ug | o(u)

Weight | +11 | +8 | +5 | +4 | +2 | +1 | +16

Note that as always the local parameter £ has weight one, while the weights of the -
functions and @)-functions may be derived from their indices as described in Lemmas 3.3.12
and 3.3.14.
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Note that while we have the same p-functions as in the (4,5)-case, their weights are

different.
weight[p;] = —22 weight[pas] = —13 weight[pss] = —6
weight[p12] = —19 weight[po] = —12 weight[pgy] = —8
weight[p3] = —16 weight[pos] = —10 weight[py5] = —6
weight[p14] = —15 weight[po6] = —9 weight[p4e] = —5
weight[p5] = —13 weight[pss] = —10 weight[pss] = —4
weight[p16] = —12 weight[ps4] = —9 weight[ps6] = —3
weight[pas] = —16 weight[pss] = —7 weight[pgs] = —2

(Compare with Example 3.3.11 for the (4,5)-case).

4.1.2 Expanding the Kleinian formula

We need to derive relations between the p-functions from the Kleinian formula, (Theorem
3.2.1). We discussed the procedure to do this in detail in Section 3.2. As before, we use the
expansions of the variables in £ to expand equation (3.33) as a series in . The coefficients

are polynomials in the variables (z, w) and the p-functions, starting with the five below.

0=p1=—2*+ ps562° + p362° + (Pesw + 26) 2 + PasW + P16 4.12)
0=ps= (@55 - @566)23 + (@35 — 2w — @366)22 + (@25 — 266 + P56W

- @66610)2 T 915 — Pa66W — 166 T PasW (4.13)
0=ps= (%@5666 - %@556)23 + (%@3666 - %@356)22 + (%@2666 - %@256

+ (%@6666 - %@566)"60)2’ - %@156 —3w* + %@1666 + ( - %@456 + %@4666)11}
0=py=—22"— (2@56 + %/\6)24 + (%@56)\6 + 5566 — %@5666 - %@555 — 236

— 25 + @45)23 + (@3566 — 226 — 266w — %@355 + 934 + %@36)\6 - %@36666)22

+ (p2566 — $020666 — 2016 + FP2606 — 39255 + (306606 — P46 — §Po6666

- %@556 + @5666)111 + @24)2 + (@4566 - %@46666 + 44 + %@46)\6 - %@455)10

+ %@16)\6 + P14 — %@155 + P1566 — %@16666
0=ps = (2@566 - 2@55)24 + (%@5556 — 055666 T 202366 — 35 — 256 — W

+ 310560666 — 1956606) 2> + (20666 — 3A6 — 2056) W — 5035666 + 20266

+ i@366666 + 33 + 2@3556 - %@366)\6 — 2095 — ?1@346) 22+ (2@166 - 2@246

- %@266% + 23 — %@25666 — 2p15 + %@2556 + (@36 — 2045 + %@5566 - %@56666

+ %@466 — A5+ ﬁ@@%ﬁe - %@666)\6)10 + 21—4@266666)2 + ( - imﬁe)\ﬁ + %@4556

- %@45666 - %@446 + ﬁ@466666 + A+ @34)10 - %@15666 + 2@1556 - %@166)\6

1 5
+ P13 T 570166666 — 7§146
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They are valid for any u € C°, with (2, w) one of the point on C that are used in equation
(4.4) to represent w. They are presented in ascending order (as the coefficients of &) and
have been calculated explicitly, (using Maple), up to pio. They get increasingly larger in
size and can be found in the extra Appendix of files.

As described in Section 3.2 we next take resultants of pairs of equations, eliminating
the variable w by choice. (See Appendix A.6 for an introduction to resultants.) We denote
the resultant of p; and p; by p; ;. These equations are quite large and not presented here.
Instead we present Table 4.1 detailing the number of terms they contain once expanded and

their degree in 2.

Table 4.1: The polynomials p; ;

Res | # terms | degree Res | # terms | degree
p12 | 40 6 P34 | 2025 10
1,3 79 8 P35 4188 9
pra | 17 6 P36 | 4333 8
p1s | 154 7 p37 | 19043 10
p1e | 344 8 p3s | 28422 10
P17 | 290 7 pso | 44409 10
P1,8 412 7 P45 793 8
p1o | 1055 8 pagc | 8315 10
£2,3 307 7 paz |1 183 8
p2.4 | 219 7 pag | 2112 8
P25 | 226 6 pao | 24569 10
P26 | 1468 8 pse | 18356 10
p27 | 712 7 ps7 | 2535 8
pag | 137 7 pss | 2316 8
P29 | 4536 9 P59 | 54384 11

In general, the higher the p; involved in the resultant, the more terms the resultant would
have. There were only two polynomials found with degree six in z, p12 and py4, with all the
others having higher degree. Recall that in the (4,5)-case the corresponding polynomials
had much more terms and all had degree in 2 of at least seven.

With regards to the expansion of the Kleinian formula, the (3,7)-case has far more in
common with the lower genus trigonal curves that the other higher genus curves that share
the genus. This was partly predicted by the results of [21].

Next recall the result of Theorem 3.2.2 on equations between the @-functions and a
point 2 on the curve from which they are defined. It stated that such an equation with degree
g — 1 = 51in z must be identically zero. We hence aim to manipulate these polynomials to

achieve this.
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We select p; 2 as it is the smallest polynomial of degree six, and rearrange it to give an

equation for 2°.

6 _ 1.5 1.2 .4 1 1 2 _ 1 1
20 = —52°0666 — 38567 — 582166245 T 50166466 T 1627 — 5401666246 — 36216626266

1.2 1 3.5 1.2 1.4 1 3

— 52726056 T 5156046 T 527056 T 5270266666 — 32 2466 T 5282166666 T 27§26
1.2 1.3 1.4 1 1.4 1.3

+ 527025066 T 5276035666 — 52 5666266 — 5269266246 T 52 5566 — 52 566546
1 2 1 1 4_1 1.4 1

T 5636270466 T 32602660466 — 524026845 T 9362 — 50162056 T 52 P45 T 5260256046
1 3 1 3 1 4 1 3 1 3 1 2

— 5§7362° (256 T 56236276666 T 562562 §2666 T 562562 2466 — 5562 (245 — 57362 (45

1.2 1.3 1.2 1 1.2 1.3
— 52726666 T 52755646 T 5270356046 T 50152066 — 52723666246 — 52 §2366§266-

We may now take any of the other p; ; and repeatedly substitute for 2° until we have a
polynomial of degree five in z. By Theorem 3.2.2 the coefficients, with respect to z, of
such an equation must be zero. Further, since they are zero we can take the numerator of
the coefficients leaving us with six polynomial equations between the p-functions. Finally,
recalling Lemma 2.2.32 which stated that all the p-functions have definite parity, we can
separate each of these six relations into their odd and even parts. We denote the polyno-
mial equations between p-functions that we generate using this method by KC(p; ;, n, £) as
defined in Definition 3.2.3.

In the (4,5)-case every polynomial needed at least two rounds of substitution, and the
equations for z% and 27 were far more complicated. In this case we need only substitute

once into py4 and so the polynomials achieved here are far simpler.

K(pi4,5,+) = (2@666 — 36 — 6@56)@66 + ©5666 — 3§46

K(p14,5,—) = —%@556 - %@66666

K(pra: 4, +) = (20566 — 2055) 9056 + (95566 — P15 — 205 — 436 + 2066
— 20560666 T 2@%@)@66 + P4 + 94566 — 56625666 — 566246 — 32466

K(pis,4,—) = _(%@56666 + %@555)@6 - %@46666 + %@56@556

1 1
+ 5956666666 — 5§455

However, the other relations all involve two rounds of substitution for 2% and get increas-
ingly long and complex, involving higher index gp-functions.

Although the relations we achieve are far simpler than those in the (4,5)-case, there
do not seem to be enough simple relations to manipulate to find the desired differential
equations between the p-functions. Hence we proceed to use the tools developed for the
(4,5)-curve to find these relations.

However, as predicted by [21], we may still use the relations from the Kleinian formula

to find the solution of the Jacobi Inversion Problem.
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Recall that the Jacobi Inversion Problem is, given a point w € J, to find the preimage
of this point under the Abel map (4.8).

Theorem 4.1.1. Suppose we are given {uy,...,us} = u € J. Then we could solve the

Jacobi Inversion Problem explicitly using the equations derived from the Kleinian formula.

Proof. Consider the polynomial p;» which had degree six in z. Denote by (z1, ..., 2)
the six zeros of the polynomial, which will be expressions in p-functions. Next consider
equation (4.12) which is degree one in w. Substitute each z; into equation (4.12) in turn
and solve to find the corresponding w;.
Therefore the set of points {(z1,w;), ..., (26, wes)} on the curve C which are the Abel
preimage of u have been identified.
]

4.1.3 The o-function expansion

We construct a o-function expansion for the cyclic (3,7)-curve using the methods and tech-
niques discussed in detail in Section 3.4. We start with a statement on the structure of the

expansion.

Theorem 4.1.2. The function o(u) associated with the cyclic (3,7)-curve may be expanded

about the origin as
U(u) = U(ula Uz, Ug, Ug, ’LL57U6) = SW3,7(U) + 019(U) + 022 + - 4 ClG+3n(u) + ...

where each CY, is a finite, even polynomial composed of products of monomials in
u = (uy,us,...,ug) of weight +k multiplied by monomials in X = (X, A5, ..., \) of
weight 16 — k.

Proof. This is very similar to the proof of Theorem 3.4.3. First we note that the o-function
associated with the (3,7)-curve is even by Lemma 2.2.20. Then by Theorem 3(i) in [60] we
know the expansion will be a sum of monomials in w and A with rational coefficients.

We split the expansion into terms with common weight ratios. By Lemma 3.3.7 we
know that o(wu) has weight +16 and by Theorem 2.2.21 we know that the part of the ex-
pansion without A will be STWs 7. We then have a sum of other polynomials with increasing
weight in w. The subscripts increase by three since the possible weights of A-monomials
decrease by three.

|

We presented SWS 7 earlier in equation (4.11). We construct the other C}, successively
following the steps set out in Section 3.4. The same Maple procedures could be easily

adapted to perform the calculations.
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Note that those polynomials up to and including C3g required the use of method (III)
— ensuring polynomials derived from the expansions of the Kleinian formula in the last
section were satisfied. After that it was possible to use only method (I) — ensuring the
relations in Lemma 4.1.5 are satisfied.

As in the (4,5)-case we simplify calculations by rewriting procedures to take into ac-
count weight simplifications and by using parallel computing implemented with Distributed
Maple, [72].

Example 4.1.3. We now describe how C'9 was constructed, making use of all three meth-

ods to identify the coefficients.

The first step is to identify all the different monomials in w that have weight 19. We use
the Maple procedure partition to find all the partitions of 19, discard those partitions
that contain an integer not in W3 7 and relate the remaining partitions to the monomials in
u they represent.

We find 100 possible monomials. However, we can discard all those that are not even
functions to leave 48.

The next step is to identify all those A-monomials that have weight 16 — 19 = —3 in
the curve parameters. The only such monomial is clearly A\g. We hence form &(u) using

constants ¢; as
OA'(’U,) = SW377 + >\6 (Cl’Uég + CQUé7U5 + ... )

We need to determine the 48 coefficients ¢; and we start by implementing method (I).
The only equation that can already be derived in Lemma 4.1.5 is the one for (Jgg66, Which
has weight —4. The relation for this function cannot involve any lower weight A-monomials
and it cannot involve \g since there is no Abelian function of weight —1 with which it could

be combined. Hence we can derive it using only o = SW 7, and find that

Q666 = — 355

We substitute the () and p-function for their definitions in o(w). We then obtain a rational

function in o-derivatives with denominator o(u)?. We multiply up to leave
0= _06666<u)0(u) + 40’666(U)O'6(U) — 3066(u>2 — 30’55(U)0’(U) + 3U5<U)2.

We now substitute o(u) for 6(u) and calculate the relevant derivatives. We then expand
the products and remove the terms with higher weight A-monomials. We are left with a
polynomial in w and A\g. Collecting common uA-monomials together gives us coefficients

in the ¢;.
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Using the Maple solve command we find that 42 of the 48 coefficients can be ex-

pressed as a linear combination of the other six.

We next use method (IIT) and ensure that &(u) vanishes for u € ©P°l. We substitute u
in 6 (u) for the series expansion in five local parameters. We then take a multivariate Taylor
series, with those terms containing A-monomials of weight lower than —3 discarded. We
identify the coefficients of the remaining A&;-monomials.

We substitute in the conditions we have already derived for the ¢;. Those coefficients
that are not zero may be used to achieve more conditions on the ¢;. After this we find that

47 of the 48 coefficients may be described using the other one.

Finally we use method (II) by ensuring K(p2 3,5, +) was satisfied. Again we substitute
the p-functions for o-derivatives, factor, take the numerator and then substitute o(u) for
d(u). We evaluate the derivatives, expand the polynomial and collect the coefficients of the
monomials in w and A. Then we substitute in the conditions on c¢; already derived to find
that we are able to find a numerical value for the one ¢; in which the others were evaluated.

We hence gain numerical values for all the c;. We find that

— 17 7,4 3 _ 2 1,24 _ 3,4, 2
Cio = ¢ - [2240u6u5u4 uguuguy — sufuiusug — qudusugus — Sugusuius

3,22 5 6 2, 3 79 11,2
— JUGUZU3U2 + %u6u5u4u2 + Eu6u3u2 T UgUsU3 + J99500 W6 UsU4

3 3 1,6 5

+ Tududul — subusuy + Sududud 4+ Jududus — Ssududud + Sugudus
+ }lu(;ugui 4923800%3“5 — 1u§u5u2 + 11200u60u4u3 4?130“2“%“3
— goiartle UsUs + FUGUSUL + ZpUGURYL + FRUGUSUS — F3pUGUst]
+ T3t Us — TI3UeUs — 5e5UeUs — TaamooUs U2 T Gaasonntie Ud

1 9 3 3, 1,36 9,5
113 WelUs — 56u5u3 + uquz + 16u6u5u4 + —4480u6u5}.

O

Using these techniques we have calculated the o-expansion associated with the (3,7)-
curve up to and including C'y9. The polynomials can be found in the extra Appendix of files

and the table below indicates the number of terms in each.

016 019 C'22 025 C'28 031 034 037 C’40 C’43 046 C'49
32 | 36 | 105|223 | 513 | 982 | 2098 | 3885 | 7037 | 12237 | 21237 | 21261

As in the (4,5)-case the later polynomials are extremely large and represent a significant
amount of computation, with many calculations run in parallel on a cluster of machines
using the Distributed Maple package, [72]. Although the genus is the same as the (4,5)-
case, the computations are marginally more difficult. This is because the A increase in
steps of three instead of four, and so there are a greater number of possible A-monomials at

each stage. Hence there are more polynomials C;, with more terms in each.
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4.1.4 Relations between the Abelian functions

Following Section 3.5 we can derive sets of relations between the Abelian functions associ-
ated with the (3,7)-curve. We start with the construction of a basis for this space of funda-

mental Abelian functions, and in doing so generate linear relations between such functions.

Theorem 4.1.4. A basis for T'(J, 0(2@[5})) is given by

Cl @& Con @& Cp @& Cpiz @& Cpu
& Cpis & Cpis @& Cpn & Cpu & Cpu
& Cpss & Cpp @& Cpsz & Cpsuu & Cpss
& Cpsg & Cpu & Cpis & Cpig & Cpss
® Cpss @& Cpes & CQsss6 & CQssss @ ClQuases
& CQzes & CQuse © CQuss & CQuuse & CQszss
© CQsu6 & CQuus & Clzze & CQzus D CQisse (4.14)
© CQass6 & CQisss & Class & CQauss D Classe
® CQuss © CQsz314 © CQozss5 © CQ333¢ D CQisss
& CQuus & CQass & CQais & CQazaa & CQous
© CQasza & CQizss & Cluzzs & CQuizu & Clarou
© CQa & CQass & CQuss & CQrazs & ClQuse
© CQuss © CQusz & CQazsies © CQuizees-

Proof. Recall that the dimension of the space is 29 = 26 = 64 by the Riemann-Roch theo-
rem for Abelian varieties. It was concluded in equation (3.53) that all the selected elements
do in fact belong to the space. All that remains is to prove their linear independence, which

can be done explicitly using the o-expansions in Maple.
[ |

To actually construct the basis we started by including all 21 of the p;; since they are
all linearly independent. We then decided which @);;x; to include by testing at decreasing
weight levels to see which could be written as a linear combination. This process was
described in detail for the (4,5)-curve in Section 3.5.1 and so we do not repeat the details
here. The same Maple procedures could be used to carry out the computations.

(Note that these computations were actually performed in tandem with the construction
of the o-expansion. Once a new C, was found three more weight levels of the basis could
be examined. The relations obtained could then be used to construct the next C}, in the
expansion.)

Upon examining all the 4-index ()-functions, we find that 62 basis elements have been
identified. To find the final two basis elements we repeat the procedure using the 6-index
(Q-functions. We find that all those of weight higher than —27 can be expressed as a linear

combination of existing basis entries. However, at weight —27 one of the ); jxim, 1 required
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in the basis to express the others. This was the case also at weight —30. (Note that the basis

used here is much more similar to the (4,5)-case than the lower genus trigonal cases.)

Lemma 4.1.5. Those 4-index ()-functions not in the basis can be expressed as a linear

combination of the basis elements.

(—4) Qsse6 = =355

(—5)  Qs666 = 346 + 36§66

(—=6)  Qss66 = 436 — a5 + 3656 + 25

(=7)  Ques6 = 36555 — Q3556

(—8) Q366 = —iQ5555 - %@44 + %%@46 - 2/\?;@66 + 35066
(—8)  Quse6 = —aa + 36§46

(—9) Q3566 = 426 — P34 + 3636

(—9)  Quss6 = 3926 — 2034 + 3Nea5 — 2N\

The relations have been calculated down to weight —37 and are available in the extra
Appendix of files.

There are similar equations for all the 6-index QQ-functions, except (Q293466 and Q113666
which were in the basis. Explicit relations have been calculated down to weight —32. The

first few are given below with all available relations in the extra Appendix of files.

(—=6)  Qsso666 = 36§36 — 45045 — 656 — 65

(=7)  Qsee066 = —24¢35 + 5Qs556 — 24 X655

(—8)  Qss6666 = 12041 + Q555 + 24Xs016 + 1203066

(—9)  Qssse06 = 926 + 189314 + 366636 — 18605
+ 956 e + 665 + 42X

(—=9)  Quese66 = 15926 + 6931 — INgpus5 + 6y

Proof. By Theorem 4.1.4 and Lemma 3.5.2 it is clear that such relations must exist. The

explicit differential equations were calculated in the construction of the basis.
]

Corollary 4.1.6. There are a set of differential equations that express 4-index -functions

associated with the cyclic (3,7)-curve as a polynomial of Abelian functions of total degree
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at most two. The full set down to weight —37 can be found in the extra Appendix of files.

(—4)  ©e666 = 6@%6 — 3§55
(—=5)  ©s666 = 6956066 + 346 + 36§66
(—6)  ©s566 = 49036 — Pa5 + 3Nes6 + 2A5 + 2055066 + 4056
(=7)  as66 = 30556 + 6pas66 — Ps556 + 6955056
(—8)  ©3066 = 201606 — 2911 — 2066 AE + 3P66A5 + 636066
— %195555 + %@gf)
(—8)  ©us66 = 30166 — Pas + 2045066 + 4046856
(—9)  ©3566 = 426 — P34 + 30366 + 2035066 + 403656
(—9)  ©as56 = 3926 — 2034 + 3pas 6 — 2M4 + 4us056 + 2046655

Proof. Apply equation (3.32) to the first set of relations in Lemma 4.1.5.
[ |

Remark 4.1.7. The first equation in Corollary 4.1.6 may be differentiated twice with re-
spect to ug to give the Boussinesq equation for pg¢ with ug playing the space variable and
uy the time variable. The connection of the cyclic trigonal curves with the Boussinesq
equation has been well established in [35], [21], [30] and [11].

Corollary 4.1.6 is of particular interest because it gives a generalisation of Corollary
2.1.15 from the elliptic case. Further discussion on the generalisation of the elliptic equa-
tions is given in the next Chapter. Details on the bilinear and quadratic 3-index relations for

the (3,7)-curve are also included there.

4.1.5 Addition formula

In this section we develop the two term addition formula for the o-function associated
with the (3,7)-curve. This generalises Theorem 2.1.26 in the elliptic case and follows the

approach taken in Section 3.6 for the (4,5)-curve.

Theorem 4.1.8. The o-function associated with the cyclic (3,7)-curve satisfies a two term

addition formula
o(u+wv)o(u—wo)

- = [(u,v) + f(v,u),

o(u)?o(v)?

where f(u,v) is a finite polynomial of Abelian functions associated with C. It may be

written as

f(’U:,’U):{P32+P29+P26+P23+P20+P17+P14+P11+P8+P5+P2}(va)
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where each Py(u,v) is a sum of terms with weight —Fk in the Abelian functions and weight

k — 32 in A-monomials.

Proof. We follow the proof of Theorem 4.1.8 for the (4,5)-case. This time the o-function is
even instead of odd so the addition formula becomes symmetric instead of anti-symmetric.
The ratio of o-derivatives has weight —32 and the polynomials have weights shifting by

three since the weights of possible A-monomials are all multiples of three.
|

The formula may be derived explicitly using the o-function expansion. The same ap-
proach and Maple procedures can be used as in Section 3.6 for the (4,5)-case. Since f(u, v)
may contain A-monomials of weight —30, the o-expansion should be truncated after C'yg.
We derive the polynomials P as below. Recall that the two term addition formulae are
the only results in this document that will change with a different choice of c in the defini-
tion of the o-function, (see Remark 2.2.23). Using an alternative constant will change the

polynomial f(w,v) by a multiplicative constant factor, (see Appendix B).

P2(U> U) = —%@66(0))\6>\5)\4>\3 - %@66("1)>\4)\0 - %@66<u)>\§)\1 - %@66(”))\2)\0
+ 3066 (W) AsA1 — 3p66(V) AsAads + 2066 (V) ANEALA2 + 5066 (1) A3 + 9066 (V) AsAs Ao
+ 35966 (W) AGAs AL + £066(0) A6 Aad1 — 57066 (V) AT A3 — 32 066 (1) A6 ]
+ 2 066(V) A2AT + 2 066 (W) A6 AENL — 555 066 (WANTAENL — 22 066 (W) AZA5A]

Ps(u,v) = [%@56@)@66(’0) - %@46(’0)])\6)\4)\2 + [%@66(“)@56(’0) - @46(7‘)})\3)\2
+ g @56(“)@66(”))\2)\5)\2 + [%@56(“)@66(”) - 3@46(“)}/\5>\0 + 1GT?’@46(71)/\05>\5)\1
+ [3056(w) po6(v) + Fp16(V) [ M1 + [3016(v) — L 066(w) 56(V)] Ao
(WAFAEAs — 15016 (V)AsAs AT — [3916(v) + 27056 (w) P66 (V) | A3 A2
( — 506(V) A5 A3

- @@46 u)
@46 V)]
Ps(u,v) = — [ 555 015(v) ps6(w) + 0s6(w)966(V) | A6 Aads + 20a5 (1) 066 (V) A2 A3
+ (5915 (0) pos () + §Qss55(w) + Fpaa(u) + 1P pu6(w)ps6(v)| Aada + [50aa(w)
+ 336() 66 (V) + %Q5555(U) — 445 (u) pes(v) + 3%6(’0)@46(’&)] AsAq
- %P%(U)M5(U))\§)\5>\3 + [@45(“)@66(”) - %@%(@@66(”)})\%)\1
+ [Z036(0) 066 (V) — 72 Qss55(8) — 135 045(8) 66 (V) — 25 044(V) | A6 A2\
- [Z 2o 914(V) + 525 Qs555(v V)| AsA] — [Bgss () 055 (v) + L pas(w) | As Ao
+ [252 66(V) a5 (u) — @@66(“)@36(”)} AGAT + %@46@)@56(”))\6)\5)\2
+ [557006(w) 915 (v) — 135036 (1) P66 (V) | AEA A4 — 22045 (1) 66 (V) A3
+ [ os6(u)pas(v) — 2Qs555(v) ] X Ao
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1

Pi(u,v) = —55 [@66 ) p3a(v) + 926(u)@66(”)] AING + ([é@s%ﬁ(u) + $Q4456(U)
— 55936 (W) p16(v) — g57026(1)p66(V) + g5016(8)Pa5 (V) — 555066(w) P31 (V) Aads
[ 34(w) P66 (V) — 8@66( w) 26 (v )])\2))\% + ([%%466(”) - %@66( )26(v)
8@45(’“)@46(’0) 1@4456( v) — %@66(“)@34(”) + %@46(“)@36( )}
[63@66(U)@34(0) 63@26( )@66(”)P\§ + [%@26(“})@66( ) — a5 (w) Pa6(v)
— 2Qsa66(w) + 436 () a6 (v) — dgss () 55 (V) — 2934(w)p66(V) — 5 Quass(w)| M
— [ 026(w) po6(V) + 531(0) P66 (V) + 22 045 (1) 0a6(V) | A3 As) A6 + [2Quass(w)
- 5@34(“)@66(”) + 5a6(w) a5 (V) — %Q5555(U)P56(’U) - %@44(“)@56(”)
+ 3 Qss56() 955 (V) — 4p26(w) 966(V) — 5035(1)55(v) + 5 a6 (1) P36(v)
+ Q3466(U)p\0 + [ 26 () 66 (V) + %@34(“)@66(”)])\4)% + [%@36(“)@46(”)
T 253 @56(“) 5555 (V) + 12 PzG(“)%ﬁ(”) - %@45(@@46(”) + %@56(“)@44(”)
- §@34( u)pes (V) + gQ4456(’U) + %Q3466(’Uﬂ A2 A5 + [%@66(“)@26(”) + %Q4456(’U)
— 036(w)916(V) — 2 034(w) P66 (V) + 3 Qs166(1) — 22 0u6(w) Pa5(V)] A

Pusfu,0) = [024(w)06(0) = §5916(w)000(0) AN + [F56024() s (v)
— Z16(V) 066 (W) | MaAG + ([T 024 (w) 066 (V) + 559016 () 66 (V) | A3
— [51016(v) 066 (0) + G5034(0) a6 (1) + g5024(V)P66(w) + G5a6(v) P26 (1) [A3) A
+ ([F025(w)55(v) — 13Qaa66(1) 055(v) — 37056 (1) Quass (V) — 57 956(1) Qsae6(v)
— 5924(v)pos () + 5 016(w)p66(V) — 590a6(w) P26(v) — P55 () p33(v)
— 034 (0) a6 () | A2 + [ 136045 (1) Q5555 (V) — 256016 (V) 26 (1) — T 934(V) a6 ()
— 57 Q3146(V) — 15036(w)pas(V) + 55 Quass (W) — 535036 (U) Q5555 (V) + 135 Q3355(v)
— 5924(0)os(w) — 3 016(v)906(t) + 155015() 914 (v) Aads) Ag
+ [3ro16(wss(v) + 5 oo1(u)oos(0)] AL + [Fo16(0)p06(u) — §Quuss ()
+ 2Qs116(w) — 37 031(0)pas (1) — 5020(v)66(w) — Fp16(v)p20(u)
+ 15Qa355(v) | X + [§0u6(v) 026 () — 5 016() 66 (V) — 3 024(1)066(v)
— 5916(V)p3a(u) — §5Qs555(w) 915 (v) — 3305 (w)Paa(v) | AsAs + [§Quass (v)
— §Qs355(w) + F025(v) P55() — §Quase(w) 55(v) — 3035(w)35(v) — §Qsa16(w)
— 5916(w)966(v) — 5016 (V) P3a(w) — F5936(v)Paa(w) — §936(w) Q355 (v)
— Q3166 (w) p56(v) + 75Quass (W) P66(v) — §Quase(w)Ps6(v) — Pa6(v) Pas(w)
+ 5Q5556 () P35 (V) + - aa (1) 915 (V) + L 024 () pe6(v) + §Qsss5 (1) a5 (v) | A
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Pir(u,v) = [55;Qssa6(w) 066(v) — 5 p16(1) 916 (V) — 555 066(V) p14(w)
+ 2 024 (V) a6 (1) [ As A + [ 525066 (1) Q3346(V) — 735 Q166 (1) 045 (V) + 915(w) P55 (v)
+ 22066(V)p1a(w) — 5 021(w) Pa6(v) + T 016(1) Pa6(V) + 5 Quase () p36(v)
- ﬁ@4456(u)@45(’0) + %Q3466(u)@36(’0)] )\4>\§ + ([%@66(’”)@14(1‘)
— 155 @3346 (1) P66 (V) — 75934 (V) Q555 (1) — 52 016() Pa6(V) — g 934(w) Pas(v)
— 2 02(w)pas(v) — 2 011(1) P26(V) — 5= 026 (w) Q5555 (V)| AF + [3Quass(w)pss(v)
+ %Q3346(u>@66<'v) — 6p16(u) pas(v) — 2—2@66(0)@14( )+ 7@45( ) Q3466 (V)
+ 2003(u) 055(V) + 2Quase () Pu5 (V) 4 2024 (v) u6(w) + 2015(w) 55(V) | A3) Ag
+ [3Q216 (1) — $9aa (1) 06(V) — 55034 (V) Q555 (w) — 75026() Q5555 (v)
- 23—8@66( Jpra(v) — 29—8@34( )aa(v) — 7@16( w)p46(V) — %@24(11/)@46(”)
Q1555( )])\4)\5 + [ Q3166(1) p36(vV) + 3@33( ) Qs556(V) + %Q3466(U)@45(’U)
— 2015(w)955(V) + 934 (1) Qs555(V) + F05 () 35 (V) — 5 Quas5 () a6 (V)
Q4466('v @35( ) @33( )@35( ) - 5@66( )@14(’“) - 2_14@26('“/)635555(7-’)
3Q4446(u @55(’0) ( )@26(“) + %@16(“)@46(’0) + %Q4445(U)p56(’0)
+ 1921(u)pus(v) — Q4456( )936(V) — 2Q3416(1) 56(vV) + 5 034(w) Paa(v)
%Q4466('U)Q5556( u) — 5Q3445(U)@66(’U) - 4—52Q3355(U)@56(U) + %Q2446(U)
- 11_2Q3346(u)@ 6(v) + 5@4456(“)@45(’0) - %@25('“)@5556(”)})\2

)
)

Poo(u,v) = [ 35066 (1) Q3344 (v) + 35066 (1) Q2445 (V) + 35 Quas6(w) 34 (v)
-5 38 ous(u)pra(v) + 53 = 016(w) Q3346 (V) + %Q3466(U)@34(U) + 512@24(11)@5555(’0)
+ 35 @24( ) ( ) 63Q3466( )@26(’0) + i@66(U)Q2346(0) - ﬁ@m(@@%%(u)
28@16( u)paa(v) + 63Q4456( )@26(”)])\5)\% + [%Q4456(U)@26(’U) - %Q1446('U)

+ 2Qs466 () P34(V) + 21966 (1) Q2445(V) + 75Q3446 (V) P45 (1) + P15(V) P35 (00)
+ %Q4445(U)@36(’0) - %Q3446(’U/)p36( ) — %Q3346( )a6(v) — 1133 P14() pa6(v)
- %@15@)@5556(”) + %ng(u)pw( )+ 6926( ) Q3466 (V) — §Q1556( v) 55 (u)
— 555 Q3355 (1) P45 (V) + 55 Qs355(8) P36(V) + 3913(w) 55 (V) + 2Quas56 (V) P34 (1)
+ 22 (w) 55 (V) — 25 Quaas (W) Pa45(V) + 2 P66(1) Q3314 (V) [ M As — [H p14(w) pa6(v)
+ 57066(V) Q3314 () + 555024 (V) Q5555 (1) + Z916(w) Qs555(V) + 35 Qaszas () s (v)
+ 55024 (w) P11 (V) + 2Q2045(w) P66 (V) + 2p16(w)aa (V)| A+ - - -
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-+ 57966 () Q2316 (V) — 2095 (1) 25(v) + S03(w) 35 (V) + 2024 (w) Pas(v)
+ 2016(%) 44 (V) + F924() Q5555 (V) + Q3466 (V) P3a(w) — Q3466 (1) P26(V)
- %Q5556(U)@23( )+ 7@3446(”)@45(’0) + Qa6 (w) p25(v) + %@45(“)@3355(”)
+ %@66(”)@3344( ) — %@35( )Quass (1) + 3p15(w)p35(v) — $Q5556(U)Q4446(’U)
+ 5 Quas6(w) P34 (v) — Q4466( )Qus66 (V) — 2 ou6(u) 14(v) — Z015(u) Qss56(v)
— 2045 (1) Quaas (V) + $916(%) Q5555 (V) + §9a6(1) Q3316 (V) + F 966 () Qa5 (V) | Az

P23 U U [% 16 U)Q4456(U) - %Q?Aﬁﬁ(u)@zzx(v) - 2%@4456(“)@24( )
21Q346 (w)p16(0) | A + [3Quass (1) 915(V) + 5 9a6(1w) Q3314 (V) — 12(w)p55(v)
6(v) + 1512Q3346(U)Q5555(U) + %Q4445(U)@26( ) + ©25(v) P15(10)

1
21 51 816\ ) 346

(u)@
84p14( ) (U

(
( (
126@3355( )@26(”)"‘%@46(”)@2346( )+ 126@3355(“)@34(”)
— 57 Q3446 (1) 026(V) — 57 934(1) Q3446(V) + 57 034(V) Quass () + 246(w)Q
(
(

2445(V)
+ 25 016(%) Quaz6 (V) — 755 014(8) Q555 (V) + 7 924 (1) Quase(v)
21@24(’“)@3466 v) + 168@3346(“)@44( )])\5)\6+ [21Q3446( )34(v) + 3Q1255( v)
— 3Qus55 (1) 936(v) + 35(1) P22(V) — §Quass (V) P33 (1) — 3966(1) Qaas (V)
(u)p15(v) + 12Q3355(u)p26(v)+§Q3446(U)@26(U)+§@35( )p13(v)
— 3035(1) Q1556 (V) — £ 926(%) Quass (V) + 5Qs555(w) P14(v) + Faa(u) pra(v)
+ 15 Q1555 (U) a5 (V) + % 6() Q2314 (V) — 3Quaa6(V)p25(w) — Jas(w)25(v)
( (v) + T916 (V) Qaaas (1) + 3Qsa66 (1) 024(v) + F25(v) P15 (u)

+ §Quae6

5—4@3355 U)@?A ’U) 14 8
+ 3 Quas6(w)P16(V) — 2034 (V) Quass () + 5Quags (W) 23(V) + 2015(w) p33(v)
9Q4446(U)Q4466(U») Z 946(V) Qazas () — %@22('“)@5556('0)
+ 2Quas6(1) 24(v) — 3016(1) Qsa66(V) + 15045(1) Qaaa6(V) + 57 0a6(w) Q3344 (V)
3@36( v)Qaa16(u) — %Q5556( Jp13(v) + %Q1556(U)Q5556('U) + %Q1335(u)} A4
Pag(u,v) = [ 046(1) Q2314 (V) + 755 Q5555 (1) Q3314 (V) + Sp16(0) Q3446(v)
+ 5 Qs556(w) P12(v) — §Quae6(1) Q1556 (V) + 75024(1) Q355 (V) + P15(w)P15(v)
+ 5913(1) Quass (V) — 5916(1) Qa2as(v) — 3924(1) Qsaas(v) + F922() 25 (v)
— $034(1)Q1555(V) + $8044 (1) Q2346 (V) + 38044 (%) Q2445(v) — 205 () p13(v)
+ 2024 (%) Q145 (V) — §Qu446(1) Quass (V) — 75922(v) Quags () — p35(w)p12(v)
- %@26(“)@1555(0) + %Q2446(U)@26( )+ 3@34( ) Qo446(V) + %@66(“)@2244(”)
+ ﬁ@5555(U)Q2346(U) + 966(w)Q1344(V) + 5 = P14(U) Q3344 (V) + P15(w) a3 (v)
+ 8%;@5555(“)@2445(’0) + p14(1) Quass (V) — 5Q4446(U)@23(’U) +--
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- — 3Qus56(V) 925 (1) + 3014(v) Qa66(w) — 5 16(w) Quass (V)

+ %@16(“)@3355(”)})\5 + [7@3446(“)@24(17) - 4—12@24(’0)@3355(“)

+ 615(w)15(V) — 735 Q3166 (1) Q3346 (V) — 5Qua46(w) 15(V) — 2Q346(w) p16(v)
- %@66(’“)@2244(’0) + %@16(”)@4445(”) - }1966<U)Q1344(U)

+ 52 014(v) Q3166 (1) — 3p55(1) P11 (V) + 2 Quass () P14(vV)

— 135 Q456 (1) Q3346 (V) — §924(1) Quaas (v) + 15 Q3355 (1) P16(v) | AZ

P29(’U»7’U)= [i@2244(u)@46( ) i@3346(U)Q4445(U) + 4_12Q3446<U)Q3346(u)
+ 15:014(V) Q3355 (1) + $922(V) Quass (1) + 2013(V) Quass(w) — 555(V)Qa234(wt)
- 2—11Q4456(U)Q2346(U) - 5Q3344(U)Q4456(U) - %Q2445('U)Q3466(u)
- %QQ3346( )Q3355(w) — %Q4456('U>Q2445<u) - 2_11Q2346(U>Q3466( )
+ 2024(V) Quss5 (1) — 3 914(V) Quass (w) — §Q2446(V)p24(w) — 334 (1) Q1aa6(v)
— $Q1555(V)16(w) — $912(V)Quass (U) — P15(V) Qasse () + §026(V) Qrass(u)
+ 22 Q3446(V) p14(u) — 3915(v) Q156 () + 5 Q1344 () Pa46(V) — 2000 () P15 (v)
+ %Q4446(U>Q1556<'v) - %@55(”)@2226(“) + Qss56 (V)11 (w) + Qoass(v) 016 (1)
+ 3 p12(v) a5 () — 335 (v) P11 () — 37 Q3344 (V) Qags (1) — §915(v)P13(u) | As

Psy(u,v)= _1Q113666( )66(V) + %Q223466(U)@46(U) - 2_51Q2445(U)Q3446('U)
3@12(71)@4446( u) — %Q1555(U)@14(U) - %Q3334(v)p15(u) + %Q1335(U)@34(’U)

- 5Q2446 u)Q3445(v) + 1_18623334(“)@4446(”) - 4—12Q2346(U)Q3355(’U)

— 3916(1) Q2255 (V) + 5Q1135(w) p56(V) — F 016(1) Qra46(V) + 2Q2446(v) P14 ()
+ %Q3344(U)Q4445(U) + %Q1555(U)Q3346( ) - lQ3,466( )Q2344(U)
- %Q2226(U)@35(U) + %Q1136(U)955( ) 4KJ25( )Q2334( ) %Q2346(’UJ)Q4445(U)
— 2013(1) Q1556 (V) — 15Q2446(1) Q3346 (V) — §Quaz6() Q2344 (V) + P13(v) P22(w)
- %Q1556(U)Q1556(’U) + %Q1446(U)@24(’0) - %Q2234(’U)@35(U) + §Q2356< )p13(w)
- 4_12623344(1")@3446(”) - %Q2346(U)Q3446(U) - %Q4466(U)Q2334( ) 2@1133(”)
— 5 Q1155 (1) 936(v) — 37 Q220a (1) Q5555(v) — 15Q1344() Q5555(v) + 33(v) P11 (u)
+ § Q2445 (1) Quaas (V) — 5Quass (w) P11 (v) + 5026(1) Quass (v) + 5 Q1255(w) P34(v)
- %Q1344(U)@44(U) + %Q1446(U)Q4455(U) §Q2226('U>Q5556( u) — 5@13( u)p13(v)
- ﬁQ2445(U)Q3355( ) — %Q1335(U)@26(U) — Qo345 (u) p15(v) — Qra35(1) 45 (V)
+ %Q2234(U>Q5556( )+ %Q3466(U)Q2246('0) - %Q4466(U>Q2245('v) P12(v) 023 ()
- %Q2244(’U»)@ ( ) 3Q2345( )Q4446(’U) - $Q3344(U)Q3355( ) 4@12(”)@15(“)
+ 3 Q556 (1) Q2356 (V) — Qu3s5(1) 24 (V) + Qa3s5(v) P1a(w) + P16(w) Qrss5(v)
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4.2 The cyclic trigonal curve of genus seven

In this section we present results for the Abelian functions associated with the cyclic (3,8)-

curve. This is the curve C' given by
v =a® + AT+ Xex® + Asz® a4+ Agz® 4+ Xaz? + Mz + Ao 4.15)

Using equation (2.33) we find this curve has genus g = 7. So this is the highest genus curve

to have been considered.

4.2.1 Differentials and functions

We start by investigating the differentials on C'. Recalling Definition 2.2.3 we construct the
Weierstrass gap sequence generated by (n, s) = (3, 8).

Wis ={1,2,4,5,7,10,13},  Wss = {3,6,8,9,11,12,14, ... }. (4.16)

We now follow Proposition 2.2.4 to construct the standard basis of holomorphic differen-

tials upon C'.

du = (duy, ..., duy), where  du;(z,y) = gi;x’zy)dx,
Y
g1(x,y) =L 92(x7 ) =7, 93($a ) = $27
with 94(‘1'7 y) =Y, 95(x>y) - :Usa 96(1',:1/) =y, (417)
gr(@,y) = a*.
Any point u € C7 can be expressed as
7 P
u = (Ul, U2, U3, Uq, Us, U67U7) - Z/ du7 (418)
i=1 7

where the P; are seven variable points upon C'.

Next we must construct the fundamental differential of the second kind, (Definition
2.2.6). We follow Klein’s explicit realisation set out in Proposition 2.2.8 and find that the

fundamental differential may be expressed as

F((z,y), (z,w))dzdz
9(x — 2)*y?w?

Q(z,9), (z,w)) = : (4.19)

where F' is the following symmetric polynomial
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F((x, Y), (2, w)) = 3y\o + Myz + Mwz + ozw + 20 yz — xtw + 20wz
+ 3y%w? 4+ Aoyz? — yzthg +wal? + 222 + 22° 23w + 2Pya? + 2 2wz
+ 2 oxyz + 3N32?wz + ANz wz + Asxtwz + 3gyr2? + daydhy
+ 222y 23\ + y2hsx + 3yt Nex? + y2ihz® + 2waP A5 22
+ 3wathg2? + 2wt A7 2? + 2yx?2P N\ + B wA; 4+ 3w (4.20)

(See Section 3.1.1 for a detailed example of such a construction.)
In obtaining the realisation an explicit basis for the differentials of the second kind

associated with the cyclic (3,8)-curve was derived.

h.
dr = (dry,...,dry), where  dr;(z,y) = @dw
Y

(x,y) = y()\2 + 1325 4+ 3X\32 + 5\ + TAs23 4+ Iga? + 11\ )
(r,y) =2x ()\4 + 2057 + 3Ngx? + 472 + b )
(x,y) = y()\5x + 322 + DA + Tt — )\4)

with  hy(z,y) == (591; + 25 + 362 + 471 )
(z,y)
(z,y)
(z,y)

, 4.21)

We can now proceed to define the period matrices, period lattice, Jacobian and Abel
map as in the general case.

The local parameter at the origin, 2, (c0) is again

f=q73 (4.22)
The key variables may be expressed near this point as
1 de. 3
T e
1 A7\ 1 Ao A2\ 1 A5 2)\7)\6 HAS
=g+ (5) e (3-5)ar (5755 ) erol)
duy = [=§" + O(£7)]d¢, dus = [ + O(&°)]d¢,
dup = (=% + O(¢")]d, dug = [=¢' + O(EN)]dE, 4.23)
dU3 [—€°+ O()]d, dug = [~1+ O(¢%)]d¢.
= [-¢'+ O(EN)]de,
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up = =580+ 0(E°), uy= -1+ 0(&Y),
Ug = —1—10510 + 0(613)7 Us = _i£4 + O<€7)7

ug = —3£7 + 0(£17),

Ug =

U7 =

-3+ 0(8%),
—£+0(&Y.

(4.24)

Define the Kleinian o-function associated with the (3, 8)-curve as in Definition 2.2.15

and note that it is a function of g = 7 variables.

o = o(u) = o(uy, ug, uz, Us, Us, g, Ur).

The Schur-Weierstrass polynomial can be constructed as in Example A.5.21.

_ 1 21 3 2
SW&S = Is660160000 Y7 T U3+ Uur

7 2
— TpUrustiz — us
u3u7u4 + u6u5u3

T8 8

1
172+

2, 3
+ UsU7Uz UL — 335747000 Y7 Yo

1 8,5 2,,2,2

3 10,,2
+ 11200

1,2,3,2

5
U3Uo + 10 TS UgUaUy —

2,4

T 2240

T7o00 U7 UgU3 — u§u6u5u4u3

1164800

1
22400

— U§U4 +

1

13,4

Uz Ug

9,,6

92400 U7le —

2,,5

FUTUGUSUY —

1,10 1,8
+ 400U6 uy + ﬁU7U6U5U3

s uduguz + 2uw6u5u3

2.2
§u3u6u4 + 20

2,5

40

10 UgUrUgU3 —

5

1 2

20

— U3U7UGU4 + U6U7U3 UgU%UgUG - U%U5U4UQ - 2’LL§U2U7U6

13,2

4,52
— 0 UsUrUs —

40 10

4

. 1 16 4
25088000 47 U4 — 4u7u4 +

6,4 1 .8, 4

Suurud 4 uusug —

1
80u6u7u3 + 2800u7 UgUs Uy + U

11
8

6,3
U7U4

1 12,2

1
+ SoUeUrUa — T35 UrUeU4 — Tgop YT Us

20
1

UL —

+ 4076800

U4—|'

9,9, 2
1120 UrlsUs

uguy + uiug — 5
U3 +

7.9..2
560 WrleUy

560

+ 22400

15
291200“7 U3 + FUFUGULUD + UBUGUSUY + 3rpsoos Us UgUs + 535
1

1
80

Recall that this polynomial is the canonical limit of the o-function.

1,2
— UzU7U1 + ugu4u2 + Zu6u7u5u4 + 3

2,,6

4

8

9 3,5
1120u7u2u6 + 20u Unlg + u? u7u4 + =55 1120

1

8,,2

1,2,2,3

6,,2

5o UsUUE

5

20 20 Us U7

7,,5

S UTUGUS

— Ludugug + wiugus

7,,2

980 UW7Us

1,4,3 2
gUglU7Uy

11,2

99400 U7 Uy

(4.25)

Define the n-index p-functions and n-index Q)-functions associated with the (3, 8)-

curve as in Definitions 2.2.27 and 3.1.2. Note these are all now functions of g = 7 variables,

and so there are more functions than in the (3,7) and (4,5)-cases.

The weights for the theory of the cyclic (3,8)-curve are given below. All equations must

be homogeneous with respect to these weights.

132

T Y )\7 )\6 )\5 )\4 )\3 )\2 )\1 )\0

Weight | -3 | 8| -3 | 6| -9 | —-12| —-15| —-18 | =21 | —24
Uy us | ug | ug | us | ug | uy | o(u)
Weight | +-13 | +10 | +7 | +5 | +4 | +2 | +1 | +21
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4.2.2 [Expanding the Kleinian formula

We need to derive relations between the p-functions from the Kleinian formula, (Theorem
3.2.1). We again follow the procedure in Section 3.2. We use the expansions of the variables
in £ to obtain a series for equation (3.33) in £&. The coefficients are polynomials in the

variables (z, w)and the p-functions, starting with the three below.

0=p1 = prrz’ + p572° + (37 — w)2* + (pPerw + P27)2 + Parw + P17 (4.26)
0= py = —22° + (per — P77 — M) 2" + (956 — 9577)2° + (36 — 377) 2>

+ ((p66 — Per7)W — P27 + 926) 2 + (946 — Parr)W — P177 + P16 (4.27)
0=p3= (%@7777 - %@677)2’4 + (%@5777 - %@567)23 + (%@3777 - %@367)2’2 + (%@2777

- %@267 + (%@6777 - %@667)10)2 — 3w* + (%@4777 - %@467)10 - %@167 + %@1777

They are valid for any u € C7, with (2, w) one of the point on C that are used in equation
(4.18) to represent u. They are presented in ascending order (as the coefficients of £). The
polynomials have been calculated explicitly, (using Maple), up to ps. They get increasingly

large in size and can be found in the extra Appendix of files.

Following Section 3.2, we next take resultants of pairs of equations, eliminating the
variable w by choice. We denote the resultant of p; and p; by p; ; and present Table 4.2

detailing the number of terms they contain once expanded and the degree in z.

Table 4.2: The polynomials p; ;

Res | # terms | degree Res | # terms | degree
p12 | 35 7 p3a | 2151 10
1,3 135 8 P35 5752 12
p14 | 109 7 pse | 5915 10
P15 | 228 8 p37 | 20375 12
P16 | 648 9 pss | 54807 12
p17 | 404 8 Pas | 952 9
p1s | 730 8 pae | 10093 11
p23 | 370 10 paz | 1323 9
p2a | 233 8 pas | 3054 9
P25 | 255 7 ps6 | 23087 12
P26 | 1596 10 ps7 | 2905 9
p27 | 740 8 pss | 3324 9
pa2g | 1002 8

Although the genus is higher, these polynomials are not as complex as the correspond-
ing ones in the (4,5)-case. Also, there are two polynomials present with degree g = 7 in z,
p12 and p14 with all the others having higher degree. Recall that in the (4,5)-case there was

no polynomial with degree g — 1 while in the (3,7)-case there were again these two.
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We need to manipulate these polynomials to obtain a polynomial with degree g —1 = 6.
We select p; 5 and rearrange it to give an equation for 2.

We may now take any of the other p; ; and repeatedly substitute for z” until we have a
polynomial of degree six in z. By Theorem 3.2.2 the coefficients with respect to z of such
an equation must be zero. Further, since they are zero we can take the numerator of the
coefficients leaving us with seven polynomial equations between the p-functions. Finally,
we separate each of these seven relations into their odd and even parts. We denote the poly-
nomial equations between p-functions that we generate using this method as /C(p; ;, n, £)
as defined in Definition 3.2.3.

We need only substitute once into pi4 and so the polynomials achieved here are far

simpler than the corresponding polynomials in the (4,5)-case. They start with

K(p1,4,5,+) = (6067 — 20777) 977 — Q67775
K(pr4,5, =) = g9rrr7 + 36667

However, the other relations require two rounds of substitution get increasingly long and
complex, involving higher index @-functions. There are not enough simple relations to
manipulate to find the desired differential equations between the g-functions, but we may

still use these to solve the Jacobi Inversion Problem.

Theorem 4.2.1. Suppose we are given {uy,...,uz} = u € J. Then we could solve the

Jacobi Inversion Problem explicitly using the equations derived from the Kleinian formula.

Proof. The polynomial p;, has degree seven in z and so we denote by (z1,...,27) the
zeros of the polynomial, (expressions in g@-functions). Next consider equation (4.26) which
is degree one in w. Substitute each z; into equation (4.26) in turn and solve to find the
corresponding w;. Therefore the set of points {(zy, w1), ..., (z7,w7)} on the curve C which
are the Abel preimage of « have been identified.

|

4.2.3 The o-function expansion

We construct a o-function expansion for the cyclic (3,8)-curve using the methods and tech-
niques discussed in detail in Section 3.4. We start with a statement on the structure of the

expansion.

Theorem 4.2.2. The function o(u) associated with the cyclic (3,8)-curve may be expanded

about the origin as

o(u) = o(uy, uz, us, us, us, ug, uy) = SWag(u) + Cos(u) + Cor + - -+ + Cory3,(u) + - - -
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where each Cy, is a finite, odd polynomial composed of products of monomials in
u = (ug,us...,u7) of weight +k multiplied by monomials in A = (A7, X, ..., \o) of
weight 21 — k.

Proof. This again follows the proof of Theorem 3.4.3. This time the o-function is odd by
Lemma 2.2.20 and by Lemma 3.3.7 has weight +21.
]

We presented SWS ; earlier in equation (4.11). We construct the other Cj; successively
following the steps set out in Section 3.4. The same Maple procedures could be easily
adapted to perform the calculations. Using these techniques we have calculated the o-
expansion associated with the (3,8)-curve up to and including Cy,. The expansion may be
found in the extra Appendix of files while the table below indicates the number of terms in
each polynomial. Note that all these polynomials required the use of method (III) — using

equations derived from the Kleinian expansion.

Cf21 C'24 027 C'30 C'33 C36 039 C42
71 | 100 | 267 | 521 | 1121 | 2282 | 4780 | 8791

Note that these polynomials are rising in size much quicker than in the (4,5) and (3,7)-

cases. Derivation of further polynomials is currently computationally unfeasible.

4.2.4 Relations between the Abelian functions

The basis for F(J, (’)(26[5])) has not been completed for the cyclic (3,8)-curve yet. The
dimension of the space is 29 = 27 = 128 by the Riemann-Roch theorem which is consider-
ably larger than in the previous cases. So far the 4-index ()-functions down to weight —22

have been examined and the following 70 basis elements have been identified.

C1 & Cpn & Cpip @& Cpiz & Copuy
® Cpis @& Cpi @ Cpir @& Cpu @ Cpo
© Cpauy @ Cposs @ Cpys @ Cpor @& Cpss
® Cpu @& Cpsz & Cpss & Cpzr & Cpu
® Cpis @ Cpsg @ Cpyr & Cpss &  Cpse
® Cpsr & Cpss @& Cpor & Cprr @& CQseor
® CQumrr ® CQuer © CQssrr & CQsser & CQse67
®© CQurr ® CQuer ® CQuses ® CQsssr ® CQzarr
® CQsser @ CQauer © CQzuer & CQzue6 & CQss57
® CQuar ® CQuse © CQsss5 & CQaser & CQazer
® CQuss © CQiser & CQassr & CQases & Cl3366
®© CQaurr & CQass ® CQassr & CQzss5 & CQaass
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® CQuarr

® CQiser © CQaue7 © CQausr & CQisrr

® CQuses © CQissr @ CQunrr © CQassv © CQasss (4.28)

In the construction of this basis we obtain equations for those ()-functions not in the basis

as a linear combination of basis entries.

(—4)

Qrrrr = —366

Qo777 = 3957

Qesrr = 4a7 — P56 + 2A7067

Q5717 = —Qee67

Qeoc6 = 12037 — 355 — 4Qur77

Qserr = 4937 — P55 + 2A\7057

Qse67 = 2036 — 26045 + 37047 + 3667 + A5
Qa7 = —a5 + 2pa7M7

The relations have been calculated down to weight —20 and can be found in the extra

Appendix of files.

Applying equation (3.32) to these relations give us the set between the p-functions

which generalise Corollary 2.1.15.

(—4)

Qrrrr = 6@?7 — 366

96777 = 357 + 6pe7 77

Vo7 = 4par — 56 + 2067 A7 + 2066077 + 495

©s777 = — 6667 T 006667 T 057077

96666 = 12037 — 3955 — darrr + 2497077 + 6@26

©s677 = 437 — 955 + 20577 + 2056077 + 457067

©5667 = 2§36 — 2045 + 3Par A7 + 3067 A6 + A5 + 456067 + 2057666

©a677 = — P45 + 2047 A7 + 20469077 + dar067

Once again, the first equation may be differentiated twice with respect to u; to give the

Boussinesq equation for 77 with u; playing the space variable and ug the time variable.

An addition formula for this curve has not been constructed as it requires the basis to

be completed and more of the o-expansion to be derived. Further progress here is limited

by the computational time and memory required for calculations.
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Chapter 5

New approaches for Abelian functions

associated to trigonal curves

In this chapter we discuss some new approaches, inspired by the techniques developed in
the investigation of the cyclic (4,5)-curve in Chapter 3. The techniques presented here
will be valid for any (n, s)-curve and we have used them to generate new results for the
two canonical trigonal curves. These results will be presented in full with some additional

details for the higher genus curves included.

5.1 Introduction

Our main aim in this chapter is to generalise the classic differential equations for the Weier-

strass p-function, presented earlier in Theorem 2.1.14 and Corollary 2.1.15.

[0/ (W)]* = 4p(u)® — gap(u) — gs.
0" (u) = 6p(u)” — 50

In Corollary 3.5.6 we presented a generalisation of the second equation for the cyclic (4,5)-
curve. This was a set of partial differential equations that expressed 4-index g-functions
using a polynomial of p-functions. Such relations have also been presented for lower genus
generalisations. For example Baker derived equations (2.66) for the (2,5)-case, while [30]

and [11] contain relations for the general (3,4) and cyclic (3,5)-curves respectively.

Baker’s hyperelliptic generalisations expressed each of the different ;;;; using a poly-
nomial of 2-index gp-functions with degree two. (This is the logical generalisation given
©(u) is a 2-index p-function in the new notation and ¢”(u) a 4-index p-function.) However,
the trigonal and tetragonal generalisations all contain at least one equation with multiple 4-

index g-functions which cannot be separated out.
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We explain this by examining the method used in Chapter 3 to derive the relations for the
(4,5)-case. Here we attained them through the derivation of a basis for F(J, 0(2@[9_1])) ,
the space of Abelian functions with poles of order at most two. The 2-index @-functions
were not sufficient to construct the basis and so ()-functions were used as well. Hence
the relations that express the non-basis entries as linear combinations of basis entries had
multiple ()-functions in them, and so our generalisation had equations with multiple ©; ;.

Note that this problem still occurs if the relations are derived from alternative methods.
For example, in [30] the relation for (9999 also contained a (13335 term. Here the relations
were not constructed using the o-expansion and the basis, but rather using the expansion of
the Kleinian formula and algebraic manipulation of the formulae. However, in the construc-
tion of the basis for I' (J, (9(2@[3])) , we find that either ()9999 or (1333 must be included.

In [9] Baker considers a genus three hyperelliptic curve and defines a function

A = p19093 — P2322 + @%3 — £11§933-

Each of the terms in A has poles of order four and in general this function will have poles
of order three. (This may be checked by substituting the g-functions for their definitions
in o-derivatives.) However, Baker showed that in the special case of the (2,7)-curve A has
poles of order two. Hence it may be used in the basis of I' (J, (9(2@[9*1])) avoiding the need
for any (Q-functions. This would ensure that independent relations for each of the 4-index

p-functions may be derived.

A function similar to A, (quadratic in 2-index p-functions with poles of order two) does
not exist in any of the trigonal or tetragonal cases that have been tested. Hence, since the
method in Chapter 3 of using ()-functions can be used for any (n, s)-curve it is reasonable

to focus on this. Recall that in general the number of 2-index p-functions is

(g+r—1)!
ri(g—1)!"°

while the dimension of F(J, (’)(2@[9_”)) is 29. This means that the dimension of the ba-
sis grows faster than the number of 2-index p-functions and so an increasing number of
(-functions will be required. Hence the relations for 4-index g-functions will become
increasingly interrelated. A more appropriate definition for the generalisation of the sec-
ond elliptic differential equation may be to put emphasis on fundamental Abelian functions
(those with poles of order two) instead of the 2-index p-functions.

For example, we could instead look for a set of equations for all the second derivatives
of fundamental Abelian functions, in which they are expressed using a polynomial of fun-
damental Abelian functions of degree at most two. However, this would imply an infinite
set of equations since there are an infinite number of fundamental Abelian functions. (For

example, the n-index ()-functions for progressively higher 7.)
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The approach that we use instead is to find expressions for all the 4-index g-functions

using a polynomial of the fundamental Abelian functions with degree two.

Definition 5.1.1. We will define a generalisation of the second elliptic differential equa-
tion, (Corollary 2.1.15) as a set of equations that express all the 4-index p-functions using

a polynomial of degree two in those fundamental Abelian functions that give a basis of the

space I'(J,0(2019-1)).

Hence we will not substitute those ()-functions in the basis for their definition in -
functions, but rather to treat them as extra 2-index p-functions. We can easily extract the
desired generalisation from the existing equations that have been derived by substituting
those 4-index p-functions that share their indices with basis ()-functions for these functions.

Using equation (3.32),

Qijke = —Qijke + 20010 + 20050 + 205005k

This also trivially gives us the equations in the generalisation that express the 4-index -
functions with these indices. In Appendix C.3 we have presented the full generalisation, as
defined in Definition 5.1.1, for the cyclic (4,5)-curve. This contains relations for all 126 of
the 4-index p-functions from @gggs tO ©1111-

Note that we may now achieve the generalisation given in Definition 5.1.1 for any (n, s)-

curve using the methods set out in Chapter 3.

The next aim will be to find generalisations of the first elliptic differential equation,

[@’(U)P = 4@(”)3 — gap(u) — g3

Definition 5.1.2. We will define a generalisation of the first elliptic differential equation,

(Theorem 2.1.14) as a set of equations for each of the possible products of two 3-index

©-functions using a polynomial of fundamental Abelian function of degree at most three.
We often refer to such equations as quadratic 3-index relations, or just quadratic rela-

tions for brevity.

In equation (2.65) we presented Baker’s generalisation of the first differential equation
for the functions associated to the (2,5)-curve, which matches Definition 5.1.2. In [30]
(Lemma 6.7) and [11] (Proposition 7.6) generalisations are presented for the general (3,4)
and cyclic (3,5)-curves. These contain 4-index g-functions with indices matching the Q-
functions in the basis, and when these are substituted back to ()-functions the relations
match Definition 5.1.2. However, both these sets of relations are incomplete, with the

lower weight relations missing. We aim to complete these sets in this chapter.
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In Section 5.3.1 we discuss the methods that we use to derive the quadratic relations.
In the remainder of Section 5.3 we present generalisations for the specific cases. The most

efficient methods relies on the following set of equations associated with (n, s)-curves.

Definition 5.1.3. We define the bilinear relations associated with an (n, s)-curve as the set

of equations that are bilinear in the 2 and 3-index p-functions.

These do not exist in the elliptic case but have been found in the lower genus generali-
sations. For example, in [11] the authors derived the following relations for the g-functions

associated to the cyclic (3,5)-curve.

0333 = 20440344 — 20340444 — 244
§234 = %@34@344 — 9334044 + %@33 444 + %)\4@344
§233 = — (03369344 — %@444@24 + %@334@34 + %9244944 + %)\4@334 + %@333@44
144 = —%@334@33 + %@333 §934 T (93446024 — %@34@244
9134 = §92346934 — (2249334 T %@33@244 - %@344@23
133 = %@333@24 — 93360234 — %@23@334 + 0340233 — 3044414 + 39144044
0124 = 134844 — %@144@34 + P14§9344 + %@13@444 + %/\4@144
£1346934 = —%@33@144 + %@344@13 + 93346014
P114 = —%@144@23 — 9134024 + Q234914 + %@244@13
Q111 = %@22@123 + %@23@122 + A30114 — MP1aa — %@13@22 - %@223@12
- §A2@124 + %)\1@224 + Aogooas + %M@lu (5.1

These were derived directly from the set of relations that generalises the second ellip-
tic differential equation by using cross-differentiation on selected pairs from the set. For
example, substituting the relations for (4444 and 3444 into

0 0
3_W(p4444) - 3_1%(@3444) =0

would result in the first relation of (5.1). The same technique was used to derive the relations
in Proposition 3.5.7 for the (4,5)-case.
We note the following problems with this approach to the derivation of the bilinear

relations.
e [t is not possible to know for sure if all such bilinear relations have been calculated.

e It is not known if the relations are given in the simplest form. (For example, it may

be possible to separate the relations to give two independent equations.)

e Using the approach on higher genus cases can become quite complicated. This is be-

cause the higher genus curve require more ()-functions in the basis for (J, (9(2@['“]))
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and hence there are more 4-index @-functions in each relation. Then the cross differ-
entiation approach may require triplets or quadruplets instead of pairs of equations
for example.

It becomes more difficult to derive the equations and to ensure all the bilinear rela-

tions are found.

In Section 5.2 of this chapter we present a new method to derive the full set of bilinear
relations associated to an (7, s) curve. This method employs the o-function expansion at the

origin, discussed throughout this document and derived for the (4,5)-curve in Section 3.4.

While interesting on their own merit, these bilinear relations are motivated by their use
in the computationally efficient method to derive the quadratic 3-index relations, which is
discussed in Section 5.3. We also develop another method to find quadratic equations using

pole cancellations and the o-expansion, for use once the efficient method is exhausted.

Throughout these two sections we present the full results of the calculations for the
cyclic (3,4) and (3,5)-cases, giving also some details for the higher genus curves. Finally in
Section 5.4 we consider the problem of constructing a basis for (J, (9(3@[3])) in the (3,5)-
case. This problem was solved in [30] for the (3,4)-curve but the corresponding results for
the (3,5)-case has yet to be considered. In Section 5.4 we use ideas from the previous two

sections to identify elements in this basis.
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5.2 Bilinear relations and B-functions

In this section we introduce a new set of odd functions that belong to F(J, (’)(3@[9‘”))
— the space of Abelian functions associated to an (n, s)-curve with poles of order at most
three. The new functions may be expressed as a sum of products of 2-index and 3-index
p-functions in which the poles of order five and four cancel.

We use the new functions, along with the 3-index g-functions to construct the odd part
of the basis for I' (J, (9(3@[9‘”)) . Those functions that are not in the basis are expressed as
a linear combination of basis entries, which generate the bilinear relations discussed in the
introduction above.

The new functions were constructed to aid with the derivation of bilinear relations, how-
ever they may also be used in other areas of the theory where a basis for I' (J, O(30l _”))

is required.

5.2.1 Defining the B-functions

Consider a 2-index g-function multiplied by a 3-index p-function. This has poles of order
five when o(u) = 0. We seek to find the combinations of such products that cancel higher
order poles. We do this using the definition of the functions as o-derivatives and so these
calculations are valid for functions associated to any (n, s)-curve. We start by forming the

polynomial P(u) of all the possible combinations, (assuming five distinct indices).

P(u) = [c10i0kim + C20iPjim + C30u0jkm + CaPim@jkl + C5QkPim (5.2)
+ C69510ikm + C70jmPikl T C8PkIPijm T CoPkm§Piji + Cloplmpijk} (u),

for constants cy, . .. c;g. We then substitute in the definition of the p-functions to obtain an

expression involving o-derivatives. For example,

03 (W) Ohm(u) — oi(w)o;(w)okm(u)

pij(u)pklm(u) = u u)g - a(u)3
_o(u)opm(w)oi(w)  oij(w)orm(u)o(u)  oij(w)owu(u)onm(u)
o(u)? o(u)? o(u)?
20ij(w)or(w)o(u)on(u)  oi(u)o;(u)or(w)oum(u)
o(u)! o(u)!
oi(w)oj(w)o(u)owm(u) — oi(w)o;(u)om(w)ou(u)
o (w)! o (w)t
_ 2‘7i(u)0j(U)Zfii;gal(u)ﬂm(u) (5.3)

So P(u) is a sum of rational functions of o-derivatives, with the denominators all o (u)*
where £ = 2,3,4 or 5. Each of the 10 original products contributes 10 fractions, as in
equation (5.3). Therefore P(wu) has 100 terms in total — 10 with poles of order five, 40
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with poles of order four, 40 with poles of order three and 10 with poles of order two.

We identify the numerator of those parts of the sum with denominator o (u)* by N (u).

We start by considering the parts which contribute to the poles of highest order. We find

this can be factored simply to give
Ns(u) = —20;(u)o;(uw)or(w)oy(w)o,(w) [cr + 2+ -+ - + c1o) -

Hence only one condition of the coefficients is required to ensure the poles do not have
order five.

ci+c4+c3+cy+c5+cg+cr+cg+cg+cio=0.

However, we find that the other parts do not factor as simply. We write a Maple procedure

to collect the parts together into terms with the same o-derivatives. We find

Ni(u) = [e1+ s + 6 + 2¢0] 03(w) 0 () O (w) 7y (w0)
+ [C2+C3+Cg+207]01( )O'k<’u)0']m( )O'l(’u)
ok (u)o; )

+

+ [e1 + e2 + ¢5 4 2¢10] 03(u) o (u)ak(u)alm(u)
+ [e1 + ca + ¢7 4 2cs) 05 (w) o (w) o (w) o (w)
+ [03 + ¢4+ c1p + 205} gi(u)o(u)oj,(u)o,(u)
+ [05 +cr+ e+ 203] ou(u)o;(u)
+ (u)

+ [c6 + 7 + c10 + 2¢o] o (w)oj(w) oy (w) o, (w)
+ | (w)ok(uw)or(w)om(

Ccs + Cg —I—Clo—FQCl}JU u)o\u

and hence we have a further 10 conditions of the constants, necessary to ensure P (u) has

poles of order at most three. We find that all 11 of the conditions may be satisfied if

C1 :204+3C5—CQ+203, Cg = —205—03+CQ —204,
Ccg = 3+ c5 — Ca, Cg = —2¢5 — ¢4 + ¢ — 23, (5.4)
C7 = C4+ C5 — Ca, Clg = —C3 — C4 — 25,

where ¢, c3, ¢4, c5 may take any value.

If we repeat this process on N3(u) we see that the 40 terms may be collected into 20
terms with each coefficient involving two of the constants. Hence we have a further 20

conditions to be satisfied if P(u) is to have poles of order at most two. We find that the
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only simultaneous solution to these 20 conditions is to have all constants set to zero. Hence
it is not possible to remove from P (u) the terms contributing poles of order three and leave

a non-zero function.

However, we do have a non-zero solution in equation (5.4), that restricts P(u) to poles
of order at most three. There are four free parameters so we find that this may be separated
to give four different solutions. (To achieve this we let each of the free parameters be one
in turn, setting the others to zero.) Substituting these four solutions into equation (5.2)
identifies the four independent combinations that have poles of order at most three. We

define these combinations to be the B-functions.

Definition 5.2.1. Define the four B-functions as follows.

A 1 1 1 2
Biikim = 9ij0kim + 30ikQitm + 30j1Qikm + 30imQikt — 5 OkiPijm
2 2
— 3PEmPijl — 3PImPijk-
B _ 1 2 2 1
B ikim = Qikjim + 50ikQim — 5051Qikm — 59imQikt T 50k1Qijm
1 2
+ 30EmQijt — QM Pijk-
c  _ 2 1 2 1
Biikim = 9u9ikm — 50ikQim + 50410ikm — 50imPikl + 30kQijm
2 1
= 3PkmPijl T 30mPijk-
D _ 2 2 1 2
Bijklm = QimQjkl — 505kPilm — 5951Qikm T 3QimPikl — 30klPijm

+ 3 Okm@ijt + FOmPijk- (5.5)

Note that this derivation and definition is for functions associated to an arbitrary (n, s)
curve and not specific to the cyclic case. (The Maple worksheet in which the derivation was

conducted can be found in the extra Appendix of files.)
Remark 5.2.2.

(i) The B-functions are defined as a sum of Abelian functions and hence are Abelian
functions themselves. From the derivation above we know they have poles of order at

most three and hence belong to the vector space F(J, 0O(36l *1])).

(i1)) By Lemma 2.2.32 the 2-index gp-functions are even with respect to the change of
variables u — [—1]u while the 3-index p-functions are odd. Hence the B-functions

are all odd functions since each term is the product of an odd and even function.

Remark 5.2.3. When the indices are not distinct the B-functions specify to simpler formu-

lae. In particular, if the indices are all equal then all four B-functions are zero.

Hence, no B-functions exist in the genus one case, which is related to the fact that there are

no bilinear relations associated with the elliptic curve.
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Note also that when the indices are specified the B-functions often equal each other, or
are linearly dependent on each other. For example,
— B¢

_ nB _
= B, i — Rk — Pij Qi

iiiij

BA

iiiij

Bz’?iij = 20ii9ui — 20ui5 = —QB{;‘Z-U-

5.2.2 Deriving bilinear relations

We will derive bilinear relations systematically through the construction of a basis for the
odd functions in F(J, 0O(36l *1])). This mimics the derivation of the relations between ()-
functions in Lemma 3.5.5 through the construction of the basis F(J, 020l ‘”)) in Theo-
rem 3.5.3.

Recall that the space F(J, (’)(3@[9_”)) will have dimension 39 by the Riemann-Roch
theorem. We may assign to this basis the 29 elements already identified in I' (J, 02001 ))
and then search for the remaining elements amongst those functions with poles of order
three.

We start by including all the 3-index p-functions and then search systematically among
the B-functions at decreasing weight levels using techniques similar to those discussed
in Section 3.5. Since these functions are odd we may ignore the elements in the smaller
basis when constructing the linear polynomials, (since these were all even). We identify
those elements to add to the basis and obtain expressions for the non-basis entries as linear
combinations of basis entries. Substituting for the B-functions in these will leave us with
bilinear relations.

We use the following method, described for weight level —k, and implemented with
Maple.

1. Start by forming a sum of existing odd basis entries, each multiplied by an unde-
termined constant coefficient, ¢;. (These will be the 3-index p-functions and B-
functions of a higher weight). Include only those which may be combined with an
appropriate A-monomial to give weight —k overall. (Note that all the possible ele-
ments of a higher weight have already been determined since we are working sys-

tematically in decreasing weights.)

From a simple extension of Lemma 3.5.2 we need not consider basis entries multi-
plied by rational functions in the A. We also do not need to consider any constant

term since this would not be odd.

2. Add to this sum the B-functions of weight —k, each multiplied by an undetermined
constant coefficient, ¢;. (Note that often the different B-functions may be equal or
linearly dependent when the indices have been specified specified. If this is the case

then we need only include a minimal set of them.)
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3. Substitute the functions for their definitions as o-derivatives. This will give a sum of
rational functions which may be factored to leave o(u)® on the denominator. Take

the numerator, which should be a sum of products of triplets of o-derivatives.

4. Substitute o(u) in this sum for the o-expansion at the origin. Note that the sum
contains A-monomials with weight no lower than —k. Hence we may truncate the o-
expansion after the polynomial which contains A-monomials of weight —k. Evaluate

the o-derivatives as derivatives of this expansion.

5. Expand the products to obtain a polynomial. Note that this will create terms with A-
monomials of a lower weight than —k. These terms must be discarded since we would
not have all such terms with this A-monomial, (because we truncated the expansion).

Hence any information gained from them would be invalid.

6. Collect this polynomial into a sum of the various uA-monomials with coefficients
in the unknown constants {c;, ¢;}. Note that these coefficients will be linear in the
unknowns, (since the unknowns were from the original sum, not the expansions that

were multiplied).

7. Consider these coefficients as a series of linear equations in the unknowns that must
equal zero. Since it is linear it is relatively simple for a computer algebra package

like Maple to solve.

e I[f there is a unique solution for the ¢; in terms of the g; then each of the functions
at weight —k may be expressed as a linear combination of existing basis entries.
(To obtain the relations repeatedly set one of the ¢; to one and the others to zero

in the solution that was obtained.)

e However, it will more often be the case that this is not possible, and hence some

of the functions must be selected as basis entries.

Suppose that there are = unknowns and (z — y) of the unknowns may be ex-
pressed using the other y. This means that specifying y of the ¢; determines
numerical values for all the ¢; and the other ¢;. Hence y of the functions may
be expressed as a linear combination of basis entries and the others, which are

added to the basis.

To obtain the relations for the non-basis functions repeatedly set one of the

corresponding ¢; to one and the others to zero in the solution that was obtained.

Hence we have identified the basis entries at weight —k and obtained relations for
all the non-basis entries as a linear combination of basis entries. Substituting the

B-functions for their definitions into these will produce the bilinear relations.
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Example 5.2.4 below demonstrates the use of this procedure. We follow it at succes-
sively lower weights, constructing the basis and equations as we proceed. Note that as the
weight decreases, both the the possible number of terms in the original sum and the size of
the o-expansion increase. Hence the computations take more time and memory. The most
computationally intensive part is Step 5 where the triplets of expansions must be calculated

and the terms with weight in A lower than —k discarded.

e Since all the terms in the end polynomial contain an unknown, we should not use the
new procedure described in Section 3.4. However, we can implement a procedure

similar to the one discussed in Section 3.6 for the addition formula.

This procedure only multiplies those terms that will not be discarded. To achieve this
we categorise the terms in the three expansions by their weights, and only consider

the combinations of three entries that result in an acceptable A-weight.

e To further save computation time and memory distributed computing may be em-

ployed to expand the triplets of products in parallel.

5.2.3 The cyclic (3,4)-case

We have derived a complete set of bilinear relations for the cyclic (3,4)-case. We start
by giving an example of the procedure above by discussing the steps taken when the first

weight level was examined.

Example 5.2.4. The B-functions have five indices and when these are all the same the
functions reduce to zero. Hence in the (3,4)-case the lowest weight functions will be at
weight —6 with indices {2, 3, 3, 3, 3}.

Start by constructing the sum of existing basis entries. The entries at weight —6 are
(200 and A3gss3, (since we do not consider the even or constant functions).

We additionally add the B-functions at weight —6, multiplied by an unknown constant.

Since they are all linearly dependent we include only Bass,. We are left with the equation
0 = 19222 + Cad3333 + @1 Bayass-
We substitute the Abelian functions for o-derivatives and take the numerator.

2 3 2 3
0= C1 (30‘220’20’ — 09220 — 20'2) + )\302(30’330’30‘ — 03330 — 20'3>

2 2
+q (02300333 — 02303303 — 02030333 — 03300233 + 03302 + 030233)‘

We then substitute in the o-expansion truncated after C';1, since this was the first polynomial
to contain A3. Expanding the products of expansions will generate terms with A3 and A3

which must be discarded.
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The polynomial that is left is collected into uA-monomials with coefficients in the un-
knowns. Setting these to zero we see that there is a solution for any value of ¢;. Setting

g1 = 1 we find
3%333 = —%@222 - %)\3@333-

Hence no B-functions at weight —6 need to be added to the basis. Substituting for the

B-function using equation (5.5) we have

0 = 0202 + A30333 + 20239333 — 262339233,

which is the first of the bilinear relations associated with this curve.
O

Following this procedure at successively lower weights allows us to examine all the B-
functions. We find that three need to be included in the basis, one each at weight —9, —10
and —13. We choose Biys33, BLsss and B 4., respectively. Then all the other B-functions
may be expressed as a linear combination of these and the ;;;. (The Maple worksheet in
which these calculations are performed can be found in the extra Appendix of files.) We

obtain the following set of relations.

(—6)  Biiyys = — 50222 — SA30333
(=7) B2A§333 = —2p133
(—8) 3%233 = %@123
(—9)  Biyges = —2¢120 + %Asmzz + %)\32@333 — 2333 — 4B{baas
(—10) Bg333 = _231%333
(—11) Bg233 = %@113
(—11) B102233 = %@113
(=12) By = —Migsss — A3 Bl
(—12)  Bi)yss = 0112 + 2X1 0333 + 203 Bis33
(—13) Bgmz = %&@133 - %)\1@233 - %Bﬁgzag - )\33102333
(—14) Bilys = %)\3@113 — Aap123 + %M@z%
(—14) B101233 =

e

(—15) Bﬁzzg = %)\3@112 — X212 — P111 + %)\1@222 - %)\3)\1@333
— S A0p333 — 32 B33

(—15)  Bflss = —2Mp22 — Ashis33 — 3A0p333 — A2 Biisss

(—16) Bﬁzm = 3\1p13s — 4hopass — BiizzsAs — 202 Biogss

(—17) Bﬁ133 = §>\2@113 — %M@m + 200223
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(~18)
(~18)
(~19)
(—21)
(—22)

Bil125 = —A3Xo@333 + Aogaze + %M@nz - %)\1@122 — M\ Bikgss
Bfl125 = —A3X00333 — 2A00222 — 2A2p112 + 2A1 019 — A Biiaa
B9 = %/\0@133 - %)\22@133 + %/\2)\1@233 + §A3)\1@133 — 23060233
— 2B53M — 52 Biisas
Bii11s = —2A o333 — 3XoP122 + 3A1 0333 + A1 0112 — 4AoBi3a
Bz = —3XA10133 + 2170233 + 3Ashop133 — 2A2Aogass
— 4N Bf s — %)xle‘l?)g?, (5.6)

These calculations required the o-function expansion up to Ch. We can now make the

following statement.

Theorem 5.2.5. Every bilinear relation associated to the cyclic (3,4)-curve may be given

as a linear combination of the set below.

(~10)
(—11)
(~11)
(~12)
(~12)
(~13)
(~14)
(~14)
(~15)

0 = Pa20 + A39333 + 20230333 — 29339233

0 = 20133 + 220333 + P2360233 — 20336223

0 = —4p193 + 4220233 — 2(23¢9223 — 2933222

0 =4p125 — 3222 — A3* 333 + N335 — 20230000 + 20220223
+ 8130333 — 89336133

0 = —pP12333 + ©23133 + 20330123 — 201367233

0 = 4p113 — 3p120233 — 220133 + 20230123 + 20339122

0 = p113 — 3p130223 + 20220133 + 20230123 — P330122

0= )\3(@13@333 - @33@133) + A1§9333 + Q1249223 — P23§0122

0 = pi3paze — P112 — 2X3(P130333 — P330133) — 2A190333
— 20920123 + Q230122

0= 3)\3(@13@233 - @23@133) — 2Xo0133 + A1233 + 31260222
— 3p22pP122 + 4119333 + 4P130133 — 8P330113

0 = —4p12133 + 4130123 — 20230113 + 20330112

0= 3/\3@113 — 3123 + %)\1@223 — 31149233 — P120133 — 2013123
+ 4pa3113 + 20330112

0= —p11¢203 — %@12@123 - %@13@122 + %@22@113 + %@23@112
+ g)\spuz - %/\2 (@13@333 - @33@133) — A2p122 — @111
+ %)\1@222 - %)\3)\1@333 - %%@333
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(—15) 0= —§@12@123 + %@13@12 - %@22@113 + %@23@112

- g)\z (913@333 - @33@133) - %)\1@222 - %)\3>\1K3333 - g)\om?,s
(—16) 0= —)\3(@11@333 + 9130133 — 2@33@113) —2X (913@233 - @23@133)

+ 3A\1p133 — 4Aop233 — P119202 — P120122 + 20220112
(—17) 0= §A2@113 - §A1p123 + 20223 — %@11@133 + %@13@113 + %@33@111
(—18) 0= —A3\op333 + Aograza + %M@n - %@11@123 + %@12@113

+ %@13@112 + %@23@111 - %M@uz — A1 (@13@333 - @33@133)
(—18) 0= —A3A0333 — 2Ao222 — %)\2@112 - 3912@113 + %@11@123

+ %@13@112 - %@23@111 + %M@mz -\ (@13@333 - @33@133)
(—19) 0= %%@133 - %/\22@133 - 2)\1(@13@233 - @23@133)

- g)\z (@11@333 + 91360133 — 2@33@113) + g)\2)\1@233

+ 3 AsA1 0133 — 2A3 o233 — SP11P122 + 3 P120112 + 30220111
(—21) 0= —2X\Xop333 — 3Aop122 — 4Ao (130333 — P330133) + A1 0333

+ %)\1@112 + P130111 — P110113
(—22) 0= —%/\2)\1@133 — PupPn2 T PP — 4)\0(@13@233 - @23@133)

- %/\1 (911@333 + P139133 — 2@33@113) + §A12@233

+ 3A3 00133 — 2A2A0f0233

Proof. First we note that these identities are derived simply from equations (5.6) by substi-

tuting for the definition of the B-functions.

Now, consider a relation that is bilinear in 2 and 3-index @-functions. Due to the parity
properties of the p-functions we know that the relations must be odd or even. If the relation
were even then it could not contain any g;;;, and so would only be trivially bilinear. Hence
the relations we consider are odd, and therefore cannot contain a constant term or terms
with a single 2-index p-function. Each term must either be a constant multiplied by a ©;;,
or a constant multiplied by a ©;; ;-

Further, the terms with @;;¢;; must together cancel the poles of order four and five,
since ;;, has only poles of order three. We have established that all such combinations are
given by B-functions as defined in Definition 5.2.1.

Next we note that due to the results of Section 3.3 all such relations must be homoge-
neous in the Sato weights. Now, in the derivation of the basis described above we found all

the relations between the @;;, and B-functions at each weight, (up to linear dependence).
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The relations in the theorem were derived from these by substituting the B-functions

for their definitions. (Note that we exclude relations for those B-functions that are linearly

dependent on the ones used, since these would have resulted in linearly dependent bilinear

relations.) Hence the set presented above is sufficient to generate all such relations.

Remark 5.2.6.

@)

(i)

In Lemma 6.5 of [30] bilinear relations associated to the general (3,4)-curve are pre-
sented. These were derived using the method of cross-differentiation discussed above.
If we make the following change of variables for the curve coefficients then we will

move from the general to the cyclic case.

:ul:ov /*64207 /’L2:()7 M5:07 /JJ8:O7
ps = As, te = Az, Ho = Ag, M1z = Ao.

Substituting these into the relations derived in [30] will transform them into relations
from Theorem 5.2.5. (Or a linear combination of the relations from Theorem 5.2.5.)
Note however, that not all the relations were present in [30] and this new method has

allowed the complete set to be derived.

In Lemma 8.1 of [30] a full basis for I'(J, O(30%))) was derived. The odd Abelian
functions included alongside the @;;, here were derivatives of ()-functions. These are
not identical to B-functions in general, however we note that the three entries selected
are at the same weights as the B-functions selected above, and so play the same role

in the basis.

5.2.4 The cyclic (3,5)-case

This calculation was repeated for the cyclic (3,5)-case. The following nineteen B-functions

were used as a basis at the weight levels indicated in brackets.

(_8) 33%344 (_16) Bl%334
(_9) 3%444 (_17) Bg3337 B1022447 Biql444
(_11) B2D33347 3%444 (_18) Bﬁ344
(—12) Biiuy (—19) Bl 5.7
(_13) 3%344 (_20) 31%224’ Bﬁ244
(_14) 3%2447 BlD33347 Bl%444 (_23) Biql144

(_15) Blc2344

At each weight level for which B-functions exist we obtained a set of relations express-

ing the linearly independent B-functions as a linear combination of basis entries. (This

required the o-function expansion up to Csg.)
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(—6) B:?4444 = —%@244 - %@333

(—7) 3%444 = 20934 — \af344

(—8)  Biiau = — 3923 + s Masss — 5 Bifus

(—=9) Bl = —2011 + Biau

(—9)  Biyuus = —20111 + 20201 — Magoas — 2By,

(—32) B, = —%)\2)\1@133 — 2X2 Ao 233 + %A3)\0@133 - %A4)\12@334 + Ai* 0233
- %/\42/\2/\1@334 — T3 X233 — g/\42/\3/\0@334 + 5 M A1 P233 + 3AsAa Ao 0334
+ %)\44)\0@334 - gAsz/\oﬁsM - %)\43)\0@233 + A1 Aog3zs + %)\3)\2)\1@334
— 6X0BGous + (EAsA1 — 8Aao) By + (6Asho — Ashi) BBy,
+ (%/\2)\1 + %MQ/\O — %)\3/\0) 32%334 + %A42/\0@133 + %/\1311)2224
+ (B0 — 307 + LA — 205 M) BE g 4+ 200 By
+ (H A2 — 2A5N0 — 2X3M0) Bahaas + AN Bihous — 3MBhow (5.8)

The full list can be found in Appendix D.1 and the corresponding Maple worksheet in the
extra Appendix of files.

Theorem 5.2.7. Every bilinear relation associated to the cyclic (3,5)-curve may be given
as a linear combination of the set obtained from equations (5.8) by substituting for the

B-functions. The full list is available in the extra Appendix of files.

(_6) 0= —%@244 - %@333 — 0340444 t ©148344

(—=7)  0=20234 — Mp3as — ©330444 — P340344 + 2044334

(—8) 0= %A4@334 - %@233 - %@33@344 + %@34@334 + %@44@333 — 2440444 T+ 446244
(—9) 0= 20141 — 330331 + P31333 T P210314 — P34§244

(—9) 0 = 20294 — 2144 — Aa244 — 9230244 + 3490244 T 20449234 — 200240344

(—32) 0= %)\4>\3)\0@233 - %/\4/\3)\0@@33@34 - %@34@33 - %@44@333) - %)\3)\0@133
+ AzA1 (@14@333 — 2033134 + @34@133) - 4—12)\4)\2)\1@233 + %)\i)\opzw — A Aog334
- %)\4)\0%@22@244 - %@24@224 - %@44@222) + 8)\4>\0(@14@244 - @24@144) — A pass
— A (9220040 + 219201 — 20a49221) — 6As o (9149333 — 20330134 + 9349133
- %)\2)\1 (@24@333 — 2339234 + @34@233) - %)\3)\1 (@14@244 - @24@144) + Prpie
— ZX X0 (P219333 — 20330231 T ©349233) + 3 A0 (9220044 + 209244 — 2011204)
+ g/\?;/\3>\0@334 - ﬁ)\4)\2/\1(§@33934 - %@34@33 - %@44@333) + SAéAopm +.
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ey %)\i)\o(gpszspzm - %@34@33 - %@44@333) — 3A1A2A0p334 + 2%)\12;)\2)\1@334
+ %&%(@24@333 — 20330934 + @34@233) + %)\3)\0(@22@444 + 24244 — 2@44@224)
+ %)\%(éﬁ?ﬁmm - %@34@334 - %@44@333) + %)\4/\%@334 - %Ai)\omm + %A2)\1@133

— %M (@14@222 — 2220124 + @24@122) - 2/\0(@11@444 T P14§144 — 2@44@114)
+ %Al (%@12@144 - %@14@124 + %@24@114 - %@44@112) + 2X2 00233 — %)\421)\0@133
+ 6/\0(914@22 - %@22@14 - %@24@124 + %@44@122) — P12111 — %/\3)\2)\1@334

Proof. We follow the arguments in the proof of Theorem 5.2.5.
|

Remark 5.2.8. In Proposition 7.5 of [11] the authors presented a set of bilinear relations
associated to the cyclic (3,5)-curve that was recalled in equations (5.1) during the introduc-
tion to this chapter. These relations were derived using the method of cross-differentiation
of relations from Definition 5.1.1. We can see that the first four relations match ours, (dif-
fering by an overall multiplicative constant). However, note that the second relation at
weight —9 had not been picked up by the method of cross-differentiation. Additionally, the
new approach has found extra relations at some other weight levels considered in [11] and
relations at all the higher weights that were not considered.

In [11] the authors did not present a basis for F(J, (’)(3@[2])). The B-functions we
have identified in (5.7) may be used but this will not be enough to complete the basis. We

consider this problem is Section 5.4.

5.2.5 Higher genus curves

The procedure has been applied to the cyclic (4,5)-curve down to weight —35, (which
uses the o-expansion up to Cy7). The first few bilinear relations were presented earlier in
Proposition 3.5.7, with all the available relations in the extra Appendix of files. The lowest
weight relation will involve Bi1115 at weight —51 but these lower weight equations have
not been derived due to computational limitations.

The first few bilinear identities for the cyclic (3,7)-case are presented below.

(_6) 0= _%@466 - %@555 - %)\6@666 — 5662666 T §266§2566
(=7) 0= —20366 + 20456 — P550666 — 56566 + 26668556
(—8) = %@356 - %@455 - %@55 §566 1 %@56@556 + %@66@555 — §246§666 T §266§2466
(—9) = —2p355 — %)\6@466 + %)\6@555 + %)\%@666 — 250666
— ©550556 T 95647555 T 466566 — 9560466 — 49368666 + 4426652366
(—9) 0 =2pu6 — 150666 T 568466 T 20668456 — 20468566
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5.3 Quadratic relations

In this section we aim to find generalisations of the classic differential equation for the

Weierstrass g-function,

[¢/ ()] = 4p(u)* — gap(u) — gs.

In Definition 5.1.2 we defined these as quadratic relations — a set of equations for each
of the possible products of two 3-index gp-functions using a polynomial of fundamental
Abelian function of degree at most three.

We start by discussing the various methods used to obtain the relations and present a
procedure to use for any (n, s)-curve. We then discuss the results for specific cases includ-

ing the canonical trigonal curves.

5.3.1 Deriving quadratic relations
Deriving quadratic relations from bilinear relations

Consider the bilinear relations discussed in the previous section. An arbitrary relation will
be a sum of terms containing only a 3-index @-function, plus a sum of terms containing the

product of a 3-index and a 2-index g-function.

0= (csbuizis) + D (€951 Pssgusn) (5.9)
@ J
We can derive equations with quadratic terms in 3-index g-functions from the bilinear re-

lations using the following two methods.

o Differentiating the bilinear relations:

For example, differentiating equation (5.9) with respect to u gives

0= Z (Cifirigisk) + Z (Ci 9152k Pisjajs T OirjaPiajaisk) -
i j
We then need to substitute for the 4-index p-functions using equations in Definition
5.1.1. Since these were of total degree two, the total degree of the equation we are
left with will be three. (Note that this method assumes the relations for the 4-index
o-functions at this weight have already been derived. This may be achieved for any
(n, s)-curve using the methods of Chapter 3, as discussed in the introduction to this

Chapter.)

So this leaves us with a set of equations, each containing a sum of quadratic 3-index

terms and a degree three polynomial in the 2-index g-functions.
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e Multiply bilinear equations by a 3-index p-function:
For example, multiplying equation (5.9) by @, gives

0= Z (€ifpiriaia ©him) + Z (¢5951529isisgs Okim) -
? J
Due to the results of Section 3.3 we know such an equation must have homogeneous
weight. Hence the weight of the quadratic 3-index terms that are multiplied by 2-
index p-functions are higher than those that are not. We will search for relations at
successively lower weights and so assume that the relations for these higher weight
quadratic terms are known. Substituting for these, we are left with a sum of quadratic

3-index terms and a polynomial in the 2-index gp-functions of degree at most four.

Remark 5.3.1. Those equations derived from the second method with degree four terms
should be combined to eliminate these terms. If it is not possible to reduce them all them
we may discard some of the equations.

The degree four polynomials in the 2-index @-functions that are generated as a side
product are known as Kummer relations and may have geometric significant in another area

of the theory. We do not comment further, but note that it is an ongoing area of research.

Once we have found all the relations at a specific weight using these methods, we need
to manipulate the equations to find separate relations for each of the quadratic 3-index
terms. We achieve this by treating these terms as variables and solving simultaneously. If
there is enough relations then the generalisation can be completed at that weight. If not then
we should be able to express most of the quadratic 3-index terms as a polynomial involving
the others.

These two methods were developed in [30] for the functions associated to the (3.4)-
curve. At each weight level the methods were supplemented by relations obtained from
the expansion of the Kleinian formula, (see Section 3.2). As discussed elsewhere in this
document, the expansion of this formula does not yield useful relations for (n, s)-curves
with n > 4. Also, the sets of relations for the trigonal cases have yet to be completed using

only these approaches and it is questionable whether this is possible.

Deriving quadratic relations from the o-expansion

An alternative way to derive quadratic 3-index relations would be to use the o-function ex-
pansion about the origin which may be derived using the methods discussed in Section 3.4.
We can determine the possible terms in the expression for a particular quadratic 3-index
product as those which are of degree three or less in the fundamental Abelian functions and
have the correct weight. We then form the polynomial with unidentified constant coeffi-
cients, substitute in the o-expansion and set the coefficients of the Au-monomials to zero

to determine the constants.
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Example 5.3.2. Consider p3,; associated to the cyclic (3,4)-curve. We will derive an ex-
pression for it using the o-expansion. Start by considering the possible terms in the expres-

sion, which will be those of degree at most three and weight —6.

@%33 =0 @33 + 92933 + 93022933 + Ga13 + gs 323 + 96/\§ + g7 e,

for some constants ¢gq,...,g7. We substitute the @-functions for their definitions as o-

derivatives and take the numerator to find

2

4 3 2
0= —O03330 + 603330’ 03303 — 40’3330‘

3 2 2 2 4 6
03 — 9055050° + 12033050 — 40,

2 2.2 3 3 4 6 4,2 3 2.2 2
+ g1(3033050° — 05,0° — 3033050 + 0%) + go(0*053 — 20°0930903 + 0°0503)

4 3. 2 32 2 2 2 4 5
+ g3(0% 020033 — 0°02005 — 0°05033 + 0°05035) + gs(0 0103 — 0°013)

+ g5( N30 0903 — A\30°023) + ge 300 + grAa0b. (5.10)

We then substitute in the o-expansion truncated after C'q, the first polynomial that con-
tains A\. We expand the products and discard terms with lower weights in A. Setting the

coefficients of the Au-monomials to zero we find

0333 = 4053 + 4p13 + P33 — 4233,
0

Since these relations have poles of order six this procedure involves the multiplication
of six large expansions. (See equation (5.10) which in which each term was a multiple of
six o-derivatives.) This can be computationally difficult even at the high weights and is not

easily applicable for generating the complete set of relations.

Canceling the higher order poles

The process of deriving quadratic equations from the o-expansion may be simplified by the

following result, valid for the p-functions associated to any (n, s)-curve.

Theorem 5.3.3. For arbitrary constants hy, ho, hs, hy, hs the following polynomial has

poles of order four and no higher.

©ijk@mn — (1 + ho + hg + ha + hs — 2)0in@jiPrm

— (ha + h5) i j k1 9mn + (h1 + hg + ha + hs — 2) 04 Okm ©Oin

— (h1 4 h3)©ij@kn©im + (h1 + ho + ha + hs — 2) Qik@j10mn

— (h1 4 hs)@ik@jm@in + (h1 + ho + hg + ha — 2) 0in©jkOim

— (h1 + h2)pu@js@mn + MO jmOrn + h2@ia©jnOrm — (b3 + ha) Qim§ s um
+ h3@im@jikn + ha@im©jnor — (ha + ha) @ik ©in@im + Ms Qin§im Oki-
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Proof. Substitute the p-functions for their definitions as o-derivatives. Each term becomes
a sum of rational functions of o-derivatives with the denominator o(u)* for k < 6. We
find that all those terms with k£ = 5, 6 cancel. Hence, since o(u) is an entire function, the
polynomial has poles of order at most four, occurring when o(u) = 0.

]

This result was constructed after noting the similarities in the cubic terms of the quadratic
equations already discovered. It was derived by considering the general sum of terms cubic
in the 2-index p-functions, with each term multiplied by an undetermined constant. Then
the constants were set to ensure the poles of order five and six canceled with those in
©ijk@imn- (A similar approach to the construction of the B-functions in the last section.)

Note that there are no values of hq, ..., hs that cancel the poles of order four.

This same approach was used with additional terms in the polynomial to make the

following remarks.

Remark 5.3.4. We have considered @;;xr» added to increasing wider classes of poly-
nomials in an attempt to cancel poles using only the definition of the Abelian functions as

o-derivatives.

1. Using a polynomial of ©;; in which each term has degree three — the poles of order

five and six may be canceled. (This is Theorem 5.3.3 above.)

2. Include also terms in @;; with degree less than three — the poles of order five and six

may be canceled.

3. Include also linear terms in the 4-index ()-functions — the poles of order five and six

may be canceled.

4. Include also terms with a product of a 2-index g-function and a 4-index )-function

— the poles of order four, five and six may be canceled.

5. Include also terms with a product of two 4-index ()-functions — the poles of order

four, five and six may be canceled.

(The Maple worksheet in which the cancellations were investigated is available in the

extra Appendix of files.)

Thus, when deriving quadratic 3-index relations using the o-expansion, we may start
by identifying the cubic terms using Theorem 5.3.3. We then need to identify the correct
values of hq, ..., hs along with the coefficients of the degree two terms in the fundamental
Abelian functions.

This reduces the polynomial to one with poles of degree four, and so four expansions

must be multiplied instead of six. This is much easier computationally, but still far more

157



Chapter 5: New approaches for Abelian functions Section 5.3: Quadratic relations

difficult that the methods using bilinear relations and so should only be used when this is

exhausted.

It is accepted that the ()-functions in the basis need to be present. However, it is an open
question as to whether they need only appear linearly, or whether quadratic terms or terms
with a @)-function multiplied by a gp-function should be included. There are two schools of
thought here.

1. When the @)-functions are substituted for p-functions, it introduces terms quadratic in
the 2-index p-functions. Hence the traditional argument is that it is acceptable to mul-
tiply a ()-function by a 2-index p-function as the resulting expression in still at most

cubic in the 2-index g-functions.

2. A counter argument is that the basis ()-functions should be treated as if they were 2-
index p-functions and so terms quadratic, or even cubic, in the ()-functions should be
allowed. (Note that we need not actually consider terms cubic in the ()-functions since
the poles of order five and six may already be canceled using the results of Theorem
5.3.3).

Definition 5.1.2 follows the second school of thought however, in keeping with tradition, we
will first attempt to construct the relations without quadratic ()-functions. We now present

the procedure used to derive the quadratic 3-index relations.

Procedure for finding quadratic relations

We will derive quadratic 3-index relations at successively lower weights using the procedure

presented here for weight level —£&.

1. Derive a set of relations at weight —k using the methods involving bilinear relations that

were discussed above.

e Differentiating bilinear relations.

e Multiplying bilinear relations by a 3-index gp-function.

We obtain an exhaustive set by considering all the possible options that produce the
desired weight. Note that for lowers weights this may be quite a large set. (A complete
set of bilinear relations may be calculated using cross-differentiation or the o-expansion

method set out in Section 5.2.)

2. Substitute for the 4-index p-functions using the relations that generalise the second el-
liptic differential equation. (These may be derived for any (n, s)-curve through the con-
struction of a basis for F(J, 0(2@[9‘”)) as discussed above). Substitute also for those

quadratic 3-index relations of weight higher than —£.
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3. There may be terms in 2-index p-functions with degree four. Eliminate these if possible

by treating them as variables and solving simultaneously. Discard any equations where

the terms of degree four cannot be eliminated.

4. Identify the quadratic 3-index terms as variables in the remaining set of equations and

solve simultaneously. If a solution can be found that expresses each quadratic 3-index

term as a polynomial in fundamental Abelian functions then we are finished. However,

it is often the case that several of the quadratic 3-index terms are used in the expressions

for the others.

5. Using the o-expansion method, identify expressions for those quadratic 3-index terms

which are used to express the others.

(1)

(ii)

(iii)

First use Theorem 5.3.3 to identify the cubic terms, (with unknown constants
hi,...,hs).

Then form the general quadratic polynomial of 2-index p-functions at this weight,
(with each term multiplied by an unknown constant). Add to this terms involving
the basis ()-functions that are either linear or multiplied by a 2-index p-function.
(Note that if we cannot find a solution in the next step we may return to this step

and also include terms which are a multiple of two ()-functions.)

Identify the unknown constants using the o-expansion as normal — substitute
the Abelian functions for o-derivatives, take the numerator, substitute in the o-
expansion truncated at the appropriate weight, expand the products, discard lower

weight A terms, collect the coefficients and solve for the unknown constants.

6. Substitute these expressions for the quadratic terms identified by the o-expansions into

the set from Step 4. We obtain similar expressions for all the quadratic 3-index terms at

this weight.

Remark 5.3.5.

(1) In theory this procedure may miss quadratic terms that are not introduced by the

methods involving bilinear relations. In this case the expressions for these functions

should also be derived by the o-expansion. However, in practice, all the quadratic

terms are introduced this way.

(i1) The o-expansion method is the computationally difficult part of this procedure. We

may simplify by writing a new Maple procedure to multiply four expansions and

discard the lower weight terms. This was discussed in Section 3.6 for the addition

formula construction. This procedure essentially only multiplies those terms that will

not be discarded at the next stage

(i11) Time and memory constraints may be eased further by using parallel computing.
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5.3.2 The cyclic (3,4)-case

We used the procedure presented above to derive a complete set of relations for the cyclic

(3,4)-case. (The corresponding Maple worksheet is available in the extra Appendix of files.)

Theorem 5.3.6. The complete set of quadratic 3-index relations associated to the cyclic
(3,4)-curve is given below. These match our generalisation of the classic elliptic differential
equation, (Definition 5.1.2).
Note that ()1333 was the sole (Q-function used in the basis of fundamental Abelian func-
tions and that it only appears here as a linear term, or multiplied by a 2-index g-function.
The relations are presented in decreasing weight order as indicated by the number in

brackets. Readers who wish to skip them should proceed to page 164.

(—6) (333 = 49 + 4p13 + P35 — 4P2npss
(=7) 2330333 = 4023033 — 2012 — P22023 + 2A3033
(—8) Ohs3 = 4033033 + 935 + AA3023033 + 4P33h2 — 3 Q1333
(—8) 02230383 = 2053033 T 202005 — 2055 + NspasPas + 4p13pss + 5 Quass
(—9) 2230233 = 201373 + 21 + 4p13023 + 2003000033 + 2033
+ 2203373 + 20333 + 2023\
(—9) 02226333 = Bz 0220033 — 412033 — 2055 + 4220333 — 8P13(03
- p%y\z — 4p13As
(—10) 323 = 43302 + 4p11 — 4P1000s + Ap1392 — 4P12)3
+ 43022023 + N335 + Ao — Ahapls + 5033Q1333
(—10)  ©22p233 = 2053092 + 2035033 + 4P12023 + 201903 + A322023
— 203033 + 8255 — S933Q 1333
(—10)  Pi339333 = P12023 — 2013022 + 413035 + 2033Q 1333
(—11)  ©aopars = 2039\ — A3paspas + 4930003 + 4Xopasas + 4ps3 Ay
- §A3Q1333 - %@23@1333
(—=11) 1330233 = 2A3013033 + 2033 \1 + P12922 + 4P33023013 + %@23@1333
(—11)  pra3psss = 2012033 — 2012022 + 2033023013 + 2A3013033 — 3023CQ 1333
(—12) 325 = 405 + 8p119033 — 8T — 43301203 + dpaspras + 4p13A3
— 40023305 + 93305 — 8p13Aa + 16033 2020 — 4933Ns
— 4pazA — 8Ag — 42201333
(—12)  pisspaos = 2013033022 T 2013053 T 2011033 T 2073 — P339123
+ 20132 + 20230133 + 200 + 3 022Q1333
(—12)  praspass = 201302 + 2073 + 20330128 + 2003033012 + 2013053
— 2011033 + 2230133 + 2X0 — %@22@1333
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(—12) P122g333 = 2013033022 — 2013053 + 4023033012 — 2011933 — 6975 + 2X0
+ 203301203 — P23913A3 — 201302 + P23A1 + 5 022Q11333
(—13) P332 = —2012055 + 4pasPr3p — PasP12A3 + 20200133
+ 2033012020 + 495\ — S033 A3 Q1333
(—13) 123923 = 20901 + 20200133 — 2033 M1 + 2012053 + 2023013022
— 2011023 + 202301223 + 3 P33A3Q 1333
(—13) 122933 = —P20901303 + 4012013 + 2012055 + 201202 — P20\
+ 2003012A3 + 435 A1 + 20330126022 — 3933 A3Q1383
(—14) ©l33 = Pa + 4p33ho + 4ps3pTs + 5913Q 1383
(—14)  Pra3p202 = 2022023012 — 2075 + 2013030 — 202303301 — 2301333
+ 20220123 + 833013 A2 — §@13Q1333 + %@23>\3Q1333
(—14)  Pr220223 = 4P22p23P12 — 2011022 + 2075 + 202201203 + A3P13033
+ 4pa3azA1 + P33A3 A1 + 8pszAo + %@13@1333
— 202303Q1333 — 4ps3P13da — 3A2Q1sss
(—14)  pussss = 2033973 + 2053011 — 2070 + 203301302 — P23Pa3M1
— 20330 — %@13@1333
(—15)  p1aspi1ss = 2023973 + 201301 + 207303 — 202300 + 20330120013 + 5912Q 1333
(—15) 1229222 = 633022 A1 — PasAsAi — 203301205 — 203301 + 2X3013)
+ 223011933 + 92301305 — 2073A3 — 2022\3Q 1333
+ 4pasp12Xa — 2X3A0 + 4pBo 012 — %@12@1333 — 8p13Ai
(=15)  puspass = 20733 + 2023973 + 203301202 + 201301 + 2033003011
— 20230 — P33022A1 — %@12@1333
(—15)  prapsss = 202301302 — P33\ — 4pizAs + 4ps3p12013 — 2023 N0
+ 2033023011 — 2023075 + 5012Q1333
(—16) Olos = 22301202 — Sp11013 + DP13023012 — 2033011922 + 293300 Q1333
— %@23@22/\1 + %@22@13/\2 + 3220 + %@12/\1 + %@%3@11
+ %@%3@22 — %@%3)\0 + %@33@%2 + 3p12013A3 — %@%3)\3)\1
(—16) pizpizs = —2911@3 + %@13@23@12 + %933@11@22 - %@%3@11
+ %@%3@22 + %@33@%2 + %@23@22)\1 - %@22@13)\2 - %@23@12)\2
+ 3p1213A3 + %@%3)\3)\1 + %@12)\1 + %@33)\0 - 3@33)\2Q1333
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(—16) Pri3p3 = %Pn@ls + %@13@23@12 + %@33@11@22 + %@%3@11 + %@23@12>\2
+ $0is020 — 2P33PT — 30230221 + 5022013M0
— $033A3A1 + 30121 — 50330 + 203302 Q1333
(—16) Pr120233 = L 011013 + 3013023012 T 2033011922 + 5033011 — 303302Q1333
— 2085000 + 503307 — 302302\ — 20220132 — B2z
+ 302301200 + 2035 MM + P 1o + L iAo
(—17)  P122p123 = 2033A3X0 + 2012013022 — 20119012 + 2M1 913033 + 2A307,
+ 2003075 — M1 Q1333 — $013X3Q1333
(—17)  p113p222 = —8paspszdo — 4P33As Ao + 8N P130s3 + 4P2ap122 + 2N Q1333
+ 4p12p13022 + 4P11012 — A3P23P33 M1 — 2023075 + 2022023011
— 4X30%5 — 205 M1 + 2023 00Q1333 — 3913A3Q1333
(—17)  P1120203 = 8P33AsAo + Aspaspsshi — 4N p13033 + 2023075 + 5913A3Q 1333
+ 200023011 + 802303300 + 2A307 — 202302 Q1333 — 3 A1 Q1333
(—18) @%22 = —AXapTy — AMaAo + AT — 16Xop13 — 8Aogds + 492207,
+ 20301301 + 9133 + ANip13023 + AN P129033
+ 833022 A0 — %@12>\3Q1333 + %@11@1333 — 4A3023A0
(—18) p113p133 = 2033013011 + 2X2075 + 2X0p13 + 2X0035 + 2015
+ AMpP12033 — 203302200 — 2A1913023
(—18) 111333 = —9Asp23N0 — 201303 + Aopash — 2Xo011 033 + 2011 Q1333
— 10933 + 6033913011 — 10Xop13 — 2075 + TA1P13023
+ 2M1 912033 — 203302000 + 6Asp13A1 + 2AT — A2 A0 — 4Xapis
(—18) 1129220 = 4Xop7s + 2023 A301300 — 2X0023 A1 + 4o 11033 — Pz A3
+ 4X0Xo — 2% + 8033 + 2011035 + 2022075 + 3912A3Q1333
— 2X3033012A2 + 2A3033022 1 + 41373 — BA3p013M — F011 Q1333
— 8A1p13023 + AN 012033 + 8A302300 — 2A2022Q1333 — 20733
(—19) prspi23 = —2033A3A0 + 22012013 + 2012075 + 201200 — 2023022 A0
+ 2013023011 + 59330 Q1333
(—19) 111233 = 2012033011 — 2@12@%3 + 6 101243 + 6 10129023
+ 4dp13paspn — 201205 — 201101 — Ahop1ap13 + Ao
— 2Xop3011 — 8Paspazdo + Pr3paadt + 43 Az
+ 6p11013A3 — 3022 A0 + 201200 — %@33)\1621333
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(=19)

(—20)

(—20)

(—20)

(—21)

(—21)

(=22)

(—22)

(—23)

(—23)

P1120133 = 4933 300 + 2012033011 + 22012013 — 201390221 + 2012M0
+ 2012075 + 4P2302200 — 2033M1 Q1333 — A1 P12023
P1130122 = 2020013011 — 4033 M0 X0 + 2072013 — 4P3a A0 + P33T
+ 20120221 — 4923033 A3 0 + M A3p13033 — %@13)\2621333
+ 801303300 + 3 A0Q1333 + 2923 M1 Q1333
P1120123 = 8Ps3Aado + 2075013 + 2012023011 + 20550 — 20337
+ 2)\2@%2 — 2012022 M1 + 29023033 A3 0 — §A0Q1333 - %@23/\1621333
P1119223 = —1203300 X0 + 2020013011 + 611 A3012 — 4pT) + 4p3zA]
— 40300 — 22911022 — 8P13933N0 — 39230 Qusss
— A2p33A3A1 + 8239033 A3 N0 + %@13)\2621333 + %A%Q1333
— 200075 — 2079013 + 4012023011 — A A3P13033
— 203 M1 Q1333 + 4p12922 01 + 5A0Q1333 + Ip33 A3
O1110222 = X320 — 6A1 00 — 2A30% — 2090 \1 Q1333 — 6A301301 — 8309013
— 2075 + 201200 Q 1333 + 10A3 00053 + 402303013 — 2A3011 Q1333
+ 691192012 — 403301205 — 16X0p13023 + INFPa3 A0 — dasA]
— 2X3000%5 + 2X3013A3 + 6A2013M1 — 812033 + 10X 9Ty
+ 2X3X00119033 — 2033021 + ANz A1 012033 + 2A2033022 M1
— A3A223A1 + 20119033A1 — TA3A 1913023 + 2A3M00220033
P1120122 = 2011022012 T 2011033A1 — 2A1 A0 — 8A3Aop13 + 2@?2
— 2X300035 + 8Ao@12033 + 2A3 N0 0226033 + 2A2013 M1
+ X3 A1 013023 — P23A] — 2X1 075 — 2012 A0Q11333
Oz = 4Pl o1 — AAoP13Par — AhoPr2pas — 4P 00 + P53
+ 4XP12013 + 30330 Q1333
P11190133 = BAoP126923 — A1p12A2 — 62200 + 22011013 + 2@22)\%
— 2057 — 6op11 + 2033971 + 9NoP12As — §PasNoQ1ss3
— Mp12913 — 2M1011023 + 2073011 — 4AoP13paz + 8P33 A2
P1120113 = —4pa3PasAato + 2A1075 + P23033A] — AAoP12922
4dp1ap13011 + %@23)\062133 - %@13)\1621333 + 4313033
P1119123 = 2012013011 — 2033A3A7 + 2X1 03300 — 2N A3013033
+ 2011901222 — 201190221 + 62033 30 + 82333 2 Ao
+ 2Xop126022 — 2@23@33)\% + %)\2)\1621333 — 3A300Q1333
— S92300Quss3 + 30130 Quass + 202307,
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(—24) pr11P120 = —3A3M1 A0 — M A? + 4320 — 8A2 — X173 A3 — 8A Aoz — 20532
+ 4 X033 — §KJ22)\0Q1333 + %@12>\1Q1333 - §A2@11Q1333 + M3
+ 820913 — INZIN0013 — 2A3M 2093 + 207 022 — 2X2 A1 0129033
+ 2011975 + 8Xopis + A2 AspisAs + 4AsAoP12033 + 2X0 A1 013023
— 8A3Aop13023 + 4Aa33022 A0 + 2A3 A1 9011033 + 6A2A3023 A0
(—24) P11 = —8Xopis + 8hop11933 — 4N Aopas — AAadopds — BAaAoprs
+ 4p1197, — 8AG + 4X3Aop13p23 + AX3AopP12033 + P33AT
+ 4>\%@13 + %@22)\()@1333 - Z§L@12)\1Ql333
(—26) pr1p113 = 4hopsspisde + 4pT 13 — PasAaA] + 4pszA3 A0 — Ap13pss
— 303303 M1 X0 + 201201101 — 6p20 X911 + 2X007,
— 20 X0Q1333 — 3A0913Q1333 + AT Q1333 + 8p33A]
(—27) P11z = —391220Q1333 + 2X3013A7 + 8AaXi Ao + AT p13023 — 3911 M Q1333
+ 63033 0011 + 4971012 + 4pasA3Ao — 183G — 20T — 16023 \]
- 2)\3@%3)\0 — 6A3p13A200 — 3A1A3023 A0 + 2A1 0330220
— Aapas AT — 207012033 — 2M1 Mg + 8A Aoz + 4ANopszpiae
(—30) P11 = —4p2sA3 — 80303 — 8p13A3N0 — Ao dop?; + 16023 X0 A1 Ao
+ 423 A1 Aop13 + 6A3 1 Ao013 — 4Ao11 Q1333 — 363023 N3
I8 A A Ao+ AZAZ — XA — 4XEN, — 42X — 27AZA2
+ 120005 + 2013027 + 1601373 + Api5 — 4p12A1933 00
— 41193307 + 16011033000 + 493, + 8330203

These calculations required the o-function expansion up to Cs.

Remark 5.3.7. In [30] the quadratic 3-index relations associated to the general (3,4)-curve
were presented down to weight —15. Make a change of variables on the curve coefficients

to move from the general case to the cyclic case. Substituting

p =0, pa =0, p2 =0, ps =0, pg = 0, ps = As,
e = Az, = g, Hi2 = Ao, 01333 = Q1333 + 6913933,

will change the equations derived in [30] to equations from Theorem 5.3.6.

The equations in [30] were derived using the bilinear relation methods, supplemented
by equations obtained from the expansion of the Kleinian formula. The authors found all
the relations down to weight —23 this way, (with the relations from —16 to —23 presented
on-line at [29]).
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5.3.3 The cyclic (3,5)-curve

We have also used the procedure to derive the relations associated to the cyclic (3,5)-curve.
All those from weight —6 to weight —19 were derived as normal, starting with the relations

below.

(—6) Ot = 49l — 4023 — 4PssPaa + P34 + 2030 + A — 4)g
(=7) 234467444 = 4@34@214 + 2004044 — 33034 — Aa33 — §Q2444
(—8) Praa = 4930 + 4p1s + dpnps + P3
(—8) 33460444 = 2@%4@44 + 2033074 — 4914 + 2022 — 2023041 — 924934
— 2035 — P2a M + 2X4 034044
(—9)  ©s3a9300 = —2013 + 2004033031 — 2023034 + P21933 + 205, + 2\ 03,
(—9) 03330444 = 6Pass3034 — 4Xa5, + 2013 + TP23031 + 2024033 + Aaga3
— 2X\ups30a1 — 205, — 2034A] + 69343 + 200 — 2044Q244a
(—9)  ouapaus = —2013 + P23931 — 202433 — Aa23 + 203103 — 2
+ 400408 + 3911Qoa14

The full set of relations to weight —19 can be found in Appendix D.2. Note that Q2444
was one of the five ()-functions used in the basis of fundamental Abelian functions for the
(3,5)-case. These functions only appear linearly or multiplied by a 2-index g-function in

the relations down to weight —19.

At weight —20 there are 11 quadratic 3-index terms,

2 2
{@ijk @lmn} 2{9223, §222269233, §9134§22235 §1345 §2133§9224, £2133§2144,
§2124 60233, §123§9234; 212267334, §2114§334, §£113 @344}'

Following Steps 1-5 of the procedure we find that {©120334, 9114334, 113344} May be
used to give separate expressions for the other eight quadratic 3-index products. We hence
try to determine expressions for these three pairs using the o-expansion. We find this is not
possible when only allowing the basis ()-functions to appear linearly. (There is no solution

to the equations in the constants obtained as the coefficients in the expansion).

We repeat the calculation, allowing quadratic terms in the basis ()-functions. This time
there is a solution, however it is not unique. We find that we can separate out two poly-
nomials from the expression such that adding any multiple of these polynomials does not
effect the remaining equation. Hence these two polynomials must be zero. (This has been

double checked using the o-expansion on the polynomials themselves).
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So we have the following two relations, cubic in the fundamental Abelian functions,

including quadratic terms in the basis ()-functions.

0 = Q3333 — 12Q2444Q 1244 — 4M1Q2444Q2333 — O22Q2033 — 633 A3Q2333
+ 12033\ A3Q044a + 2404491370 — 360331 + 24014053 + 1203301224
+ 993373 + 240200130 — 3602400 — 12011023 — 24021013023
— 12019A0 — 2402412033 + 24020013031 — 1204423 A1 — 360340123
— 7204403100 + 24 101002 — 24034012093 — 360240133 + 1822023 A3
+ 3601402323 + 24A4011 034 + 12090 A0 A0 + 2402003100 — 12M 4024\
— 4A8(2201433-

0 = Q3333 — 4Q2444Q1244 — 5A1Q2444Q2333 — 2022Q2233 — 10933A3Q0333
+ 433\ A3Q 2444 — 814Q2233 + B22013A4 + 8340241 + 16044911033
+ 6200233 — 4p12A2 — 3624 0 — 4119023 + BP22014033 — 4Paapash
— 1203401203 — 7204103400 — 16071033 + 24\a01400 — 120240133
+ 160240126033 + 369014623 3 + 8A4011 934 + 422 A4 A2 + 8206034 \0
— 404021 + 8paapi3da + 32031013014 — 1601195, + 160310014
— 16044973 + 2193303 + 12033 M1 — 493301224 + 8012013 + 16A4013014.

Such equations have not been derived in lower genus cases and their significance has yet to
be fully understood. It is likely that they relate to the Kummer surface of the curve, (see for
example [19]).

We factor out these polynomials to obtain expressions for the three quadratic 3-index
functions. We then substitute back to obtain expressions for the other eight quadratic 3-

index functions. For example we have

13469223 = —%@33)\4)\3622444 — 11923 — P12013 — P12A2 — §p14)\1 + @14@33
+ g)\4@14>\2 + %@gs)‘?; + %Q2444Q1244 + %A4Q2444Q2333 — P34§924A1
+ 203301 + 2 Map13p14 + 93491223 + 203301802 + 5020130 + FPnlad
+ 592202303 + 202003100 + 92191303 + P22014033 — P24012033 + 3 P22 M1
— Paa23 M — MA1p21 — 93301220 + P310012023 + 22013034 T P21013¢023
— $033A3Q2333 — 2MaPaaho + 5914Q2233 — §022Q2233 — 2044031 A0

The other ten relations at weight —20 can be found in Appendix D.2.

166



Chapter 5: New approaches for Abelian functions Section 5.3: Quadratic relations

At weights —21, —22, and —23 the relations could be constructed without quadratic Q-
terms as normal. These relations can be found in Appendix D.2. However, at weight —24
we again find this is not possible. This time allowing quadratic basis ()-function terms is
not effective in finding a solution and at the time of writing no quadratic 3-index relations

have been identified at weight —24.

We have proceeded to look at the lower weights and have been able to calculate the
remaining relations as normal, without using quadratic ()-terms. They have all been calcu-

lated, down to p?,, at weight —42.

011 = 8ASP13031 — 42305023 — AMATAg + 8A A AT + 183 A1 Mg
+ 2X0A 013 — 8A3 013 + 8MAGP13 — BAFP14033 — AAaNopTs + 8N pangss
— AN — AX3Ng — 27NN + AN AE + 6X3 A Nopis + 1204 3\ 09011033
— AN Xop12633 + AN AoP13P23 + 8AaAG P34 — AXTP11933 — 4AT A3
— 8A3P33 — AN P23 + ATpi3 + 16X o113 + 16X\ Aogas + 4p7;
— 4Xop11 04 Q2333 + 205 Q233 — 12011 M0 Q1244 + AT

The full set of relations descending to this from weight —25 can be found in the extra Ap-
pendix of files. These calculations required the o-function expansion up to C'5y. (Note that
when deriving these relations the quadratic 3-index terms at weight —24 were sometimes
present in the set of relations obtained from the bilinear identities. Relations with these
terms were discarded and all the relations presented in the Appendix are independent of
them).

The Maple worksheet in which these calculations were performed is available in the

extra Appendix of files.

Remark 5.3.8. The fact that quadratic relations at weight —24 are not present in the desired
form does not contradict any mathematical theory.

Our generalisation of the second elliptic differential equation must exist as a corollary
from the construction of the basis for these functions. However, there is no known mathe-
matical proof why the quadratic relations defined in Definition 5.1.1 must exist. We have
searched for them without a proof for their existence.

Nevertheless, since many such relations have been derived it is probable that a subtle
change in Definition 5.1.1 is required to give a generalisation that must exist mathemati-

cally. This is clearly an important topic for future study.
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5.3.4 Higher genus curves

The problems at weight —24 in the (3,5)-case propagate with the higher genus curves. In

equations (3.59) we presented the quadratic identities associated with the cyclic (4,5)-curve

from weight —6 to weight —9. At weight —10 we have been unable to identify expressions,

even when allowing quadratic terms in the basis ()-functions.

When the cyclic (3,7)-curve was considered, we were able to derive relations from

weight —6 to weight —11 which are presented below. At lower weights we were unable to

derive expressions that match Definition 5.1.2. It appears that the problem here is related to

the higher genus rather than the classification of the curve, (value of n).

(=9)

(—9)

(—9)

(=10)
(—10)
(=10)

(=10)

(=10)

©ae6 = 406 T 986 — 4955066 + 4936 — 4915
P5660666 = 4966056 + 205606 — P55056 — 205506 + 2046066 — 235 + §Q5556
Oa66 = Paa T 20466 + Pes g + 3 Q5555 + P25 + 4016056
+ 426066 + 4X6 056866
55662666 — 2926@66 + A6§56466 — %@66/\% + 2@55@(236 - 2@%5 — £46%56
— X646 + 4936866 — 2045866 + 20665 + %@44 - %Q5555
Ps569566 = 2034 T 2055056866 + 20565 + Ps5066A6 1 2056 + 436056
— 2045956 T Pa6955 + 205606 — 20456 + 203606 + 4N\
©5550666 = 095505666 — 836656 — 44235066 — p?m — 2026 + 20665556
+ Tpasp56 — 4p36Ae — 205 + 4pasAe — 205506606 + 2046955
P1660666 = 20550666 + 4016986 — 2016855 T P15956 — 39665556 T 2026
@§56 = @4216 — 625 — 435056 + 4@55@26 + %@56@5556 — 44§66
+ 2Quae6 — 3966Q5555 + 4p33 — 4P3506 + 43655 + 40555
— 455 \§ + §>\6Q5556
Pa669566 = 2076 — ©25 T 2X6055056 + 4966046956 + Pa5955 + Quace
+ 2066046 \6 — %@56@5556
P5550566 = — 2036 1 P25 + 36255056 + 4035056 + 2055056 + 205575
+ 2044966 — 915955 — Quass T 2035066 — %@56@5556
- §A6Q5556 + 20356 + %@66@5555
©1569666 = — (1166 — 244666 — A6§55§956 — 2645855 T 20666464756
+ 2045086 + %@56@5556 — 25 + 2066§216 N6
§9366§2666 = —§25 t 35656 — %@44@66 — Q466 — %@66@5555 — 23655
+ P66 9466 + 4936086 — 396608 + 20865
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(~11)

(~11)

(=11)

(=11)

(=11)

(=11)

§95556556 = —§Q3466 + 2034066 — 2036046 + 4955056 + %@55@5556
+ 2Qua56 — Paa56 + P15916 + 30565555 T 366\
+ %/\GQ5555 - %@46)\5 + 2%@66/\4 + 56046 \6 — £66§245\6
+ 01678 — 2116 — 20666 A5

Pa669556 = 3 Q3166 T 2031066 + 2036946 — 2Quass — 2044956 — Pa5046
+ %@46)\5 + %@66/\4 + 2066 0146255 T 2A6§055 — %@55@5556
+ 2046036 — Q660156 1 2056016 N6

45662566 = _%Q3466 — 2034966 + 2036446 + %@55@5556 + 2066404556
— 2Quas6 + 204603 — NePZs + 5 Pa6A5 + 5 P66
+ 2056446 \6 + 2669456

§2455 6666 — §Q3466 — 2034966 — 636646 — 56§46 \6 — %946)\5
+ 14956 + 6915946 + 62666 + 4066 §45§256
— 2046036 + 26935 — S 066\ + 20668245\
+ §Q4456 - %@55@5556 + 2066646055

P3669566 = —3 Q3166 T+ 2036946 — 3 Quase — 394456 + P35055
+ 466036056 + 15016A5 + 50661 — 3056966\
+ 2066036 \6 + 2056666 \5 — %@56@5555 + ©56616\6

§9356 67666 — §Q3466 — 2034966 + %Q4456 + }1944@56 — 20935055
+ 15956Q5555 + 2066036956 + 2035986 — 5 4605
+ i%ﬁ@ﬁﬁ/\% - %@56@46)\6 + 2066636 \6 — ©56§266\5
- %@6&‘))\4 + 42666

The corresponding Maple worksheets for the cyclic (4,5) and (3,7)-curves are available

in the extra Appendix of files.
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5.4 Calculating the second basis in the (3,5)-case

Recall Definition 3.5.1 for the vector spaces of Abelian functions associated to (7, s)-
curves. The simplest such space is F(J, (9(2@[9_”)) which contains those function with
poles of order at most two. Using the method set out in Chapter 3 for the (4,5)-case, we can
identify a basis for this space using the 2-index p-functions and the ()-functions of increas-
ing index. The next vector space to consider is F(J, 0(3@[9‘”)) for the functions with
poles of order at most three. The basis for this space has been determined for the (3,4)-case
in [30] but has yet to be considered for the (3,5)-case.

We can automatically include all those functions from the basis for F(J, (9(29[5’*”))
since they trivially satisfy the conditions. We then need to look for the remaining basis
functions from those with poles of order three. The 3-index p-functions may all be in-
cluded, but this is not enough to complete the basis in general. (Recall that the dimension
if F(J, (9(3@[5’*”)) will be 37 from the Riemann-Roch theorem.) The aim of this section

is to identify the remaining basis entries.

5.4.1 Possible functions for inclusion in the basis

We start by identifying sets of functions in the space I' (J, O30l )) which may therefore
be used to construct the basis. We will recall the results for the (3,4)-curve to motivate our
choice of functions. Lemma 8.1 in [30] identified the basis for I'(J, O(20/¥)) as

Cl1® Cpi1 @ Cpia @ Cpi3  Cyaa @ Cpasz ® Cpgs @ CQ3s3

and the basis for I'(.J, O(30™)) as

C1 ® Cpu @ Cp1a ® Cpiz & Cpx
S Coas P Cess ® Chizzz @ Cpin & Cpi
® Cpus @& Cpia @& Cprz & Cpizz & Cpom 5.11)
® Cpus @ Cpuz & Cpgz @ Cpl o Cp
o Coll @ Cp? @ Cp @ Cpi
© CoiQuzzzs © ChQizzz & ChQizss.

Here, alongside the 3-index g-functions, the authors had also considered two other classes
of functions with poles of order three. The first are the derivatives of the basis ()-functions,

which we have denoted by
0
OmQijii = %Qijkl

for brevity. The derivatives of the basis ()-functions may be considered similarly for the
(3,5)-case. (Note that we do not need to consider derivatives of the non-basis ()-functions.

Since these ()-functions can be written as a linear combination of 2-index p-functions and
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basis ()-functions it follows that their derivatives may be written as a linear combination of
3-index gp-functions and derivatives of the basis ()-functions.)
The second set of functions the authors of [30] considered were cross products of 2-

index p-functions. Consider the matrix

P11 P12 P13 P11 P12 P13
[@z’j} 3x3 — | P21 P22 P23 | T | P12 P22 P23
231 32 £33 213 23 £33

Then the function o[ is defined to be the (4, j) minor of [p;;]sx3. (The determinant of the

matrix obtained from [;;]3x3 by eliminating row ¢ and column j.) For example,

P12 23
£13 33

12 _

% = 126933 — §£23§13-

Each of these functions will be a sum of two pairs of products. While each term has poles
of order four we find, (using the definition of the p-functions as o-derivatives to check),

that these always cancel to leave poles of order three.

We aim to redefine these functions for the (3,5)-case, which has genus g = 4. Define

the matrix
P11 P12 P13 P14

P12 P22 023 P24
©13 23 £33 P34
P14 024 P34 P44

[pij}4><4 -

This time the minors would be cubic polynomials in the 2-index g-functions, which contain
poles of order greater than three. However, we can generalise the concept by considering

double minors of the matrix.

Definition 5.4.1. Define the double minor functions, ! V) to be the determinant of

the 2 x 2 submatrix of [;j]ax4 formed from rows i and j and columns k and l.

For example,
£13 P14
23 (924

[(12),(34)]

£ = 13§24 — £14§€23-

We can easily check, by substituting the gp-functions for o-derivatives, that all the double
minor functions associated to a genus four curve have poles of order three and no higher.

Note that we need to impose the conditions
ie{l,....,3}, jef{i+1,....,4}, ke{l,....3}, le{k+1,...,4},
to ensure we always use 2 X 2 determinants.
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So we have identified the functions that correspond to those used to find a basis for
F(J, (’)(3@[9_”)) in the (3,4)-case. However, we find these are not sufficient to complete
the basis in the (3,5)-case and hence we incorporate some new functions, inspired by the

earlier results of this section.

We may use the B-functions defined in Definition 5.2.1 since in Remark 5.2.2(i) we
concluded that these belonged to F(J, (9(3@[9_1])). In fact, we have already identified in
equation (5.7) which B-functions are required to express all the others as a linear combi-
nation of these and the 3-index g-functions. Hence we may consider only this set of 19

functions in the construction of the basis for the (3,5)-case.

Next recall Remark 5.3.4 where we stated that the poles of order greater than three in
©ijk@imn may be canceled using a polynomial involving the ()-functions. We specify this
result in the theorem below.

Note that this theorem holds for any (n, s)-curve. The Maple worksheet where it was

derived can be found in the extra Appendix of files.

Theorem 5.4.2. The function 7T;jjimn defined below has poles of order at most three, oc-

curring when o(u) = 0.

Tijkimn = QijkOumn — 291 OkPmn — 501 OkmPin — 20ijPknPim — > Pik@jiOmn

— 200 PimPin — 2Pk Pin®im — PP KOmn + SPUOMOkn + SO inOkm

- %@im@jk@zn + %@im@jl@kn + %@im@jn@kl - %@mpjkmm + %@in@jl@km

+ 30 PimOk — 3QijktPmn — 3Qijkm®in — 3QijknPim + 3 Qijim Pkn

+ 3 Qijin®rm + 3QijmnOr + 3 Qikim®jn + 3Qikin®jm + 3 Qikmn©ji

- %Qizmn@jk + %ijlm@m + %ij;m@im + %ijmn@il - %szmn@ik - %lemn@z‘j
Proof. Substitute the () and p-functions for their definitions in o-derivatives. We find that
7, jkimn may be expressed as a sum of rational functions in o-derivatives, with denominators

o(u)* where k < 3.
|

Hence we also consider the functions 7k, for inclusion in the basis. To avoid repe-

titionweset: < jJ < k<l <m<n.

5.4.2 Deriving basis entries

We derive a basis for T(J, (’)(3@[3])) associated with the cyclic (3,5)-curve as follows. We

start by including the 29 = 16 functions with poles of order two that were identified as a
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basis for I'(J, O(209-1)). This basis was presented in [11] as

Cp11 ® Cpi2 @ Cpi3 @ Cp14Cpa @ Cpag @ Cpog @ Cyosz @ Cpsq ® Cpuy
® CQ2444 ® CQra4a D CQ2233 © CQ1244 D CQ1144 © C1.

We then identify the elements with poles of order three by considering successive weight
levels in decreasing weight order. We use the o-expansion to see if the possible functions
can be written as a linear combination of existing basis entries, or if new entries need to be

added. We use the following procedure, presented for weight level —k.

1. Start by forming a sum of existing basis entries, each multiplied by an undetermined
constant coefficient, ¢;. Include only those which may be combined with an appro-
priate A-monomial to give weight —k overall. (Note that all the possible elements of
a higher weight have already been determined since we are working systematically

in decreasing weights.)
From a simple extension of Lemma 3.5.2 we need not consider basis entries multi-

plied by rational functions in the A.

2. Add to this a sum of functions with poles of order three at weight —k, each multiplied
by an undetermined constant coefficient, ¢;. We choose from the following:
e The 3-index gp-functions.
e The derivatives of the basis () functions.
e The double minor functions p!(¥)-()] given in Definition 5.4.1.
e The setof 19 B-functions given in equation (5.7) and defined in Definition 5.2.1.
e The functions 7, defined above in Theorem 5.4.2.
3. Substitute the functions for their definitions as o-derivatives. This will give a sum of

rational function which may be factored to leave o(u)? on the denominator. Take the

numerator, which should be a sum of products of triplets of o-derivatives.

4. Substitute o(u) in this sum for the o-expansion about the origin. Note that the sum
contains A-monomials with weight no lower than —k. Hence we may truncate the o-
expansion after the polynomial which contains A-monomials of weight —k. Evaluate

the o-derivatives as derivatives of this expansion.
5. Expand the products to obtain a polynomial. Note that this will create terms with
A-monomials of a lower weight than —k, which must be discarded.

As before, this step is the most computationally difficult. We may simplify using the
procedure for multiplying triplets discussed in the derivation of the bilinear equations

above.
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To save further computation time and memory distributed computing may be em-

ployed to expand the products in parallel.

6. Collect this polynomial into a sum of the various uA-monomials with coefficients

linear in the unknown constants {c¢;, g; }.

7. Consider these coefficients as a series of linear equations in the unknowns that must

equal zero and solve for the unknowns.
e [f there is a unique solution for the ¢; in terms of the g; then each of the functions
at weight —k may be expressed as a linear combination of existing basis entries.
e If this is not possible then add the necessary functions to the basis.
We have implemented this procedure in Maple and the corresponding Maple worksheet

may be found in the extra Appendix of files. It has allowed us to identify 80 of the 3* = 81

entries in the following basis.

C1 © Cep1q S5 Cpr2 s> Cpns % Cpra
&) Cepaa ) Ceas S5 Cepoa S Cess D Cz4
©® Cpus ®© CQouu & CQuu & CQuz & CQiam
& CQuu @ Coin 2 Cpr12 D Cp13 S Cpr114
& Cpiz & Cpiz & Cow & Cpizz & Cpo
S Cpraa S Cgazo D C03 S Caoy D Ceasz
® Cpups @& Cpuu @& Cpazzz & Cpsw & Cpsu
) Cpuaa ® CoyQouas & CHhQouus & COQuuus & ChhQauu
® CHhQuu @© COiQa3s @ COiQr2aa © COQu11as & COQraaa
© CoQias © COQiaus © ChQro3z © COQuus © CoiQaos3
® COQuu © ChQuu & COQuu & CplBHBI g CplH.6
© Col6 @ CleheN g CElEhe g Cli9eN g 96y
B Col @ 9N g CElidey g Clide)] g a9
© Coli @ i g CliDa g CRled] g Cpla3:03)
® Cpl2.00] g Cpluna3] g Cel202] ¢ CB4,, @ CBE,,
© CTigzas & CTigas @ CToogozs @& CToogony @& CToogon
S ?

Note that the derivatives of basis ()-functions have been included instead of many of the
B-functions used in Section 5.2.4. However, they occur at the same weight levels and so
play the same role. The basis currently includes 41 even functions and 39 odd functions, but
it is not known what parity the final function should have. An additional class of functions
will be required to identify the final basis element. It is possible that the identification of
such a function may aid the derivation of the missing quadratic 3-index relations at weight

—24. Clearly, this is an important problem for further research.
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Chapter 6

Reductions of the Benney equations

6.1 Introduction

This Chapter develops an application of the theory of Abelian functions to a problem in
non-linear differential equations. An explicit example is presented which uses the results
of Chapter 3 for the multiply periodic functions associated with the cyclic (4,5)-curve.

The material in this chapter was recently summarised and published in [40] which was
co authored by Dr. John Gibbons. Some of the more lengthly results discussed here may
be found in the extra Appendix of files, or online at [37]. The Maple worksheets in which

the results were calculated are also available in the extra Appendix of files.

In [48] and [49] it was shown that Benney’s moment equations
AP = AT 4 AT AY n >0,

admit reductions in which only finitely many N of the moments A™ are independent. Fur-
ther, it was shown that a large class of such reductions may be parametrised by conformal
maps from an upper half plane to a slit domain — an upper half plane cut along N non in-
tersecting curves with one fixed end point on the real line and the other free end a Riemann
invariant of the reduced equations.

A natural subclass of these occur where the curves of the slit domain are straight lines,
leading to a polygonal domain and an /N-parameter Schwartz-Christoffel map. An impor-
tant and tractable subfamily of these is the case in which the angles are all rational multiples
of 7. In [73] it was shown that this subclass leads to a mapping given by an integral of a
second kind Abelian differential on an algebraic curve. Such examples have been worked
out explicitly, in [73], [12], [13] and [14]. In all these examples the underlying curves have
been from the class of (n, s)-curves, with the reductions constructed explicitly by evaluat-
ing both the integrand and its integral using quotients of o-derivatives associated with the

respective curves.
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These papers have considered elliptic and hyperelliptic curves as well as a cyclic trig-
onal example. In this chapter we generalise the approach to the tetragonal curve that was
discussed in Chapter 3. We develop new methods which should now be easily applied to

reductions related to any (n, s)-curve.

This chapter is organised as follows. First background information of the Benney equa-
tions and the reductions is presented in Section 6.2. Then, in Section 6.3, the particular
reduction associated with the tetragonal curve is developed, with the necessary theory in-
troduced. In Section 6.4 we derive relations between the o-derivatives that hold on the var-
ious strata of the Jacobian, with the relations themselves available in Appendix E. These
relations allows us to evaluate the mapping integrand in Section 6.5 and obtain an explicit

formula in Section 6.6.
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6.2 Benney’s equations

In 1973 Benney published [17] which considered an approximation for the two-dimensional
equations of motion of an incompressible perfect fluid under a gravitational force. He

showed that if moments are defined by

h
An(et) = [ oy, 6.1)
0

where v(z, y, t) is the horizontal fluid velocity and h(x, t) the height of the free surface, then
the moments A, (x, t) satisfy an infinite set of hydrodynamic type equations, now called the

Benney moment equations.

Definition 6.2.1. The Benney moment equations are the following infinite set of partial

differential equations.

A,  OAni Ay B
S T A =0 n=1.2,... 6.2)

Identical moment equations were alternatively derived from a Vlasov equation in

[44], [74]. In this case the moments were defined by

A, = / p"fdp (6.3)

[e.e]

where f = f(z,q,t) is a distribution function.

Benney showed in [17] that system (6.2) has infinitely many conserved densities, poly-
nomial in the A,. One of the most direct ways to calculate these is to use generating
functions as described in [52]. Let ¢(z, p,t), be the series in p which acts as a generating

function of the moments,

g(z,p.t) =p+ Z T (6.4)

and let p(x, ¢, t) be the inverse series,

o

Hy,
p(;¢,) :q_z gt

m=0

We note here that if equation (6.3) is substituted into equation (6.4), then we obtain the

asymptotic series, as p — o0, of an integral,
flz,p't) p t
q=0p-+ / (6.5)

Here p’ runs along the real axis, and we take Im(p) > 0. It follows that ¢(p) is holomorphic

in its domain of definition.
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Comparing the first derivatives of ¢(z, p,t), we obtain the differential equation

ot Por T op

dq dq Oq (Op dp 04,
= — — +—. 6.6
ot Por T on (6.6)
If we now hold p constant, we obtain the same form of Vlasov equation from which the
moments were defined. Hence any function of g and f must satisfy the same equation.
Alternatively, if we hold ¢ constant in equation (6.6), then we obtain the conservation
equation,
op 0 (1,
— 4+ — [ = Ay ) =0. 6.7
8t+8x<2p+ 0) 6.7)

Substituting the formal series of p(z, ¢, t) into equation (6.7), we see that each H,, is poly-

nomial in the A,, and is a conserved density.

6.2.1 Reductions of the moment equations

Suppose that for some family of points, p = p;(x, ), q¢(p;) = ¢;(x,t), we have

0
Y —)
ap p=p;
Then equation (6.6) reduces to
9g; . 0q;
i 5 07
ot tp ox
where
dq; dq 94 dq
ot~ ot S s
p=Di z T lp=p;

We say that ¢; is a Riemann invariant with characteristic speed p,. We will see that there
are families of functions ¢(p) which are invariant under the Benney dynamics, and are
parametrised by /N Riemann invariants g;.

A hydrodynamic type system with N > 3 independent variables can not in general
be expressed in terms of Riemann invariants. If such a system does have N Riemann
invariants, it is called diagonalisable. Using results from Tsarev in [66] we can conclude
that any system of this type can be solved in principle using the method of a hodograph
transformation.

This construction cannot easily be applied to the Benney equations however, as these
have infinitely many dependent variables. Instead we must consider families of distribution

functions f, which are parameterised by finitely many, N, Riemann invariants ¢;(x, t).

Definition 6.2.2. Consider the case where the function q(p, x,t) is such that only N of the
moments are independent. In [48] and [49] we find this implies N characteristic speeds,
assumed real and distinct, and N corresponding Riemann invariants (p;, G;). In this case

Benney’s equations reduce to a diagonal system of hydrodynamic type with finitely many
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dependent variables ;.

04 | . . 04 .
; = =1,2,...,N. 6.8
at +pZ(Q) 8]} 07 1 9 9y ) ( )

Such a system is called a reduction of Benney’s equations.

The construction of a general family of solutions for equations of this type was outlined
in [48] and [49].

6.2.2 Schwartz-Christoffel reductions

Recall that ¢ must map from the upper half p-plane to an upper half plane. Explicit solutions
have been constructed in the case where the mapping function maps to a polygonal NV-slit

domain.

Definition 6.2.3. We define polygonal N -slit domain as follows. Suppose the real p-axis
has M vertices marked on it and the preimage in the p-plane of each slit runs from a vertex
Dj to a point v;, the preimage of the end of the slit, and then to another vertex p;1. The
angle 7 in the p-plane at p; is mapped to an angle o;m at the image point. The internal

angle at the end of each slit is 2.

In this case the mapping function is shown to be given, up to a constant of integration,

by
_ P Hi]\il(p — ;) d
! / [Hjﬁl (p— ﬁj)laj] "

If the integrand is to converge to one as p — 00, we require

2N
E O./j = N.
j=1

To avoid a logarithmic singularity, we further impose,
M N
> agp =) i
j=1 i=1

We may then define ¢ more precisely as follows.

Definition 6.2.4. Define q to be a Schwartz-Christoffel mapping if it is of the form

qu—i-/p [H]E[i]iﬂp—ﬁi) — 1| dp.

—oo [ [Tj=1(p = pj) =

Other constraints are imposed by requiring the vertices p; to map to points ¢!, the fixed

base points of the slits. There remain N independent parameters, which can be taken to be
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the movable end points of the slits ¢;(x, t). These satisfy the equations of motion

0q; . 0g
ot Vi

= 0.

Hence, to use the general solution to these equations we must evaluate the Schwartz-

Christoffel integral explicitly.

Example 6.2.5. An elementary example is the case where the map takes the upper half

p-plane to the upper half g-plane with a vertical slit, as shown in Figure 6.1.

q(p) v,

Figure 6.1: The domain and codomain of the map in Example 6.2.5

This relates to the following Schwarz-Christoffel map.

p—Ul

\/p —Pl p —152)

=p+ dp’.

If the residue at infinity is set to be zero, then this imposes the condition 0; = %(ﬁl + P2)

and we get the solution

q(p) = 01 + /p? — (B1 + P2)p + P12
= Ul + \/ - Ul + 2A07

(from the expansion as p — 00). The two parameters p; and p, are not independent, as for
consistency their sum must be a constant. Hence only the end point of the slit in the g-plane

is variable. This is the Riemann invariant.
O

The most tractable cases are where all the «; are rational, so that the integrand becomes
a meromorphic second kind differential on some algebraic curve. In this case the only
singularity is as p — oo, where the integrand has a double pole with no residue, and the
integral thus has a simple pole.

The integral has been calculated explicitly in [73], [12], [13] and [14], in each case using
the theory of (n, s)-curves. These papers have considered elliptic and hyperelliptic curves
as well as a cyclic trigonal example. In each case the mappings were found as rational

functions of derivatives of the Kleinian o-function of the associated curve.
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6.3 A tetragonal reduction

We will consider reductions that allow us to work on a tetragonal surface, which has not
been considered before in the context of this application. The first step is to specify the do-
main and codomain of the mapping ¢ for this case. For the reduction to involve a tetragonal
surface we will require two or more sets of straight slits, making angles of 7 /4, /2, and
37 /4 to the horizontal.

Define P to be the upper half p-plane with 14 points marked on the real axis, as in
Figure 6.2.

S
o=
as N

B

W
Bas )Y
o>
o
2

%5 % B

=13
R

Figure 6.2: The domain P within the p-plane.

These points satisfy
P1 <01 < P2 <Ug<p3<i3<py<ps<iy<ps<v5<pr<vs<Dps.

Then define the codomain Q' as the upper-half g-plane with two triplets of slits, as described
above. We let the first trio of slits radiate from the fixed point p;, with the end points of
these three slits labeled v;, v, and v respectively. Similarly, let the second trio of slits

radiate from p5 and have end points vy, v5, vg. Finally impose the conditions that

Q(ﬁi) = Pi, P1 = P2 = P3 = Pa,
q(0;) =, Ps = D6 = P7 = Ps.

We then see that Q' is the slit domain as shown in Figure 6.3, and the mapping ¢ : P — @’

can be given in Schwartz Christoffel form by

ap) =p+ / o) — 1]dyf 6.9)
i Tp-0) T3
plp) = =Ll AP m (6.10)
[T, (p— )] Y
where

vi=]]w-n) (6.11)
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¢
1,; v3 Y v,
P o, 2,
N, »,
Figure 6.3: The domain Q' within the g-plane.
Note that we require the following zero residue property.

. 1

lim p(p) ~1+0 (—2) : (6.12)

p—0o0 D

This mapping would lead us to consider the Riemann surface given by points (p,Y")
that satisfy equation (6.11). However, we wish to consider the simplest possible tetragonal
surface (one with only six branch points) and so we collapse two of the slits, (the final two
by choice). This simplifies our g-plane to O, given in Figure 6.4. Our problem will be to

determine an explicit formula for the mapping ¢(p) in this case.

v,

p...‘:
.
N

Figure 6.4: The domain Q within the ¢-plane.

As in the trigonal case, the analysis of this surface is eased if we put it into canonical
form, by mapping one of the branch points, (ps by choice), to infinity.
We use the following invertible rational map to perform these simplifications on our

curve and integrand.

Pe = DPsg, Pr=DPs, Us=DPsg, Vg =P8,

) 1 . . 1 )
p:p8_(_)7 Di =P8 — 7, 2217"'757 (613)
x T;
" 5 54
Yzﬁ where k4:_H(ﬁ8_ﬁi):_Hﬁ‘

i=1 i=1
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If we perform the mapping (6.13) on the curve (6.11) we obtain

47.4 5
yk B R 1 1
xs _[H<p8 T p8+1—;>

=1

This simplifies to give the following canonical form of the curve (6.11).

5
y' = []@-17)
i=1
= 2% 4+ Mt 4+ X2 + Noz® + Mz + o, (6.14)

for constants A, ..., As. Let C' denote the Riemann surface defined by equation (6.14).

We now consider ¢(p) as mapping P — Q by performing (6.13) on the integrand (6.10).

0\ [+ 1 1 2/
() o) o2 ) (20

Li=1

)
() [0 [ () (-5)

1d
K [A43c4 + Asz® + Agx® + Ay + 1} 4 = o(x)dz, (6.15)
x? 4y3

where K = —4/k% and Ay, ..., A, are constants. We consider this transformed integrand
as varying with z instead of p and so denote it ¢(x)dz. We will evaluate this integrand

using Kleinian functions defined upon C'.

The tetragonal surface C

Equation (6.14) is the cyclic tetragonal curve of genus six that was studied in detail in
Chapter 3. The surface is constructed from four sheets of the complex plane, with branch

points of order four at
T17 T27 T37 T47 T57 T6 = 00,

and branch cuts along the intervals
[T17 TQ]) [TQa T3]7 [T37 T4]7 [T57 OO}

In Section 3.1 we constructed the standard basis of holomorphic differentials upon C, de-

noted du and given in equation (3.4).
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Any point u € C° can be expressed as

6 )
[

P,
u = (u17u27u37u47u57u6) = § / du?

i=1 700
where the P; are six variable points upon C'.

In Chapter 3 we used the Kleinian o-function defined in association with C' to construct
and investigate the Abelian functions associated with C. In this chapter we will use the
o-function to evaluate the integral ¢().

Recall the Abel map, defined in Definition 2.2.13, that mapped points on the curve to
the Jacobian. We denoted the image of the kth Abel map by ¥ and in Definition 2.2.14

defined strata of the Jacobian as
ok — ik [—1]W[k].

In fact, since this (n, s)-curve has n = 4 which is even the process is simplified and we
have
Wkl = )Wk = ¥,

When k£ = 1 the Abel map gives a one dimensional image of the curve C'. Since our
mapping was given by a single integral with respect to one parameter, it will make sense to
rewrite this as an integral on the one-dimensional strata, O, In addition to [12], [13] and
[14], similar problems of inverting meromorphic differentials on lower dimensional strata
of the Jacobian have been studied, in the case of hyperelliptic surfaces, in [41], [47], [1]

and [2] for example.

184



Chapter 6: Reductions of the Benney equations Section 6.4: Relations between the o-derivatives

6.4 Relations between the o-derivatives

In Section 6.5 we will evaluate the integrand (6.15) as a function of o-derivatives restricted
to O, In order to achieve this we will first need to derive equations that hold between the
various o-derivatives when w € O!!. In Chapter 3 sets of relations between the Abelian
functions associated with C' were calculated. However, these were the relations that held
everywhere, and do not give us sufficient information for the behaviour of o(u) on the
various strata.

We start in Section 6.4.1 by deriving those relations that define the various strata. Then
in Section 6.4.2 we obtain further relations from these through a technique we have devel-
oped known as descending. (Essentially since each relation on ©* is also valid on ©%~! we

can consider the effect on it as w descends the strata.)

6.4.1 The defining strata relations

Recall from Lemma 2.2.19 that ©9~!] may be defined as those places where o(u) = 0.
0Pl = {u | o(u) = 0}.

We may derive similar defining relations for the other strata using the following theorem of

Jorgenson, (from [50]).

Theorem 6.4.1. Let u € Ol for some k < g. Then for a set of k points P, = (x;,y;) on C

k P
u = Z/ du,
i=1

oo

we have

and the following statement holds for vectors a, b of arbitrary constants.

> aj05(w) _ det [a|du(Py)] - |du(Py)|du(Py) Y] - |du(Py) ]
2521 bjoj(u)  det [b‘du(Pl)‘ e }du(Pk)’du(Pk)(Q*kfl)’ e ‘du(Pk)(l)] .

Here, du'”) denotes the column of ith derivatives of the holomorphic differentials du, and

should be ignored if 1 < 1.

Start by considering Theorem 6.4.1 in the case when k£ = 5. Then for arbitrary a, b

S a0,(u) _ det [a]du(Py)| - - |du(Ps)]

Jj=1

35 bjoj(u)  det [bldu(Pr)] - du(Ps)]

Now, as u € O approaches ©!*! we must have one of the points P, approaching co. Let
Ps5 = (x5, ys5) approach oo and use the local coordinate & to replace the final column of the
determinants by the expansions for du in . (These expansions were derived in Chapter 3

in equation (3.24) and are summarised below. However, for these calculations we will need

185



Chapter 6: Reductions of the Benney equations Section 6.4: Relations between the o-derivatives

more terms and so refer to the longer expansions presented in Appendix C.1).

duy = [=€'0 4+ O(§)]dg, duy = [=€% + 3ME° + O(£")]d¢,
duy = [—€° + O(£'))d¢, dus = [—& + 1M + 0(€%)]dg, (6.16)
dug = [—€° + O(£9)]d¢, dug = [—1 + 1\ + O(€9)]de.

When u arrives at O/l we have ¢ = 0 and hence the determinant in the numerator becomes

dl’l dl‘4 0
a r1dx, radxy 0 4y% 4yi’
4y} 43
1 1
a y1dy Yadry 0 . _
3 .
4y3 4y “
r2dr, ridzy as x -+ x4 0
ay - . . 0
4y 4y y as Y1 - Ua 0
T1Y1aT1 L4Yaay
as 1 17 0 ag ¥ - oz 0
yrda yrdy as Tiyp - rays 0O
ag ™ ™ -1 ; .
i Yy as Yy -y —1

The determinant in the denominator will be identical, except with the entries of a replaced
by the entries of b. Hence the factored terms will cancel, leaving us with the simpler
determinants. It is clear from the final column, that when we expand the determinants the

resulting quotient of polynomials will not vary with the arbitrary constant ag.

g
=1
g
=1

a;0;(u) . .

= function that does not vary with ag.
bjo;(u)
Since ag can be any constant we must conclude that for u € O, the function og(u) = 0.

(Note the same conclusion could have been drawn from considering the constant bg.)
O = {u | o(u) = o6(u) = 0}.
We repeat this process by considering Theorem 6.4.1 in the case when k = 4.

S aj05(u) _det [a|du(P1)| +o- | du(Py) |du(Py)W]

Jj=1

S0 bjoj(u)  det [bldu(P)] - |du(Py)|du(P) V]

Jj=1

This time we consider u descending to O, by letting the fourth point move towards infin-
ity. The penultimate column in each determinant can be given with the expansions (6.16) as

before. For the final column we will need to determine the derivative of these expansions.

d2U1
€2

2
= —10£° + O(£W), d d? = 26 + 2065+ 0(&),

186



Chapter 6: Reductions of the Benney equations Section 6.4: Relations between the o-derivatives

dZUQ

ok —66° + 0(€”), @ = S+ 0(€8),
d2 d2
dgf = —5E4 1+ O(EY), dg‘f — M€+ 0N, 6.17)

When u arrives at O3 we will have ¢ = 0. Our determinants will again factor and cancel

to leave the numerator as

a1 .- 1 0 0
as X1 -+ X3 0 0
as Yy Y3 0 0
ag a3 - x23 0 0
as Ty - xzyz 0 —1
a Y - y; —1 0

with the denominator identical except for b instead of a. From the final two columns it is
clear that the resulting quotient of polynomials will not vary with the arbitrary constants ag

and as. Hence we must conclude that
OB = {u | o(u) = g¢(u) = o5(u) = 0}.
We repeat the procedure once more for £ = 3.

>_1aioj(w)  det [a|du(Py)| - [du(Ps)|du(Ps) D |du(Ps)?)]

Jj=1

S0 bjos(u)  det [bldu(P)| - |du(Ps)|du(P3) D |du(P3))]

=1

We let u descend to ©? and use the expansions (6.16) and (6.17) for the fourth and fifth

columns. The final column will require the derivatives of the expansions in (6.17).

3 3,,3
Cilg; = —90€% + 0(£"), ddZ4 = =2+ ZMg" +0(8),
d3u2 4 8 d3u5 3 7
i = =30+ 0(&°), s = 10A\&° + O(£7), (6.18)
&3 d?
%j = —206% + O(€7), %ﬁ = 3ME2 + O(£5).

We let £ = 0 and cancel the common factors to leave the numerator as

a 1 - 1 0 O
as Ty o Io 0 0
az % - Y 0 0 =2
ag ¥ - 22 0 0
as T1y1 - ray2 0 —1
a6 ¥ o g -1 0 0
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and similarly for the denominator. Expand the determinants and the statement reduces to

6
Zj:l ajo;(u) _a1T1Y2 — A1Y1T2 + (Y1 — A2Y2 — A3T1 + A3T2

236‘:1 bjo;(u)  biwyys — biyn®s + bayr — bay — by + bywy

(6.19)

for u € OF. The right hand side is the same for all values of ag, a5, a4 and hence we
conclude that
ok = {u | o(u) = g(u) = o5(u) = o4(u) = 0}.

Finally we consider Theorem 6.4.1 in the case when k£ = 2. Here, when we let u descend
to O, we find that the statement of the Theorem involves singular matrices. (Consider
a further derivative of the series in (6.18). All these series would vanish when £ is set to

zero.) Hence this time the theorem will give us no information.

Instead we can consider equation (6.19) which held for u € O, Let u descend to O
here, by replacing (s, y2) by their expansions in &, given in equations (3.22) and (3.23).
We find that

Z?:l a;o;(u) (1T — Qg
Yoy bjoj(u) bz — by

+0). (6.20)

When u € O we set ¢ = 0 and conclude that the right hand side has no dependence on

as, a4, as or ag. Hence
ol = {u| o(u) = og(u) = o5(u) = o4(u) = o3(u) = 0}.

Note that there is a Maple worksheet available in the extra Appendix of files in which these

calculations are performed.

Summary

The strata of C' can be defined by the zeros of the o-function and its derivatives as follows.
The definition of ©! is a classical result (Lemma 2.2.19), while the others were derived

from Theorem 6.4.1.

ef = {u|o(u) =0}
o = {u|o(u)=og(u)
OF = {u|o(u) = o5(u) = o5(u) = 0} (6.21)
0P = {u|o(u)=os(u) = 05(u) = g4(u) = 0}

(u) = o6(u)

Ol = {u|o(u) = os(u) = os5(u) = ou(u) = o3(u) = 0}
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6.4.2 Further relations

We next use the defining strata relations (6.21) to generate further relations between the
o-derivatives, holding on each strata. We use a systematic method, implemented in Maple,

to achieve this.

Start with the relation o(u) = 0, valid for u € ©Fl. Consider u € OF! as it descends
to O, We write w as u = @ + ug where 1 is an arbitrary point on O and u is a vector
containing the series expansions of w. (These may be obtained by integrating (6.16) or refer
to the larger expansions are presented in Appendix C.1.) We calculate the series expansion

of o(@ +ug) =0in € as

0=0(a+ug) = o(@) — a6(@)€ + §[o66(@) — 05(@)] € + [S056(@) — §o666()

- %0566 A) + i06666('ﬁ/)]£4 + [— ﬁ%ﬁﬁﬁﬁ(ﬂ)
1
8

(
— 0556(T) + %06@))\4] £+ 0(56)- (6.22)

+
=
w

Q

ot

S

S

(=)
~~

=33
SN—

Setting the coefficients of £ to zero gives us a set of relations for u € O,

OglU 0
os(u)
30'5(3(11,) - 20’4(’11,) (623)

= 60’566(U> — 80'46(U) — 30’55(’LL)

Ol U

06666\ U

(u)
(u)
Te66(1)
(u)
(u) =

066666\ U 1005666( ) — 200466(“) — 150556(U) + 200’45(“) + 6)\406(11,)

If we calculate the expansion to a higher order of £ then infinitely more relations can be
obtained, involving progressively higher index o-derivatives. Note however, that the ex-
pansions for ug must first be calculated to a sufficiently high order first. Using the Maple

series command we find that the series in equation (6.22) continues with

1 1 1 1
-+ [m0666666 — 18056666 — 480555 + 1605566 03 + 15044 + 7505\
1 1 1
+ 1504666 — 0456 — 200'66>\4}£ + [4805556 + 2400566666 — 570455 — 180446
3 1 1
+ 55041 + 7504566 — 02 — ﬁ0'46666 - —504006666666 - 48055666 + 036
+ Logee 30)\}57+[10 + 50 — =0 + 3 0
2076664 T 7590Y 564 360 Y 466666 192 556666 96 55566 4466
1 1
+ 5035 + 7026 1 153550 66666666 — ﬁ0-46)\4 360445 + 38405555 + 3 04556
1 1 1 1
— 122095666666 — 130366 — m06666/\4 - ﬂ0'55)\4 36045666 + 0566)\4]5
1 1 1 1 1
+ [m04555 — 150356 T 3504456 — 7430444 — 770266 — 384055556 + 8400466)\4

19 1 1
— 72505666\ T 36 06>\3 28806)\4 1500666664 — 3628800666666666 + 15034+ ...
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1 1 1 1 1 1
©r 11025 T 7410456666 T 5350555666 — 15045566 — 31004666666 — ggg 05566666

1 23 1 41 1 9 10
+ 10080 056666666 + @)\40556 — 108044666 — ﬁ/\4045 + %03666]5 + O(f )

We have calculated an expansion for o (@ +ug) up to O(£?), generating a set of 28 relations
for the o-derivatives valid for u € ©!%. Note that the standard Maple series command
was not able to derive an expansion further than O(£'*) due to memory constraints. Instead
an alternative procedure was implemented, making use of the weight properties described
in Section 3.3.

Recall that the o-function has a definite Sato weight, which is 415 in the case of the
cyclic (4,5)-curve. Hence this expansion in £ must also be homogeneous with this weight,
(check series (6.22) to see this is the case). Since £ has weight one we know the coefficient
of £" must be a sum of terms with weight 15 — n. Hence we can determine which o-
derivatives may be present, (those that can be combined with a A-monomial to give the
correct weight).

We write a procedure that calculates each coefficient of ¢ successively. Recall that the
expansions of u in ¢ also involve terms with decreasing X weight. At each stage we truncate
these expansions at the appropriate weight necessary to calculate the next coefficient. We
then calculate that coefficient only, (using the general equation for an unknown function of
six variables).

The remainder of the expansion and the full set of relations can be found in the extra
Appendix of files or online at [37]. The Maple worksheet in which the series is derived

using the new procedure can also be found in the extra Appendix of files.

The next step in this process will be to find the relations valid for u € OBl Since
OB ¢ O we can conclude that the relations (6.23) for u € O are valid here also.
However, we can derive a larger set of relations for u € ©F! by repeating the descent
procedure for all those relations valid for u € O,

We do not need to consider the relation o(u) = 0 since that will only give us the same
relations as above. Instead choose the second defining relation og(w) = 0. We again write
u = U + ug where ug is the vector of expansions as before and 4 is now an arbitrary point
on O©Fl. Note that calculating the series expansion in ¢ for (@ + ) is not as arduous as
above. We can easily derive it from the expansion (6.22) for o(4 + u¢) by adding a six to

each index.

0= (06 — o6& + %[0666 — 056]52 + [%0566 — %0'46 — %06666} £+ )(ﬁ)

Setting these coefficients of ¢ to zero gives us more relations valid for u € ©F, starting
with ogs(u) = 0. We can obtain further relations for u € O by descending all of the 28
relations in (6.23) for u € O, After this we find we have obtained 238 relations.

We need to organise these relations by choosing a ranking system to decide which o-
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derivatives should be expressed in terms of the others. It is logical to remove the higher
index o-derivatives and so we always solve for those with the greater number of indices
first. (Note this was the approach that was taken with equations (6.23)). When we have the
choice between o-derivatives with the same number of indices we choose to solve for those
with the highest numerical indices first.

So we take the 238 equations valid for u € O, substitute in the equations for u € O

and solve according to these rules to give a set of equations in the o-derivatives for u € OF!,

The next step is to descend the relations valid for u € OF! to ©[?. We automate the

process of descending from O*! to ©F~1) in Maple as follows.

1. Take a relation valid for u € ©* and expand as a series in £. To do this we replace each
o-derivative by the series expansion for o (@ + u¢), adding the relevant index to each

o-derivative in the expansion.

2. Set each coefficient with respect to £ to zero, and save the resulting equations, valid for
u € OF-1,

3. Repeat Steps 1 and 2 for all known relations valid for u € O to obtain a large set of

equations between o-derivatives, valid for u € Elk-1]

4. Substitute the existing equations for u € ©O!*! into the set. Then rearrange to obtain
additional equations for u € ©F~1 by first solving for the higher index functions, and

then for those with the greater numerical indices.

So we use this process to obtain first a set of relations for u € O and then a final set
for u € O, (The corresponding Maple worksheet can be found in the extra Appendix
of files.) Appendix E.1 contains all the equations valid for u € O!! that express k-index
o-derivatives with & < 4. The full set of relations that have been derived for O, along
with the sets of relations for higher strata, can be found in the extra Appendix of files or
online at [37]. The most interesting result of these calculations was to find that on ol we

have

Together with equation (6.21) this shows that all the first derivatives of o(u) are zero on
O, (This may be double checked using the o-expansion as derived in Section 3.4, and
then substituting in the expansions in &.)

This result is very surprising as it was not the case for the lower genus examples that

were considered. It also causes extra complications in the next Section.

Note that the calculations in this Section were computationally much more difficult that
those in [14]. The latter stages were performed in parallel on a small cluster of machines,
using Distributed Maple, (see [72]).
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6.5 Evaluating the integrand

Recall our integrand as given by equation (6.15),

o(z)dr = K (A4x2 + Az + Ay + % + %) (f—;) .
Now, the map ¢(z) was given by a single integral with respect to one parameter, the point
(z,y) on C. So we will rewrite this as an integral on the one-dimensional strata ©! of .J.
We will then evaluate it using o-derivatives restricted to ol In[14]7 orgenson’s Theorem
was used to express z in terms of o-derivatives. However, if we followed this approach and

solved equation (6.20) for u € O we would find

which makes no sense given that oy (u) = 0 for u € O!. Instead let us take equation
(6.19) which was also derived from Jorgenson’s Theorem and which holds for w in ek,
We consider what happens to this as u descends to O!'l. We replace (z,,) with the
expansions in the parameter £ and replace the o-derivatives by their Taylor series in £. (The
expansions for x and y were given in equations (3.22) and (3.23) while the series of the
o-derivatives is derived from equation (6.22) as discussed in the last section.) If we then

take a series expansion of this in ¢ and set ¢ = 0 we find that for u € O we have

CL10'23(U) + CL20'34(U) _ a1r — Qs
610'23(’111) + b2034(u) blfﬂ — bg ’

Solving this for = gives,
__onlw) (6.24)
034 (’U,)
for u € O], We must verify that o, () is not identically zero on ©'). Consider the expan-
sion about the origin that we derived in Chapter 3. Using the Schur-Weierstrass polynomial

(3.50) and the substitutions for v in £ we see that
asa(u) = €+ O(&),

and so o34(u) is not identically zero. Further, this technique will allow us to specify all the
zeros of the function. First note that o34 (u) has exactly six zeros on O, (The Riemann
vanishing theorem stated that the f-function, and hence the o-function, is either identically
zero or has exactly g = 6 zeros on the curve. The o-derivatives may be defined using the
same #-function, and while o (u) is identically zero on O, not all the o-derivatives are.)
Since the expansion above has a zero of order six at the origin, we can hence conclude that

034(u) restricted to O cannot vanish for u # 0 mod A.
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Similarly, oo3(w) also has six zeros on O, However,
o3(u) = &+ 0(53)7

and hence there is a double zero at the origin and four other zeros corresponding to the

points = = 0 on each of the four sheets of C'.

So we may evaluate x as the ratio of o-derivatives in equation (6.24). Using this and

the standard basis of holomorphic differentials (3.4), we can rewrite our integrand as

o(x)dx = K[py(x)dx 4+ @o(x)dx] (6.25)
where
QOl(.CU)dCU = Agdul + A3dU2 + A4dU4, (626)
_ o34(u) ’ o34(u) _
po(z)dr = <(023(u)) — A 023(u)> duy = po(u)duy. (6.27)

Thus ¢ is a sum of holomorphic differentials on C', and ¢- is a second kind meromorphic
differential. As in the lower genus examples, we will need to find a suitable function ¥ (u)

such that
d

duy

We will identify W (w) and evaluate s (u) as follows. First we must derive the expan-

U(u) = po(u), we6ll (6.28)

sions for ¢y (u) at its poles. We will then find a function W(w), which has simple poles
at the same points as the double poles of s (w), and which varies by at worst an additive
constant over the period lattice A.

The function W (wu) will be chosen so that d#‘ullllf(u) has the same expansion at the poles
as o9 and is regular elsewhere. It then follows that the difference ﬁllf(u) — ¢o(u) is both

holomorphic and Abelian. By the generalisation of Liouville’s theorem we can conclude

that this difference is a constant, which will be evaluated at a convenient point.

6.5.1 The expansion of . (u) at the poles

Recall that o (u) was an entire function, and so ¢,(w) will have poles at those points where
oa3(u) = 0. As discussed above, we know oo3(u) has six zeros — a double zero at the
origin and zeros at the four points, one on each sheet, where x = 0. We will first investigate
what happens at these four points and consider the origin later.

Recall the invariance condition on the cyclic (n, s)-curve given in equation (2.35). In
the (4,5)-case the cyclic symmetry is [i], the imaginary unit. This relates the four different

sheets and acts on (z,y) by
[i](z,y) = (2, iy).
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Hence it will act on u as follows.

U — iUy Uy > 1Ugy Uz — —U3
(6.29)

Ug > Uy Us — —Us Ug H— —lUg.

Let u, be the Abel image of the point on the principal sheet where o93(w) = 0. This is the
point where = 0 and y = (\o)'/%. Then the four zeros of o3(1) away from the origin are
given by

oy = [i]Nuy, N =0,1,2,3.

We will require the poles to match at all four of these points.

We need to find an expansion for o () at the points g . To start, we consider

u € O and calculate the Taylor series of o(u) around the point
U= U = (U0,17 Up,2, U0,3, U0,4, U0,5, Uo,ﬁ)-
Writing w; = (u; — uo,;) we have,

o(u) = o(ug) + [o1(uo)wr + oa(uo)ws + o3ws(wo) + 04 (Ue)wy
+ o5(ug)ws + Us(uo)we} + [%Ull(uo)w% + o12(wo)wiwy + o13(Up) w1 w3

=+ 0'14('11,0)11)111)4 + 015(u0)w1w5 + Ulg(uo)wlw@- + %0’22(11,0)11)% + ...

We will have similar expansions around the other u y. Note we can use this expansion to
easily compute the expansions for the o-derivatives, (by simply adding the relevant indices).

Now, since u y are the points where ¢ = 0, we can write their components as

0
(uO,N)Z.:/ du;, i=1,...,6,

[e.e]

evaluated on the sheet where s = [i]"V(\g)'/%. Therefore we can denote

wLN:(u uON /duZ /duZ /duz,

evaluated on the Nth sheet. Using our basis of holomorphic differentials (3.4), we can find

expansions for w; y, ... we y in the parameter x.

I 3N, PV 8N -T2
WILN = 4 3t T gy 7at T 19Ty 14
40 32 )\ 128 )\,
C Y (9603)0% — 168N Ao Ao + TTA) ¥
2048 Aot/
iy, 1V 3 3iY 8\ — TN,
WoN = =—5L — — —
) 8 )\03/4 16 /\07/4 512 /\ 11/4

+0 (z°) (6.30)

+ 0 (:E5)
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1N 12V 2 N4 — 307
W3 N = 7 72%— 74 N
4)\5/2 16 )\03/2 96 >\ 5/2
P8 — 120 000 + 5>\13x4 L0 ()
256 Ao™/?
v, 3V,
= - = O (2°
Wa,N 12 /\03/4‘7: 64/\ 7/4‘T + (J: )
12 12\ N 4N — 30°
Ws,N = o 1p? 2’ — 3/21 2’ — N 5/2 —z' 40 (2°)
Ao 24 o 128 Ao
1N 1NN 2 N 8AaAo — BN 4
We N = = 7~

ZF‘T 32 ,\05/4 384 2o/

N (3223007 — 40A 1 Ao + 15>\13)x4

2048 A3

+0 ()

Note that all these expansions are given for the general sheet, since we need to check the
behaviour at all the poles. The quantity )\(1)/ 4 and its positive integer powers, are defined on
the principal sheet as before. We can move between the sheets by selecting the appropriate
value of V.

We can invert equation (6.30) on the /V-th sheet to give an expansion for z in wy y.

T = 413N/\03/4w1 N + 6 16N)\1/2wa

+ 4iN>\[1)/4()\% + 4)\2)\0)w1,N + O (wéll,N) :

We can hence use w; y as a local parameter near u, . We start by substituting for x to

give the expansions of ws n, . .., ws n With respect to wy y.

Wo N = 2i3N/\03/4wiN + 212N)\1)\(1]/2wi]\, + O (wa) :

N\ 1/4 1 4:3Ny \3/4
wyy =1 )\/wlN—l——)\lw%N—i——l )\2/\0/

wi’”N +0 (wa) )
wyy = i 21\1)\3/2w1 NHO(why). (6.31)
ws N = 2\gw? N + 3 3N>\3/4>‘1 v+ O (wl N)

wey =17 )\1/2 wy,N + /\0/ Ai wl,N + S()‘% + 8>‘2)‘0)w:1)’,N +0 (wiN) '

We use these in turn to give the o-derivative expansions at u y as series in w; y. (Take
the Taylor series at u y, substitute in equation (6.31) and find the series in w; n.) For

example we have,

034(“) = 034(“0,1\/) + [0346(UO,N)i2N>\(1)/2 + 0334(U0,N)1N)\(1)/4

+ 0134(U0,N>} wy,n + O (w%,N) )

1 o1
o93(u) = [iQN o936 (wo.n) + o123 (uon) +iV A 0233(UD,N)] wi N, +0 (wiN) .
(In the second example we recall that oo3(1o n) = 0 by the definition of u )
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We substitute these into equation (6.27) to obtain an expansion for the meromorphic

part of the integrand, ¢ (u), at u = wg v, as a series in wy y.

2
1 o Clu
pa(u) = 2 <.N 1/4 = > (UO,N)+M+O(W?,N)a
"N\ o

- 9N\ 1/2
Wy N 933 + 177 Ao 0236 + 0123 Wi,N

)

(6.32)

where C(ug y) is the following polynomial in the o-derivatives. We need to evaluate this

polynomial to ensure that psdx has zero residue as required.

Clug) = — 34 5 | (wo) x [QiN V/X003401233
(iN)\(l)/40233 + iQN)\é/20236 + 0123>
— N {‘/,\_003340123 — 27N \/)\_003460123 + 2% é/)‘_o/\10340236
— 2iN 3/ Noo1340233 + 2418/ No0330123 + 03401123 — 202N/ No0334023
+ "™ A1 0340933 + iV No03a02366 + 40 Ng0340935 — 201340123
+ 202N/ No03a01936 — 2N Mo 03460233 — 20N N> 09540036
+ 2413 N ogg30936 + AritN Noraze? + Ay \/)\_002332
— 20" \g03460936 + 24152 \/)\_002360123 + Ayoig® + 2N \/)\_003402333

+ 203N N3 A 3409336 + 403N Ng® 10540005 — 202Ny )\001340236} (uo).

In the previous section we derived a set of relations for w € O, but these are not
sufficient to simplify C(uo y). We need to generate a further set of relations which are
valid only at u = ug y.

We will use a similar approach to that used in Section 6.4.2 to descend relations down
the strata. First take a relation valid on ©!! and calculate its expansion around u = wug
and then obtain a series in w; y using the substitutions (6.31). We then set to zero the
coefficients of w; y to obtain relations. We do this for each relation valid on O and obtain
a set of equations between o-derivatives valid only at the points © = u, . Many of these
are presented in Appendix E.2, with the full set that was derived available on-line at [37].

If we substitute the equations of Appendix E.2 into equation (6.32), the expansion of

a(u), we see C(ug ) simplifies considerably and we obtain

ooy = | L L [iN (4hoA; — 3 )]
2 = | =7 anl|l 5 — s 0411 — 1
16 )\3/2 wi y 16

+ O(wy ). (6.33)

w1,N

Recall equation (6.12) which stated that ¢(p) has zero residue at p = oo on all sheets.
Since residues are invariant under conformal maps, we can conclude that ¢(x) must also

have zero residue at the poles.
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Since ¢;dz was holomorphic we see that po(w) must have zero residue, and so the

constant A; must be given by

3\
A =20 6.34
T (6.34)
Hence
W= L L o) 6.35)
@ =|——5| 5 wy N)- .
? 16 \32 | wi v LN

(The corresponding Maple worksheet in which these results was derived can be found in

the extra Appendix of files).

6.5.2 Finding a suitable function ¥ (u)

We need to derive a function W(u) such that the Laurent expansion of diul U (u) has the same
principal part at the poles as 2 (u). Hence we will restrict our search to linear expressions
in o-derivatives, divided by o93(u). For these functions we will derive expansions in w; x

at u = wu v using the techniques described above. Let us take the function

U(u) = Z niM‘i‘ Z ﬁijZ;i—((’L:l/))+ Z Uijk(z;((:j;?

093 (U
1<i<6 23(u) 1<i<j<6 1<i<j<k<6

[4,51#(2,3]

where the 7;; and 7,;;, are undetermined constants. We do not include any higher index
o-derivatives in W(u) since it should be possible to evaluate them all at the poles as a linear
combination of lower index functions.

Now, since we are working on O/ we will find that many of these o-derivatives are
equal to zero, or can be expressed as a linear combination of other such functions using the

equations in Appendix E.1. Let us set the coefficients of these functions to zero, leaving

U(u) = [7722022 + 134034 + M1110111 + 11220122 + 11230123 + 11340134 + 7)2220222

+ 12230223 + 122409224 + M2250225 + 12260226 + 12330233 + 112340234 + 12350235
1

Ugg(u) '

+ 12360236 1 113340334 + 1)3440344 + 13450345 + 13460 346} (u) -

We emphasise that we need to work with the rotal, not the partial, derivative of W (w) with
respect to u;. In practice the other u; are expressed in terms of w, x in the vicinity of ug x

so there is no ambiguity. Note from equation (3.4) that

o _o o _ 0 0 _,0
0u2 n (9u1’ 8U3 - yaU1’ 8u4 a 8u1’
9 _ .9 9 _p9
8U5 N ya'd1’ 8“6 —9 8u1'
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Let D, be the operator of differentiation with respect to u; on O,

d o 9 9 ,0

0
D = — — 2
! duylell  Quy + x&ug + y@ug e Ouy + yx(?ug, ty Oug
. 0 O'23(U) 0 0 O'23(U) 2 0 093 0 2 0
- Owy (034(u) Ousy + y@u;; * osa(u) ) Ouy y034 Ous ty Oug’

We can now evaluate d%l\lf(u) as a sum of quotients of o-derivatives. For example, the

term with 0936 in the numerator may be differentiated to give

D 0236 \  |01236 02360123 02236 , 02360223 02336 02360233
1\ — | = - 3 - + +y -y 2
023 023 053 034 023034 023 033
2
02302346 02360234 02356 02360235 202366 20936
2 - 2 —Y——5 1y +y Y
034 O34 O34 023034 023 033

Now let us consider the expansion of D;(W¥(u)) at u = wugy. We generate series ex-
pansions in wy y for the relevant o-derivatives using the method described in the previous
subsection. We can use the relations in Appendix E.1 and E.2 to simplify these expansions,

and so obtain a series in w y for Dy (¥ (wu)). We find,

g _ Eluon) L o0,

duy u=uo Ny 092 (UO,N) w%,N

where L£(ug y) is a linear expression in {099, 0122, 0222, 0223, 0224, 0225, 0226 }. This set of
o-derivatives can be used to express all other 2 and 3-index o-derivatives when u = ug x
(as in Appendix E.2).

We find the coefficients of £(ug ) with respect to each of these seven o-derivatives
and determine conditions on the constants 7;;, 7,51, that set all the coefficients, except that of
0992, to zero. We then obtain further conditions by ensuring the expansion we are left with
(now independent of any o-derivatives) matches expansion (6.33) on the four sheets.

Imposing these ten conditions on W(w) leaves us with

o111 25 81220 — 1 0236 4, T334 (w).

022
U(u) = |noa—— 4+ m11—— + 21334 334 ——
023 023 023 4N 023 023

Note from Appendix E.2 that the terms containing o111, 0235, 0334 all vanish at the points

u = uo y and so have no effect on the expansion here. Set 7,11 and 7334 to zero to leave,

o2(u) | 1(8m2do — 1) oase(u)
0'23(’U,> + 4 )\0 0'23(’(1,) ’

U(u) = o2
We now have two functions, ¢s(u) and D; (¥ (w)), which both have poles at ug n. We

have derived expansions at these points, given in the local parameter w; y, and ensured that

they match. We need to also explicitly check what happens at the point u = 0, where both
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the functions have a double pole. Note that w; y is not a suitable local parameter here.

We can instead use the Taylor series expansion of o(w) about the origin derived in
Section 3.4 of this document. We differentiate this to give expansions for the o-derivatives
and then, since we are at the origin, replace the variables uq, . . . , ug with their expansions,
in the local parameter &, (found in Appendix C.1).

Now, the o-expansion was given as a sum of polynomials, C}, with increasing weight
in v and hence the expansions will have increasing order of £. Since the functions we
consider all contain ratios of o-derivatives, we will only need the leading terms from each
expansion in order to check regularity. Hence we only require a minimum amount of the
sigma expansion, sufficient to give non-zero expansions for the derivatives we consider. We
find that for the functions used here, we can truncate the o-expansion after C'ss.

Substituting these expansions into ¢, (), we find
lim y(u) = lim §ﬁg4 +&8 4+ 0% =o. (6.36)
u—0 -0 |4 \g

So o (w) is regular at the origin, and hence we must ensure that U (u) is as well if they
are to match at all the poles. Upon substitution into W(w ), we find that we must set 720 = 0

for the expansion to be regular. This leaves

W(u) = 11 o336(u)

=— , with
4)\0 0'23(11/)
, , 1 s 1 (—8Xy + 3X\4\3)
lim ¥ =1 -2 1 Byl =o. 37
AP =t TRm N e a o o8| =0 63

So the two functions match at all the poles. Now we need to check the periodicity prop-
erties of the functions. Recall equation (2.56) which gave the quasi-periodicity property of
o(u). In equation (2.64) we derived the corresponding quasi-periodicity properties of the
first and second o-derivatives.

Since we are working on O!" we know that o(u) and all its first derivatives are zero

which simplifies the quasi-periodicity conditions. For any £ € A, the lattice of periods,

023(u + E)

X(£) exp(L(u + 5, £))o2s(u),
o3a(u+£) = x(€) exp(L(u + 5, £))o3a(u).

(The functions x and L were defined in Lemma 2.2.18). Therefore, the ratio of these

functions will be periodic. Substituting into equation (6.27) we see that

pa(u +£) = pa(u),

and so 5 () is an Abelian function associated with the cyclic (4, 5)-curve. We now need

to check the periodicity of W(w). We can calculate the quasi-periodicity property of a 3-
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index o-derivative by differentiating equation (2.64). We find that when restricted to O
this simplifies considerably. Specifically,

oass(u + £) = x(£) exp(L(u + £,2)) - [%L(u +£0) - 005 + 0235] .- (6.38)

It then follows that

11 0'236(’111‘}‘@) 11 0 y)
v b)y=———"— =V ————(L = L0)).
(u+ ) 4)\0 023(u+£) (U) 4)\0 du6< (u_'_ 2’ ))

Since the first derivatives of L(u+ £, £) are constant we know that D; (¥(w)) is an Abelian

function, although ¥ (w) itself is not.

Summary

We have shown that the two functions 5 (u) and Dy (¥ (w)) share the same poles and have
matching expansions at each. Further, they are both Abelian functions, and hence the differ-
ence between them is a holomorphic periodic function. Therefore by by the generalisation
of Liouville’s theorem we can conclude that this difference is a constant.

We may therefore write our integrand ¢(z)dz as
oo (w)duy 4+ Asduy + Agduy + Ayduy = Dy (V(u)) + B du, (6.39)

for some vector of constants BY = (B, By, Bs, By, Bs, Bg).

6.5.3 Evaluating the vector B

We can evaluate the vector B by considering the integral of equation (6.39) at the point
u = 0. Using equation (6.16), the expansions for du in £ and equations (6.36) and (6.37)

for the functions we obtain

0= Bsl + 3B5&* + 3 (—As + By) & — 55BsM&® + 15 (—BsAs + 2B3) £°
+ 5550 (BMA0As — Az — 3B\ Ao By — 4437 + 4By ) ¢”
+ 525 Bs(5A] — 8X3)€” + (— 5 Bshs — 55 Bs s + g5 BsAf) €10
— 35 (324220 — 32B1 Ao + 160g — 6Ay g — 2400 A g + 210 AuA]
+ 2400 Bady — 210 BaA? — 24000 As + 24040\ B) € + O(€99).

Setting each coefficient of £ to zero, we find

1 ()\2 + 2A2)\0) 1 (4143)\0 + )\3)
By = 22T 2270 By = - 80T 78 By =0
1 9 )\0 ) 2 4 )\0 ) 3 )
By = A, Bs = 0, Bs = 0.
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6.6 An explicit formula for the mapping

We now use the results of Section 6.5 to derive an explicit formula for the mapping ¢(p).
Start by applying the change of coordinates given in equation (6.13) to ¢(p) as given in
equation (6.9).

)=+ 1600 107 = (5~ 1) + [*7 (o0~ 1) o
) [ 2

1

PY—P 1 d
+/ ) ( [Agz? + Aga® + Apa? +A1x—|—1}—2ﬁ)
0

where the constants Ay, As, A3, A, and K were defined by equation (6.15). Note from

equation (6.24) that

N 034(“)

p="ps+ ,  ueoll (6.40)
0'23('U,>

So let us take w € O, and use equation (6.40) and the evaluation of ¢(x)dx from the

previous section to write ¢(p) as

= (e 2) - [ [ e [

1 (4143)\0 + )\3) /ﬁsp |: d ( 11 0'236(’111)):|
e + K — duy .
)\0 0 du1 4 )\0 0'23( ) !

d'LLl

l (s + 2A2)\0)

O

dUQ + A4dU4

Integrating, gives

q(p) = (]38 + 034—(u>> - {034(/“)] T K[%Mul

023 (U) 023 (U) Ao

1 (44500 + Ay)
TR

U + A4U4

+K{ 11 0236(u)} .

+C
4 )\0 O'Qg(U)

1 0'236(’11/) I /\2 + 2142)\0 4 4143)\0 + )\3

=9 K| ——
ps+ |: 4)\0 O'Qg('LL) 2)\0 “ 4)\0

U + A4U41 + é,

for some constant C'. We can determine C by ensuring that the following condition on the

mapping is satisfied.
1
lim ¢(p) =p+ O (—)
p—00 D
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Note from equation (6.40) that p — oo implies o23(u) — 0 and therefore u — ug .

~ _ 0'34(11/)
C O'Qg(U)

lim [¢(p) — p] = lim

p—00 u—>’u,0YN

K( 11 0236(u) )\2 + 2A2/\0 4143)\0 + )\3

Y ' 4N

A
4 )\0 O'23(U) 2)\0 vzt 4U4>

Let us ensure that the condition is met on the sheet of the surface C' associated with
lim;_o(s) = )\(1)/ ‘. We can write this as a series expansion in the local parameter w,
(as described in Section 6.5.1). Recall that u; = w; + ug;, and use the expansions (6.31)

and the existing expansions for the o-derivatives to obtain

. 11 K 1 1 ~ 3)\1 11 0226(u0)
1 —pl=ls | =+ |0 -2 k| -2
Pirgo[q(p) p} 4 )\§ 16 )\E] w1 + 8 )\0 + ( 4 )\0 O'QQ(U())
1 /\1 ()\2 + 2A2)\0) (4143)\0 + )\3)

+ O(wy).

Uo,1

A
g Up,2 + 4U0,4>

~

Therefore, we must set the constants of integration, C, to be

é _ 3 )\1 K( 11 0'226(11,0) 1 )\1 1 ()\2 + 2A2)\0)

g)\_0+ 1/\_0 0'22(11,0) _ﬁ)\g/ll _5 )\0 Ho1
1 (4A30g + A

_ 1040t ) e ).
4 Ao

This gives us the following explicit formula for the mapping ¢(p).

N 3)\1 11 0'236(U) 0'226(U0) 1 )\1
— SRR R — 7t
W) =rt gy, TR TN [agg(u) onluo) | 3278
Ao+ 245\ 4AsNg + A
+ u(“l — Uy p) + M(W — Uz ) + Ag(ug — uap) |,
2/\() 4>\0

where u € O and wuy is the point on the principal sheet of the surface C' where t = 0.
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Appendix A

Background Mathematics

A.1 Properties of elliptic functions

Theorem A.1.1. We now present a number of properties for elliptic functions.

()

(i1)

(iii)

The number of poles in a cell is finite.

Proof. Suppose for a contradiction that there is an infinite sequence of poles, bounded
by the cell. By the BolzanoWeierstrass theorem this would contain a convergent sub-
sequence. The limit point to which it converges would be a singularity of the function
that is not isolated. Hence by Definition 2.1.2 it is an essential singularity and so the

function is not elliptic, which is a contradiction.
[ |

The number of zeros in a cell is finite.

Proof. If not then the inverse function would have an infinite number of poles, and

therefore an essential singularity. This would then be an essential singularity of the

function itself and hence the function would not be elliptic which is a contradiction.
|

The sum of residues of poles in a cell is zero.

Proof. The residue theorem from complex analysis tells us that the sum of residues

of the function f(u) around the domain P is equal to

1
s /5Pf(u)du,

where 0 P is the boundary of P taken counterclockwise. For our case it is intuitive
that the integrals over opposite sides of the parallelogram will cancel each other out.

To see this more clearly let C be the contour formed around the edges of the cell and
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let the corners of the cell be given by ¢,t 4+ wy,t + wy,t + wy + wo. Then the sum of

the residues of an elliptic function f(u) at its poles inside C is given by

1 1 t+w1 t+wi+w2 t+wo t
— f(U)du:—.[/ +/ +/ +/ }f(u)dw
27T7’ C 27T7’ t t+wq t+wi+wa t+wo

Then use the substitutions v/ = © — w; and v’ = u — wy in the second and third

intervals respectively. We obtain

t

r t+w1 t+wo t
= — / f(u)du+/ fu)du' + (u")du" + f(u)du}

t+wi t+wo

1 / floyin+ | T / T / Hmf('d)du]

= :/ttﬁ)l{f(u) — flu— wz)}d“} + % th{f(u ) - f(u>}du}

=0

The final step is down to the periodicity properties of f(u) causing each integrand to

be zero.
[ |
(iv) There does not exist an elliptic function with a single simple pole.
Proof. This is an obvious corollary to the previous property.
|

(v) An elliptic function with no poles in a cell is a constant.

Proof. If f(u) is an elliptic function with no poles then it is holomorphic. It is there-
fore bounded inside and on the boundary of the cell and hence a constant by Liou-

ville’s Theorem below.
[ ]

Theorem A.1.2 (Liouville’s theorem). For all values of u let f(u) be holomorphic and

satisfy | f(u)| < K for K constant. Then f(u) is a constant.

Proof. f : C — Cis a bounded, entire function and so by Taylor’s theorem,

1 W)

211 T, w”+1

flu) = Z cpu” where Cp =
n=0

and I, is the circle of radius r about O, for » > 0. Now consider ¢,,.

1 1 M, M,
len| < 2—1ength(Fr) - sup {‘{Ugﬂ tw E FT} = —27r =
7r
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where M, = sup{|f(w)| : w € [',.}.
But f is bounded, so there is M such that M, < M for all r. Then

M
len| < — for all n and all > 0.
Tn

Since r is arbitrary, this gives ¢, = 0 whenever n > 0. So f(u) = ¢ for all u, giving f(u)
constant, as required.
|

Theorem A.1.3. A non-constant elliptic function f(u) has exactly as many poles as zeros

(counting multiplicities)

Proof. Both the poles and zeros of f(u) will be simple poles of the function f'(u)/f(u).

Suppose f(u) has a pole of order n at u = 0 and a zero of order m at u = ¢. Then

)= —ge) = f) = gl + g ()
., S ) w N g'(u) w" —n N g'(u)

flw) wrtg(u) wr g(u)w o g(u)

fw)=@w—c)"h(u) = f(u)=mu—c)""h(u)+ (u—c)"h(u)
flw)  mu—c)"'hu)  (u—c)"h'(u)  m  W(u)
- B * u)  u—c * h(u)

f(u) (u—=c)mh(u)  ((u—c)™h(

So we see that f'(u)/f(u) has poles at both u = 0 and v = ¢ as expected.

Also note that the multiplicities will be the residues of f'(u)/f(u) counted positive for
zeros and negative for poles. Therefore the sum of the residues for f'(u)/f(u) will be the
sum of the poles and zeros of f(u) counted according to multiplicities.

Now it is clear that f’'(u)/f(u) will be an elliptic function given that f(u) is elliptic.
Therefore, by Theorem A.1.1(iii) this sum must be zero and so the number of poles must

equal the number of zeros.
|

Corollary A.14. If f(u) is an elliptic function and c a constant then the number of roots
of f(u) = cin any cell is the number of poles of f(u) in a cell. We define this number as
the order of the elliptic function.

Proof. The number of roots of f(u) = c is equal to the number of zeros of the function

Now every pole of F'(u) will be a pole of f(u) and conversely. Hence F'(u) has the same

number of poles as f(u).
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Also, F(u) is an elliptic function so by Theorem A.1.3 the number of zeros it has is
equal the number of poles it has. Hence the number of roots of f(u) — ¢ is equal to the

number of poles of f(u).

[ |

Theorem A.1.5. Let aq,...,a, denote the zeros and by, ..., b, the poles of an elliptic
function (counting multiplicities). Then

ap+---+a, =by+---+0b, (modw;+ ws). (A.1)

Proof. By Cauchy’s argument principle, a meromorphic function f(u) inside and on some

closed contour C', with no zeros or poles on C, satisfies the following formula.
JRUCECIED SR I

where @; and b; denote respectively the zeros and poles of f(u) inside the contour. We
can apply this here with C' the boundary of the parallelogram. (Note that we can shift the

parallelogram if necessary to satisfy the restrictions). We obtain

(ay+-4ay,) — (b1 +--+by)
t+wi t+witw2 ttwa t /
L
27TZ t+wi t+witwso t+wa f(u)

Using the same substitutions as in the proof of Theorem A.1.1 (iii) will give

(a1 +---Fap) —(by+---+b,) = R e {uf’(u) (U+w2)f’(u—|-w2)] du

2mi f(u) J(u+ws)
S o T (u) ~ (utwi)f'(u+w) ’
27ri/t { f(u) Flu+ w) }d )

Then applying the periodicity properties of f(u) gives

(a1 +--+ap)—(b1+--+b,) = 2%” {—wz /;Hm ff/((s)) du + w; /tHsz ff'((;ﬁ)) du}

{ wa[log f(u)]; ™" + wi [log f(u )]HM}-

2mi

Now f(u) has the same value at the points ¢ + wy,? + wo as at ¢ so the values of log f(u)

can only differ by integer multiples of 27¢ say —2nm¢ and 2mmi. Then we have that
(a1+...+an)_(bl+...+bn):mwlznw2’

and therefore a; + -+ +a, = by + -+ + b, (mod wy + wsy).
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A.2 Jacobi @-functions

The #-functions were first studied by Jacobi as part of his research on elliptic functions.
They can be used to move between the Jacobi and Weierstrass theory of elliptic functions.
They are also the most efficient way to perform numerical computations with elliptic func-
tions. In this appendix we give the definitions, some of the key properties and the formulae
that link them to elliptic functions. For a more detailed introduction to these functions see
Chapter 21 of [70] and for full details and proofs see [54].

The Jacobi O-function is defined as
Ousq) = Y (—1)"q" e, (A2)

Here u is a complex variable and ¢ is a complex number labeled the nome, which should

satisfy |¢| < 1. Alternatively, ¢ may be replaced by ¢ = €™ where 7 has positive imaginary

part. The 6-function is periodic with period 7,
O(u+m;q) = 0(u; q), (A3)
and is quasi-periodic with respect to 77,
O(u+77;q) = —q e 20 (u; q). (A4)

It is customary to define three further f-functions and relabel the Jacobi §-function as 64 (u).

Note that it is possible to express them as either infinite sums or infinite products.

= 12
blug) = —i 3 (~1)rglra) eeren (A.5)
= 2¢7 sin(u) H(l — @) (1 — 2¢*" cos(2u) + ¢*™).
n=1
00 1\2
Oy(usq) — Z q<n+§) i@ntu (A.6)

= q4 cos(u H (1 —¢*)(1 4 2¢*" cos(2u) + ¢*™).

O3(u;q) = Z g et (A7)

= H(l — ¢*™)(1 + 2¢*™ cos(2u) + ¢*"72).
n=1
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Os(u;q) = Z (—1)"q™ e?inv (A.8)
= H(l — ¢*™)(1 — 2¢*" cos(2u) + ¢*" 7).
n=1

These are all entire functions of u. Often it is only the dependence on w that is considered
and in these cases 6;(u) is used. The function ¢, (u) is an odd function of u, while the other

three are all even functions. All four functions are periodic in the real direction.

O(ut+7m)=—01(u) = 0Oi(u+2m)=01(u),

Oy(u+m) = —02(u) = O(u+27m) = 0y(u),

O3(u + 7) = +65(u),

Os(u+7) = +04(u). (A9)

Similarly, all four functions satisfy a second quasi-periodicity condition in the complex

direction.

O1(u+71) = —q te?ug, (u), Os(u + 77) = +q_1e_2i“03(u),
Oo(u + 77) = +q e "y (u), Os(u+77) = —q te 2Oy (u). (A.10)

It is natural to consider a cell formed by these two periods; say the the cell with corners
t,t+m,t+ 7+ w7, t + 7w7. We can show that any 6-function will have one simple zero in
such a cell. Further each of the four functions has its zero on the respective corner of the

fundamental period parallelogram.

01(u) =0 where u=mm+ nnrr,

fs(u) =0 where u= (m+ 1)7+nnr,

f5(u) =0 where u= (m+ )7+ (n+ 3)7r,

0s(u) =0 where u=mm+ (n+ 3)rr, (A.11)

where m,n € Z.

There is a wealth of identities and relations for the f-functions that are not presented
here, (see for example [54] and [15]). We also note that they have several applications
outside of elliptic function theory.

We now proceed to demonstrate how the Weierstrass functions may be expressed using

the 6-function.

We can express the Weierstrass functions with periods w,wy using 6-functions with
parameter 7 where 7 = wq /wy. This ratio of the periods must have non-zero imaginary part

by definition and we label the periods here so that this imaginary part is positive, satisfying
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the assumption on 7. The Weierstrass o-function can then be expressed as,

2 pm
w1 7w 07'(0) , U Wo
=1 - o, ([ —; =2 Al2
O'(U, Wi, w?) 7T9,1 (0) €xXp < 6&)% 6,1 (0) U 1 W ) w1 ) ( )

where the prime notation indicates derivatives with respect to the variable «. Similarly the

Weierstrass @-function can be expressed as,

o(u) = ( il )2 E Zﬁi’((g)) = j—;(log [0, (2 T)M , (A.13)

w1

where z = mu/wy and T = wy /wy.

A.3 Multivariate @-functions

The multivariate -functions are generalisations of the Jacobi #-functions discussed in Ap-
pendix A.2. They were first studied by Riemann and are used in this document to realise
the Kleinian o-function. We give here the definitions and essential information but refer the
reader to [59], [42] and [53] for a detailed study. Note that these functions have applications

outside of Abelian function theory, see for example [16].

Let u € CY be a vector of variables, m an arbitrary integer column vector and 7 a
symmetric matrix with positive definite imaginary part. (This plays a similar role to the

complex number 7 in the case of Jacobi §-functions.)

Definition A.3.1. The canonical 0-function is

O(u;7) = Z exp [27ri (%mTTm + mTu) } (A.14)

meZ9

The condition on 7 ensures this series converges. As in the classic case this is an even func-
tion of w which satisfies a periodicity condition in the real direction and a quasi-periodicity

condition in the complex direction.

d(u+mn;7)="0(u;7) Vn € Z7.
O(u + ™n;T) = exp [ — 27ri{%nTTn + uTn}]O(u; T) Vne€Z9. (A.15)

As in the classic case we can define a set of additional #-functions.

Definition A.3.2. Define a characteristic [€| as a column vector

= [

which we split into the two column vectors of length g denoted by €' and €”.

2
c RY.
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Then the O-function with characteristic [€] is given by

Ole](u;7) = Z exp [27rz’ {Aim+e)Yr(m+€)+(m+e€) (u+e€)} ] (A.16)

meZ9I

The 6-functions with characteristic can be expressed in terms of the canonical §-function,
D7) = exp [2mi(e) (e 4+ )] Ou-+ € + ),

and satisfies similar periodicity properties.

Ole](u + my + nat;7) = exp [ — 2mi{nju + injTn,

—ni€ +nye’}] O(u;T), ny, g € Z9.

It is often assumed that the characteristic [¢] is a vector of half integers. Given this property

the f-functions with characteristic have definite parity.

+0le](u;T) if 4(e”)Te’ =0 (mod 2)
Olel(—u;7) = .
—0le)(u; ) if 4(e”)Te€ =1 (mod 2)
We now consider those #-functions connected to the (n, s)-curve C' by setting the matrix
7 = (W) 'w” where W', w" are the period matrices defined in equation (2.46). Earlier we
noted that (w')~'w” does satisfy the condition on 7.
Let t, be some base point on the curve. The branching points of C' are connected with

the half-integer characteristics. For a branching point a; the vector,

aj
/ dv =€" 4 7€,
tq

where €', €’ constitute a half-integer characteristic [¢].
We now discuss how to define a special #-function that vanishes on a particular subset

of the Jacobian of C. It is this function that is used to construct the Kleinian o-function.

Definition A.3.3. Define
dv = (W) 'du (A.17)

to be the basis of normalised holomorphic differentials.

Definition A.3.4. Denote the vector of Riemann constants with base point t, by A, and

define it as below.
1 g t
(Ata)lz§(1—|—7'”)—; <ij d’l]j/ta d’l)l> y Z:L...,g. (A18)
J#i
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Here the subscripts indicate the components of the vector and matrices. The vector of

Riemann constants may be expressed as,

a; a;
Ata = E / Cl'U7
k=1"1a

where the a; are branching point of the curve. Hence the vector of Riemann constants is

connected to a particular O-function characteristic [€] by
Ata _ w’e" + w”e'.
Definition A.3.5. Define the Riemann 0-function using the canonical 0-function as

t
R(t)z@(/ dv—p—Ata;T), (A.19)
tq

where t is a point on the curve C and p is a point on the Jacobian J.

Theorem A.3.6. [Riemann’s vanishing theorem|]
The Riemann O-function defined above either vanishes identically or has exactly g zeros

t1,...,ty € C such that
t;
Z/ dv;=p;, j=1...9, (A.20)
i=1 “ta

where the p; are the components of the point p. The points t; are defined uniquely up to

permutation and are not congruent on the lattice, \.

Corollary A.3.7. Define the Theta divisor as the set

g=1 .4
@:{ueJ: u:Z/ du}. (A21)
i=1 Yta

Then
O((w)'u—A,)=0 Vueo. (A.22)

It is beneficial to set the base point ¢, to be the point co on the curve C'. Note that the
Theta divisor then becomes the strata ©19~1 from Definition 2.2.14. Denote by A, the

vector of Riemann constants with base point co and let

a-| 5

be the #-function characteristic that is related to A .
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A.4 The Weierstrass Gap Sequence

The Weierstrass gap sequence was presented in Definition 2.2.3 as follows.

Definition. Let (n, s) be a pair of coprime integers such that s > n > 2. Then the natural

numbers not representable in the form
an + bs where a,be N={0,1,2,...} (A.23)
form a Weierstrass Sequence, W, ;. The numbers in the sequence are the gaps, with the
numbers representable in the form of equation (A.23) the non-gaps.
In this Appendix we prove some of the properties of the Weierstrass gap sequence.
Lemma A.4.1. Any element of the Weierstrass sequence w € W, s can be represented in
the form

w=—an+ (s where a,B €, a>0, 0<pf<n. (A.24)

The integers ., 3 are determined uniquely.

Proof. Bézout’s identity tells us that for two non-zero integers, a, b there will exist x,y € Z
such that xza + yb = ged(a, b). Therefore here we have xn + ys = ged(n, s) = 1 for some
x,y € Z. Let w be an element of W, ;. Then

w = (wz)n + (wy)s

= (wx + ks)n + (wy — kn)s

where k can be any integer. Choose « such that (wy — xn) € (0,n) — there will be one
unique choice of « that achieves this. Since this chosen x ensures the coefficient of s is
positive, the coefficient of n must be negative (or else w ¢ W,, ; by definition). Also, since
the choice of x was unique the coefficient of n is also unique.

|

Lemma A.4.2. A Weierstrass sequence W, s = {wy,ws, ..., w,} has the following prop-

erties

(1) The length of the sequence is g = 5(n — 1)(s — 1).

(2) The maximal element w, is equal to 2g — 1.

(3) Ifw e W, s then (wg —w) ¢ W, .

(4) If w > wwherew € W, s and W ¢ W, ,, then (w —w) € W, .
(5) Each element in the gap sequence satisfies 1 < w; < 2¢ — 1.
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We prove this lemma below. First note that we usually denote the sequence of non-gaps by

W,,.s and write both sequences in ascending order.
Wms:{wl,wg,...,wg} Wn’sz{wl,wz,...}

Example A.4.3. to calculate W5, we take each natural number in turn and see if it can be
represented as 3a + 4b for a,b € N. If so it is a nongap and we overline it. We stop once

we have found g = 2(n — 1)(s — 1) = 3 gaps.

0,1,2,3,4,5,6,7,8,9,10, ...

So W374 = {1, 2, 5}

Proof of Lemma A.4.2

(1) We want to find how many integers there are of the form (A.24). Now, we know that
gedl,...,.n—1}, a > 0and —an + fs = w > 0. If we set § = [ then we know
that o < |ls/n] since if it were any greater we would have w < 0. So « ranges over
{1,...,|ls/n|} meaning for each possible 3 there are |ls/n]| possible «. Hence the

length of the sequence will be

n—1

=3[0

=1

We can then use Lemma A.4.4 below to conclude g = £ (n — 1)(s — 1).

Lemma A.4.4. Let p, q be two coprime integers. Then

j_i L%J = EJ + {%J S {(q—ql)pJ _ (p—1)2(q_1)

Proof. Consider a system of Cartesian coordinates. Draw the line connecting the origin

to the point (p, q). Note that since (p, ¢) are coprime this line contains no other points

with integer coordinates.

The number of points inside the rectangle [(0,0) — (0,p) — (p,q) — (¢,0) — (0,0)]
is clearly (p — 1)(¢ — 1). The equation of the diagonal line will be y = (p/q)x. Figure
A.1 below gives an example for p = 7, q = 16.

Now consider an integer m. The point mp/q will be the point on the diagonal line
where x = m. The value of |mp/q| will be the number of integer points below that
point. For example, in the diagram we see that when m = 8 there are three such points;
(8,1), (8,2) and (8,3). This corresponds to |8 - 7/16| = [3.5] = 3.
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Ll N

LY
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 ’x

]

Figure A.1: Example of Lemma A.4.4 withp = 7,q = 16.

Therefore the left hand side of the equality above will be the number of points below
the diagonal line. Now since no integer points lay on the diagonal line, and the total

number of points is (p — 1)(¢ — 1) we have that exactly half lie below, and so the left

hand side is equal to (p — 1)(¢ — 1)/2.
|

(2) First note that

2g—1=(n—-1)(s—1)—1=ns—n—s

=s(n—1) —n.

So by Lemma A.4.1 we know that 2¢g — 1 is in the gap sequence. Suppose for a contra-
diction that there exists another number w of the form (A.24) that is greater than 2g — 1.

Then we have «, 3 such that
—an+fs>-n+sn—1) = a<l-—sn(n—1-7).

We know that o > 1, which means that —sn(n — 1 — 3) > 0. Since n and s are both

positive we must have,
n—1-4<0 = pg>n—-1 = [(>n,

which is a contradiction.
[ |

(3) From part (2) we have that w, = 2g — 1 = —n + s(n — 1). Therefore, for some «, 3
wy—w=-n+sn—1)—(—an+pfs) = (a—1)n+ (n—1— f)s.

Therefore (w, —w) can be expressed in the form of (A.23) and hence (w, —w) ¢ W, ;.
|
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“)

(&)

Letw € W, s and w ¢ W, ;. Therefore
w = —an + fs, w = an + bs.
Then
w—w=—an+ fs— (an+bs) = —(a+a)n+ (5 —b)s > 0.

(The > 0 was by assumption in the statement.) Now we can check that (w—w) € W, ;.
Clearly (o + a) > 0 and since (w —w) > 0 we have (5 — b) > 0. Finally, since 5 < n
we also have (3 — b) < n which shows (w — W) to be of the form (A.24).

|

Consider the set,

recalling that w, = 2g — 1 from part (2). Next, by part (3), we know that Wm NW,.s =
{¢}. Then, since both Wn,s and W,, ; contain g elements, we have that W,, ; U Wn,s
contains 2g different non-negative integers, each of which is less than 2g — 1. Hence

Wms U W, s is a permutation of

{0,1,2,..., (29 — D}.

Now let N (L) be the number of integers of the form (A.23) that are less than L. Then

{QI)l,...,’LT)N(wi)} C Wn,sa {wl,...,wi} C Wn,s
and the intersection {1, ..., Wn(w,) } N {w1, ..., w;} is therefore empty. Similarly, the
union {1, ..., Wy(w,)} U{ws, ..., w;} will be permutation of the set {0,1,2,...,w;}

for any w; € W, ;. Now, in this case 2g = i + N (w;) and hence w; = i + N (w;) — 1.

Next note that Wy = 0 < w; and so N(w;) > 1. Then by the definition of N (w;) we
see that w; > i for all w; € W), 5.

Next, by part (4) we have that
{(w; — ), (we — W) ..., (Wi — WNGwy))} C {wr, ..., w;}
and so N (w;) < i. Thus
w; =1+ N(w;) —1 <2 — 1.

So, as required, we have 1 < w; <21 — 1foralli=1,...,9.
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A.5 The Schur-Weierstrass polynomial

In this Appendix we define and construct Schur Weierstrass polynomials. The material here
loosely follows [20] with extra material cited independently when used. These polynomials
will be defined by a pair of coprime integers (n, s) and use results on the Weierstrass gap
sequence that were discussed in the previous Appendix. Schur-Weierstrass polynomials
are important in this document as they form the first part of the series expansion about the

origin of the Kleinian o-function associated with the corresponding (n, s)-curve.

A.5.1 Weierstrass Partitions

Definition A.5.1. A partition, 7 of length m is a non-increasing set of m positive integers

m; written ™ = {1, ..., T }.

For example, {3, 2,2, 2,1} is a partition of length 5. Let Par,,, denote the set of all partitions
of length m and let the symbol # denote the operation of taking the cardinality (number of

elements) of a set.

Definition A.5.2. We define the following conjugation operation on the set of partitions
and denote it using the dash symbol.

7T/:{Wl,...,ﬁm},déf{77'/1,...,71';”/} where m =#{j:m; >i} and m =m.

Note that " = .

Example A.5.3. We apply the operation on the partition 7 = {3,2,2,2,1}. In this case

m’ = m; = 3. The elements of the new set will be
m=#{j:m>1y=#r=5, 7w, =#{j:7m;>2} =4, wm=#{j:m>3}=1L

So 7" = {5,4, 1}. Similarly we can check that 7" = .

O
Let WS, denote the set of all Weierstrass gap sequences of length g.
Lemma A.54. Let W,, , = {w1,...,w,} be a Weierstrass gap sequence. Then the map
XWys)=m where T, = w,_py1+k—g, k=1,...,9 (A.25)

defines an embedding x : WS, — Par,.

Proof. We need to show that x(W,, ;) is a partition as defined above. (I.e. show that the

m; are all positive, non increasing integers.) Clearly all the 7; are integers. We have that
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w; —1 >0foralli =1,...,g from Lemma A.4.2(5). Now, for j = 1,..., g we find that
i =g+ 1— jisan integer within [1, ..., g]. Therefore

Wor1—j—g—1+7520

wg+1,j—g—i—j>0 — 7Tj>0 17=1,...,9g
It remains to show that the 7, are non increasing. Consider
Tk — Thy1 = Wy k1 + Kk —g] — [wg—(k+1)+1 +(k+1) =gl = wg—p41 —wy—p — 1

Now W, , is a strictly increasing sequence by definition so 7, — 7441 > 1 —1 = 0, and
hence the the 7, are non increasing as required.
[ |

Definition A.5.5. A partition 7 that is the image of a Weierstrass gap sequence under the

mapping X is defined to be a Weierstrass Partition, denoted by

Tn,s = X(Wn,s)
Example A.5.6. In equation (3.3) we derived W, 5 = {1,2,3,6,7,11}. Hence

a5 = X(Ways) = {ws — 5, w5 — 4, wy — 3, w3 — 2, wy — L,wy } ={6,3,3,1,1,1}
O

Lemma A.5.7. Weierstrass Partitions have the following properties.

(2) m=g,my=1andm,, C{g9,9—1,...,1}

Example A.5.8. In Example A.5.6 we derived 5. A quick check will show that, as
predicted by Lemma A.5.7, we have 7er5 ={6,3,3,1,1,1} = my 5. Also we can check that
m =¢g=~6and 7, = mg = 1.

O

For the proof of Lemma A.5.7 we require the following theorem.

Theorem A.5.9. For any partition | €Par, such that 1, = m, the set consisting of the

m -+ n numbers,
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Proof. (We follow [56] page 3.) Let i € Par, and ;i; = m. Note that we have p} = n.
First, draw the Young diagram induced by the partition. This will consist of rows of cubes,
with the first row containing z; cubes, the second s etc. Figure A.2 contains the Young

diagram for the partition {5,4,4,1}.

Figure A.2: The Young diagram for
the partition {5, 4,4, 1} is given by the
shaded squares. We have n = 4 and
m = 5.

Such a diagram will be contained within a rectangle of m X n cubes as in Figure A.2.
We separate the diagram from its complement inside the rectangle, by highlighting the line
segments between the two sets. There will clearly be (n + m) line segments that separate
the diagram of p from its complement within the rectangle. Label these line segments
{0,1,2,...,(m 4+ n — 1)}, starting at the bottom left hand corner. (See Figure A.2 for
example). We find that the numbers attached to the vertical line segments are, starting from
the top left, given by

fj+mn—1 (1<i<mn).

This is because at each vertical segment you will have already traveled j; segments across
and (n — i) segments up. We then see the numbers attached to the horizontal segments are,

starting from the bottom right,
(m4n—1)—(,+m—j)=n—1+j—, (1<j<m).

This is because, before you travel along a horizontal segment, you will have traveled the
total (m + n — 1), minus the number of rows left (x;) and minus the number of columns
not yet considered, (m — 7).

So, we have shown that the n + m numbers described by the two equations above will
correspond to the n + m line segments in the diagram. Hence these are a permutation of
the set {0,1,2,...,(m+n—1)}.

|

Example A.5.10. We demonstrate the main argument in the proof of Theorem A.5.9 for

the partition {5, 4,4, 1}, with Young diagram given in Figure A.2. Here
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So the vertical line segments should be given (from top to bottom) by

i +mn—i (1<i<n) — pi+4—1 (1<i<4).
i=1 — 544-1=38, i=3 —  444-3=35
=2 == 44+4—-2=06, 1=4 - 1+4-4=1.

While the horizontal line segments should be given (from bottom to top) by

n—1l+4j—u, (1<j<m) = 4-1+j—yu, (1<j<5).

j=1 = 34+1-4=0, j=4 = 34+4-3=4,
j=2 = 34+2-3=2, j=5 = 345-1=T.
j=3 = 34+3-3=3,

As expected, these match the labels in Figure A.2.

We can now prove Lemma A.5.7.

Proof. [Lemma A.5.7] We will apply Theorem A.5.9 to 7, . It has length g, and, from

equation (A.25) we see
m=w,+1-g=29-1)+1-g=g.
Therefore, the set of 2¢g numbers

Ti+g—1 = wep1- i=1,...,9
g=—1+j-m = @29—-1)—(m;+9—)) j=1....9

is a permutation of the set {0, 1,2, ..., (2g — 1)}. This implies that the set {2g — 1 — (7, +
g—1)},=1,.. 4 1s the complement of the sequence W, ; within the set {0, 1,2,...,(2g—1)}.

.....

It then follows that

T =Wy +J — g =m; (1<j<g),

which completes the proof of Lemma A.5.7(1).
To prove part (2) we need to show that 7, € {1,...,g9} fork =1,...,g. So we must
prove that,fork =1,....¢

Tk

IA A

Wy—p+1+k—g
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g—k+1 < wygpy1 < 29-1
g—k+1 < wypy1 < g+(9g—k+1)—1
Now we make the substitution j = (9 —k+1) = g = j+ k — 1 into the above inequality

(7 will run from g to 1). So now we must show that

UG+k-1)+(G) -1
2/ =1+ (k-1

J
J

U)jg
<

VARIVAN

w;j
Finally, we note that (k — 1) > 0 so it would satisfy to show that

This is the case by Lemma A.4.2 (5).

A.5.2 Symmetric polynomials
We now need some preliminary results on symmetric polynomials. For more detailed in-
formation on these polynomials see [56] Section 1.2 for example.

Definition A.5.11. A symmetric polynomial in n variables {x1, ..., x,} is a function that

is unchanged by any permutation of its variables. Therefore symmetric polynomials satisfy

Fyi,y2, - un) = flor, 22, ..., 20),

where y; = xn, and ™ = {m;},—1_._n is an arbitrary permutation of the indices 1,2, ... ,n.

We now define a class of symmetric polynomials from which all other symmetric poly-

nomials may be defined

Definition A.5.12. The elementary symmetric polynomials in m variables are defined by

er(T1, Ty Ty) = E Tj ... T r=0,1,2,...,m.

1<j1<ga <+ <jr<m

So we have

eo(T1, Ty ..y Ty) =1
e1(T1, Ty oy Tyy) = E T,
1<j<m
eg(ﬂfl,Ig,...,Qfm) = E ijll'jQ
1<j1<je<m
€m(1‘1>$27~--7$m) =T1x2° " Tm
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These can be introduced by means of the generating function below. Here the coefficient of
t" in the expansion on the right hand side will be the rth elementary symmetric polynomial

in m variables.
m

En(t) = ierﬂ =[]+ ).

i=1
The elementary symmetric polynomials form a basis for the space of all symmetric poly-

nomials.

The elementary Newton polynomials

Definition A.5.13. The elementary Newton polynomials in m variables are
pr(T1, ..y Tp) :1:’1"+'~-+:U:n:z:c§.

These can be introduced by means of the generating function below.

PiHy=Y pt =Y (A.26)

r>1 i>1 (1 =)
The functions p, are algebraically independent over Q, the field of rational numbers.

Theorem A.5.14. The elementary symmetric polynomials may be expressed using elemen-

tary Newton polynomials using the following determinant expression.

p1 1
D2 D1 2 ... 0 0 0
1 p3 b2 yai
=7 : : R : Co- (A.27)
Pk-2 DPk-3 Pk—a --- Pp1 k=2 0
Pk-1 Pk-2 DPk-3 --- P2 p1 k-1
Pt Pk-1 Pk-2 --- P33 D2 P1

The generating functions are related by the formula P(—t)E(t) = E'(t).

Proof. See [56] page 28.

Example A.5.15. We calculate e3 in m = 3 variables using equation (A.27).

m 1 0
¢ =5 P2 P 2
b3 P2 D1

6es = p1(p? — 2p2) — (pipa — 2p3) = p° — 3pips + 2ps
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Now, in 3 variables the elementary Newton polynomials are
P1 =1+ T2+ T3, P2 = i + a3 + 3, ps = o} + 5 + 3.
So, multiplying out and canceling we find
Ges = py — 3pips + 2ps = 611753

So, with 3 variables, e3 = x1x513, as expected.

A.5.3 Schur-Weierstrass Polynomials

Schur polynomials are defined using a partition as follows.

Definition A.5.16. Given a partition of length n,
™= {7T177T2a"' 77Tn}

the corresponding Schur polynomial of n variables is

[ m1+n—1 m1+n—1 7r1+n—1-
x] T R
To+n—2 To+n—2 To+n—2
det Ty 2 Ty
x" xy" xnm
STy, Toy .. Ty) = — - .
oyt ah” !
q x?_Q :L‘Q‘Q IZ_Q
et
1 1 1
Titn—1
det(z7" " )1<ij<n
- n—1 .
det(z} ™ )1<ij<n
The denominator is a Vandermonte determinant and so
[ n—1 n—1 n—l-
Ty Tg T
n—2 n—2 n—2
q xy T4 P
et | . = I -,
: : i : 1<j<k<n
1 1 1

The numerator will be divisible by each factor (z; — zj) and so s is a polynomial. Further,

since both the numerator and denominator are determinants, both will change sign under
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any transposition of the variables. These sign changes will cancel each other out and hence

the Schur polynomial itself is a symmetric polynomial.

Theorem A.5.17. A Schur polynomial, s, corresponding to an arbitrary partition 7 of

length m can be represented using elementary symmetric polynomials as
Sp = det ((€ﬂ£,i+j)1§i’jgm). (A28)

Proof. See [56] page 40.
[ |

Definition A.5.18. Denote by S,, ; the Schur polynomial corresponding to a Weierstrass

partition T, s.

Given such a Schur polynomial we have case m = g and 7, = 7; and so equation (A.28)

becomes

Sn,s = det ((ex,—i+j)1<ii<g)

€ €ri+1 €ri42 ce Cri+A—1 cee Criq4g—1
€ry—1 €y €ra+1 c. CrotA—2 <o Erpdg—2
€r3—2 €r3—1 €rs e Cr3+1—3 . €r34+g—3
= : 3 : : : : (A.29)
Ery—2+1 Cmy—A+2 Emxy—X3 - -- €ry ceo Eryd4g—A
€7Tg,g+1 eﬂg,ngQ eﬂg,ngg . eﬂ-ng,ng/\ c. eﬂg

Now recall that 7,, s C {g,...,1} with m; = g and 7, = 1. Therefore, the largest subscript
will be 7 + g — 1 = 2g — 1. The smallest subscript will actually be 7, — g+ 1 = —g

however, by convention we set e, to O for £ < 0. Hence

Sn,s = Snys(el, ey €2g71).

Theorem A.5.19. Using equation (A.27) we can represent S,, ; via the elementary Newton

polynomials p;. When using this representation S, s will be a polynomial in g variables

{Pwis- - Dw, } where {wy, ... wy} =W, .

Proof. See [20] Theorem 4.1.

Therefore, given a polynomial .S, ,, it may be represented using Theorem A.5.19 as

Snys(Duwrs - - s Py )-

224



Appendix A: Background Mathematics Section A.5: The Schur-Weierstrass polynomial

Definition A.5.20. We define the Schur-Weierstrass polynomial associated with (n, s) as
follows. First form the Schur polynomial generated by (n, s) as a function of elementary

Newton polynomials,

Sn,s(pwp s >pwg)'

We then find the Schur-Weierstrass polynomial by applying the change of variables
DPw; :wiugﬂ,i, L= 1,...,9
and denote this polynomial by SW, ;.

SWn’s = Sn,s(wgug, R ,wlul).

Summary
To calculate the Schur-Weierstrass polynomial generated by (n, s):
(1) Calculate the Weierstrass Sequence W, , of length g = 3(n — 1)(s — 1).
(2) Calculate the corresponding Weierstrass partition 7, .

(3) Define the elementary symmetric polynomials
€k, k=1,...,(29—1)

in terms of the elementary Newton polynomials p; using equation (A.27).

(4) Calculate S, 5 as the determinant in equation (A.29). By Theorem A.5.19 this is a

polynomial in g variables, {p,,, .. ., Pw, }-

(5) Find the Schur-Weierstrass polynomial by making the change of variables

Pw; = Willg1—4 1=1,...,9

Example A.5.21. We now construct the Schur-Weierstrass polynomial associated with the
(4,5)-curve. In equation (3.3) we calculated the gap sequence, SWy5 = {1,2,3,6,7,11}.

Then in Example A.5.6 the associated Weierstrass partition was calculated as
T4 5 = {6, 3, 3, 1, 1, 1}

Substitute the values of 74 5 into equation (A.29). Recall that ¢y = 1 and that ey, is zero for
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negative k to find

€ €7 €8 €9 €19 €11
€y €3 €4 €5 €4 €7

€1 €2 €3 €4 €5 €6

Sip =
0 0 €1 1 0
0 0 0 0 e
0 O 1 e

Now use equation (A.27) to describe the elementary symmetric polynomials using New-

ton polynomials.

1 1 1 2 _
e =—|1]=1, =" | =B
1! 2! P2 P 2
P 1 P opwp2 P
2 1 1P2 3
P33 P2 P1

Using Maple, we find similarly that

es = 5Pt — 2Pt + 3Dsp1 + D3 — 34,
e5 = ﬁlopi’ - %]DP? + %P?)P% + %Plp% — ip4p1 — %p2p3 + ép5,
eg = ﬁplﬁ — 4—18}721714 + %p:&plg + %16}912]922 - %ZMP 2 — %p3p1p2
— $548p2° + §paps + 503> + §0sP1L — §De,
er = —13P1’PaPs + §PaP1P2 + 51P2°Ps — qgPsP2 — 13PsPa + gogPr’ + 7Pr — GP6P
- ﬁp15p2 + %p14p3 + ﬁpl?’m? - implg + 1—10195]912 — ﬁplmg’ + 1—18}732}717
es = 15D1°D2Ds — 35P1°PaPs — 55D2Ds® — 5502°Pa — 15DsP1P2 + 330102°Ds + 135 P7b1
+ %pspz) - ﬁp3p1p4 + 1—12296292 + 3—12]?42 + ﬁpfl - ﬁpﬁplz + %P12P32 - %ps
- %p12p23 + %psplg - %mplll + r;2p22p14 + ﬁp:&plg’ - ﬁpﬁm + @plga
g = —5:01°P3Pa + Do + 3702D3Ps — 35P6P1° + 13P7D01° — 13P7P2 — sDsD1
+ $5P6p1D2 + 15P1°Paps — 55D12D2Ds — T P2 D3 + 15027 Ps + 535501°Ps
— oo P D2 T P2t — 1P Pa + 15Pst + 551pa® + 501202 ps — 15PsPe
+ gﬁglmplg + ﬁplg’pf + 1—(1)8]?13]?32 - ﬁpl?’pzi” + ﬁp14p5 - %p1p22p4
- %prlpgz - %PALPE) - ﬁpl‘lpng + %5173111]95»
€10 = — =g P2P3P1” + TeisgP1 s + §PoP1 — seegP1Pa + Tes P13t — 15P10
- 6%12912}?22294 + 57—1601?16}722 + i2p7p13 - 1—161?81912 + %pspz - ﬁpﬂ?lpz

+ ﬁpfps) + %%2 - ﬁp14p6 + $p14p32 - Tlg,gp14p23 + %pﬂp{l + o

226



Appendix A: Background Mathematics Section A.5: The Schur-Weierstrass polynomial

€1

C 4 3701°P2D6 — 351045 + 37046 — 25P17PeDs” + P17 PsPs — soeo P P2
+ & 012pa® — 5asD2” + P2 ps — P2 Ps + 3p2°Pa — 25P2 e
+ ﬁp22p32 - 6—4]?2]94 + 172191 Ypaps — %pl?’pz% + ﬁp13p22p3 - 7—121932294
— $5D3D1D6 + 370307 — 25P1°P3Ps + sememaaP1 . — 35P2D3Ds + 35P2P1P3Das

| = 35P5D3P1° — 515PsP2apr* — 5esPab1 s + 5e5Pal1 P2 — sareaPal1’ + TiegP2 Ds

+ floo%pl(i + ﬁp12p2p3p4 + %p2p4p5 - 3—10]?2]?1]93]95 + %p2p3p6 - %Z%PG

- %ngpgm + Wlfjgoopln - %pmpl - ﬁpgplg + 1—18]09]912 - %pe)pz + ﬁp1p22p32
D123 — 250176 + 5igsP1 D3 — D1 D2’ + Pt P2+ P11
mplgm - mpl p2 + ﬁpl p7 + mpl p2 + @pl p4 - mPQ p5

- ﬁplpf + 5—101711952 + %psplm - ﬁpﬂoz’) - —p1p3 py + 90273 ’ps + 56p2 *pr

+ 95P3Pa” — 57D3Ds + 3 P3P1PT + 57P1PaPe — 58Papr — giP2D1Pa” + T3 P1P2°Pa

+ 501°paps — 3501°PaPs — 31601 Paps” — TsP1°P2ps — T3P P2 pa

- %p12p2p7 + $p12P22P5 288171 *pa°ps + 576171 Ypa’ps — 361912]?3]?6 - ﬁplpfpﬁ-

The next step is to substitute these into Sy 5 and evaluating the determinant. Using Maple

we find that many terms cancel to leave

Sis = P2 P1°Ps — TeEPep1 Pe + s D1° + 25D7Ps” + 1Pt
- T144p33p16 - ﬁplgmz + mmmw - ﬁp{lpl? - w;mmzmll
— 31P2°P11 — T3P P1Dr + 5Pt piDe” + PP — TPl
- T128p3]?26 - Elgp32p1p24 + 31%1924]?7 + 4—122?6292]97 + 8—141)3291297]922 + 1(1)—8]9132962
- 5—14]?32191]?6]92 + 2_}6]73])23])6 - 2—}Gp3p6p2p14 + ﬁps‘r’ - $p72p1 + $p34p13
— 5P P11+ Tt — Fsp2pent® — P2 pspt + mEgEmp

Note that as predicted by Theorem A.5.19, this is a function of g variables, {pu, ;- . -, Pw, }-

Finally, by Definition A.5.20, we make the change of variables to give,

_ 1 .15, 1 .82 1,4 7 1 402
SWis = mmmstie’ + ggUbuats — T5UgUL — TogUGUsUs — §UgUstsUg — Us Uy
3,6 11,2 3 2 2
— 72 =5 U Ug — 33264% Uz + 27u5u6 + u4u5u3 2uiuplats — UZUG + UsUgU]
2,3, .3 3_ 1 .9 7 8 1, 2, . 4
— Judusud — uaud + fuiug — gaugul — Tguius + ez — 3 ua’Usts

1,4 1,32 1, .6 12 2 4 4
+ 3UsU2 + FUGUZ — GUsU; T MUG Uy + UgUeUF U + Zu4 36 U5~ UgUg

1 1 1 1
+2 UsUzU2 + 6 u52u64u2 + 2 U65UQU4 -3 U4QU62u2 + 3 U43U6 u5 .
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Appendix A: Background Mathematics Section A.6: Resultants

A.6 Resultants

This Appendix will give a short overview of the theory of resultants. For more information
see Chapter 12 of [43]. We use resultants in several parts of this document as a tool to
eliminate variables from equations. In these computations it was implemented using the

standard resultant command in the computer algebra package Maple.

Definition A.6.1. Let p(z) be a polynomial of degree n,

p(z) = anz™ + ap_12™t + -+ ayx + a, (A.30)
and denote the roots of p(x) by ov; where i = 1,... n. Similarly, let q(x) be a polynomial
of degree m,

q(7) = bpx™ + by 2™ 4 -+ by + by, (A.31)

and denote the roots of q(x) by 3; where j = 1,...,m. Then the resultant of the polyno-
mials is defined as

Res(p,q) = ab", H H

i=1 j=1

So the resultant of the polynomials is zero if and only if they share a common root. The

resultant may be realised as the determinant of the corresponding Sylvester matrix.

Definition A.6.2. Consider the two polynomials of degrees n and m in equations (A.30)
and (A.31). The corresponding Sylvester matrix is an (m + n) X (m + n) matrix formed
as follows.

Start at the upper left corner and fill the top row with the coefficients of p(x). Repeat
this on the second row, shifting each entry to the right. Continue this process until the
coefficients hit the right hand side. Then repeat the process again using the coefficients of

q(z), starting on the next row down. All other matrix entries are set to zero.

For example, if m = 3 and n = 2 then

as as a3 ag O
0 a3 as ay ap
Res(p,q) = |by by by O
by by by
0 by by b

Note that the resultant does not depend on the variable .

The resultant can be used to search for solutions to the equations

ple)=0,  q(z)=0. (A32)
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This is because when the resultant is zero, the polynomials have a common root and hence
equations (A.32) are satisfied.

More generally it may be used to eliminate variables between equations, (the use it is
put to in this document). To do this we write two equations as polynomials that must be
zero, and take the resultant with respect to the variable that we want eliminated. We obtain
a polynomial that does not contain that variable and that when equal to zero implies the
original equations are satisfied.

We demonstrate this with a simple example

Example A.6.3. Suppose we wish to eliminate the variable x; from the equations

4x1 + 27 + 929 = 0
—23 + 102y + 423 = 0.

The resultant of these equations with respect to x; is

1 4 9[L‘2 0
0 1 4 91’2
Res =
—1 0 10z, + 443 0
0 -1 0 1025 + 423

= —160zy — 64z5 + 36173 + 15275 + 1625,

Hence we have eliminated z;.
O

This was a simple example to demonstrate the concept. The resultant approach may
be used in far more complicated circumstance, with polynomials of many variables and a
high degree. In these cases it is an efficient method for eliminating variables. Note that the
Sylvester matrix is not the only method of determining the resultant. If m = n then the

resultants may be computed using a Bezout matrix, (see [43] Chapter 12).

It is possible to define the multivariant result of a group of polynomials in analogy to
Definition A.6.1, however we do not use these in this document. For more information see
[43] Chapter 13.
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Independence from the constant c

Recall Definition 2.2.15 which defined the Kleinian o-function using the period matrices

and f-function characteristic [J] as

o(u) = cexp (un (W) ul) x Z exp {27”'{

meZ9I
%(m +8) T (W)W (m+8") + (m+ 6" (W) u” + 5”)} .
Here c was a constant that depends on the curve parameters and was fixed in Remark 2.2.23
so that ' = 1 in Theorem 2.2.21. It was remarked at the time that this choice of c differs
from the choice of some other authors working in this area, and that these choice are not
equivalent in general. However, all the Abelian functions and almost all the results in this
document are independent of the choice of c. This Appendix is dedicated to proving this

fact.

Notation

Note that the constant ¢ does not vary with w and hence may be taken outside of the differ-
entiation when considering o-derivatives. Hence both the o-function all the o-derivatives
may be factored to give ¢ multiplied by an infinite sum that does not vary with c. In this
section, when a function may be factored in this way we denote the part of a function that

does not vary with ¢ with the bar notation. Hence

If a function f(u) is independent of ¢ then f(u) = f(u).
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Kleinian g-functions

Now we will prove that all the Kleinian p-functions are independent of c.
Proposition B.0.4. The 2-index o-functions are independent of the constant c.
Proof. Recall Definition 2.2.24 for the 2-index g-functions. Take the derivatives to obtain

oi(u)o;(u) — o(u)o;(u)

pij(w) = P (B.1)
 m(w)a(u) - (w)(u) | Twu) - oW,
2o (u)? o(u)?
= @j(u) (B.2)

Once the definition was expanded it was possible to factor out the constant ¢ to obtain
something independent of ¢ which we label ©;;(u). Both the numerator and denominator

contained ¢? which canceled so we can conclude ;;(u) independent of the constant c.
|

Such a cancellation occurs for all the n-index p-functions. We can prove this using the

following lemma.

Lemma B.0.5. An n-index p-function can be expressed as

§i1,i2,-.sin (u)

where h(u) is a finite polynomial in which each term is a product of n functions. These

functions are all either o(u) or o-derivatives
Tivsigsiim (W), where m < n.

Proof. We will prove this by induction. The statement is clearly true for n = 2 from

equation (B.1). Now assume that the statement holds for a k-index g-function:

pihig ..... ik (’U,) = k

where h(u) is a sum of terms, each a product of k£ m-index o-derivatives with m < k. Now

differentiate this fraction with respect to u; to obtain a (k + 1)-index g-function.

[o(w)"] [ anh(u)} - [h(u)] [ka(u)k_lai(u)

1,2, itk (u) = O'(’LL)QIC

We can factor out o(u)*~! from the numerator and cancel to leave 2k — (k — 1) = k + 1
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powers of o(u) in the denominator.

ow) | go-ttw)| = () (w)

pil,iz,...,ik,ik+1 ('U/) = O(u)k+1

(B.3)

The denominator of equation (B.3) is already in the correct form. Due to the assumption
on h(u) so is the second term in the numerator.

Consider the first term in the numerator of equation (B.3). By assumption A (w) is sum
of terms, each a product of k functions. Consider one such product, f; - f - - - fx. (Note that
all the functions f; are m-index o-derivatives with m < k.) The derivative of this term will
be

0 0 0
aui(flfQ"‘fk) :flaui(fQ"‘fk)‘f‘ (8ui 1) for fr

8ii(f3"'fk)+f3"'f’“ (aiifzﬂ +<8(Zif1) [ A
3iz(f3f’“)+ [(aiz 1) for - fut+ f (aih) f3fk:|

We can continue to take derivatives using the product rule,

:f1

:f1

(e 1)

— | fage (B 5+ i o (o) |

i Kai ) f2~'fk+f1< 0

fz>f3-~fk}
700+ () -
t 4 (pute) oo fk+f1f2( ) -1,

aui
2) VERRRN I

fg) faro fob ot fufare fin (aifk)]

:f1

until eventually we have

g ieee ) = | (geht) foee it i (o
0
+ fife (8

)

Therefore the derivative of the term gives a polynomial of new terms, each of which is a
product of k functions. Due to the assumption on h(u) each of the f; was a m-index o-
derivative with m < k. Therefore each of the functions used in the derivative of the term
are m-index o-derivative with m < k + 1.

This will also be true for all the terms in h(w). Therefore, using term-by-term differ-

entiation, we know that %h(u) is a polynomial of terms, each a product of £ m-index
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o-derivatives with m < k + 1.
Hence the first product in the numerator of equation (B.3) will be equal to this polyno-
mial, with each term multiplied by o(w). Therefore each term will be a product of k£ + 1 of

the desired functions.

So we have shown that the numerator and both parts of the numerator are of the desired
form. Hence, if the statement holds for n = k&, it will hold forn = k + 1.
[ |

Corollary B.0.6. Any n-index Kleinian g-function is independent of the constant c.
Proof. From Lemma B.0.5 we have

o h(u) aen B
p'Lly'LZ ----- in (u> - O_<u)2n—l - Cnﬁ(u)zn—l - p’il,ig,...,in (u)

Due to the assumption on h(u) the numerator could factor to give ¢ multiplied by a func-
tion not dependent on c. This is true also for the denominator and so the powers of ¢ cancel

allowing us to conclude that an n-index g-function is independent of c. |

The Q-functions

We shortly prove that the ()-functions are independent of c¢. These functions were intro-
duced in Definition 3.1.2 using the Hirota operator given in Definition 3.1.1. The proof is

based on the following lemma.

Lemma B.0.7. Consider the polynomial obtained by applying the Hirota operator n times
to o(u)o(v), (where n is even). This will be a finite polynomial, in which each term is the
product of two functions. One function will vary with w = (uy, . .., u,) while the other will

vary with v = (vq, ..., vg).
A, AN o(u)o(v) = fii(uw) fia(v) + far(w) faa (V) + far1(w) faa(v) + ...
Further, these functions will either be the o-function or a o-derivative,
it in,esim s where m < n.

Proof. We will prove this by induction, starting with the case n = 2. After the Q-functions

were defined we checked that applying the Hirota operator twice gave

2,20 (w)o (v) = 03y (w)o(v) — 0,(v)0;(w) — 0,(w)a; (v) + 03 (v)o (w),
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which is a polynomial of the desired form.

Now suppose that the statement holds for an even number n = k.

Ay AN o(w)o(v) = fii(uw) fia(v) + far(w) fae(v) + ... (B.4)

We need to consider the result of applying two Hirota operators to equation (B.4). This

could be done term by term, so just consider the affect on the first term of equation (B.4).

Ay Dy 11 (w) fra(v) =
0

S | (o)) fa0) = ) (52— Fulo))|
= 8| (G ntw)) o) = . [fn< (5 lem(v))}

(5 w) (32 0) - )

Consider this final polynomial. Each term is a product of two functions, one which varies

with « and one which varies with v. Also, it is clear that all the functions are o-derivatives
by the assumption. This conclusion would be drawn in the same way for all the terms of
equation (B.4), and therefore it is true for their sum. So we have shown that if the statement
is true for n = k it is true for n = k£ + 2 and hence by induction the statement is true.

|

Corollary B.0.8. Any n-index QQ-function is independent of the constant c.

Proof. Such a function can be expressed as

(=1

Qi g, i (W) = WQ(U)

where, by Lemma B.0.7, g(u) is a polynomial in which each term is the product of two

o-derivatives. Hence
Qil,i2 ..... Zn(u) = 2 26( )20 g(“’) = Qil,ig ..... in (’U,)

The numerator and denominator can both be factored to give ¢ multiplied by something

that does not vary with c. The ¢? parts will cancel and so the corollary is true. |
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Conclusions

We have shown that all the Abelian functions we consider in this document are independent
of the constant c. Hence any function, relation or equation defined between these functions
is also independent of the constant c.

The only equations that may not be independent are those that contain the o-function
or its derivatives. In fact, most of these are still independent. For example, the equations
in Chapter 6 are all either linear in o-derivatives, (in which case ¢ may be factored out), or
contain ratios of o-derivatives which have the same number of o-derivatives in the numera-
tor as in the denominator. Either way the parts of ¢ may be canceled out to leave the theory

independent.

The only results in this document that are not independent of the constant c are the two
term addition formulae for the o-function. This was presented for the cyclic (4,5)-curve in
Section 3.6 and for the cyclic (3,7)-curve in Section 4.1.5.

In each case we proved that

o(u+v)o(u —v)

— = f(u,v) £ f(v,u),

o(u)?o(v)?

where f(u,v) was a sum of products of pairs of Abelian functions. The left hand side was
antisymmetric in the (4,5)-case (minus sign) and symmetric in the (3,7)-case (plus sign).
Let c represent the choice we use as given in Remark 2.2.23 and let ¢ be an alternative

acceptable choice. Then

_o(u+wv,¢)o(u—v,¢ _ 15(u+v)s(u—v)
o(u,é)%0(v, é)? 2 s(u)?s(v)?

with a similar equation for c. Hence changing to the alternative choice of constant would

change the addition formulae as follows.

o(u+v,d)o(u—v,e) {c

g} [f(u,'v) j:f('v,u)]

o(u,é)?o(v, )

Therefore the polynomial f(w,v) is changed only by a multiplicative constant.
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Appendix C

Results for the cyclic tetragonal curve of

genus Six

C.1 Expansions in the local parameter

Recall the local parameter at (z,y) = oo, (Where u = 0), is given by £ = 2~1. Hence

1 dx 4

We can then obtain a series expansion for y(¢).

1 PYRN! A3 3ATN 5 A2 3MAs TALN L,
y= _5+(4)5+<4 2 )5\ 6 T

A BAAs 3A3 21N\ TTAS e
4 16 32 ' 128 2048

21 231
+ (@ + AP — §A4A1 _ APz + /\45> €1

4 64 8 64 256
21 3 3 3 231
MM 22— DA — — A — — A2\2
+(3241+128 87 1670 2567
1155 1463
A4/\ _ )\6 19 23.
512 48T 1091 )f +0(£™)

We substitute these into the basis of holomorphic differential (3.4) to obtain series expan-

sions for du. Integrating gives the following expansions for the variables w.

ur = =€ g5 M€+ (= g M7 5 A) €+ 0(6%)

Uy = =267+ BNEN+ (= TP+ S N)EP + (S (= 1+ 20
+ oo AT+ 2 A — 32 Aads + 5 A (3/8 7 — 1/203) )€1 + O(¢¥)

s = 38 B AETF (= A+ A X)E+ (5 ha— DA+ S 0)
+ 32 A+ 3 Ao — 127 AaAg) €8 + O(6%)
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up = =38 + x Mg’ + ( 359 5+ aA )511 (1_15 )‘4( — At %)‘42)
+ 3P+ RN — A+ S A(3/8A2 —1/203))€Y + 0(¢Y)

u5:—%§2+%)\4§6+ (=2 M2+ 5 23)0 + (%)\4(—l>\3+%>\42)
+ % )‘4 + 35 5 A2 — ?2 )‘4)‘3)514 + ( - % )‘32 + 128 >‘42)‘3 6144 )‘4
— Mot a Mt M A — T 2 As) - (=1
+ 20278 £ 0(e2)

U = —&+ 55 ME 4 (3 A3 — 5o M)+ (1o A® + 5 A2 — 55 Mads

s M(T s A0) — 5 (- MM+ (- 5 (%As

—2AY) (3N — 2 A8) — 2 At = S M+ 2 A — A
FaA— m AT A A =3/1603) — & (2 A+ 1,
— %)\4)\3))\4)5174‘0(521)

Note that the series expansions of the differentials du are the same with each power of &

reduced by one.

C.2 The o-function expansion

We defined the o-function expansion as the following infinite sum of finite polynomials.
O'(ll) :015+Clg+023+027+031+035+“'

We know that C'j5 is equal to the Schur-Weierstrass polynomial as given in equation (3.50),
and we constructed C'9 in equation (3.52). The other polynomials were calculated in turn
using the method described in Section 3.4. The next polynomial, C'y3, is given below, while
the rest of the expansion can be found in the extra Appendix of files or online at [38].
Cos(u) = A - [§ usPus®ur — o5 usBus®ur + toaes e ua®us — gopises e us s
+ aagra0 Us ' Uatlz + 515 Us Uatis + g3a5 U6 UaUs + 15 Us Usliz + g s Uz U2

3, 2,, 2 __ 17 8 8

1 4 2, 6
— §U6 Uy~ U™ — 315 UeUs U4 + === 756 U U Uy — 14175 U6 Us U4 + U6U5 Uy

13 3 7 5 6 3
+ 55 120 Uﬁ 'LL5 U4 + -z 108 Ug U5 'LL4 280 Ug Us U4 - %U5U4 Uz — 162 Ug U5 Uy

101 10, 2,3 4 3 8 6,3 4 . 7 3
+ Ja6s00 U6 Us U4” — Ig7rs U us U — 135 Ug U5 s 1725 U6 Us Sug + 3 3 U4 uy?

17 17, 2, 1 .8 1.5 - 5

+ S3s52800 W6~ U4” T o5 Us U2 + 35 Us usus” 2520 g ugus” + u6u4 U2
2.6 1 9.2 1 19, 2 12 1 4
T 45 Us UL T 9960 Ue U2 28668245760 46 U5 14968800 Ug ~U1L — 75 Ug gty

23 T, 3 4 3,7 1 2, 4 1 4, 6 1 3,,. 2
+3780u6 Ug" U — 945u6 Us U3+6U5 Uy UQ"‘ﬁU(; Us u2—5u6 U4 ug® + -
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L2 92 1 20, 4.5 3.2 1 13, 2. 2
3835 U6 Us UsU2 F F7aaaioreang Ue™ Ua — 75 U6 Us"Us"U3 — ggegg UG ~Us Udg

41 4 31
4+ AL 3,, 10 2, 3, 3 5 7

14175 U Uy~ — §u6 U5 " Ug" U3 — 15 UgUs U4 us — MUG U5U4U3 —|— U6 Uy

43 7.8 1 . 5 6, 2 20 9. 4, 2 247 . 8 4, 5
396900 46 U5 1350 W6~ Us Ua” + Geoq0 UG Us Udg 100800 U6 ug’ + 6 Us U4

593 1, 4 1 15, 4 1 11, 2 1 16
9979200 U6~ U4” T Grasgeo0 U6 Us T Togrago U6 Us” T S5igzssano U6 U2 — 12 ugtug
19 6 5.3 4 2 8 3 6
+ TGoi96m ug 'ty + 5 U6 Ugtln? — 15 W6 UsUs U3 — g7z U™ Us” UsUs + 5 Ugls UgUs
13 . 5 4 2 3
+ 500 U u® + = 45 UG us ugus + u6 U5 us*ug — 270 ugSususus + 4 U6 U5 g us
5 17 .9 6 41 . 10
45 Ug U5 UgU3 + U6 U5 U4 Uo — 52630 Ug U5U4 us — 561330 u6 U5 1795 U Uy
1.8 4 1 16, 2, 1 15 _ 1 23
+ 1590 U6 Us U2 t 3ag76800 U6 Us U4 ~ Tpriraaos W6 UsU3 — Sgisoiso0szza0 U6 }

2 1 .6 4 2 1 3, 4, 2 1 To 2,2
+ )\3 [U5 Uz“Ug — 360 Ug U4 Uq + U5 Uguz™ — ﬁuG U5 "Uz™ — ﬁUﬁ U5~ U3
+ = 72 Ug U5 Ul + ’LLGU5 UQ + u65u5 'LL2 + UG Uus Ug + 5575 2016 u68u5 Uy

16 13 A7 7

1 2 17 _ 5
+ Ti1767010 W6~ Us U4+ Tig75000 U6 Ual2 — 375 Us  UslUs 30 Ug UsUsU3U2

3 12, 2 3, 2 4, 4
+18U6 Uy U1+ Uz uzus — 74844U6 Us U2_6U6 ug®un? +144U6 Uy~ U

1 8, 2 1 . 4,8 8, 6 6 29 12, 4
B30 UeUs Us”™ + 7555 Ue Us Ug — 45360 Ug Us Us — 60 U5 U 17962560 46 U5 U4
7

3 6 3

ustugt + 1680 ug Us 2y’ + u5u4 U3 + == 6480 ugdustuy

+

+ 25 240 ugtus s’ + gy 216 U
+ 36288 36288 ug s us® + go57 299376 ugtustuy — 5 ugtup® — ﬁ ug*us ug® + m ug U
— ﬁ U67U55U3 —+ m U617U42 ~ %30 u58u2 1890 U5 U4 —|— u65u4 U3

1,3 2 11 8 5 37 10,, 2 13, 7.3
6 U4 U2” — g0gg U uquz® + 0 UeUa U2 — Tgigqp W6 U4™U2 — gop Ue U4 U2

+

3

17 7 1.2, 4 2 4 6, 1 . 8 4 1 78
945 We“Us Uz + 75 Us U U + 735 U Us U2 — 3p57 Ue Us U2 + 155765 U6 Us

_|_

13,, 2

1,4 1 2, 1,02
6 UeUs U1 + Jgg5a75 Ue™ " Us U™ + 755 Us

7 5 9, 2 1 19,, 2
Us" + 75177 U6~ U2” + Tizg7a08301 U6 U5
3, 10 _ 1 3 3, 3, _ 1 5 3

+ == 5670 Ug U 18 ugtusSusug + L u6 U5 U4 U3 5 Ugls s >ug + 2 3 UeUs" UgU3U2

43 12 13 . 9, 2 B 1 20 1 12
5os7520 U6~ UsU4U3 + go755 U™ Us UaU2 — 5a315066080 U6~ U4 Tt 3395008 U6 U1

3

1 6
— 9o U6 usdus®us + 540 UG us

2, 2 9, 4,2 1 . 8 5
uy® + 1 5 U~ Us ugus”® + 17010 U Us Us™ — goe7 Us" Ud

5

_ U5 Uy u65u46 _ u614u43

1
360 - 199584 ug' s + 28740096 s Oz + 735 720 167650560

1 11 1 8 1 2, 2, 2 11 9
— 3991680 U6 ugt — % u6 us?uguz® — To08 W6 UsUsUz + 5 Us"Us Us" U1 + Gorgg Us™ Ually

15

2 2 2 2 2, 2, 2
m Ug U5 + 360 360 Uﬁ UgU2™ — Ug" UsU4" Uz U2 — UU4UZ U — UgU5™ U4~ U3

+ 3 U63U5U4 U3 + =55 15120 u68u53u4u3 + u65u5 UgUy — 70 u6u56u4u2 + §u63u52u43u2
— 305 U Us Uty — 5o5 UeSus us®Us — o5 UeCususPus — 55 usSuy — § ugPudPus?

— 610 ugtus usug — 12 ug?us*us®us + @ ug ususPuz + %U44U1 + m ug?
_ m u611u56}
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C.3 The 4-index g-function relations

This Appendix contains a list of relations expressing 4-index p-functions as a polynomial
of fundamental Abelian functions of degree at most two.

The fundamental Abelian functions used are those in the basis (3.55), which consisted of
2-index p-functions and selected ()-functions. (Note that we only use 4-index ()-functions
here and they only appear as linear terms).

These relations are a generalisation, as defined in Definition 5.1.1, of the second differ-

ential equation from the elliptic case.

o (1) = 6p(u)* — 392.

There are 126 relations, one for each 4-index @-functions. They run from pgee6 tO Q1111
in decreasing weight order, as indicated by the the number in brackets. Those readers who

wish to skip the equations should proceed to page 248.

(—4)  pesss = 695 — 3955 + 46
(=5) @666 = 6956066 — 2045
(—6)  ©a666 = 6916066 + 6 X166 — 2044 — %Q5566
(—6)  ©s566 = W@s566 + 2055066 + 4@%6
(=7)  pas66 = 20459066 + 4016956 + 2Aa56 + 2036
(=7)  ©s556 = 6055056 + 4Aaps56 + 4936
(—8)  puass = 2014966 + 4056 + ANapa6 + Magss + P35 + 6026 — Qusze + 4As
(—8) 555 = 65 + 16455 + 435 + 24006 — 6Qus56 + 1673
(—8)  uss6 = Quss6 + 4015056 + 2046055
(—9)  Pass6 = 201156 + 45016 + g)\4@45 + 2095 — %@34 - %Q4555
(—9) 93666 = 636066 + 2Aaf015 — %Q4555
(—9)  ous55 = Qusss + 6945055
(—10) 2666 = 6268066 — %Q4455 - %Q3566 - %)\4625566 + 43066
(—10)  Quaa6 = 69uaa6 + 6X1911 — 2024 — 2M3 066 — Quass
+ $MQs566 — 2 Q3566 + 43066

(—10)  Passs = Quazs + 20as55 + 4@215

- §3566 = (3566 7358266 §736 6756
(—10) Q3566 + 2 +4

- §23466 = 467346766 9366246 4636 — 33566
(—11) 2 +4 + 4\ L0
(—11)  Paaa5 = 6paspu5 + 6Asp36 — 2A7 056 + 8A3p56 — 3Qa566 — %Q3556
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—11) 3556 = Q3556 + 4935056 + 2036055
(—11) 2566 = Qases + 2025066 + 4622656
(—12) 2166 = 20214966 + 40268046 + 816 — P33 + 2A2 — %Q2456 — Q3456
+ 44026 + 24935
(—12) 3555 = 635055 + 24916 — 833 + 1649035 — 6Q3456
(—12)  paaaa = 695, — 12016 + 9933 + 62 + 12Q3156 + 120553 + 4016
— 16p46A3 — 3@55)\2 + 12426 — 184935 — 6Qa556
(—12) 92556 = Q2556 + 402556 + 26026055
(—12) 3456 = Qsa56 + 2034956 + 2035046 + 203645
(—13)  (as555 = 62555 + 2015 — 8z + 16025 4 — 6Q2456
(—13) 31146 = 4031946 + 2036024 + 69015 — 42z + 4o Ay + 3934)\4
+ %@45)\3 - %Q4555)\4 — 2Qau56
(—13) 3155 = 2034955 + 435045 — 4pas s + 3@34/\4 - %@45/\421
+ %Q4555>\4 + 2Q2456
(—13)  passe = Q2456 + 202456 + 2025016 + 2026645
(—14)  pouss = 4921016 + 2026011 + 5914 — 2022 + SP21 M — 3966 A3 + Q3366
- %Q5566)\421 + 204403 — %)\4624455 - §>\4Q3566 - %Q3445 + Q55663
(—14)  P2a55 = 2024955 + 45045 + %@14 — 2099 + 2924)\4 - %@66)\4)\3 - §Q3366
+ %Q5566)\i + 6966 A2 — 204423 + %)\4624455 + §A4Q3566 — Q55663 + %Q3445
(—14)  pig66 = 616066 — 3 Q3506 + Q366 — 33445
(—14) 3366 = Q366 + 2033066 + 403
(—14) 315 = Qsa45 + 4034045 + 20356044
(=15)  pis66 = 2015666 + 4016056 — %Q2445 - iQ2455)\4 + %Q2366
- %@36)\3 + %@56/\2
(—15)  ps356 = 2033056 + 435036 — 3Q2a45 + 336 A3 + 356X — 3Qase6 M — 3Qa366
(—15) 31444 = 6340004 — %Q2445 + 4p3e ] — %Q3556>\4 + %@36/\3 + %@56)\2
— 3Qas66 M — Q2366
(—15)  pa3e6 = Q2366 + 2023066 + 4926936
(—15) ©2445 = Q2445 + 424945 + 2095044
(—16)  ©osas = 6021011 + 2XaAs + 101 4 36016A1 + 203503 + 2 0552 — Q3456
- %Q2556)\4 — Tg26A3 — 662 + 333 A4 + 6493456 — IQ1556 + %Q2266 + 3Q2356
— 12X4031056 — 12M4035016 — 12X4036045 + 4p26A] — 693507 — 9Q1466

240



Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—16) (3316 = 2033046 + 4031936 — 2Q1a66 + 4A1 — Q556 — Qo266 + 169164
+ 33503 — P55 A2 + 20263 — 2Q2356

(—16) 3355 = 2033055 + 4955 + 8Q1a66 — 8A1 + 6Q1556 — 32016\
+ 4353 — 2Q2356

(—16) 1166 = Quacs + 20149066 + 4916846

(—16) 1556 = Q556 + 4915056 + 2016055

(—16)  ©2266 = Qazes + 2022066 + 4056

(—16) 2356 = Q2356 + 20238056 + 2025036 + 24026035

(—17) P56 = 2014956 + 2015046 + 2016045 — 2013 — Pas A2 + 202526 + P226056
+ 4p15As — Qozas — %Q4555/\3 - %@2256 + pasA3 + %@45)\4)\3 + %@34)\3

(—17)  p1555 = Gp15955 + 4913 + 6pus Ao + 3Q2256 — 8P15A4 + 6Q2346 + 3Qusss A3
— 6253 — 2045 4 A3 — 8343

(—17) 2355 = 2023055 + 425035 — 4913 — 4pasAa — 2Qa256 + 8P15A1 — 2Q2346
+ 4pas A3 + 4psads

(—17) (3345 = 2033045 + 493435 — 202503 + 503u0s — 50u5 A3 + 20450
+ Qa6 + § Q5553

(—17) 2256 = Q2256 + 20220056 + 425026

(—=17) 2346 = Q2316 + 2023046 + 2021936 + 202634

(—18) 1446 = 4914046 + 2016044 — 6912 + 6P A1 + %Q3566)\421 — Q1455 + 8P1a\d
— Q356603 — Qa3a5 — 5Q3314 — 5Q3366 M + 5Q3445M\4

(—18) (2216 = 202246 + 40248026 + 20142 — 4Pes A1 — 2066 A a A2 + %Q3566)\3
+ Q3366 M — Q3aa5 M — Qs566A\] + 2024A3 + %Q5566)\2 + Q1455

(—18)  ©2255 = 2022055 + 4935 — 8p12 — Bpasda + 16p6s A1 + L 14 + BpesAao
- §Q3566)\3 - §Q3366)\4 + Z51623445)\4 + %Q3566)\421 + %@24)\3 — 2Q1455
+ 4paspas — SAaNsPs5066 — 3MN30%6 — SP66A3 — 202315 + 3 Quass A3
+ %/\4>\3@5566 + 42435 + 4250310 — 3Q5566\2

(—18)  puss = Quass + 2014055 + 4915045

(—18) 2345 = Q2345 + 2023015 + 202135 + 2025034

(—18)  ©s314 = Qssaa + 2033041 + 403,

(—19)  pi366 = 2013966 + 4016036 — %QQSGG/\S - iQ2366/\4 + 23—0@2455)\4 - i@3556)\3
- 13—0@2245 - §Q2344 + %Q2566)\421 + %@56)\1 - %@56)\4)\2 + %@36)\4>\3 + %@36)\2

(—=19) 2015 = Q2215 + 2022045 + 4246025
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—19) (3336 = 633936 — %Q2245 + §Q2344 - g@2566)\3 + %Q2366)\4 + 1%@2455)\4
+ 13_0@2566/\421 + %@36)\2 - %@56)\1 - %@56)\4)\2 - 35_3@36)\4)\3 + %Q3556)\3
(—19)  Puas = 4p1apas + 2015040 + SPs6A1 — %Q2245 — Q2344 — %Q2566)\3
- %Q2366)\4 + %Q2566)\421 + %Q2455)\4 — 2056 A4 A2 + 336 A4 A3 + 336 A2 — %Q3556>\3
(—19)  ©2314 = Q2344 + 20230001 + 42434
(—20) 2244 = 2020041 + 495, + 2A3X0 + 28 A1 + 2055 A4\ — 635\ A3 + 3333
— 2404601 + 112016A4° — 44016)3 + 28055 A1 + 903502 — 22Q1556 A1 — Qo563
+20Q1356 — 6Q 1444 + 10Q1266 — 22Q1466 A1 + Q2266 A1 + 2Q2356 A1 + 2Q)3456 A3
— 6gas A2
(—20) (2336 = 423036 + 2026833 + 8P16A3 — 20551 + 20352 — 2Q1356 — 2Q1266
(—20) 3335 = 6330035 — 32A4\1 + 249461 — 128@16)\42 + 560163 — 32055 \1
— 30Q1356 + 8Q 1444 — 12Q1266 + 24Q1466 A1 + 24Q1556 A1 + 435 A2
(—20) 1266 = Q266 + 2012666 + 4916026
(—20) 356 = Quzse + 201356 + 2015036 + 2016035
(—20)  Praa4 = Qraaa + 6914014
(—21)  pras6 = 2012056 + 2015026 + 2016925 — 5Q2236 — Q1316 — 75Qus55A2
+ 30302 + $pasMde + 3P15A3 — 20450
(—21) 1355 = 2013055 + 4p15035 + 5Q236 + Qrsas + %Q4555)\2 - %Q2335
— Pas\aA2 + P153
(—21) (3331 = 633034 — %Q2236 — 3Q1346 + iQ4555)\2 + gQ2335 — Pas Ao
+ 990153 + 12034 0 — 8pus\1
(—21)  pi3a6 = Quze + 2013016 + 2014036 + 2016034
(—21) 2236 = Q2236 + 20226036 + 423026
(—21) o335 = Q2335 + 423035 + 2005033
(—22)  P1315 = 2013045 + 2014035 + 2015031 + SPe6 A0 — P11+ 1o P1aA] + 2 Pes Al
- %Q3566/\4/\3 - %Q3344/\4 - %Q1255 + %@14)\3 — Paar1 — Qras6 + %623445/\42
+ %Q3566>\43 - 1_15Q3366)\42 — 3Q3366A3 + § Q31453 — 2Qa3as A — 3 P12\
(—22) o226 = Bpaagros — 611 + 5Qsseehe + 3 Quass Ao + 6Qs566M1 + %@14)\42
— 26 MM — BQsse6 N3 — Zp19As + 4paso + §Q3566)\43
+ 1201443 + 6pad1 — 2066 3A2 — 6Q 1246 + 2Q3a45M1> + $Qs566 A1 A2
— 2Q3344\s — §Q3366>\42 + 3Q3366 A3 — 5 Q3445 N3 — 10966 A0 — £ Q23454

(—22) 1216 = Q1246 + 2012046 + 2014026 + 2016024
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—22) o235 = 2002035 + 4325 — 2011 — Q366 N2 + 2Q 1246 — 4Q5566 M1
+ %Q3566)\4)\3 + %@12>\4 + 10966 A0 — Q1255 + 12_5Q3366>\42 - §Q3366>\3
— 10puA — 14_5Q3566)\43 - %Q3445/\42 + 2Qs31u M + 591403 + 5Q3u5 )3
- %@14)\42 + §Q2345)\4 + %@66)\4)\1
(—22) o331 = dpspsa + 2021033 — 411 — Qaseede + 2Qs566M1 — 2 P14A4”
+ £ Q3566 M3 + Sp12M + Q1255 + 501403 + 4paahs — %Q3566>\43 — 2p6 M
- %Q3445>\42 + §Q3344)\4 + %Q3366>\42 + §Q3366/\3 - %Q3445/\3 + %Q2345>\4
(—22) 1255 = Qrass + 2012055 + 4015025
(—23) 1344 = 201304 + 414934 + 6361 + %@36)\4)\2 - 1_10@56)\42/\2
+ %@36)\42)\3 + P33 + §Q2566>\4)\ - %Q3556)\4)\3 — 2Q1246 — 35632
+ 1056 A0 + %Q2566)\43 + %Q2445>\3 - %Q2366)\3 - §Q2344)\4 - 1—1()@2245)\4
— 3Qas06M4° + %Q2445>\42 + 2 o5 N
(—23)  Pasas = 6poapas + 24036 A1 — L pgeMade + SpseAa’Ae + Zpse i
- §Q2445)\42 — 3Q2366\° — 2 Q23663 — EQa31aM1 — 3Qas66A2 + 2Q2245 M4
— Tps6AsA2 + 3Qss56 A2 — 3036 As° + Z Qo566 A3 — 3Qs556 A3
+ %@36)\42)\3 — 6Q1246 + 20956 A0 — %Q2566)\43 + 2Q2ua50s
(—23) (2231 = 2020034 + 423024 — 4361 + 1—54K’36)\4>\2 + %@56)\42>\2 - %@56/\4>\1
- ?@36)\42>\3 - %@36)\32 - %Q2566)\4)\3 + %Q3556)\4)\3 + %@56)\3)\2 + §Q2344)\4
+ 2Q1246 — 1—10Q2566>\43 — 1Q2115 A3 + 2 Q2366 N3 — %OQ2445)\42 + %Q2366)\42
+ 2Qa215 M1 — 3Qs556 A2
(—23)  praa5 = Quaas + 2012015 + 2014025 + 2015024
(—24) 1336 = 4p13036 + 2016833 + 351 — 2026 A1 + 4as 0 — 30550
+ 4p16A2 — Q1166
(—24) 3333 = 633 — 256016\ — 5035 1 + 169016 M4As — 72055\ A1
— 32031 + 4psz A + 48pasAad1 — 64N, A1 + 6Q 1166 — 36Q 1266\
+ 7204600 — T2Qu356A1 — 5405500 + 16Q140a A1 + 48Q1556\1°
+ 24Q 146603 + 12Q 1244 + 36026\ + 48Q1166 17 + 24Q 15563
(—24)  P2224 = 6paagos + 6As” — 6Q1244 — 32637 — 4094600 + 933 ha + 18A3);
+ 48N A + 192016A° — F035 3% + 3Qas56A3 + 24Q 1266\
— 240061 + 48Q1356 A — 12Q1404Ms — 1201600 — 36Q1556 A" — 40046 a1
— 15Q1466A3 + 363501 — 36Q1166 A" + 3Q3456 A2 + %Q2266)\3 + %@55)\3>\2
— 15Q1556 A3 + SQass6 M2 + 300550 + 54055 M — 24016 M4\ + 204630
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—24) o116 = Quies + 2011066 + 4076
(—24) 1o = Qr24a + 2012044 + 414024
(—25) 1236 = 2012036 + 2013026 + 2016023 + 20152 + 3030 — 3Pasho — Pash
+ 30a5 MM — 5Q1156 — 15Qu555 M1
(—25)  p1335 = 4013035 + 2015033 + 40152 + 5034 A1 — 204500 — 2025 A1
— 20us M — Quise + §Qusss M
(—25) 2333 = 6pa333 + 4paad + 4oz — 6pus Ao — 2025 A1 — 2045 A4\
+ 3Qu156 + 3Qus55 M
(—25)  puse = Quise + 2011056 + 4915016
(—26)  P1a35 = 2012035 + 2013025 + 2015023 + 50663 A1 + 8PssAao — FP21M1
— 8puaro — 5Q1155 — §Qss66 A1 + 5Qs566 102 — 2Qs566 00 + P14
— 2Qs360 N2 — 3Qs566M + 3Qsaa5 02 — FQuass M
(—26) 1226 = 412026 + 2016022 + %@14)\4)\3 + %@66)\3/\1 — 6pesAaro + %@24/\1
+ 2044N0 + %Q5566)\4)\1 - %Q3366)\4)\3 + %Q3445)\4)\3 + %Q3566)\42)\3
— Q3566 MA2 + 2Qs56600 + Fp1ade — 219A3 — Q33043 — 2Qa345)3
31455 A1 + 33366 A2 + 5 Wssee A1 — 53445 A2 — (146 — 5356643
+ 3 Quss A\ + Q330602 + 5 Qasee A1 — §Qsaa5M2 — Q 3 Q5063
(—26) 2033 = 2000033 + 4@%3 - %@14)\4/\3 - %@66)\3)\1 + 4 Aaro — %@24>\1
— 4440 + Quiss + %Q5566)\4)\1 + %Q3366)\4)\3 - %Q3445)\4)\3 + 2Q1146
- §Q3566)\42/\3 - %QSSGG/\AL/\Z + %@14)\2 — 811 + %@12)\3 + §Q2345>\3
+ %Q3344)\3 + %Q4455)\1 + %Q3366)\2 - §Q3566)\1 - §Q3445)\2 + §Q3566>\32
(—26) 1331 = 4P13034 + 2014933 — 2066\ 1Mo — 202a A1 + 6pasdo + 4p1ads
— 3Q3566 M + 2Q5566 M0 — Q1146
- 1146 = 1146 £11846 ©14816
(—26) Q1146 + 2 +4
(—26) 1155 = Quiss + 2011055 + 4075
(—27) 1225 = 4p12025 + 2015022 — P63 Ae + Bz AaAs” + 205640
- %@56>\22 + 1Qas66 M1\ — 5 Q2145 A3 — 2%@2566)\42)\ — 3Qa366 A3
— Q1145 + %Q3556)\1 - %Q2366)\2 - %Q2344)\3 + i@2445)\2 + %@56)\3/\1
+ %Q2245)\3 - %Q355ﬁ)\32 — Q2566 M1 + 1%@2566)\32 + %@56)\4>\3)\2 + 109360
(—27) o203 = Gpazgas — %@36)\3)\2 - %@36)\4)\32 + 6956 a0 — %@56)\3)\1
+ %@56)\4)\3)\2 - %Q2445)\4)\3 - 13_0@2566>\42/\3 + %Q2366>\4>\3 + 8pagAaA1
+ 3Q1145 — %Q3556)\1 + 3Qa366 N2 + §Q2344>\3 + %Q2566)\32 — 3Q2566A1 — 10360
+ 2Qa2a5A3 + 2 Q35563
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—27) 1230 = 2012034 + 2013024 + 2014023 + %@36)\3)\2 + 356 a0 + %LQ2566)\4>\2
- %Q1145 - %Q3556)\1 + Hp36A0 — %Q2366)\2 + %Q2445)\2 + 2036 A4 A1 + %Q2566>\1
- %@56>\22
(—27) P15 = Quuas + 2911045 + 414015
(—28) @114 = Quuaa + 2011041 + 407,
(—28) 2202 = 6935 + 6Q266 A2 + 16As A3 A1 + 420354\ + 12033 500 + 4Q1444\3
— 16026 A3A2 — 28026 A s A1 — 12Quae6 A3 — 48046\ a” A1 — 3003500 + 12Q3456A\1
— 12035 A32 — 80p16A1° A3 — 12Q1244 1 + 6Q1140 — 333737 — 4816 A4z
+ 64X A1 + 256016M" + 355 A0” + 8AiAe” 4 36Q1266 A" + T2055 47\
— 12055 31 + 12Qas56 A2 — 48Q1a6A° — 16Q1aaa M’ — 12Q 155604 A3 — 24016\
+ 72Qu356 1" — 48Q1536 A" — 6Qass6 A1 + 1204600 — 2X3*Xa — 72046 A4 A0
— 12Q1266A3 + 4A2 A1 + 5201643 + 180331 + 545 Aado — 24Q1356A3 + 20026 A0
(—28) 1204 = 412024 + 2014922 + 1224 A301 — 3Q1aaa)3 — 8pasAs A1 + 48p16A47 A
+ 3p35 A1 — 2026 A1 + 3055 A A0 — dpasAado + 12055 301 + 16016 1A
— 3Qua66A2 + 6Q1266 A3 + 6A2A1 — Q1556 A1 A3 — 91466 A4A3 — 3Q 1556\
— 24016737 + 3p33 A\ + 1503500 — Quiss + 12Q1356A3 — 100260 — 4161
(—29)  puse = 20119036 + 4913916 — 4P25 N0 + %@45>\4)\0 + 2015\
+ 2031h0 — $Quss5M0
(—29) @333 = 6p13033 + 4p13Na — 1200500 — dpasAado + 415\
+ 8340 + Qus55\0
(—30) 1196 = 2011026 + 4P12016 + Te1aMad2 + 2PesA2A1 — 4pesAsAo
+ 3 Q356641 + 1= QsaasAado + %Q3566)\42)\2 — 2Qs3566M302 — 2Qa315\0
+ %Q3445/\1 + %@14>\1 - %@12)\2 + %Q4455)\ - %Q3344)\2 - %Q3566)\0
+ Q3366 M1 — 75 Q3366 A2 + 5Qs566 A4 00
(—30) 1135 = 2011035 + 4P13015 + B Pe6Asho — S P21M0 — 3 Q5566 a0
+ 21 + 3Qau5 M — FQuuss Mo + 5Qsse6 M — 2 Q356600 — Q3366 M
(—30) 1233 = 2012033 + 413¢023 — %@1&\4)\2 - gpﬁa)\ﬁq + %@66)\3)\0 - %@24)\0
+ %5@3366)\4)\2 - %Q3566)\4)\1 + %@14)\1 - 1—25623445)\4)\2 - %Q3566)\42)\2
+ §Q2345)\2 — 2p11 A3 + %@12/\2 — 2099\ — %Q3445)\1 - %Q3366)\1
+ §Q3566>\3)\2 + %Q4455)\0 + %Q3344)\2 - §Q3566)\0 + §Q5566)\4/\0
(=31) 134 = 2011934 + 4P13914 + %1)\4)\1@2566 + 436 a0 — %Q2366)\1 - %@56)\2)\1
+ %@36>\3)\1 - %A4>\1@25@66 + iQ2445>\1 - %Q3556>\0 + 2Q2566 Ao — A 16266756
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—31) 1125 = 2011025 + 4912015 + 2036 A3A1 + %@36)\4)\3)\2 - %Q2366A4)\2
- %Q3556/\3>\2 - %Q2566)\42)\2 - 2936)\22 - %Q2445/\4)\2 + 2Q3556 A0 + %@56>\2>\1
+ Qs ho + %@56)\4)\22 — Qass M1 — Qaseero — 2Qa31ad + £Qas66 3
(—31)  pio03 = 412023 + 2013002 + %Q2445)\1 - %@36)\22 - 2%@2566)\42)\2
+ Q236642 + 1 Qs556X3A2 + 15Q2566 A3 A2 — 15036 A3 A2 + 15 Qa5 N
+ 5 Q2366 M1 + BpssAsAo — Qas56 M0 — 55 Q2445 M X2 + 1%@56)\4)\22 — P36 A3 A1
+ %Q2566)\4)\1 — 2Q2566 N0 + §Q2344)\2 - 237@56/\2>\1 + 836 A1 A0
(—32) 1124 = 20119024 + 4012014 + P23 A1 — 6Q1a66 A s A2 — 6Q1556 A s A2 — %Q2266)\1
+ 635 A4 A0 + %@55&)\1 + 8A Ao A1 — 16016A300 + 32016 A4° A2 — 4p16Ao + 2A
+ %@35)\3)\1 — 6pas a1 — 4 Aaro + %Q2556)\0 + 816 A1 + 33300 — Qrae6 M1
— Qus56 A1 — Q23561 — Q356 M0 + 2200 + 4Q 1266 A2 — 2Q1444 A2 + 8Q1356 A2
(—32) 1222 = 612022 + 4M1” — 18p2sAs A1 — 6QuagsMads — 6Q1556A4A2
+ 12001 — 12016A302 + 64p16A1° A3 — 4p16 A5 + 18Q 1356 M43 + IQ1266 A \3
+ 32016 A4 A2 + 816 A1 — 240462300 + 18055 A3 00 + 16A4° A3 A1 — 4Q1444\a )3
— 12Quaes M’ A3 — 12Q1556 M A3 + 9ps5 Aot + 63 Aad — 12046 A0
+ 18055 A A3A1 — 3Qass6M0 — 16016A0 + 8A3* A1 — 6Q1556A3” + 9035 A3\
— 3Q1244A3 — 6Qua66A3” — 6Q1556 M1 + 6Qas56 A1 + 6Q3a56 00 — 6Q1466M1
+ 8A2A0 + 3Q1266 A2 — 2Q 1444 A2 + 6Q 1356 A2 + 3Q2266 A1 + 120330
(—34) P16 = 6p11916 — 4Pssr2ho — 2Q3566 A3 M1 + 3 Q3566 a0 — 15Qase6 A
+ 3 Q3u5 MM + %Q3566)\42)\1 — 2Qaais M + %@66>\12 — 5 Q331 — 2p12)\1
+ 3Q3u5M0 + FP1aNa N
(—34)  puiss = 2011933 + 4975 + 8Psshado + 2Qsse6 MM — 5Qsse6 Mo
- %Q3566)\42)\1 + §Q2345)\1 - %Q3445/\4)\1 + %@11&\0 — 8220 — §Q3366/\0
- 1_5?@66)\12 - %@14)\4)\1 - §Q3445)\0 + %Q3344)\1 + 234@12)\1 + %Q3366>\4)\1
(—35) 1123 = 2011023 + 4p12013 + Qaaas Ao — E@s6deA + 2036 AaA3 A
+ 15Qa2us M1 + ZpseAadahs — %Q2566)\42>\1 — 2Qaua5 M A1 + Qase6 M1 00
+ 2036 A3A0 — 2056 A2 A0 + %Q2344>\1 + §Q2245)\1 - %@56)\12 + §Q2566>\3)\1
(—35) 1115 = 6p11p15 — %Q2445)\0 + %@36)\4)\3)\1 + %@56)\4)\2)\1 + 13_()@2566)\3)\1
+ %Q2566)\4)\0 - %Q2445)\4>\1 - %Q2366/\4)\1 - %Q3556>\3)\1 + %@56)\ 2 - %@36)\2)\1
- 2%@2566)\42)\1 + %@36)\3)\0 + %@56/\2/\0 - §Q2344/\1 - %Q2366)\0 + %Q2245)\1
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Appendix C: The cyclic tetragonal curve of genus six Section C.3: The 4-index g-function relations

(—36) 1114 = 6p11911 + 6926A300 — 3Ps5A200 — 4pasAaAo + 48p16A07 A
+ 3Q2266 A0 + 12Q1356 A1 + 935 A3 A0 — 6Aop2266 + 3Q1466 A0 + 3Q1556 A0
+ 6Q1266 M1 — 3Q144aM1 — 6Qas56M0 — IQuag6 A a1 + 24X026> — IQ 1556 A4\
+ 120007 = 8pasM” + 1205507 + 12X0022066 — 24016 A3 M1
(—36) Q22 = 2011022 + 4@%2 + %M/\l? — 2Q1244M2 — 8Q1556 M0 + 3Q2266 M0
— 8pasM” — 8Quas6 M0 + 1205507 + 6A3 A2t + 9pss Ao — LQ1aaaM + 6Q 1266\
+ 6Qa356 A0 + P33A3A1 + 2—:?)\1)\0 - %@16)\4)\3)\2 + %)\4%\2)\1 - §Q1444)\4)\2
+ 80331 A0 — 8Q1a66 A7 A2 + 6Q 1266 A2 — 4Q1a66A3 A2 + 12Q1356 A1 Ao
— 8Qus56 M A2 — 4Q1536 32 — 8PagAadoA1 + 12055 M A1 — 10Q 1556 M0\
— 6pas a1 — 10Quues A s — R p16A3A1 — Bpashodo + 20016A4° A1
+ %8@16)\43)\2 — 12026 A3X0 + 120550000 + 16016 A0 + 12Q1356 M1 + 5 Aada Ao
(—39) 1113 = 6p11p12 — 2K936)\12 — p36A2A0 — %Q3556)\3)\0 + %QZBGG)\S)\O
— 3Qa366 A0 — 3Qaaas Mo — 656 A1 A0 — SQas66 047 Mo + 5 Q224500
+ 2056 A 1A 0 + 2036 A3 A0
(—40) @112 = 6prp12 + 8AsA” + 4A3Aado + 32X A1\ + 6933 A300 — 68016A3A0
+ 6035 X200 + 42055\ A0 — 36016 A1 00 + 18055 A1 — dpasAadg
+ 64@16)\43)\1 + 18Q 1356 A\ A1 — 4Q 1440 M1 Ay — 12@1556)\42)\1 — 6Q1466\3A1
+ 128016047 X0 — 24Q1556 0 M — 24Q a6 M0 M + 9Q1266 M As — 6Q1556 A3 M
— 12046 A1 A1 — 12Q1a6 A" A1 — 416 AaAs At + 16X° A% + 30Q 135600
— 8Q1a14M0 + 15Q1266 M0 — 3Q120aM1 — 82 A1’ + 12035
(—44) i1 = 693 + 640 M Ao + 32030100 + 8X2 Ao + 12Q 120400 — 2A2\,
+ 16Q1aas M a0 — 48Q1as6 M4’ Mo — 24Q1556 M3 00 — 48Q 1556047 Ao + 4p16A1°
— 24Q1466 A3 M0 — 16916 A4 A3 M0 + T2055 A4 A1 Ao + 5435 A1 Ao — 16016 200
+ 72Qu1356 M1\ + 12033 M0 — 36026 M1 X0 + 256016A4° Ao — 60046007
+ 36Q1266 A1 M0 + 4505500° — 3p33A1° — 48046 A1 A1 Ao
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Appendix D

New results for the cyclic trigonal curve

of genus four

D.1 Expressions for the B-functions

In Section 5.2.4 we derived relations between the B-functions associated to the cyclic (3,5)-
curve. We discussed how we would need to add nineteen B-functions to the basis for
F(J, (’)(3@[3])) in order to express the others as a linear combination of these and the 3-
index @-functions. We have derived equations at each weight for those B-functions which
are linearly independent and present the complete set below in decreasing weight order.
Every bilinear relation associated to the cyclic (3,5)-curve may be given as a linear com-
bination of the set obtained by substituting for the B-functions in the equations, (Theorem

5.2.7). Those readers who wish to skip the equations should proceed to page 254.

(—6) B?ﬁ444 = —%@244 - %@333

(=7) 3%444 = 20934 — A\4gr344

(—8) Biiuu = —§@233 + %A4@334 - %B§>)344

(—9) B:%334 = —2p14 + By

(—9)  Bihuus = —2p101 + 20221 — Magoaa — 2BE

(—10) 3%344 = _%@223 + %A4@234 — A3§9344

(_10) 32%344 = —134 + %@223 - %/\4@234 + %/\%)344

(_11) 3%334 = _%@133 - %/\4@233 + %/\42@334 - g/\3@334 - %/\433%344
— 2 B34 — 3 Biban

(—11) Bﬁ444 = —%@133 — 21—1>\42@334 + %)\3@334 + %32%334 + 41—2>\4@233
+ 11\ Bisas + 11 Bosaaa

(—12)  Biysyy = 2MBEuy + S0190 — 20222 — 2Napran + 2o

— X3P214 — §A30333 + 3 Aapaaa + 2 Bihsy
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Appendix D: The cyclic trigonal curve of genus four Section D.1: Expressions for the B-functions

(—12) Biyy = —3A30333 — 3222 + 3124 — 2By
(—12) By = $A30333 + 50124 + 2A00aas — 340144 + 2N

— A3§0244 — 4B1B:~>,444 %)‘4B2B3444
(—12) 3%444 = 20124 — Aag144 — 2B1E'f>,444
(—13)  Biyyy = $0123 — 3Map130 + 2B 34
(—13) Biy, = —§@123 + §A4@134 — Aogsas + 2BGau
(—13) B13344 = —23%344
(—14) By = 12Bfgs, — %)\4)\3@334 + TAa334 — %)\42@233 - g)\4@133 + §A43@334

+ 9 Bshous + SMa Bz — EAaBsbau — 30Bfyu + $AsBiau — BN B
(—=14) By = Blas — 3B
(—14)  Bihuy = 2MA30531 — 3hapsss + s A" 0233 + 2A° By — A 033

— 3 Bshous + 1M Biaas + 2AaBibasy — 5Ba30 + 1B — 323 Biisas + 3 Mapiss

(—15)  Bihysy = 40114 — 290122 + 2230144 + AsBEuus — 2Xopaas — Ao

— 2\pr1as +4\Bf,, — 6By,
(—15) 3202234 = —5p114 + %@122 — TA3144 — 2)\332%,444 + %&@244

+ 3A 10444 + 2200333 + 1—3?/\4@124 —8\BE,,, +12BG,,,
(—15)  Bitsss = Mpios — 2Xsp1aa + 5N Pass + 30114 — 50122 + 3Bosus — 2MBliu
(—15)  Bihsy = —3Xsp1as + 3A10a41 + Map1aa + 50114 — 39122 + Bihayy
(—15) 33344 = 20114 — 23102344
(—16) Bz = —2A1p3u + 3A20231 — AN30130 + 3 Map123 — 29113 + 4B1{)33
(—16)  Biysgs = 2M103u + 20113 — 2Bfg3
(—16) Bl = —%pug - %A1@344 + B33
(—17)  Bisoos = =57 AA30233 — 2 A" Aspsaa + L AAapsss — A3 B

— 209 By + §Bliaas + §Aop0ss + 5 Blhgas — 2Blos — M poss
+ &3 63 )\4 334 + 4)\4313334 2 )‘4312444 )\433:%344 0)\3323334 + = 2 )\4)\383’%344
)‘42B§42444 + 57 /\42323334 + ﬁ)‘4 133 + 2/\432%244 - ﬁ)‘3@133 - 7>\32@334

(=17) By = 2Bl — $Adspass — 2AAs@sss + 3Aadapass — EXsBh

+ 210334 + 2B — 6Bloss — 570 0233 + 57 A" 03sa + 604 Blas,

— 8\4Blu — é)‘43331?),344 - %)\33%334 4)‘4 Bihyy + 2 >‘4 Blss,

+ /\4 2133 + 5 )\4322244 >\3@133 - g/\?) §9334 + ﬁ)\4)\3B33344
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Appendix D: The cyclic trigonal curve of genus four Section D.1: Expressions for the B-functions

(—17) Biyyu = 51 Z M A30233 + 2 )\4 A3334 — 24 \ag0334 + )\3322444
— 21334 — 2 B33 + 2B0u + o5 BN 0233 — >\4 0334 — 4AA\4Bi}ss,
+ B NBlus + )‘43332344 + 23 B + ﬁA4QB§42444 - %/\4232%334
— AXP0133 — MBEou + E 30153 + 20570331 — 2MN B — 2B
( 18) B22223 = 4)\42@124 + %)\3@222 — 220904 + %)\32@333 + 330124
— P112 — 2A4A 1 9aaa + 8A4QB%444 + 6A4 30140 — 2A4A20333 + 6A40114
+ AN BE s — 2Xo0p10a — Mpsss — 3Bhigu — 120 By, — 4\ By
(—18)  Biyss = NoPaaa — %@112 + Aagr1a + A3 BB, — g)\29144 — %Alpzszs + 535344
(—18) 3%234 = No@aas + M poaa + Aap11a — 223 By, — )\2@144 + M ps3s — Bilau
(—18) 312234 = —2Xoa44 — %)\1@244 + AsBuu + §>\2@144 - %)\1@333 + %35344
(—18)  B{i3i = — 9110314 — P139144 + 9319114 + PaaP113 + Mag11a
+ %A1@244 — 2@112 1311344 A2144
(—19)  Biboss = —2Xapi3a + M1z + 3No@3as + 2\ 0931 + Boss
(—19) Bilss = dopiza + SAP113 — 2X0P344 — M1P231 — SB35
(—19) Bl = —AoPsus + P1a0133 — ©339114 — P319113 + P119334
(—20) B1A1333 = l)\42>\2K9334 - §/\3/\2@334 + §/\4/\1@334 - L)\4)\29233
+ TN Bsus — 1102 Buas — 523 Blhaas — 1102 Baisss — 5 BDaos + 1 Bllaw
+ 3X\3Bhs3s — 14)\4)\2333344 — 7)\2@133 — A1§233 + 30334
(—20) Biio = )\43)\3@334 + %)\42)\3@233 - %)\4)\19334 + 4—12/\4)\2@233
+ 22 A5% 0331 + A3 X330 + LB — 1BDg0s + 2133 — 27 A3
— BN o330+ a3 — EAC 133 — 2NN BEL 4+ EM By,
+ 7 >‘4>‘3BQB2444 + 14 >‘4>\QB33344 + é)\1B§3‘;’3344 + ﬁAQBQB;m - %)\331%444 - %Al 9233
+ ﬁ/\2Bz3334 + >‘3313334 >‘4Bn444 2/\42313334 + g/\4/\3@133 + %)\4332%444
- %)‘4332[:)3334 —2)\*Bf s — sABfhgss — )‘4433%344 + 20 Bfjo — %)‘423?2244
(—20) Biyooy = —%)\42)\2@334 + 7>\3)\2@334 — §>\4)\1@334 + 2—11>\4)\2@233 + %M@z:&s
- §A133%344 + lAQBQ%444 + 20140124 — 20120144 + PaaP112 — 9240114 — DAoP334
+ 6X3B 4 + 3)\2323334 + Bloss — 3X3B g5, + %)‘4)‘233%344 + %A2@133
(—21) 312223 = —Aog333 — A1f144 + §>\3@122 — A1z + §>\3@114 — AA1333
— l/\3)\1 ©a44 — MA3P124 — P111 + %)\32@144 — 3\3BGgus + 22\ BE s + 20 B
(—21) By = 6X3B5a + 2MA1 0333 + AsAi9aas + 2A4X30124 + Aagrne
+ 30211 — A3P122 — 3As°P1a — 2A2p124 — Mpras — 4N By,
— AN A3 BE 4 + 2009333 + 3A1p924 — 2X30114 — P11
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Appendix D: The cyclic trigonal curve of genus four Section D.1: Expressions for the B-functions

(—21) Bﬁ234 = Aofo24a — %@111 — A2g124 — %)\1@144 - %)\132%444 - §A0@333
+ %)\1@224 + %/\3@114 + §A23g444
(—21) By = —g/\0@333 - §A1§)144 + Aograaa + §A2B1E§’)444 )‘1323444
(—21)  Bflo5s = 2Ao@sss — 2Aip1aa + Aogous + 2N BE — 20BE
(—22) Bilags = —Aopros + %)\3@113 + 3 A1 023 — %)\1@134 + Aog23a
(—22) Bfigs = —é/\1p134 + 40234
(—23)  Bibyo = 22310331 + 2A X233 — 2N Aopa3a + 22NN B
- Z‘é)\43)\3333344 + 5)\4)\1 §2233 + ﬁ)\él A3§0334 — 4)\4)\1333344 + 2)‘4>‘3313334
— AP A3033 + NN Bihoss — 2A A 0331 + SN By + 2AiAepiss
— M B — )\4)\3 §9233 + )\4 Ao Bayy — /\4 As% 330 + 7>\42)\3@133
— 4A X334 + 7)\4>\3)\2@334 — 3Aogr233 — 3)\22@334 - g)\33@334 - %)\42)\33;5444
- 1_76)\32@133 - >‘1B£5334 2)\4>‘3 12444 3>\3>\QB3%344 + 2)‘42)‘?)BQD3334
+ %/\4>‘2B2D3334 - %A3232%334 - 6)‘33102244 6)‘2313334 + 2>‘3B11444 + 2)‘4312224
— 2Xs” Bghuas + 3A3Blhazy + 1600 B sy — 3N Blas — 6M0 Bl — 5X By
(—23)  Bilgos = 3ABlsss + 3 X331 + M1z — s A A1oss
+ 510 M P31 + 57 MM Biiau — 500 Bl — 57\ Biigaa + 0119204 + 20120124
+ %)\132%444 — Q140122 — 20219112 — %%@233 + 2)\033],33344 - %Alpl?ﬁ
(—23) 311224 = - )\2313334 )\4)\09334 - %M)\l@zs:s + 62—3)\42)\1@334
siMBRua — 51 M Biau + 52 Blhua + 1M Biaas + M09
— MBS + 1M 0133 — 2 A3\ 0334
(—24) 311223 )\SPHQ — Map111 — %)\3)\1@333 - %)\2)\1@444 - §A4>\2@124
— 3 M X00333 + Aogaos + Ashepras — 2Aap122 + 3api1s + 200 B34,
— 30144 + %)\1@222 + §A1Bg444 - §A1m4 - /\4>\2313444 2/\2312344
(—24) 311223 = —%/\3>\1@333 - %)\2>\1@444 - §A4)\2@124 - g)\4)\o@333
+ AsAoP1as 4 $A2p122 + Aopr1a + 200 By — 200 Blhasy — A1
+ %/\1@124 - §A4A23g444 + %/\13133444 — 2Xog224
(—24) Bilis = 2Mo0@204 — SAP124 + 3 Xop114 — Aopras — 2008304 + M Bl
(—24) B, = 5)\1@124 — Aogr224 — %)\2@114 — Aogras + X0 Bohaay — 2\ Bl
(—24) Bfiiss = 2Aip124 — Aop22a — 3A29114 + 2h0901a1 — 200 B0y + M B,
(—25) Biliss = —§A1@123 + 20223 + %&@113
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(—26)  Bilgn = — 5 A Mpss — EAsAap133 — LAsAopsas + 2MAe’ 0331 + 3 A2 Bilau
+ 37 A Ao + o o1 A A1 poss + 5 >\4 Aogssa + 2 AA1p133 — 3s” Blygas + 2\oBss4
— INs" Aapsss + 4NN Blsy — S A Aapass — IAsBhou — ZMAopass — 2N Bihou
+ £>\44/\2@334 — A2A1§334 + A3 A1 90233 — é)\42)\3)\2@:«34 - ﬁ)\4>\3>\2@233 + §>\3312224
)\4>\3)\1 §334 + )\2)\4322244 + 11 )\2)\3)\4333344 4)‘2B102244 + %AQ)‘A:QB%SM
+ 2)‘323132444 FX0Bsbaas + T o133 + 18N\ Blhyyy + 3 Blhgss — TN Bz
)‘2>‘4 B33344 =z )‘0)‘4333344 )‘2)‘42322444 >‘4)‘le3334 6>\1313334
1120800 Babaas — 113 M2 Bigyy + 4)‘4)\ Bisuus — 5 AN Bl + 30 A" B
(—26)  Bilios = 35A*Mpsza + ZA3hap133 — 2A3A00330 + 2 A Aog2ss — 2Aade’ P34
— —>\4 A2g133 — §>\42/\1@233 - %)\4%\0@334 + %)\4/\1@133 + ;—1)\32)\2@334
— T55 M Aaps34 + 5A0Blooss — §ABlhsgs + M Biboss + $20Biggss — 5Bl
+ 2 XoMps31 + 2AoBibias — DN BB + MAsBEau + B opiss — A’ Bl
+ %)\3)\232%334 /\4>‘IB22444 + %/\2)\435444 /\ /\42333344 + ﬁ)\zl )‘3)\2@334
+ 320 B0 + g3AeAa” Bihuas + 51 MM Blsyy — §A2)\4313334 + g5 A2’ Bl
+ %A4)\3>\2@233 - £A4)\3)\1K3334 + 12—9)\43)\2@233 - %A2A3)\4ng344 - %A2A4Bé42244
+ 3/\13%334 + %/\3/\23512444
(—26) Bfjo = — g A Mpsss — 25 A3 000133 — AsAopsza + 2 Aade’ 0334
+ @)\4 A2g133 + %A42)\1@233 + §A42)\0@334 - %M)\l@l?)zs - %)\32)\2@334
+ )\2)\4313334 189 )\43)\2@233 - %)\4)\0@233 + %)\44)\2@334 - §A2A1@334
- ﬁ)\4 A3 A2§9334 — $A4)\3)\2@233 + 2—81)\4>\3)\1@334 + %%@133 + %/\2)\4232%334
+ 532228 M B — $MBlosss + 52 Blhsss — 501 Bibaus + Ao Balsa
— 3\ B350 — MNoBssaas + M Blsas — 5MA3B500 + §A2 A\ Bibouy
— 9130 Bibuas — 3202 Bigss + 55 MM Bibaas — §AeA Bl + AN’ B
— 5372 M’ Bl — MAaBsu — gzheA’ Biaas — 1AM Biiasy + §Ae Bl
( 27) B11123 >\2@112 — 4Xop124 + %Alplm - g)\1@122 + Aogr22 — l)\1ZM44
— MAiP1os + 2AsA1 0141 — AsAopsss + (2X0 + 2M4h1) By, — 30 Bfjay,
(—27)  Bfjiss = —3 X112 + 2200124 + 2A1p114 + TA10192 — 2X00222 — 3\ Blpayy
— INP0aaa — MAipraa 4+ EXA 0140 — Ashopsss + (2X0 + 2Mu\1) By
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(—29) 311122 = —§)\2)\0@334 — 2A3\00233 — %)\43)\1@33 + %)\4)\22@233
+ (2 Ao — I+ 5 )\42)\1) By + (203X — 2\ 4+ 4)) By
+ (—5 /\43/\1 + 5 >\4)\2 — XA+ 2NN N) Bl — 2 S A3 @331 — A BE,
+ (2_21)‘ - @)‘42)‘1 )‘3)‘1) B22444 + ( AAr — 4>‘3/\2) 313334 21)‘22@133
- %)\131%333 + §/\231%224 8/\ 1Boou + 5 )\ 1Bl + §>\2)\1@233 + §>\12P334
- %)\32>\1K9334 - %)\42)\22@334 + ﬁ)\B/\Q §2334 + g)\4)\op133 + §A4)\1B§§244
+ %)\3)\1@133 + %/\44>\1@334 + %)\42)\1@133 + §>\4)\2>\1@334 - %)\4>\3>\1@233
(—29) Bl = 2XM0133 + 2A5"Aipsss + ooz — A A o133
+ @)\4 A1§233 — %)\44)\1@334 + %)\2)\0@334 + (%)\0 /\4>\1) Biou
+ (ZACA = 2N+ IA3ho — SN No) Bgus + S A3 A 1233
+ (22 + HAsA — SXaN) Bihas + (5o — A1) Blgsy — 2A4% Xopass
+ (ﬁAS)\l - —)\42)\1 + %)\4)\0) 35,334 - 72>\4)\3)\0KJ334 — 2)\119132333 + Z-1)\43)\0@334
+ M By — s M Bl + %)\42)\3)\1@334 — Ao P34 + ( A1 — 12X0) B
(—30) Biiis = sMe12 + 2M70333 + Thopi1a — 2M Aopaas — 4AaAopir2g
— Xop122 + 6AsXoP14s — 2X2X09333 — 1200 Bih4s + 8XaAo By,
(—32) Bl1112 —%)\2/\19133 — 2X9 o233 + %)\3)\0@133 - g)\42/\3)\0@334 - %/\4>\129334
+ ﬁ)\4 Ao§r3z4 — Q>\32>\0@334 - %)\43)\0@233 + M AoPsza + A1 oz — l>\4)\3)\0@233
+ SAAA 233 + (BN — 8Aado) Byas + (Z 0 + 2X0% Ao — 2X300) Bls,
- 2—11)\42)\2)\1@334 + (ﬁ)\4/\3/\0 - )\1 + 14/\4>\2)\1 - —/\4 )\0) Bl + ‘>\3)\2)\1@334
+ (6Ash0 — AsA) Blgss + (220 — 20700 — 2A300) Bibaas + A" Noprss
+ 200 Bi1441 + 3M Blozs — M Bfi2u — 6A0Bioaas + 5AX0Bisaus + 3AaAe oz
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D.2 Quadratic 3-index relations

This Appendix contains quadratic 3-index relations associated to the cyclic (3,5)-curve.
Each equation expresses the product of two 3-index g-functions as a degree two polynomial
in the 2-index p-functions and the five ()-functions that were used in the basis for the space

of fundamental Abelian functions. The derivation was discussed in Section 5.3.3. Those

readers who wish to skip this Appendix should proceed to page 289.

We start by presenting the complete set from weight —6 to weight —19. Note that the

(Q-functions appear as either linear terms, or multiplied by a 2-index p-function. To skip to

the weight —20 relations proceed to page 264.

(—10)
(=10)
(=10)
(—10)

(=11)

(~11)

(—11)

©taa = 40y — dpos — 4ps3001 + P34 + 20300 + AT — 4Ny
34460444 = 4@34@2;4 + 2024044 — 933031 — Mgz — §Q2444
©3a4 = 4034014 + 4p1a + 4024031 + P35
O3349a44 = 2034044 + 203307, — 414 + 2020 — 2093044 — 24034
— 2035 — P2a M + 2\a 03444
03340304 = —2013 + 2044033034 — 2023034 + ©24033 + 203, + 243,
03330444 = 0014033034 — 4Xa3, + 2013 + Tpaspss + 2024033 + Aagas
— 2X4s30a0 — 205, — 2034A] + 690343 + 200 — 2044Q244s
©2149444 = —2013 + ©23031 — 2024033 — 123 + 203423 — 2A2
+ 4p2u%s + 2914Q24aa
O3 = 4033031 — 4P140aa + 51 — 203303 — 5934Q24a4 + 5 Qas33
93339314 = 2033044 + 203303, + 814911 — 2054 — Y2333
+ 2X433034 + 9333 + 2034Q0aa1 — Q2333
©2144314 = 205, + 923033 — P33A3 + 434024044 + %@34@2444 + %Q2333
P2319a44 = 2034924944 + 2023074 + 41400 — 2022004 — 202333
+ 2M40249044 — 203373 — %@34@2444 - %)\4622444
0333334 = — 2012 + 2014\ — 2013044 + 6014031 — 2022031 + 02324
+ 4033031 — 2033Q2414
©2449331 = 2012 — 2014A1 — 2013044 + 2A1024034 + 2014034
+ 2@24@:234 + 2044924933 — 2022034 — 923924 + %@33@2444
02330444 = 4140236034 — 2@24/\12; - 2@24@;2;4 + >\4KJ22 — 201434

— 2X4003041 — ANa0214034 + 2044024033 — 2013041 + 2033Q2444
+ 69044034 3 — 201404 + 6243 — 20440 + Q22034 + 6236024
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(—11)  Posap3aa = 20140 + 2Ma 0249034 + 2013044 + 2014034 + 2024034
+ 2044023034 — 533Q2444

(—12) O35 = —4022033 + P33 — 4013031 + 16914033 + 4035 + 4N
— 4\ A2 — 4p13As — 6pa3As — 4pzada + 2Q2033

(—12)  Poaspsss = 2033023000 — Yoy + 4P13034 + 59130 + 4Ps3021031 — Q2033
— 200303, — 2044033A3 + 24023034 + FA1 + 3Aahe
+ %@34>\2 + 2093A3 — 43, A3 — %@24@2444 + %@44@2333

(—12) P30 = 933 — 39130 + 43y — 3Aada + SP3ad2 — 20233
- %M + %@24@2444 + §Q2233

(—12)  ©o340330 = 2014033 — %@1?)\4 + 2033024031 + 2023034 + PaaP333
— ZM0 + 203100 — P23A3 + 31+ 205,03 — $02Qo01s
+ 3Q2233 — $p14Qa333

(—12)  po330300 = 2033023041 — P22§033 — %@13/\4 + 2@23@:)2)4 + 233024\
— 20440333 — %M)\z + %@34>\2 — P23A3 + %M + 2034 A3
+ 2024Q2444 + 5024Q2333 + 3 Q2233

(—12)  ©2049aaa = 2\ 4023034 + 344333 — 2@%3 + 2013034 — 2014033
— 93423 + Aapaads + 202001 + 201105, — 2033021\
— A1 — 3 Mo — 20130 — P23As + T340 + 2pasMaQoass
- %@24@2444 - %@44@2333 - %Q2233

(—12)  Pruupaas = PaPssds + 13931 — 2014033 + 40119 — 31+ 3
+ 20130 + P23hs + 303a2 — 500 Q2333 — Q2233

The following relations are at weight —13.

O1340444 = SP33MA3 — 2012044 — 2013033 — 303403303 + 2034014044
+ 2040140 + 203,013 — 3M Q2333 + £934 Q2333 — 2Q 1244

P2319244 = 4014024 — 2022024 + 2034934 — 2033 N2 + 205, 4 — 2033\ A3
+ 202423044 + %@23@2444 + §A4Q2333 + 2Q1244

023360334 = —2012044 — 2014024 + P22¢924 + 2033\ + 2033 A3 — %@23@2444
+ 43400333 + %@34@2333 - §A4Q2333 — 4Q1244

02340333 = 2034023933 + 303103373 + 4P149024 + 2013033 — 2020024 + 2CQ1244
— P33 M3 + 2024035 + 3023Q2144 — 5931Qa333 + 3 Q2333 + 4912014
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

02249344 = 2034033\ — 201204 + 2014024 + 2020094 + 203495, + P33Aads — 2Q 1244
+ 933\ + 2034020014 — %@23@2444 + %@34/\4Q244 - %@34@2333 - §A4Q2333
Pr1aP310 = P13933 T P31903373 + 4934910001 + 2014921 — 5931 Q2333
§223§0444 = Z51@23622444 + %@34@2333 + 4p2up23as — 49142 — 2034333
— 4p1204a — 8prapos — 4Q1244 + 4022024 + 6A3021001 — AaQa333
— 203405, + 2033 43 + 43z s + 8paspr1ads — 205, M — 3A]Qoaua
+ 2034022044 — %@34>\4Q2444 + 2X3Q2444 — 2422044

The following relations are at weight —14.

05y = —§@44@34A2 + %@14@23 + %@13@24 - %@12@34 + %)\4@22@34 + 2044013\
+ 5020034 + P149233 T 3011\ A2 + F023020 M1 + 3A3020031 + $933Q2333 + 211
— 20441 + 20123 — %@22@23 + %@24)\2 + %@33@%4 - %@44@2233 - §A4@33Q2444
- %@%3)\3 + %@44@%3 - %)\4@12 + %@14)\?1 + %@23@24@3 - %@44@22@33 + %@34@14)\4
02330333 = 2011 — P226023 — 2012034 — 2013024 + 8P14023 — 2024\
+ 2041 — 204012 + 4paspss + 2033Qa333 + Bp1ads
§233§0244 = %@44@34)\2 + %@14@23 + 13—0@13@24 + %@12@34 + %@44@22@33 - %@34@14>\4
— 2X\4P22031 + 2911 — 2022054 — 204492373 — PuAA2 + 5023020 + F044Q2233
+ %/\4@33622444 — 20441 + 201473 — %@22@23 + 13—0@24/\2 + %@33934 — 4paap13\
— 2033Q2333 + 3033 As + 3024053 + 3Aap12 — FPUN] T 302302103
01340344 = —3033\3 — 2014023 + 2013024 + 2014034 + 2031914\
+ 204013034 + 5033Q2333
P1449331 = P33A3 + 2014054 — 2012031 + 203101001 — P139024 — %@33@2333
+ 20330144044
P2240334 = —5Pua3a 2 + 2014023 — FP13021 — FO12031 — EMapoass + 2011
+ %@22@:254 + Paap23As + %@44/\4& - %@23@24/\4 + 3A3024031 + %/\4@33622444
— 2001 + 201403 + 2022023 + $02u X0 + 303305 — $024Q2233 — 2033Q2333
+ 303303 — 20up3s + 2 Aap12 — 3PN + 5023021031 + 3 PuP22033 + 5 P3P
§222362344 = %@1 - %@22@23 + g)\4@22@3 - %@12@34 + %@13@2 - %@14@23
+ 302203, + 392102 — 413 — 303305, + 3023024 M + 392302403
+ %@44@2233 + %@33622333 - g)\4@33@2444 - §@§3>\3 + %@44@%3 - %@44)\4)\2
— 2044233 — %@44@34/\2 + %@44@22@33 + %@34@14)\4 - %M@m + %@14)\421
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

©1330440 = —2011 + 12034 + 6014093 — 20441 + 601403 + P33A3 — 2014\3
+ Aip12 + 204190130 — 403490140 + 39140233 + 4paaP3are + 2044 A4 Ao
+ 2033014004 + 4014013031 — 2014034 — 5033Q2333 — P11Q2233

The following relations are at weight —15.

§2233§7234 = §p§4>\2 + 202403323 + %M)q + %@34@2233 - g)\?ﬁm + 2013023
— 2014Q2444 + 201373 + 303aA1 — 2X0a403303 + 2034035 + 2044Q1244
— 30310013 + P31902303 — AMp2sAs — 20330042 + 202403303 + 3 A Q2033
- %Ai@w + %@44)\4622333 + %@22@2444
§2240333 = —§>\4Q2233 + %@34&@13 + %@44)\4622333 + 924Q2333 + 20340336022 — %M)\l
+ 20342 — 2A\404433A3 + g)\i)\z — 2012033 + 6o + 0349233 + 2044Q 1244
+ 2M023A3 + 4249033023 — P21§33A3 — %934)\2 — 6139023 — %@22@2444 + 232
- %@14@2444 —4p13A3 — %@34)\1 - 2@34@%3 + %Aipw - %@34@2233 — 203304402
02220444 = — 833014\ — 2054 — 60345 — 2X4055 + 60a1024020 — 924Q2333
+ 2030 A2 + 2X404403303 + 20103103 — 2A3A2 + 4N] 23034 + 2012033
— 4o + 203300100 — Maasds — 2Xa034 A3 + TP2103303 + 205,02 — 40230
+ 209002444 — 4014Q 2444 — 201373 + 4341 + 2034Q 2233 — 2013023
- 4)\421@24933 — 2094 M Q2444 + 20442302444 + 2X4033¢022 — 130340233
922467244 = 2@34 - %@34)\2 - §A4)\1 - g)\i)\z + %@14@2444 — 2044Q1244 — %@34@2233
+ 2M\40449033A3 — %Aipw + %@34>\4@13 + 2034023 A3 + %@34)\4)\2 — Aag23A3 + %@34)\1
+ 20330412 + 2041921020 — 9232 + 39240 MQ2144 — 3914 M Q2333 + A1Q2233 — 2N
©2230334 = 2(034033§22 + %@34)\2 + §A4A1 - %AZM — 2012033 T 2013¢923
— 2099Q2411 + 3014Q2141 + 201373 + 303\ + AN4PaassAs + 203403
- %Ai@m + 4330144 — %@34)\4@13 + 0342303 — Ag23A3 + 2033044 A0
— 219333 — %@44/\4622333 + %@34@2233 + %A4Q2233 — 4944Q1244
01446333 = 2A0 — %@:%4)\2 — P13023 + 2033044013 + 4P33014034 + %@24@2333
— 20340233 — ©24933A3 — 203,013 — Z§J‘@34)\4>\2 + %@34)\1 - %@14@2444
+ %@34@223 - %@34)\4@13
©1440214 = 913623 — 2X0 + 9246033A3 + 2034 M1 + 4paaP1424 + %@14@2444 - %@24@2333
P1349331 = 205,013 + 2A0 + 2033014034 + %@34)\4@13 + 03102373 T 59240333
+ %@%Mz + §K934>\4)\2 + %@34)\1 - %@14@244 - %@24@233 - %@34@2233
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1330344 = 205,013 + 200 — P12033 + 2033024013 — P1gIs3A3 + %@34)\4@3 + 0346233
+ 23301401 + %@%4)\2 + %@34)\4/\2 + %@34>\1 + %@14@2444 + %@24@233 - %@34@2233
£124§0444 = %)\421)\2 - %@34)\2 — 201373 — 2p13¢023 — %@14Q2444 + 2044Q1244 — %)\4Q2233
— MPaa33As + 201207, + SANT013 + 209014021 — 20330100 + 203\
— 303492303 + 2012014 + 503 N2 + FA192303 + F00 Qo333 — AN
+ §934Q2233 + FP3uMap13

The following relations are at weight —16.

@%33 = 4933AT A3 + 20033Q2233 — 36033 A4 N2 + 87@33/\3 + 120934Q 1244

— 120034033\ A3 + 120011044 — 12093, — 124012004 + 120014020 + 03,

— 62Q1204 + 204331 — 80g33013A10 — 80339034 \2 + 4@33@%3 — 40913G)2444

+ 3 02Q2441 — 4MQ1244 + 40934 M4 Q2333 — 2 023Q2333 — 29X3Q2333 — 5ATQ2333
2246234 = 2@23@%4 - 9§A3Q2333 + %)\ZQ2444 + 2)\3@§4 — 8403313A1 — 20440143

— 42033\ 400 — 124031033\ A3 + 2103300033 + 950335 — 12407,

+ 12403401244 + 126011044 — 1280129024 + 126014022 + 2120033\

— 42013Q2441 — 820330342 + 205\ — 21923Q2333 + 3034 A3Q2444

— 64Q 1224 + 2022024034 — 220024044 + 13—4@34)\4622333 + 4114024
02230333 = —2033A5 A3 — 303303 — 6034Q1244 + 6034033\ A3 + 8P12924 + A3Qa333

— 203, — 120331 + 4ps3p13M1 + 40330312 + 2033033 + 2022033 + 2AT Q2333

+ 2013Q2444 — %/\2692444 + 204 Q 1244 — 20341 Q2333 + %@23@2333 + 4Q1224
©2239244 = 2X32333 + 203375 + 4034Q 1244 + 2A303, — 4psupasdads — 4pi,

— 412024 + 4P149022 — 2Q 1224 + 833A1 — 4033034 \2 + 20020230044

+ 4paprads — 495 + 200303, — 5031 03Qa1a1 + §A2Q2444

+ %@34)\4622333 - %923622333 + §A4@23Q2444 - §A3Q2333
02220314 = —2Aa23Q2144 + AN1P22024 — 202305, — 9ZA3Q2333

— 200Qauas — 4X303, + 202023044 — 840330130 — 1180340330\ + 40440143

— 4203304 \o + 21933Q2033 + 9203375 — 12407, — 4Ns 012044 + 118034Q 1244

+ %@34)\4622333 — 11612024 + 128014022 + 200033 A1 — 42013()2444

— 2X\323033 — 16033034\ — 49T M — 2055 — 62 023Q0333 + 5031 A3Q 2444

— 58Q 1224 + 422246034 + AN29024044 — ANap146024 + 120011044 — 204Q 1244
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

01339330 = 11933002233 — 22033 4 A2 + 48@33)\%, — 6803433\ A3 + 434013033
+ 6411044 — 6897, — 65012024 + 66914020 + 1080331 — 4433013M4 + 68034Q1244
— 440330342 — 63913Q2141 + 65034 M1 Q2333 — 11923Q2333 — 16A3Q2333 — 32Q1224
P1449231 = A3023033 + 2103302233 — 42033 A2 + 9603303 + 126031Q1244
+ 20319014024 + 128011000 — 12407, — 128012004 + 126014020 — 64Q 1024
+ 21203301 — 126034033 A1 A3 — 84033013 1 — 84033034 A0 + 2A10140024
+ 2041014023 — 2L 013Q2441 + 42034 M1 Q2333 — 63 023Q2333 — 32A3Q2333
P1340244 = — 2 A3023033 + 21033Q2033 — 42033 1 \2 + 9303303 + 126034 Q1244
+ 2031014024 + 124011044 — 124@%4 — 126912004 + 124014090 — 62Q 1224
+ 206033A1 — 126034033 A1 A3 — 84033013 1 — 843303400 + 2A4014024
+ 200413044 — %@13@2444 + 42034\ 12333 — 1%@23@2333 — 31A3Q)2333
01340333 = SA3023033 + 60331 + 40119044 — 2012024 + 303373 + 2031013033
+ 2014033 — 2034933\ A3 + 49T, — %@13@2444 — A3Qa333 — %@23@2333
+ 2031Q1244 — 2Q1224 + 2031 M1 Q2333
P1200304 = —3A3023033 + 2030012044 + 63 033Q2233 — 63033 A1 A2 + 141333
— 189934033 A3 + 188011044 — 18897, — 188012004 + 190014922
+ 20340149024 — 1269033013 A1 — 1260339034\ — %@13@2444 + 6334 A1 Q2333
- %@23@2333 — 47TA3Q2333 + 1909034Q 1244 — 94Q1224 + 31433\
01230444 = 2004414623 — 2M4014024 + 2031012044 + A323033 + 690440143
— 4331 — 203, M1 + 4p12021 — 2011041 — 931Q1244 + 2024013044 — 491,
- %@23@2333 — 2Mp12041 — MaQ1244 + 2Q 1204 + %@13@2444 — 203414624

The following relations are at weight —17.

92249233 = 8013014 — 411934 + 2012023 — 2013022 + 2024053 + 4paah

+ 691402 + 201203 — 6pa4N0 — 9240233 + 202460220033 — 22 A3034

+ dpaspaad — 20uMM + 3 033A3Q2441 + 924Q2233 — 3 Mag33Qa333

— 433Q 1244 — P22X2 + 40330 — 2301404 — 4X3P130a0 + 4033 M3
022309234 = — 4013014 + 2011034 — dP12023 + 2013022 + 2024033 — dP1aNe

+ 2011 A — 4p12A3 + 202102303 + 2022 A3031 — 20140341 — 2paa A\

— $03303Q2uas + 3 A1033Q2333 + 2033Q1244 + 202 A2 — 20330 + 4A3P1a 4

+ 2X3013044 + 4230140 — 202301402 + 2023022034 — 2053 43
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P2029331 = 202402303 + 40200312 + 223013041 — ANaP13024 — 3MP33Q2333
+ 4933 A As + 2020 X3031 + 2024022033 + 2933 A3Q2444 — ANsP12034
— 8pua3a A1 + 6A3p14931 — 4p119031 — 4P13011 + 4P 126023 + 4P13022
— 2094053 — 4924\ + 8p1ada 4 2012A3 — 120440 — 924Q2233 — 4933Q 1244
+ 4pisho — 2030140 + 4023020034 + 2021\

14469233 = %@23@14@34 + 201314 — %@11@3 - %@13@22 + %@24/\1 + %@14&
— 20440 — 92402373 — %@24@34)\2 + %@24@14@33 + %@44@34/\1 - %@12@%4
+ %@24@2233 + %@33@1244 - §>\4@13@24 - %@34@13@24 + 2314034
- %@24/\4)\2 - %/\4912@34 + %@23@14)\4 + %@23@13@44 + %@44@12@33

13469234 = 2923@14@34 + 20134014 — %@11@3 - %@13@2 - %@24)\1 + %@14/\2
— 20440 + %@24@22)\3 + %@24@34)\2 + %@24@14@3 - Z§L@44@34)\1 + %@12@%4
- %@24@2233 - %@33@1244 + §1>\4@13@24 + %@34@13@24 + 2A3014934
+ %@24>\4>\2 + %)\4@12@34 - %@23@14)\4 + %@23@13@44 - %@44@12@33

1336244 = —3923@14@34 + 2013014 + %911934 — (12923 + %@13@22 - %@24)\1
+ o1 — 204400 + 202102303 + 5 02u034 0 + 3024014033 + 5 Paag34M
- %@24@2233 + %@33@1244 + %M@L‘spm + %@23@13@44 + 2934@13@24 + §p44@12@33
+ %@24)\4)\2 - §>\4pl2@34 + %@23@14)\4 — 430149034 — %@12@%4

©133¢2333 = 6013014 — 2011034 + P12023 — 2013022 — 20211 + 201402
+ Bpaso + 4913935 — 2033 M3 + 2 \a33Qa333 + 2033Q 1244

P124§0334 = 5923014031 — 2013014 — 2P1934 T 3013022 — 2P + FP1aN
— 20440 + 302002303 + 2210342 + 5021014033 — 3PP + 391203
+ 20112033 — 924Q2233 + 2933Q 1204 — A1P13024 + 3034013024
+ 2X3014031 + %@24)\4/\2 - §A4@12@34 + %@23@14/\4 - %@23@13@44

£123§344 = %@23@14@34 + 2013014 — %@11@34 - %@13@22 + %@24>\1 - %@1&\2
— 20440 — 02492373 — 392403102 — 2024014033 T 2140341 T 391205
+ %@44@12@33 + %@24@223 - %@33@1244 + %M@m@m + %@34@13@24
+ 2314034 — %@24)\4)\2 + %Mmm - %@23@14/\4 + %@23@13@44

The following relations are at weight —18.

Ol = 431X + 013 + 201403303 + 4puap?y — 2014Q0333
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

Oron = —é)\zx@ls@zz + %@34)\4)\1 - §A4)\3)\2 + %@23@34)\2 + §A3Q2233

— Paa33\5 + %@34&%@13 + 44240333 — %@24)\4622333 + %%@44@2333

+ 201403323 + 5014\ Q2411 + ANop21933 — 63300 M — 2X3013031 — 2M4 A0

+ 2M40349023 A3 — §>\3@34)\2 - %@34)\4622233 + %@34)\?1)\2 - %@23)\4)\2 - §A3)\1

— 93323 — 2012Q241s — 205, M1 + P33 + A3 + 2085 — 202303 + 43,

+ 2044 Q1221 — 6924Q 1241 — 2011033 + 5 023Q2233 + 201302 + Bpsudo — Fpas s

- %@22@2333 - %&@13)\4 - §A4@§4)\2 + %@24)\3622444 + 2269333 — %@44>\2Q2444
922367233 = 2)\421)\1 — 204232 + 20220239033 + 9226033A3 — 2011033 — 2A3013 M4

+ A3Q2233 + 4p1302 — 203304401 + 4paadads — 4AgA1 — dpog Ay + 203 + 201403303

+ 2085, \1 — 30233 + 208 + ©23Q2233 — P53A3 — 2A3034)2 — 2X3013034 + 2075
022260333 = —06030 A A1 + 4AsA3A2 — 2A3Q2033 — 4Aa12033 — 6A4gr249033 A3

+ 2024 M1 Q2333 + 6022023033 + 201403373 — AX2004033 — 2033041\

+ 103013031 + 4X3034 A2 4 423 A A2 + DP3sAs — 2012Q04aa — 1093, \1

— 10975 + 69233 + 6924Q1241 — 2011933 — 2023Q2233 — 6p13X2 — Bsa)o

+ 022Q2333 — 2033 + 4X3p13 M + P22P33 A3 + 64X — 4As Ay
§9222§0244 = §A4@13@23 + ?@34/\4)\1 + g/\4)\3)\2 - %@23@34)\2 + 2035014

+ AN} Paa33A3 — L§L>\3Q2233 + %AZQ2233 + 20440335 — %@34/\42;@13

- %@24)\4622333 - §A3@44Q2333 — 6p14933A3 — %@14)\4622444 + 420249033

+ 14933044 M1 + é)\i)q + 6313031 — §A3p34>\2 + %@34)\4622233 - %@23)\4/\2

+ @%3)‘3 + %@12622444 + 2@34)‘1 - 2@%4)‘3 - 2>‘% - 6@%3 + 4@23)‘3 + 2@22@%4

— 444Q1224 + 69119033 — %@23@2233 — 8p13A2 — %@23)\1 - %)\iM

- %AZ@44Q2333 + %@22@2333 - 2&%@2@3 + 4N\ 0330042 — g)\i@m

+ %/\3@13/\4 + §A4@§4/\2 - %@24>\3Q2444 + 220333 + %@44/\2622444

— AM0 — 3A3A1 + EX022Q0aas — ANapasQroms
P1349233 = FAaP13923 + P3Nt + 20230300 — AaP2assAs + 5920 Q2333

— 9149333 — P33924\1 + 3013034 + %@23/\4/\2 + %@%3>\3 - %@12@2444

+ P15 + 920Q 1201 — P11933 — §923Q2233 + P13X2 + Pa1do — 30231 + Mo

— $922Q2333 + 5014Q2333 + 2023014033 + 2023013034 + P22033A3 + P34\
14480224 = %@22@33)\3 + 2092014044 — 911033 + PT5 — %@22@2333 + 59310

- @§4>\1 - %@23@2233 + %@%3)\3 + Aag24933A3 — 921Q1244 + §A4@13p23

+ 2014933A3 — %@14@2333 - %@12@2444 + %@14)\4622444 - %@24)\4622333

+ 3301101 + P30 AaA — Mdo — 20231 + 2014054 + 5023 M A2 + 202303400
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

13369234 = §A4@13@23 + P3N + %@23@34)\2 + 203301324 — A\a§r240333

+ %@24>\4Q2333 + 201403303 — ©3304a A1 + A3136034 + %@23)\4)\2 + %@33)\3

+ %@12@2444 + @54/\1 + @%3 + ©210Q1244 + 911033 — %@23@2233 + P13\

- %@23)\1 + %@22@2333 - %@14@2333 + 202301334 — %@22@33/\3 + Ao + 9310
P124§0333 = —5AaP13023 — P3aMaA — 392303802 + 2033013021 — Aa240333

+ %@24)\4622333 — 91403303 — ©33044A1 T A3P13034 — %@23)\4)\2 - @%3/\3

- %@12@2444 - 3@§4>\1 - 3@%3 + ©24Q 1244 — P11§33 + %@23@2233 — P13)2

— 5P3ah0 + 39023\ + §922Qa333 + 2033012031 + F914Q2333 + 2023014033

— 2002313934 — %@22@33/\3 + AsAo
912367334 = g)\4@13@23 + @3\ + %@23@34>\2 + 24024003373 — %@24)\4Q2333

+ 201493323 + ©3302a A1 + A313034 + %@23>\4)\2 + %@%3)\3 - %@12@2444

+ 9% — 2024Q1244 — P11933 — §923Q2233 + Pr13)2 + Paudo — FPash1 + Mo

+ §922Q2333 + 2033012031 — 3914Q2333 + 2023013031 — 592203343 + P
P1220444 = 49249120110 — ANaP13023 + FP3a MM — 2X5A3h0 — 2003054\

— 20jpaap33 A3 — 3AT Q2033 + 2A1012033 + S P3N 013 — 2A02403303

— A134623A3 — 4A334 A2 + %@34&@2233 + %@34/\%& — 23N\ A2 — %@%3/\3

+ %@12@2444 + 5@34)\1 + 3@%3 - 3@23)\;2:, + 2044Q 1224 + ©24Q 1244 — 3911033

+ %@23@2233 + P13A2 — 20231 + %Ai)\z + 2A4044Q 1244 + %AZW44Q2333

- %@22@2333 + AipasAs — 4pssprar] + %@14@2333 + 20900149044 + %Aimg

— 201495, — DAsp13As — %/\4@34)\2 + 3922@33>\3 + 434 A0 + A3Q2233

+ %@24)\4622333 + 20140333 — Z31914)\4622444 — 933241 — %)\421)\1 — 43013634
P1249244 = —P1302 — P34A — Aado + P3ado + Pr1033 — ©T3 + 201405,

+ P31\ + P330aaA1 — 302203303 + A3P13034 + 3012Q2444 + F922Q0333

+ 200412044 + 924Q 1244 — 9149333
P1140204 = —3A3000Q2333 + 502203303 — PL1P33 — i3 — $022Q2333 — P13

+ 3330041 + %@23/\1 - %@23/\4/\2 - %@23@34)\2 + %@23@2233 - %@%3/\3

— 2014033\3 + 204407, + %@44@33)\5 — A124§33A3 + ©24Q 1244 + A30136034

- §A4@13@23 — 91aQ1224 + 2@11@24 + %@14@2333 - %@12@2444 + %@24)\4622333

The following relations are at weight —19.

©1349144 = 2014013044 — 20126014 — 2033A0 + %@33@13)\3 + 2@%4@34
— $013Qa333 + 201\
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

13467224 = 13—7@33>\4)\§ - 1—30@12@14 + %A1Q2444 + %8)\2622333 + 3776)\4@14@22
— LIN4Q1224 — 18T A A3Qa333 + 126033 A4 Q1244 + 22 Maor119as + 2074 N0
+ 200001304 + 5923014024 + 2934012024 + 393301303 — 2913Q2333
+ 3013934 — 36501 1 — 201304 Q214 + 21N 1033Q2033 — 126034033 \3 N3
+ 223014021 — 21 \4923Qa333 — 420330 5N — 033N he — 22 Np126024
— 84403303102 — 8403301307 + 208033 A1 + 3031Q 1221 — 2923Q 1244
+ %@34@14@2 - %@33% - %@11@24 + 42034\ ] Q2333 — %@23@12@44 — 2X20146044
922267234 = @33)\4)\§ + 8126014 — 2>\2@§4 + Zgl)\1¢22444 - %)\2622333 - %)\4)\3622333
— 2X3Q1244 — 2A2023¢033 — 834 A4 Q1244 + 8@34@33Ai/\3 + 2A30149024
— 20126922 + §A4p23Q2333 + 21004044 + ©33A3 2 + AAsp129024 + 6330
+ 2093022024 — %@23)\362244 - %@34)\3622333 + 2035031 + 23092094
— 20301 Q2333 — 2023033 43 + 8A4P33031 02 + 2033 M4 A1 + 160330310
— ANgp120a4 + 5931 02Q2141 — 4934 Q1224 + 2023Q 1240 — 6911024
P1449223 = 2033 A4\5 — %@12@14 + §A1Q2444 + %)\2@2333 - §A4)\3Q2333
+ %Mpnm + %@22@13@44 + %@23@14@2 - %@34@12@2 - %@33@13/\3
+ §913Q2333 — 2013054 + 50TA — 2130 Q2us + FMapP1a02
- %@33)\3& - §>\4@12@24 + %@34@14@22 + %@33% - %@11@24 + %@23@12@44
+ 433 A — %@34@1224 + %@23@1244 - %A4Q1224 — 49140 + 2A3014024
P1249231 = 95033 A3 + %@12@14 + %/\1Q2444 + %)\2622333 - 1;30/\4621224
— 2MA3Q2333 + 126034 M4 Q1248 + 2N 011 040 — 126034033A5 A3 + 50330
+ 2923@14924 + %@34@12@2 - %@33@13)\3 + 5@13622333 + 2050 + %@13@%4
— 2201 M — 220130 Q0us + 2104033Q 2233 + 222 A sp14022 + 2X3014024
— 21\ 023Qa333 — 42033\ A2 — §P33NsAe — ZENs019004 + 30310146022
- %@11 O24 + 42034 \] Q2333 + %@23@12@44 — 2X2p1404 + %@23@1244
— 84433030 N2 — 84033013A] + 211033 M1 + $034Q1224 — 302201300
§1226344 = 92@33)\4)% + 1—;@12@14 - %/\1Q2444 - g/\2Q2333 - 18%)\4621224 + %@22@13@44
— ZXA3Qa333 + 126034\ Q 1244 + 365 A40119040 — 12603103301 \3
- %@23@14@24 + %@34@12@24 - %@33@13)\3 — 2p12022 + %@13@2333 — 4p o
+ 4Xop1apas — 2208 A — B2013 M Qoaaa + 21\ 4033Q2233 + 52\ sp149002
— ANgp1a924 — 21N4923Q2333 — 42053 M ] X2 + L033A3ha — N 0120004
+ 303a014022 + 203300 + Bp11921 + 4203005 Qo333 + 3923012044 — 2013054
— 84403303100 — 8403301307 + 205033 A1 + 5034Q 1221 — 2923Q 1244
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1230333 = 2033013023 + 2012033 — 203300 + 4119024 + 4P12014 — 2012020
+ ©33A3 A2 + 0230033\ A3 + 30330133 + 2033034\ — %/\1Q2444 — %)\4KJ23Q2333
— 3013Q2333 — 3X2Q2333 — P23Q1244
P2230224 = 4ss ] — dpr12p1a + 2ha05, + M Qoaaa + 5A2Q2333 — 2X4Q1224
— SAuA3Qa333 + 4X2023033 + S AaX2Q2444 + 4030 M4 Q1244 — 434033 N N3
— 2A3Q1244 + 4N4p149022 + 2A30149024 — §A4@23Q2333 — 4192149014
+ 2X30220024 + Apspoaos + 392303Q2444 + 5031 A3Q2333 + 3934 A3 Q2333
— 22092014 + 423033 A3 — AAa33031 2 + B8P3z AaA1 — 833034\
+ 2312044 — %@34/\2622444 + 2034Q1224 — 423Q 1244 — 4NaP12¢024
013360233 = 2023Q 1244 — 2011024 — 2012014 + 1222 — 2033A0 — 20333\ + %@13@2333
+ 2033\ A1 + §A1Q2444 + §A4@23Q2333 + §A2Q2333 + 433013023 — 2023033\ \3
P1230244 = — P33 M A] + %@12@14 + %A1Q2444 - %A2Q2333 + §A4Q1224 + %A4>\3Q2333
— SMP110a + 2022013001 + 2023014021 + 503012024 + 30330133
— %@13@2333 + %@13@34 - %@%4& + %@13)\4622444 - %M@M@m + 23014624
— 2X1P2apas + 50330302 + EXaP12021 — 3034014022 + B P33 N0 — 3011024
+ 3923012041 + 4X2P140a1 — 2033 MM — 2034Q 1991 + 3023Q1244 — 4P N0
£113§444 = —%@33)\4)\§ — 333 A1 + 4p1192a + ©31Q 1224 + 2033 3N
+ 4Xop149014 + %)\4)\3622333 + %@34)\3622333 + 4p14013944 — §A2Q2333
- %@13@2333 - §A1Q2444 - %@34@33/\3 + 2031011044 + 20330133
+ MQ1224 — 207,931 — 207, 0 — 2Map11044 — 2\ 924001 — 3P33931 M
©114§344 = 212014 + ©33A0 + %@34@33)\§ + 3033034 A1 — ©330133
+ 2031011044 + 2014031 — 3030 A3Q2333 + 5013Q2333 — P34Q1224

We present the relations at weight —20 below. As discussed in Section 5.3.3, these
contain terms that are quadratic in the basis ()-functions. To skip to the next weight level

proceed to page 267.

1346223 = —%@33)\4)\3622444 — P11§23 — P12013 — P12A2 — %@14)\1 + @14@%3
+ %M@M)\z + %%3)‘:2’, + %Q2444Q1244 + $A4Q2444Q2333 — 034624\
+ 2@%3)\1 + %M@spm + P34012A3 + %@34@14)\2 + %@22{913)\4 + %@22)\4/\2
+ 592202303 + 2020310 + 92191303 + P22014033 — P2P12033 + 3 P22\
— Paa23A1 — MA1P214 — ©33Q 1224 + 0349012023 + 226013034 + 92401323
— $033A3Q2333 — 2MaPuao + $914Q2233 — §022Q2233 — 2044031 A0
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

9323 = —8A3014 A1 + 420013 1 — 4Puap11933 — 8Aap13014 — BP3414 A2

— 8p119023 — 402113023 — 422014033 + 421912033 + 4022013634

— 8paapas 1 — 4p3ap12As + 497,033 — 8Nap1ads — 4p3ap12023 — 4P2aP13)3

+ 40220233 + 160140233 + BAap11934 + 420 A1 A2 + 40220340

+ 8paapizde — 8paapizpia + o115 + 4paapts + 4papss + 4p1ap3

— 835 A1 — 4Xopa30s — 30332 Q0aaa + 3033AT Q2333 — 43z AT A3

— A\yp120023 — AAap12A3 + %@33/\3(»22333 — 4X2024A3 + 2033( 1224

+ 1201473 + 4\ 033Q1244 + 411 0] + 4aa)3 — 83911 — 4pis e
022260233 = —2A30a A1 + %@22@13)\4 + %@34@24)\1 - %@44@11@33 + 4 gp140

+ §>\4@13@14 + %P?A@M)\z + %@12/\2 - %@11@23 — 4dpoap13003 — 4229014033

+ 424126033 + 422013934 — %@44@23)\1 — 6340123 + %@%4@33

— 434012023 — 602101303 + 202202303 — 8P1apashs — FAap11934

+ %@22@34/\2 + %/\4@24>\1 - %@44@13/\2 - %@34@13@14 - §A4Q2444Q2333

+ 301103, + 3014973 T 2022033 + 2030033 — 493573 + 4p1403,

+ 303300Q2141 + 5012013 — 5033AT Qo333 + 83T As + AAsp12023

+ 2033A3Qa333 + 2X2024 A3 + 3 933Q1224 — SAag33Q 1244 — 614N — 2X3011

— 12X40440 + 16012A1 + 8033\ s A0 + %@33)\4)\3622444 — %@22@2233

— 2Q2404Q1241 + 3014Q2033 + 2X1012A3 + 222 M0 + ANap3004 — P22\
1336224 = %@22@13)\4 + Dpzag024A1 + %)\4@13@14 + %)\4622444622333 — P116023

+ 324013¢023 + P22014933 + P24912033 + 22013034 T PaaP23 M1

+ 4pasP3a A0 + 3MP1aM2 — P3uP12023 T 92101303 + 302202303 — L O3a014 N

+ 204011031 + 302242 + 202203100 + AP d — 204401302 + 3P140233

+ %@g?))\% + 2033\ — P14933 — P12913 — %@33/\3422333 — 2M4pa4N0 + %@1@1

- %@22>\1 - %@33)\4)\3622444 - %@22@2233 + %Q2444Q124 - %@14@2233 — 20340123
P124§9233 = 3492 — 39220130 T FA4P13014 + SP3u0140 + P12de + 11003

+ 921013923 T ©22014033 T 249126033 — 922013034 + PaaP23A1 + P34912A3

+ 404431\ — §A4@14>\2 + 031012023 + 2101303 — 9220233 — 2MaP119034

+ 2053\ + 914933 + P12013 — 2\apaado + %@14@2233 + 1—36@14>\1 - %@22>\1

- %@33)\4)\3622444 + %@22@2233 + §p§3>\§ + %Q2444Q124 - %@33)\3622333

— 20 Mo — 392203100 + Mapasd — 2091302 + §A1Q2444Q2333
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

@%34 = 2,?0)\4@13@14 - %@22@13)\4 - %@34@24)\1 - %@44@11@33 + 29#0@34914)\2

+ %@12)\2 — 3210 + %@11@23 + %@44@23/\1 + %@34@12)\3 — 204431 N0

+ %@%4@33 + %/\4@14)\2 + %@24@13)\3 - %@22@23)\3 + P14§23A3 — %)\4@11@34

- %@22)\4>\2 - %@22@34)\2 + %)\4@24/\1 - %@44@13)\2 + %@34@13@14 - %@14@2233

+ 2%)\4@2444@2333 + %@44@%3 - %@%3)\% - %@§3>\1 - %@12@13 + %@33%@2333

+ $933Q1224 + 391N — §933MN3Q2444 + T5920Q2233 + §Q2444Q 1244 + 5911034
13300144 = 3@22@13)\4 + 3934@24/\1 + %@44@11@33 + %)\4@13@1 — Z§l@34@14)\2

— 21200 — 5011023 — 3 PaaPA — 50340128 + 4PasPsado + G P13

- %@33)\3622333 + %@22>\4)\2 + %@22@239\3 + Q14233 + %@33)\4)\3622444

+ %)\4@11@34 - %@24@13/\3 + %@22@34)\2 - §>\4@24)\1 + %@44@13>\2 - 8912@13

— 8911954 - %)\4622444@2333 + %@44@%3 + %@%3)\?), =+ §@§3>\1 =+ 17,6@34913@14

+ %M@M)\z - %@33@1224 + %@14)\1 - §Q2444Q1244 - %@22@2233 - %@14@2233
P12390234 = — 2031924\ + 2944911033 + 3MaP13014 + 393401802 — FP1200

- %@11@23 + 202101323 — %@44@23)\1 + 203401223 — 204403400

+ 3Mp1ads + 2034012023 + 2004901303 — ZAaP11934 — SAaP2aM

+ %@34@13@14 — %@11@;2;4 - %)\4622444@2333 - %@44@%3 - %@%3)\3 - 2@%3)\1

- %plzpw + %@33)\3622333 + %p33@1224 — 2444 N0 — %@14>\1 + %@22)\1

+ %@33)\4)\3622444 - %Q2444Q1244 - %@44@13)\2 - %@%4@33
£12267334 = %@22@13)\4 — 3424 1 — %)\4@13@14 + %@34@14)\2 + p12A2 — 9210

+ P11923 — P21013023 + 922014033 T P21012033 + P22013031 — PaaPaszh

+ 349123 — 8PaaP3a A0 + §A4@14)\2 + 3p34912023 — 202401373 + %@22@23)\3

+ 301402303 — 2X1011034 + 3022 A2 + 20220312 + 204101302 + 5033A3

+ %)\4622444@2333 + 205\ — 14933 + 5P12913 — é@33/\3Q2333 — 20110

+ %@14)\1 - %@22)\1 - %@33)\4>\3Q2444 - %@22@2233 + %Q2444Q124 - %@14@2233
P1149334 = 50220130 — 20310 + 5PuP11033 — FAP13012 + 5 P3aP14N

- %@12)\2 — 3210 — %@11@23 - %@44@23)\1 - %@34@12/\3 — 204493400 — %@14@2233

+ %@%4@33 + %M@M)@ — %@24@1?)\3 + %@22@2?)\3 + P1ap23A3 + g)\4@11@34

+ %@22)\4)\2 + %@22@34)\2 - %A4@24)\1 + %@44@13)\2 + %@34@13@14 - §Q2444Q1244

+ %@11@34 — 22—7>\4Q2444Q2333 - %@44@%3 + §p§3)\§ + %gagg)q + %@12@13

- %@33)\3Q233 - %@33@1224 + %@14)\1 + %@33)\4/\3Q244 - %@22@2233
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

£11300344 = —8922@13)\4 - %@34@24)\1 + %@44@11@33 + %M@lspm + %@34@14)\2
+ %@12>\2 + %@11@23 + %@44@2?)\1 + %@34@12)\3 + 4paa034M0 — %@%4@33
- g)\4@14/\2 + %@24@13/\3 - %@22@23>\3 — 20149233 — g)\4@11§)34 - %@22/\4)\2
- %@44@13)\2 + 3@34913@14 + 19—6@11 034+ %A4Q2444Q2333 + 17,6@44@%3 + %)\4@4)\1
+ %@%3)\:2), + %@%3)\1 — %@12@13 — 1—18933)\3622333 — 8933621224 + %@14)\1
- %@33/\4/\3Q2444 + %@22@2233 + %Q2444Q1244 + %@14@223 - %@22@34/\2

The relations at weights —21, —22 and —23 could be derived normally, without terms
quadratic in the ()-functions. To skip these proceed to page 273.

The following relations are at weight —21.

22247224 = §>\4)\3)\1 - %AZAS)\Q + 13—0)\4>\% - %)\2)\1 — 44X + %@12@2333

+ 6X3X0 — 4914Q1244 + 5011Q2144 — 2013Q2233 — 4922Q 1241 — 202035

+ 401373 + 404193300 + 8P21003301 — 33905, 02 + AA\3013093 — 202403303

+ 203102303 + SXop130310 — AAaP23 A1 + 4hopasAs — AA3p12033 + 4Aap1sho

+ SX303a M + ANa011033 + 403aNIA + AAapsado + AAapr1a933 A3 + EAaA3Qa233

+ 3 MAsp13031 + ANP220333 — Z A1 013 + 4pasAo — 493,00 — 3 APl

- %@34)\3 + ANjpoa 033 A3 — %@14>\4Q2333 + 6222033 + 433024 A4 A2

+ 423y — 50203 Q2333 — SA3P13M] — 2M40233 + 5024 M0 Q0aaa — 2A2Q2233

- Zgl)\zlp22Q2333 + %@14)\3622444 + %@22)\3622444 - %@34)\3622233 — 2094Q1224

+ 2@44@33)\4/\3 + 204433 A3 — §A4>\3@44Q2333 — 4924 A1 Q 1244 — 2044 X3Q 1244
1334223 = —§>\4)\% + %)\2>\1 +2X300 — 6A3X0 — 49014Q1244 + Z51@11622444 — 6230

+ $013Q2233 + 2022Q 1244 — 204403300 — 202403301 + A3P13023 — AaasAs

— 32013031 — A3P12033 + 23903001 + 2\ 4911033 + 2022013033 + 4A1031 0

+ 2003034 A1 + 4A2014033 + AN\1P14033A3 — 2A4 02260333 + %)\1 13 + %)\QQ2233

+ 203,00 + 2M0Ts — 50303 4 2013055 — 5014 M Q2333 + 3 A4922Q2333
P1249140 = 2074024 + §A2K313@34 + 249340 + 2044933 N0 — %@14/\4622333 + 2014012004

— 203, X0 + %)\3@13@23 + %)\4@3)\2 - %/\1@13 - %@13@2233 + Aig1433A3 + %M@%g
P1230233 = —2 A3 + A1 + 2050 — 6A3A0 + 2014Q1244 — 5011 Q2444

+ %@13@2233 — 922Q1244 — 2044033 0 + A3g13¢023 — §A2@13@34 — Aa23A3

+ 2X3012033 + 2A3030 A1 — 2M011033 + 4193100 + 2023012033 + 2 Al

— 2401403303 + Ag229933A3 + %)\1 P13 — 6pasho + 203, M0 + 2023031\

- %@34% + 20130053 + %@14)\4622333 - %)\4@22622333 + %A2Q2233
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

O1339131 = 2P1a Q2333 + 3X2013031 — 2XP14033A3 + 2034075 + A3P13023
+ 3Mts — 204403300 + 2403400 + 203, M0 — 202300 + 2014013033
+ §A4K)13>\2 + %/\1@13 + %)\3@12@3 - %@13@223 - %@12@2333 + 2014Q1244
Praap2e = SAA3 — S0 — 20300 + 3012Q2333 — 8914Q 1244 + 2020Q 1204
+ 6paa33 N0 + Op24p33 A1 — 3A3034 A2 — Asp13023 + 02403303 — P3a023\3
+ 4Xo0139034 — Zgl/\4m3)\1 + A2p23A3 — A3p12033 + %/\4@13)\2 - 1—;/\3@34)\1
+ 2031 A A1 + 6X4034 00 + 2092012041 — 60230331 + 4X2014033
+ 8\up14933A3 — 3 MaA3P13031 — AaP2203303 + 2Ma03300a M — 2AaA3P3a
— 4X o135 — 202300 — 20340 + 503473 + 2030240333 — §P14M Q2333
— 201205 — %@24/&%@2333 + %A4@22Q2333 + %@14>\3Q2444 + %@34)\3622233
— 2024Q1221 — 2020 M Q1241 — $M1023Q2233 — P21 X3Q2333 + 3NTP13023
+ %@23%@\2 + M33As + §A4KJ23@34)\2 + 4paap14p24 + %@44)\1622444
— $A2Q2233 + 22X 03\
£1246224 = —%)\4)\5 + §A2>\1 — 2300 — 2014Q1244 — 2024033 1 — %@44)\1622444
— %@24@33&2», + %@34@23>\§ - %)\2@23)\3 - §A4p13>\2 + §1>\3@34/\1 + 44340
+ 2093030\ + 22014033 — 2A1903, M1 + 2101103303 + A A3P13931 + A2Q2233
+ 3 AA3030 02 — 202300 — 203, M0 — 203473 + 201205, — 211 Q2333 + S X393\
+ %@14)\3622444 - %@34&@2233 + 024Q1224 + %@24)\3622333 + 2022014624
12269333 = %M)\% - %Az)q + 2\ X0 + 912Q2333 + 2014Q1244 — %@11@2444
— 6A3Ao — %@13@2233 + 2022Q1244 — 20243300 — 20210331 + A3P13623
+ 2 Ao013034 + Aap2s A1 + 2X20233 — A3P12033 + 2491302 — 4A30300
— 2411933 — 8A1034 A0 + 2020013033 + 40230129933 — O3 311
— 22X 01403303 — 2X492203303 — SA1913 — P23 Ao — 1093, A0 — A4
+ 303403 — 2013033 + 2014\ Q2333 + FA1022Q2333 — 3 A2Q2033
Proa9244 = —3MA3 — XA — 20300 — 2012Q2s33 + 6914Q1244 — 3011 Q2444
+ %p13Q2233 — 20440330 + 424033 1 — g)\3@§4/\2 — 23013023
- @34@23)\;% - g)\2@13@34 — Aa23A1 — A2g23A3 + 4A3012033 — 2A4013A2
— SXap3aA1 + 2030 A A1 + 6Xa03a N0 + 2020012041 — 4923031\
+ 2008, A1 — 8\ap1aP33A3 + ZAsAs13034 + 2XaPs3pasd1 — EAA3Paa0
— SAip1s — 3pasAo + 693,00 — AT — 30345 + 201005, + 2014 M4Q2333
- %@14)\3622444 + %@34)\3622233 - %@24)\3622333 + %@44)\1622444
+ 3 02Qa33 + 3 Map12Q0aas — AAoP1433 + 02403303
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

§1146333 = %@14)\4622333 + 2034911033 — 5)\2@13@34 — 204014903303 — 2@34@%3

— 2A3013§023 — g)\4@%3 — 204433N0 — 4Aa034 00 — P2334A1 — 4@§4>\0 + %@13@2233

+ 923X + 4P1ap13033 — 3AaP13M2 + 2A1013 — A3P129s3 + 2014Q 1244 + 5912Q2383
11467244 = %&@13@34 - %@24)\3622333 + %@1@4@2333 — 2000149033 — 2A1014§033A3

+ %@24@33)\3 — A3p13023 — %M@%g + 207,924 + 4924033\ + 2024011044

— 9236341 + P23 Ao — §A4@13/\2 - g)\l@m + 2014Q1241 + %@13@2233 — 24Q 1224
©113§9334 = 2034011033 — %@14)\4622333 + Zgl/\2@13@34 + 2X2014033 + 41140333

+ 2031075 + A3p13023 + 3 M5 — P20033M + 4PaaP33 N0 + 2Aa034 00 + 39012Q2333

— 202300 + 2Map13Ae + X013 — A3p12033 — 4914Q1241 — $913Q2233 + 2054\
11260444 = —%AM% + %Azh — 2074924 — %@12Q2333 — 4914Q 1244 + %@11@2444

- %@13@2233 + 4paa033 0 — 6924033 1 + A3p13023 — %@24@32)\% - 134%@13@34

+ 3 Mp23 A1 — 2X0023A3 + A3P12033 — 2Aa013A2 + 2X3034 A1 + AAaP3ao

+ 3230341 + 620149033 + 2A4A3013034 + Aag22033A3 + %Al ©13 + %/\2Q2233

+ %M@%g - %@34)\% - 2>\2@24@33>\3 - %@14>\4Q2333 + %@24)&@2333 — 20930

— 3 M922Qa333 + 924Q1224 + 2044033 32 + 2024 M4 Q1244 + 5 Aa23Q2233

+ %/\3@24Q2333 - %Aiplgm?, - %@23>\?1)\2 — Mgz — %)‘4@23@34)\2 + 40340

- %@44)\1622444 + 4p1ap1204a — %/\4@12Q2444 + 20049116044 — %@4@\2@2333

The following relations are at weight —22.

©r33 = 21X3Q1224 + 1433 \iAs A + 422307, — 4011914 + 4013Q1200 — 42X3011011
+ 243033013\ + 149013 3Q 2444 + %@13)\4622333 — Tp33A3Q2233 — 1410312302333
+ 4p33075 + 1o + 4pasAado — 7203303\ — 42X3014022 + 42X30120024
+ %A§Q2333 + §A1Q2333 + 28303334\ + T23A3(Q02333 + 42@34@33)\4/\3
- %@33)\3 + 4N Q2444 — 42034 A3Q 1244
©134§222 = —A2Q 1244 — %)\3621224 — 023Q1224 — 14p33M 300 — 3TA307,
— dp11p14 — 4913Q 1244 — 1y T PaaP2 M1 + 2023014022 — 20230120024
— 22012044 + T1P33A3A1 + 6Aop2104a + 42A3014020 — 40A3012024
+ MM Qoaas — T A3Q2333 — 2M1 Q2333 — 28303303102 — TP23A3Q2333
— 20940114 — 40@34@33)\4)\3 - p§4>\1 + P119022 — 4paaPraM + 20310126022
+ 43103300 — 243033013\ + 4A133030 M1 + 20210139022 + %@34)\1622444
- 4—3?@13)\3622444 - %@13)\4622333 + T33A3Q2233 + %)\4934)\3622333
+ 4Xop13033 + A A3011 041 + 409030 X3Q 1240 + B2 03303 4+ NoQ244a
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

02220223 = 4Ag A2 023033 + 4NTA3023033 — 6A2Q 1244 + 6033 As A3 A2 + X0 Q2444

— 4X3Q1224 — 2023Q1224 + 2075 — Bpua20 1 + 12033X A0 + 2A] 03323

+ 4X3 0331 + 433 Az A1 + 63012020 — 2A3012024 + 2Xa M1 Q2444 + 333 \5

+ 23 X0Q2uas — 204 00Q2333 — AT A3Qa333 — 2MuA3Q 1244 — AQa333 + 2303,

+ §A1Q2333 + %@23)\2622444 - %)\421@23622333 + 8333 A1 — %@23)\3622333

— ANz Qraaa + 402305, + 4033A5 + 2030 — 6119920
Q124223 = —A2Q1244 + 12—9/\3621224 + P23Q1224 + 8P33AaAs A2 + 23307, — 517@33)\3

— 411914 + 2013Q1244 + Ty — Paa@a2 M1 + 4pssAado + 2023014020 + 3N0Q2444

+ 209312024 — 33033 3 A1 — 18A3914022 + 20A3012024 + %)\4)\1622444

— %/\4)\2Q2333 + %A§Q2333 + %/\1622333 + 143033034 A2 + %@23>\3Q2333

+ 20034033\ — P11922 — 4PaaP1ad1 — 203403300 + 12X3033013 M

+ @%4)\1 — 2040336034 \1 — %@34>\1Q2444 + %@13)\3622444 + %@13)\4622333

— T33A3Q2233 — F M3 A3Q2333 — 2X0013033 — 19A30119044 — 20034 A3Q 1244
1244134 = %A2Q1244 - 217)\3621224 + %@23@1224 - 13—4@33/\4>\3)\2 - %&@%4 + %@24@11@34

—2pnp1a + %@13@1244 + %@23@%4 + %@%g - %@44@22)\1 - %&@14@24 - %/\4@2@14

+ %/\2@12@44 + %@33)\3)\1 + 2X 0249041 — %%@23@33 + 1430149020 + %@33)\3

— 143012024 — %)\4)\1Q2444 - %7/\3692333 + %>\1Q2333 — 9333903422 + %)\OQ2444

— 9239331 — 13?3@23)\3622333 + %@24@11)\4 — 143403303 + %@%4)\1

- %@11@22 — 2pup1aM + %@34@33)\0 - ?)\3@33@13)\4 - %@34)\1622444

- 13—4@13/\3@2444 + %@33&@2233 + %)\4@34/\3622333 + 277)\3@11 44 + %@44@12@13

+ 2924@13@14 + %@34@12@1 - %@23@11@44 + 14034 A3Q1244 — %@34)\2622333
£1236144 = —%)\2621244 + %A3Q1224 - %@23@1224 + ?@33)\4/\3)\2 + 71303,

— 2011014 + 5913Q1244 + 3023974 — 30T T 3PuP M + X010

- %/\2@12@44 - 3%‘3@33)\3)\1 — 4021044 + )\3@23@33 — T0A3¢14092

+ 70390126024 + § MM Q2aas + FA3Q2333 — A1 Qo333 + 46A3033034 A0

+ 209390331 + %@23)\362233 - %@24@11)\4 + 7090340330 \3 — %@%4)\1

+ %@11@22 + 2paap14M — %@34@33)\0 + %0)\3@33@13)\4 + %@34>\1Q2444

+ R01303Q2141 — Lp33A3Q2233 — S A3 A3Q2333 — 69X3011 044

+ %@24@13@14 + %@34@12@14 + %@23@11@44 — 7034 A3Q 1244 + %@34)\2622333

+ %@44@12@1 - %@24@11@34 + %)\4@12@4 - 20%@33)\2 + %A0Q2444
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

12380224 = %)\3621224 - )\3@%4 + 2011014 — 4913Q 1244 — @%z — Qa1 1 + 930 A3Q 1244
+ 2023012024 + 4AaP14924 + P33A3A — 6XoP2aus + 2X3019024 — P31 — A3P1104
+ %/\4/\1Q2444 + i/\gQ2333 - %/\1Q2333 — 2004911\ — @34@33>\4)\§ + 429136033
+ 911022 + 202491201 — 293403300 + 4A3033913 M — 2A433034 M1 + %)\4@34>\3Q2333
+ 2024013022 — %@34)\1622444 + %@13>\3Q2444 - %@13)\4622333 — AoQ2444 — %@3?,)\%
©12260230 = 2013Q1244 + P33 A4 A3A2 — /\3@%4 + 20119014 — AoQ1244 + %/\3@122 - %@33>\§
— 1o + Paap2 A1 + 4PssAado + 2003012094 — 2XoP120a4 + P33 A1 + ANsp12014
+ 2A30120024 — %)\4)\2622333 + i>\§@2333 - §A1Q2333 + 205403305 — P34\
+ 20449141 + 20349012022 + 4319033 N0 — 2A3033013 1 + 4Aag33034 M1
— P12 + %@34/\1Q2444 - %@13>\3Q2444 + %@13/\4Q2333 - g)\4@34)\3@2333
— A3911044 — 2034 A3Q1244 — 2X2013033
§114§9234 = —%A2Q1244 - %A3Q1224 - %@23@1224 + >\3KJ%4 + 2011014 + %@24@11@34
- %@13@1244 + %@23@%4 - %@%2 + %@44@22/\1 + %/\2914@24 - g)\z@u@m + %@33)@
+ %@33)\3)\1 + 2X0021944 + A3923033 + é)\4>\1@2444 - iA§Q2333 + %M@lz@m
— 2M1Qa333 + 330330342 + 202303301 — $023A3Q2333 — 20219110 — FA0Q2444
- %@%4/\1 + %@11@22 — 2pup1al + %@34@33)\ - %@34)\1622444 + A3p11044
+ %@24@13@14 + %@34@12@14 + %@23@11@44 - %@34)\2(92333 - %@44@12@13
P1139244 = 3A0Q1244 + 22X3Q1224 + 923Q1224 + 140330 A3A + 40A307,
+ 4p11p14 + 3A201200 — B2 P33A3M1 — ANopoaas — 3AP23033 — 42A3014022
+ 3013Q 1204 + 42030120210 — FAM Q2aaa + 11A3Q2333 — 2M1 Q2333 + FA3033031 0
- %@23@%4 — P23033A1 + 4%@2?)\3@2333 + %@24@11)\4 + 42@34@33>\4)\;2; - %@%4)\1
+ 208, — 2011022 + 4paap1aM1 — 593103300 + 283033013 1 + 2034 M Q2444
- %@44@22>\1 + 14013A3Q0441 — 733302033 — 14A09034A3Q2333 — 44A3011 044
+ %/\2@14@24 + %@24@13@1 - %@34@12@14 + %@23@11@44 — 42034 A3Q1244
+ 203400 Q0333 + 500012013 + 5020011031 — 3MP12014 — 330335 — 2N Q2444
£11269344 = §A2Q1244 + A3Q1224 + %@23@1224 — 20307, + 4pnpu — %@13@1244
- %@23@%4 - %@%Q - %@44@22)\1 - g)\2@14@24 + ‘%)\2@12@44 - %@33/\3>\1
— 4024044 — %)\3@23@33 - %)\4)\1622444 + %A§Q2333 - §A1Q2333
+ %Asp%@m)\z — 230331 + %@23)\3622333 + %@24@11)\4 + %@%4>\1
— 201922 + 4pupud + P Ps10s300 — §93a M Q2101 — 2A3011 01
- %@24@13@14 + %@34@12@14 + %@23@11 44 — %@34)\2622333 + %@44@12@13
+ %@24@11@34 + %M@lz@m - %@33)\% - §>\0Q2444
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

©1139333 = 2A3033013 M1 + P33 A3A1 — 20334\ — 2@%2 — P23033A1 — %A1Q2333
+ 8011914 + 693103300 + 20013033 + 201933 + 20339015 — 2X0Q211
- %@13&@2333 — 2013Q1244

The following relations are at weight —23.

01330222 = 12014\0 — 811913 + 4@:2),3/\0 — 4p19M\ — P12Q2233 + 2@?2,3>\4)\?2,
— 2033X3Q 1244 + 4023013022 + 601401373 — 4@saP12X0 + 8A1P1aAs — 2012053
+ 422031 A1 + AAap129013 — AA1P1a031 — AN1P13004 + 4210231 + 2A3011 034
+ 1209403400 — 4p21013A2 + 2101202 + 2023012A3 + 2033012020 — 6044 A3 A0
+ 202001303 + 2X3024A1 — 2301402 + 493 MM + 503301 Qoaaa — 2033 M1 A3Q2333
£1244133 = §@§3Ao - %@11@13 - %@12)\1 + 60140 + %@24@%3 - %@12@2233
+ 20141373 + %@34@12@13 - %@34@12)\2 - %@23@11@34 + %/\1@14)\4
+ %@14@13@23 + 20230140 + %@22@34)\1 + §A4@12@13 — 21014034
- g)\mw@m + 6249934 A0 — %@24@13>\2 + %@%3)\3)\2 + %)\4@12)\2 - %@33>\2Q2333
+ 30149012033 + 592301203 + 30239142 + 2021011033 — 503301 Q2444
01236223 = ©33A3Q1244 — 20119013 — 2@%3/\0 — 2Xop11 — p§3A4A§ + 2023013622
— 2093011\ — 692304400 + 2022034 M — 4A10149034 + 2A 1013014
— 42923\ + 2023010A3 + 4pa3p1aAe + 20000133 + 4A301400 — AN P14
— 2053 M1 — 203301 Q2144 + 203011031 — 6113 A0 + 3033 A1 A3Q2333
+ 202044 \1 + 202201 + 2012055 — X321\
§123§9134 = —3911913 - %@gg)\o - %@12)\1 — 691400 + %@24@%3 - %@12@2233
+ 20141373 + %@34@12@13 + %@34{912)\2 + %@23@11{334 + %Mm&
+ 3@14@13@23 — P23aaAo — %@22@34)\1 + %)\4@12@13 + 2\ 14031 + é@33>\1@2444
— 2N 013014 — 302403400 + 302001302 — BAaP21 N0 — 393323 \2 + 503302 Q2333
+ 3 P12 + 3014012033 + 302301223 — 30230142 — 020011933 + 3P22 A0
1146233 = %@11@13 + %pégko + %@12)\1 + 69140 — %@24@%3 + %@12@2233
+ 20140133 — %@34@12@13 - %@34@12)\2 + %@23@11@34 + %A1@14)\4
+ 2014013023 + 202304400 — 3922034\ — 3A4P12013 + 2X1 014034
- §A1K313@44 - %@24@13)\2 + %@%3)\3/\2 - §A4@12>\2 + %@14@12@33 — 3220
+ %@23@14)\2 + %@24@11@33 - 3@33)\1622444 - %@33)\2622333 — 9230123
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1220233 = 411913 + 493300 + 4p12M1 + 18p1ado + P12Q2233 — 2Xap11 + 2012033
+ 2033 M A3 — 203303Q 1244 + 6A1914M — 20220341 + 8N P14031 — 2033 M1 A3Q2333
— AA1P13044 + 20240231 — P23012A3 + 2033012022 — 92201303 — P22 aA1 — Y200
— 2X3014 02 + 43 MM + 3903301 Q2141 — AN3p11031 — 6PaA3 A0 + 2302401
P1130231 = SP11P13 — 503300 + 301201 + 5020073 + 3012Q2233 + 20140133
+ %@34@12@13 + %@34@12/\2 + %@23@11@34 - §A1@14/\4 + %@14@13@23
+ 2093140 — %@22@34)\1 - %M@m@w + 2A1 9146034 — §A1@13@44
+ %@24@13)\2 - %@:%,3)\3)\2 - %M@lz)@ - %@14@12@33 — ©23§12A3
+ %@24@11@33 + %@33)\1622444 + %@33/\2622333 - Zglpzapm)\z
11267334 = %@11@13 + %@%3)\0 - %@12/\1 - %@24@%3 - %@12@2233 — 414133
+ %@34@12@13 + %@34@12)\2 + %@23@11@34 + %)\1@14)\ - %@14@13@23
— 4pa30aaro + 2022034\ + SMaP12013 + 2X1 014031 + R M P13044 + 5014012033
— 62103100 — 302101302 — BA1021 00 + 2035 A3A2 + FAap12d2 — Paapash
+ 202301223 + %@23@14)\2 + %@24@11@33 - %@33&@2444 - %@33)\2622333

The relations at weight —24 have not been derived, (see Section 5.3.3 for more details).
The remaining relations from weight —25 to weight —42 could be calculated normally
without any quadratic ()-terms. To skip the remainder of this Appendix proceed to page

289. The following relations are at weight —25.

922269224 = §>\4)\3)\1 - %Ai)\z&)@ + %)\M% - ?)\Ml - 4>\421>\0 + §>\4)\3913KJ34
+ %@12@2333 —4p14Q1244 + Zglp11Q2444 - %@13@2233 — 492Q1244 — 2/\2@§3
+ 40137} + 404403300 + 8P21p33 M1 — SA305 A2 + 4A3013093 — 202403303
+ 203102303 + SAop13031 — AAapasAt + 4hopasAs — AAsp12033 + 4Aapr1sho
+ SX3p3a A + ANa11 033 + 403 AN + AAap3a0 + AAap1aps3 A3 + 6A3A0
+ ANy 02290333 — %@14>\4Q2333 + 629226033 — %/\4@%3 - %@34>\% — g/\2Q2233
+ 4X3 02193303 — ZX1 013 + 4P23 N0 — 45 h0 + 4924030 + 4p3302u M0
- §>\4)\3@44Q2333 - %/\3@13)\421 - 2/\4K023)\§ + %@24)\2@2444 - §A4@22Q2333
+ %@14/\3Q2444 + §W2Q>\3Q2444 - %@34/\3622233 — 2094Q1224 + 2@44@33)\4/\3
- %@24/\%@2333 — 2044 A3Q 1241 + 2044033A3 02 — 4024 M Q1244 + %/\4>\3Q2233
O1339131 = 2P1a Q2333 + 3X2013031 — 2MaP14033A3 + 2034075 + AsP1323
+ 3 MpTs — 2040330 + 2X0031 00 + 203,00 — 20230 + 2014013033
+ %M@w + %/\3@12@33 - %@13@2233 - %@12622333 + 2014Q1244 + %M@l?’)\z
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1a49220 = SMA3 + 20005, 01 — 2X300 + 5012Q2333 — 3P14Q1244 + 2022Q 1244

+ 6pasp33A0 + Bp21033 01 — 3 X305, 02 — Asp13P23 + 92403303 — 340233

+4\op13031 — %Mm:’)/\l + A2g23A3 — A3p12033 + §A4K)13)\2 - 13—4)\3@34/\1

+ 203051 + 6A4934M0 + 2022012041 — 602303101 + 4Aop14033 — A2 A1

+ 8M4p1433A3 — 3MaA3P13034 — AaP22033A3 + 2Xa03304s A1 — S A A3P3 N0

+ 302303102 — 202300 — 203, A0 + 393403 + F014A3Q2444 + 5934 A3Q2233

- %@1&\4@2333 - %@24/\12;(92333 + %A4@22Q2333 - 2@12@34 + 2)\421@24@33)\3

— 2004 Q 1224 — 20240 M Q1244 — FMp23Q2233 — F92uA3Q2333 + 3 AT P13023

+ 2003\ A2 + M hs — AA1 913 4 3 9asM Qoaas + 4221421 — $A0Q2233
1336223 = —§A4A§ + %/\2/\1 + 20300 — 6A300 — 49014Q1214 + %@11@2444 — 623 Ao

+ %@13@2233 + 2020Q 12410 — 2044933 M0 — 2024033 A1 + A3p13023 — §A2@13@34

— Ao23A3 — A3p126033 + 2A3031 A1 + 2A40119033 + AAa034 N0 + 2020013033

+ 20230341 + 4Xap149033 + AA\ap14933A3 — 2A40220033A3 + %/\1 13 + %A2Q2233

+ 20300 + 2Xaply — 3034N3 + 2013055 — 3014 Q2333 + S Aa922Q2333
P1249224 = —3AA3 + 2Aadt — 20300 — 2014Q1244 — 2024933 M1 + S X303, 0

- %@24@33/\3 + %@34@23)\3 - %)\2@23/\3 - %M@B/\z + Zgl/\spg4)\1 - %@44)\1692444

+ 202303401 + 2X0014033 — 21903, M1 + 2X401403303 + EAaX3013031 + g A2Q2033

+ 3 MAsP31he — 202300 — 203500 — 203403 + 201203, — 214 Q2333 + ANapsado

+ %@14)\3622444 - %@34/\3@2233 + 924Q 1204 + %@24)\3622333 + 209201424
01230233 = —2 A3 + A1 + 2050 + 3 A2Q2233 + 2014Q 1240 — 3911 Q2444

+ %@13@2233 — 92201244 — 20440330 + A313¢023 — g)\2@13@34 — Aa23A3

+ 2A3012033 + 2A3030A1 — 2A4011033 + X134 00 + 2023012033

— 20401493373 + Aag22033A3 + %/\1@13 — 623N + 205, A0 + %/\4@%3

— 3033 + 2013035 + 2014\ Q2333 — 3 A1922Q2333 + 2023034 A1 — A3\
P1240144 = MaP1aP33N3 — 203, X0 + g)\z@lgpm + 243400 + %M@%g - %@13@2233

+ 207,024 + %)\3@13p23 + %A4K313/\2 - é)\l@m + 2014012044 + 20440330

- %@14)\4622333
1146333 = %@14>\4Q2333 + 2034011933 — §A2@13@34 — 204014903303 — 2@34@%3

— 23013023 — §A4@?3 — 20413300 — 4AaP3a X0 — Pa3Paadt — 495N

+ dprapr1spss — 3MaP13M2 + X013 — A3P12933 + 2014Q 1244 + 3 013Q 2233

+ 3012Q2333 + P23 N0
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

01220333 = A3P13023 — 3A2A1 + 203N — 6A3h0 + P12Q2333 + 2014Q1244 — FA2Q2033
- %@11@244 - %@13@2233 + 220Q1244 — 204433 \0 — 20240331 + %M)\%
+ %M@m@m + Aa23 A1 + 2X202303 — A3012033 — 2013053 + 2Aa01302 — 43030\
— 24011033 — 8Aag31 A0 + 2022013033 + 423012633 — O2331A1 + %@14>\4Q2333
— 22X 01403303 — 2A492203303 — SA1013 — 3P2sAo — 1093, A0 — R Aupis + S03uA3
+ §A4@22Q2333
12260244 = —§>\4>\§ - §>\2)\1 — 2A3A0 — %@12@2333 + 6914Q1244 — %@11@2444 - %/\1@13
+ %@13@2233 — 2044033 0 + 421033 M1 — §>\3@;2>,4)\2 — 2\3013¢023 — g)\3@34>\1
- @34@29)\% - §A2@13@34 - >\4K923)\1 - )\2@23)\3 + 4/\3912@33 - 2)\4@13)\2
+ 2034 A ] M1 4 6X493400 + 20200120410 — dPa3P3ad1 — AXoP14033 — §914A3Q2444
+ 2X 050 — 8M\up1ap33As + S AuAspi3pss + 2\aps30asM1 — S AaAgPsuds
— 330 + 603,00 — 3Aa0Ts — 503403 4 201205, + 2014\ Q2333 + 92493373
+ %@34/\3Q2233 - %@24>\3Q2333 + %@44/\1622444 + %/\4@12622444 + %A2Q2233
1146244 = —%@24)\3622333 + %@1&\4@2333 — 924Q12214 — 2X2014033 — 2A40149033A3
+ %@24@33)\§ — A313023 — %Mﬁg + 207,924 + 4924033\ + 202401194
— 239341 + P23 Ao — %/\4913)\2 - %/\1@13 +2014Q1244 + %@13@2233 + %/\2@13@34
1126444 = —§A4>\§ + §A2)\1 — 208,924 — %@12@2333 — 4914Q1244 + %@11@2444
- %@13@2233 + 41103300 — 6924033 1 + 3013023 — %@24@33)\;2), + §A2Q2233
- 1—;/\2@13@34 — 2X20023A3 + A30120033 — 2A4013 A2 + 2A3034 A1 + 4Aa034 A0
+ 302303001 + 6X201483 + 2XaA3013031 + Aap2203303 + FA1913 — F931A3
+ 4p3, N0 + %)\4@%3 — 2\ 0249333 + %)\4@23>\1 - %@1&\4@2333 + %@24)&@2333
— 3 \922Qa333 + 924Q1224 + 2044033A3M2 + 2024\ Q1244 + A a23Q2233
+ %@24/\3Q2333 - %/\42;@13@23 - %@23/&@2 - §A4@23@34)\2 - %@44&@2444
+ 4p14p12044 — §A4@12Q2444 + 20040119044 — %@44)\2622333 - /\4@%3)\3 — 2093\
P11390330 = —3014MQ2333 + 2031011933 + 2X2014033 + AN1P1493303 + $9012Q2333
+ 2031075 + A3P13023 + 3 MPT3 — P20033M1 + APaapssdo + 2103100 + 2034 N0
— 20930 + §A4@13>\2 + %/\1@13 — A3p12¢933 — 4914Q 1244 — %@13@2233 + §>\2@13@34
P11490134 = 39330300 + 5 A303303u 01 — 2\ 0140024 + 2013074 — §93a M1 Q2333
— 204401400 + 2034011914 — %@34)\()@2444 - %)\OQ2333 + 2@%4/\0 + 2)\2@%4
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

The following relations are at weight —26.

Plaz = %@23@12)\2 + %@22@1?,)\2 - %@33@11@22 + 322031 A0 + %)\1@12@34
— 203300 + BAap22d0 + H 023012013 + 30130123 — 3033 M0Q2444 — BA0P14034
+ %@33&@2333 + %@33/\2621244 + 2X\1 01473 + %@11@%3 + %@4@\% + %@14)\3
- %M@m@% - %@;2;3/\4)\3)\2 + %@33)\4)\2622333 + %@%2@33 - %@11@2233 - %M@n@w
— 2Mp11 + 2X00aa A2 — 9P23024 0 + 1102343 + 2A0013¢044 + 2A2011 034
- %/\2@24)\1 + %AQMSQM - %@%3)\3)\1 — 9392400 — 5922@23/\1 + %@12>\4)\1
— 6Xop1ads + FA101403 + 5022075 + 2011 A
91226133 = —§m3@12>\2 - %@22@13)\2 + %@22@23)\1 + %@12)\4)\1 - g)\lplzmzx - %@14)\%
+ 1—36@%3)\4)\0 + %@23@12@13 + 3p13p12A3 + %@33/\()@2444 + §>\1K314m3 + §A2m4)\1
- %@33)\2621244 + 2A19014A3 + %@%2@33 + %@22@%3 - %@11@223 - %@33>\1Q2333
+ 3033 A 3he — 20330 A0Q2s33 — 3Aop12 — 3011055 + 2PuA] + Fp11 A
— 2M1p11 — 4X0Paara + Bpazpaudo + P11923A3 — 4XoP130as — A1 P13024
+ SA2p13014 + 3933 X3 A1 + 3033011022 + 692203400 + 1200140 — FAaP11013
P1149133 = 2014073 + 20149011033 + 2A2013014 + P3N A1 — A1 P12gss — %@33)\1622333
— 2X1 013024 + 20230240 + 2M0013044 + 202203100 — 3933 M0Q2444 — AoP12
+ 4Xop14\y
P113§9223 = %@23@12/\2 - %@22@23)\1 + %@22@%3 + %@12>\4)\1 + §>\1@12@34 - %M@M@zzz
— 303 MA0 — 2033 M0Q2uas + 5011053 + 5033 Qasss + 03300 Quaus — 3P11 AN
— 4\ P1aAs — %@%2@33 + %@22@13)\2 + %@11@2233 - §A2@24/\1 - %@:233/\4>\3)\2
+ 2033 MM Qa333 + 3923012013 + 3O4A] + F014A] — Ahopasde — 20110233
— 4N op13044 — %Mpw@m + §>\2@13@14 - %@%3)\3)\1 + %@33@11@22 - %M@n@w
91130131 = 20012 + 20119013034 + 2014973 + 2X2013014 — 2A1 014023
+ 2M1912031 + 202324 0 — AA0P13041 + BAop1a934 — 422034 A0
+ %@33)\0622444 + %@33&@2333 - %@%3)\3)\1 — 2XoP14M
11269233 = %@23@12)\2 - %@22@13>\ - %@22@23)\1 + %@12)\4/\1 + %M@mpm —2M\pn
+ %@%3&)\0 — 6Agp22N0 + %@23@12@13 + %@3?)\0@244 - %@33/\1622333 - Zgl/\2913@14
- %@33&@1244 + 2A19014A3 + %@%2@33 - %@22@%3 + %@11@2233 + %/\2@24>\1
+ 303503 h2 — 3033Aa N2 Qa333 + 3011033 + 20N — 3013 — SP1I AN
— 4Xopaara — 20119233 — 4NoP139a4 — 42119034 + %/\1@13@24 + §A1@14K923
+ 393331 + 2033011022 — Bpaagpsado + 12000140 + 12N0p 14034 + SAap11013
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

11162334 = —§@33>\0Q2444 - %@33)\1622333 + 2014011033 + 6A1014A3
+ X2p2a1 + 200012 — 2014973 — 204N — 201405 — 2X1911 + 6XoPashe
— 10023024 M0 + 3P11923A3 + 8Aop1304a + 2X2011034 + 4119013034
— 4Xop13914 + 333N — 9302100 + 202203400 — 2X0914M — BAoP14934
+ 6A1p12023 + dAp11913 + 2011 002 + Mip13021 — P11Q2233

The following relations are at weight —27.

P1229220 = ApasMPssMars — Zpsudd + 4p1sA3 — 200035 — AP e — AT A3
— 20303400 — 2A3A10ts + SA3A1013 — 1200013 A1 + 8A1 012033 + 60220330
+ 12A30930 + 2)\;%@13@23 - 2/\3912@33 — 43 A1 — §/\4A3A§ + 4N\ 102323
— 2030300 4 EXs o1 4+ PATAA — AT+ 6A3N0 — 207\ Ao + 4N 19340033
- §A4A1Q2233 + §A3)\2Q2233 - §A3@34/\% — AN p12Q1244 + %@24)\1622333 — 3A0Q2233
— 2029 A3( 1244 + §A3@11Q2444 — 201423Q1244 — 4paa M1 Q1244 — 2A4\ @%3 + 64220
- %)\421@1262233 - %@34)\1622233 + Z§l§)22)\162244 - %@13,)\3@2233 + Z51912)9622444
+ %@14)\1622444 + 4X3034 A1 — 2X002303 + 4012035 + 4N A3012033 + AN A2p12033
+ AXoP3300a A1 + 2M4 3020033 — 2012Q 1224 — %@44)\4/\1622333 + 6410229033
- §A4)\3@22Q2333 - %&@14)\4@2333 + 2X4p1ag0335 + Zgl/\3>\2@13@34 + 8A3 499310
+ 2Msadap1s + ANAopaad + 22304403300 + 2011933 M A3 — 4A1 0240333
12260124 = 2@%2@24 - 2/\2933 - 4/\0933 - %/ﬁ/ﬁ@m - 2/\3@§4)\0 + ©12Q1224 + %/\3>\4K3%3
+ 4013631 — 201433 N0 + %/\3>\1 P13 + 2012014022 — 2A0013A1 — 2A 101233
+ 4P p33h0 — 2X203400 + $A302300 + 2A1 013023 + SAFP13023 — SAEP12033
+ AaA2 Ao — %)\421)\2/\1 + %M/\% —6A1 Ao — %)\OQ2233 + é)\4)\1Q2233 — 2014A3Q 1244
- %@13>\3Q2233 + %@14/\1622444 + %@11)\4622333 + %@12/\3622333 - %/\4>\1@23)\3
- %&@14)\4@2333 + 2011 Q1244 + 2\ 01493373 + §A3>\2@13@34 + 4A3 10340
+ 2X1 0330140 — X AoPaads 4 2Xa0uups3 00 + A3 Aap13N2 — 2011033\
P1140124 = %@44>\0Q2333 - %@14/\2622333 + %/\OQ223 - %@24>\0Q2444 - 2/\3934)\0
+ Aog14§933A3 — %)\3@23/\0 + 2014011924 — %)\4)\2)\0 + §A2@34>\0 — A3§044§33A0
+ 200 — 3034A] + 203, — S Xop13 A + 2h0p13031 + FAadapsa
+ 3 AM103a023 3 + S A1 P3s\a013 + 201403300 + 201207, — §P3aM Qo233
P1130133 = —202203370 + 200033 + 2085 — 2M4X0A0 + 2X1 A0 + 2X007; — 2034A]
+ 2011013933 — 21013923 — 3A3023 0 + 4A2031 0 + A1P12033 — 2A0P13 A4
+ 4N oP13§34 + 2914033 0 + AoQ2233
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1140222 = —20750214 — 4p3u] + 201305 + 2X0073 + 6X0P33 + 2020011024
+ %@23@34)\% + %@23)\4/\3 + 4129146022 + %AiAlm — 2X303, M0 — %AS/\ALP%?)
+ 4p1ap3sro — FAsA1 013 + ANow13ss — 4Aop13 A + 6A1 012033 + 202203300
+ 62203400 + 2X2011 933 + 2302300 — 6A1 013023 — A3P13023 + AJP126033
+ Aagiz Az — %&@23)\1 + %A?R\z)\l - %AM% - %)\4)\1622233 + %@24>\1Q2333
+ AoQa233 — 2014A3Q1244 — %@22)\1622444 + %@13/\%@2233 + %@12)\2622444
+ %@14)\1622444 - %@11)\4622333 — 20940 Q2444 — %@12>\3Q2333 — 2012Q1224
- §A3@14)\4Q2333 — 4p11Q1244 — %@2?,)\2@2233 - %@22)\2622333 + Zgi)\z)\4@13@23
+ 2)\4@14933)\3 - %&&@13@34 - 2)\3)\4@34)\0 - 4)\4923@34)\0 + 4)\1@33914)\4
— 424033 10 + 4N 1311013 + §A4A2@34)\1 + 2A3044¢033 N0 — %/\3/\4@13)\2
+ 4011033 M A3 — AM1024033A3 + A220033A3 — A1034023A3 + AaA1023A3

Pr1201a1 = =503\ + 201907, + 2X00b3 + 2012011041 — 3 M1 PRA2 T 439340
+ 6143300 — BAoP13031 — FAo@1shs + X1 012033 — 20263300 — FA2693400
— 5A323A0 — A1g136023 + %)\%@12@33 - 13—0)\4>\2)\0 + §>\1)\0 + §A0Q2233
+ %@34)\1622233 - %@14)\1622444 + %@24>\0Q2444 - %@44>\0Q2333 - %@12)\3622333
— 912Q 1224 — 41239310 — 2M1 033014\ + 421033 A0 + %/\1 P34 \1013
- §A4)\2@34)\1 + 2A3044933 N0 — AM10346023A3

P1120224 = 21 A202403303 — 2X001403373 — 200 M1 P33 M A3 + 2050021 — S034A]
+ 201303 + 200075 + 4Nopds — 3A105u A2 + 2022011024 — 3ATAP13 + 4A305, 0
- g)\3)\4@%3 + 41403300 — §A3)\1@13 — 8013931 — 8Aop13As + 4N p129033
— 49203300 — 2X2034 A0 + 2X2011 033 — 4A302300 — 4A1P13023 — A3P13623
+ A3p12033 — Aopas A1 — 2 heho — 2ATAA — ZMAT — 201 A0 + 2X0Q2233
+ 3 MM Q2233 — 202401 Q2333 + 4914 A3Q 1244 + 204501 Q1244 + 5933 M Q2233
+ %@19\3@2233 — 2014\ Qoa4a — %@11)\4622333 + 2024 A0Q2444 — 2021 A2 Q1244
- %@12>\3Q2333 + %@44)\4)\1622333 + §A3@14>\4Q2333 — 4p11Q1244 — %@24)\4)\2622333
— 4)\4@14933)\3 + §A3)\2@13§)34 + 43 A1 03400 — 4X 1933014 1 + 824033 A1 \0
— 3MP3aMa013 — 2MA003a A1 — AAsPuapssdo — ZAsAaP13he + 4011033 M A3
+ 4102403303 — 210349023 3 — AaA1023A3

P1119333 = —2A0Q2233 + 6911913033 + TA1913023 — 6911033 A3 — 3A3923 A0
— 2M40200 — 2X2p0119033 + A223 A1 — 22034 A0 — 20922033 A0 + 2)\4/\% - 4>\2@%3
— 201305 — 2075 — 4X Ao + 2X1 012033 + 2034A7 — 10X0p33 — 2X0013M4
— 2X0913034 + 69011Q1244 + 6A3 1013 — 4149330 + 2011 A4Q2333
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1119244 = —2Xa 202403303 — 420140333 + 4Paa A1 P33 M A3 + 3034 — 201007,
— AP35 + dp1apr1Paa + 2012011044 + §1>\1@§4)\2 - %@23@34>\% - %@23)\4)\%
— SNIAp1s — 2X303, X0 — 6014033A0 + 2A3A 1013 — 2h0p13034 + 5 A0P13 M
— 61912033 + 42033 N0 — g)\2@34>\0 — 230230 + 3M 10139023 — %)\;2;@12@33
— A2P33As + $Aopas At + 2 Aadado — 3ATAA 4 FAAT — SA A0 — §A0Q2233
+ %/\4/\1Q2233 - %@24)\1622333 — 4p1aM Q1241 — %@34/\1622233 - %@12>\2Q2444
+ Z51914)\1622444 - %@24)\0622444 + %@14)\2622333 - %@44)\0622333 + 224 A2 Q1244
+ 591223Q2333 + P12Q 1224 — %@4@\4&@2333 + 2011Q 1244 + %@24)\4>\2Q2333
+ %@23)\262223 - %@22)\2622333 - §A2A4p13§323 + 2A3 2013934 + A3 19031 \0
+ 8A1p2303100 + 6A1 0330140 — 8P20033 M0 — F A1 P31 Aa013 — 2AsA2034M1
+ 8A3044033 0 + A1924033A3 + 2002203343 + AM1034023 A3 — 2A4 102373

The following relations are at weight —28.

P1149123 = 362333 A1 — 3A3034033 0 — AaA3P33031 A1 + 433 A3 A0
+ 3033 A A1 Q2333 + 203307 4 2M1 974 4 5034 00Q2333 — 3923 M0Q2444
— 4AXop1a924 + 2013012014 + 20110149023 + 2022024 N0 + 932 A1 Q1244
— $923M1 Q2333 — 4XoP12041 + SP33A3A1 — 2A1 12024 + 2A1 0110
+ 291901402 + 433N A0 — A1 Q1224 — DA Q1244 — %A3A1Q2333 - %)\4)\0622333
P113¢0222 = —2A4A3 20023033 + %)\1@33/\4)\2 — 2X30923¢033A1 + %@23/\4>\2Q2333
— 8Ao 123033 — 2/\?;>\1 0333 — 84)\%@33@34>\2 - 42@33)\4/\§>\2 + 72—4)\1 03313\
+ BN P33 paade — dpT) — 1260507, + 380N Asps3034 01 + 420405034 Qas33
- %)\3@13>\4Q2333 — 10p33 A4 A3M0 — %@34)\4)\1622333 — 209307, — &;0@33/\%
+ 382M\107, + 52033\ — X307y + 202300Q1244 — 2033A3A3 — 4Xa 11024
+ 42122 + 2003011922 — 2023 \0Q2444 + 12A0014024 — 12029024 A0
+ 126034 7\3Q 1244 — 491303Q 1244 — 380034 A1 Q1244 + 2103373Q2233 + 8Aop13033
- %@33)\1622233 - 21@23/@@2333 + %@23&@2333 - 42@13)\;23622444 + 220\ Q1244
+ 32—8)\1@13622444 + 12603011041 + 126A 3014022 — 12675012024 — %@33)\@\1
+ 4X3011 914 — 203M1 — 378X 014022 + 390N P12921 — 3861911044 + FA2A1 Q244
+ 412011 1 + 412013922 — 4dP1201aN2 — 12033 900 — 126/\4)@@34@33
+ 195X Q1224 + %A%Q%:&s — 80A A3 033013 — %A§Q2333 — 63\3Q1224
+ 12X0Q1244 — AN A0 Q2444 + AT Qazzs + 52 A3 A1 Qasss + 2M4X0Q2333
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

12269123 = %)\1@33)\4)\2 + )\421)\1@33)\3 - 28)\%@33@34)\2 - 14@33)\4)\3)\2 — 3A4A0 Q2333
+ 22X ps3p130 + 2N paspaada + 207, — 420307, + 128XiA3033081 M
— MA1 Q1241 + 14N A3031 Q0333 — 3X3013 M1 Q2333 + 1133 a3 ho — 22 034 A s A1 Q2333
+ 200307, — B033AT + 130103, + L o33N + 2X307, + 42034 A3Q 1204
— 913A3Q 1244 — 1280034 \1 Q1244 + 7@33)\;23622233 - %@33)\1622233 - 7@23>\§Q2333
+ %@23&@2333 + 2013033 — 14013A3Q2444 + 1—30)\1@13Q2444 — 60126044
+ 4203011944 + 42X\3 014022 — 42X3012024 — S P33 AN — 2A3011 014 + 5 As A1 Qa3
— 1281914022 + 126 10129024 — 128 N1 011044 — 20120110 + 2012013022
+ 4p12014A2 + 8p33AaAg — 42/\4>\§KJ34@33 + 631 Q1224 — 27/\4)\;2;@33@13
— 23 Q2333 — 21A3Q1204 — IN0Q1244 + 2X3M0Q 2441 — $ATA1 Q2333
P1130124 = A20339013A3 — 21A1 933 4\ — %A3@23@33)\1 — 3A3¢234033\0
— 42X 1033913 1 — 42X1 033034\ 2 — 64A4A30330031 A1 — 2033 A1 A3 0
+ 035 MM Qo333 + 104033 A — 6201 97, — $01302Q2333 + 2013011024
+ 3030 00Q2333 + 3023 M0Q2444 + 2N 0014024 + 2013012014 — 420921 N0
+ 64034 A1 Q1244 + %@33)\162223 - %@23>\1Q2333 + 4Aop13¢33 — %)\1@13622444
+ 20126044 + %@33/\3/\1 + 64N 014922 — 621012624 + 62X 1911044
— 2033A2 00 — 31A1 Q1224 + 4N Q1244 — %/\3>\1Q2333 + §>\4)\0Q2333
P1120223 = 2MA3\0023033 + 2A1 P33 A2 + 2302303301 — 3023 A1 A2Q2333
+ 8Xo a3 pss + AN A1 033 A — SA1Ps3013M + 3 A10s3031 00 — AAA Q1oua
+ 2M\4 39330341 + §A3K~’13)\4Q2333 + 83z AaA3 Ao — %@34&)\1@2333 + 209307,
+ HossA] — 2\1903, + 203075 — 202300Q1244 + 2023011922 + 202300 Q2444
+ 2013A3Q 1244 — 2034 A1 Q1244 — %@33&@2233 — 401333 — §A1@13Q2444
+ %@33)\3/\1 + 430119014 + 2A1 0149022 — 2A1 012024 — 2A1 911044 — 433 A2\
— MQ1224 — 224 A\3033013 + 2XA300Q2404 — AT Qasss — A3 A1 Q2333 — 4,
P11190231 = — 203301373 + A3023033 A1 + 6A3030033 0 — 2071 + 2A4\3033034 M1
— 2033 4300 — 3030 A1 Q2333 — 433 AT — 4N 97, + 2011012034
+ %p13)\2Q2333 + 201301124 — @33)\3)\5 — 2X2p110024 — §p34)\0Q2333
— 302300Q2441 + 8AoP1a921 — 2013012014 + 2011014923 — 4220210
— 2033\ Q1244 — 5923\ Q2333 — 4NoP13033 + 5 A1 913Q2441 + 2A0P 12044
+ 6A30119014 + AN1P12024 — 2A1 011041 — 201201402 — 633 2 A0 + 2A1 Q1224
+ 3A5Qa333 + 4X0Q1241 — 3A3 M0 Q2441 + FNaA0Q2333 + 3A2 M1 Q2aaa
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1120134 = —3A3023033A1 + 6A3034033 0 + 2MA3033031 01 + 4033 A4 A3 M0
- %@34&)\1@2333 - 4@33)\% + 2\ @%4 + 2011912034 — %@34)\0622333
+ 202300Q2441 — 4NoP1a921 + 2013012014 + 2922924 0 — 203401 Q1244
+ %@23)\1622333 + 20120044 — %@33)\3)\1 — 2M\1p14022 — 2A1011044 + 2012014A2
+ 4pssdoro + M Q1224 — 200Q 1244 + 3A3M1 Q2333 — A0 Qa333

The following relations are at weight —29.

Pr13P123 = 2\ 913914 — PRz AAsA + 5933 M Q2333 + 3301 Qr2aa — 4NoP13024
+ %@33)\0692333 + 200012 + 2A0012034 — 4A2p24 A0 — 6A0P14A3 — 2A0pP146023
+ 201301202 + 2012015 + 2011934\ + 2011913023 + 2M1 91402 + A1 pPaso
— 20939220 — 20110 — 3@%3)\3%
P1120133 = 2M19013014 + 2033 M M — 20350 A Qasss — 203301 Q1244 — 4AoP13024
— %@33)\0622333 + 2M 0012 + 220012034 — 42021 N0 + 12000143 + 202403
+ 4ANop1a923 + 201301202 + 2012015 — 201103\ + 2011012033 — 2A1P14\2
— 2X190aah0 — A1P12923 — 2A1 13020 + 4023022 M0 — 8P11d0 + 6p33 A3
11190233 = —2012073 — 201100 — 201203 — %@33/\4/\1622333 — 939220 + 200126034
+ 6A1912A3 — 2011 A1 + 601101303 — 2A09011023 + A2 M1 + 4p11913¢023
— 2033X0Q2333 — 2033 M1 Q1244 + 2035 A3 A1 — 2X1 01400 + 120001403 — 2X10aa o
+ Mp13p22 + 224 X0912 + 61012023 — 201190301 + L0Xop14923 + 695330
+ 2 0913024 + 2X2021 00 — 4P13012 02 + 2011012033 — 2A19013014 — 8230220

The following relations are at weight —30.

P1140122 = 200X 01403373 + 2 A300493300 + 391201 Q2aaa + §914M0Q2444
— 20013023 + 5A1033A3 — 502200Q2444 + 5A0013M] + 2011014022
— 301401 Q2333 + AAapaaP3zdo + 2 Aop23p3u M1 + AAap1ap33 N0 — F023 M1 Qo033
— M A421033A3 + A2 A113 — @33@4@\% + AM1p11933 — %@22&@2333 - %A4>\0Qz233
- %@34)\0622233 + A Az23 A0 + §A1>\4@13@23 + %)\4)\2@23)\1 + %A1@22@33>\3
+ %>\4@24)\1Q2333 - §A4@14>\2Q2333 - §A4@44)\0Q2333 - )\1@%3 — DA0§r24§933A3
— 20937 — B A1031 00 — HAoP13A3 + 2X0012033 — 2044 M0Q1244 + P24 M0 Q2333
+ 020 M Q1241 + 2075014 — 201400Q 1241 — SA293 N0 + P3N — NopaaP23As
+ B3 da13 + 2A1 01403303 + 2X0 A 103100 + SATA2 A0 — MM Ao — 3AF
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

Pria = —3 M@0 + P37 + AJ + 4p1197s + 2M09340238 + FAopaadaprs

+ 2101493373 — 2A0§024033A3 + §A2A4934>\0 - §A1K334)\0 - %@14)\0622444
- %@14&@2333 + %@24>\0Q233 - %@34%@2233

P1120222 = 2011039 — AN Aap1a933A3 — 12X A3041033 00 + 2A4X2022 0333
— 414 M0Q2444 — 8AoP13P23 + M P33A3 + 3 A Aipls + F1302Q2233 + 4A3 023\
— 6A30340 + 2012A3Q 1240 — 3911 AT Q2333 + 203011033 + 2022 M0Q 2444 + 2A3Q2033
+ 8\ o33 — 8hopisA] + Zgl/\2@11622444 — 2230233 — 4Xo23 N0 — 202200 Q1244
— 16A2pa4033 M0 + §>\2@23@34>\1 + 6AA30130314 + 23—2>\3)\2@34)\1 - %M&Mm
+ 811933 A A3 + 2Aap12X3Q2333 + AAsA1P12033 — 30224 A0 Q2333 + 16X0 0240333
— 20312033 + AAadap11033 — 292301 Q2233 + AN A apoapssds + T Ao 113
+ 633024 A] + 14X 011033 + 302201 Qo333 + 2030 A0 Q2233 + 24 A3023 N0
— BN 133 — SAadapasht + Apa2ssds — 3 Aap2ah1 Qasss — 1201034\
+ §A4@14/\2Q2333 + AN pasroQasss + 2 973 — 411 Q1224 — %&@11@2333
- %@23)\% - %%@13@34 - 8@34)\4)\% — 10Aog13A3 + 4012033 — 8p11AaQ1244
+ 12044 M0Q 1244 — 2024 M0Q2333 — 4p2a M1 Qroaa — 2A30%5 + 2035020 — 534N
— %@12/\2622333 + 4p1400Q 1244 + 8X203, A0 — 16X003402303 — 8Ao@3a\ap13
— 63T — 6101403323 + 8A2Asp3ado — 3A3A Q233 + 2A3M0 00 — FANS
20205 — 20302 — 20502 — 8 A0 — 1222 + SAAsdeds + 22 AoQass

P11190224 = —A2A3012033 — 4A2A114033A3 + 8N 304490330 — %@12/\1Q2444
+ %@14/\()@2444 — 401323 — %Al O3 \s + §A4@13>\§ + %@13&@2233
— $AMapls — 3A3pas A1 4+ 9A303a N0 — 5022 00Q2441 — SAoP13A] + 2011014022
+ 3014M1 Q2333 — 22011 Q2141 + A3023 A3 4 2X002300 + 4011012024 — AN P14033
+ 8A2a133 A0 — 4A2p023034 A1 — AN A3013034 — DAz A203a A1 — AN Az A1 013
+ 2A20024033A1 + %@23)\1622233 + A1 4240333 + 13—0)\2>\1 013 — 3P330aa T
— BA1p11933 — 20220 Q2333 — 3030 00Q2233 — A2 Asp13023 — 2AsA3023 N0
— 2M1 Aap13023 — MdagasAr + g/\1p22§333/\3 - é)\4@24/\1Q2333 + §A4K914A2Q2333
- g)\4@44)\0@2333 + 51975 — 20237 + 2011 Q1224 — %/\1@34)\0 + %@@13@34
+ P31 M — 20001303 — 4Aop12033 — 8PaaMo Q1241 — P21 A1 Q1244 — 2N 9240333
+ 30345 + $01200Q2333 + 4p1a X0 Q1241 — FA2pFu A0 + 3034AT + 14X 00540033
— 2 hop3adapis + 2M1 01408303 — 4AoAapssdo — 3ATA2 A0 + A3 A1 Qaass + 3AsAaAg
+ %M)\% - %A% - g)\4)\1)\0 — 2042300 + §A4)\0Q2233 - %A§Q2233 — 207014
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

Plas = —2MA3012033 + AN AaP14033A3 + 12X X304103300 + 201201 Q2444

+ 4140 Q2411 + ANoP13923 — A1P33A3 + 3A101305 — 3 X\l — 201300 Q2233
— 203023 M1 + 120303400 — 4012 A3Q1244 + %@11/\%@2333 — Np11033 — 8N\ hop3s
+ 162204403300 — 3A202303a M — 2M1 A3013031 — $A3 A0 A1 — ENA3A 113
— 41133 A A3 — 3 MaP12A3Q2333 + ANaA1 012033 + ANAZ 012033 + 8Aa o233
+ 02301 Q2233 — 2\ Ma92493303 + T Ao A 1013 — 2033004 AT — X104 N0 Q2333
— 3022 M Q2333 — 2031 00Q2233 + 2X0A3013023 + 8AaA3023 N0 + SA1 Aap13023
- §A4)\2@23)\1 + A1p22§33A3 + §>\4@24)\1Q2333 - §A4@14>\2Q2333 — 6A1p11033
— 2X1 075 — $023A] + 2011Q1224 — 22X1 03400 + $A3011Qa333 + FAFP13034
+ 203007 4 20091373 + 4Nop12s3 + 4911 Q1240 — 1204400 Q1244
+ 2021 00Q2333 + 202401 Q12aa + 4979920 + 501200 Qa333 — 41400 Q1244
— 82034 M0 + 205, A7 + 14X p3a23 A3 + 8AoPasdapis + 2A 10140333
+ 4Xo A3 A0 + ANF Ao + 2A3A1 Qaazs + BAsAadg — FA3AT — 16A A A
— 15A% — A0 h — 4AAgAQ20s3 — 14N 002103303 + MIAT + Ajpis

P1120124 = A2 A3012033 — A4 A3044933 N0 — %@12)\1622444 - %@14>\0Q2444
+ %@22%@2444 — 22023 \0 + 20119012021 — 4A201a33 M0 + M A30139034
+ A1 Aag24033A3 — %%@13)\3 + X113 + P33paaA] + Apr1pss
+ %@34)\0622233 — 2M 302300 — %)\1@22@33)\3 - %A4@24>\1Q2333
— A1t — MP3a00 — P30 AT — 20001303 + AAoP12033 + 401 N0 Q 1244
— P21 M0Q2333 — P2u M Q1244 + 20759014 — %@12)\2Q2333 + %/\2934)\0 — P3N
- %%@34)\4@13 — AM1P1433A3 — g)\i)\ﬁ\o - %)\4)\1% - 6)\3 + §A4)\0Q2233
— AXoP3a923A3 + TA0924033A3 + 920M1 Q2333 + 3 MaPaaroQ2ss3

P1110144 = 2071 Pas + 6AaAspasp3300 — 30120 Qoaas + 301400 Q2444 + 2M00136023
— %)\1@53)\3 + %%@11@33 — A\op13A] + %@14&@2333 — 2X2023A0 + 4A204433 N0
— 2023030\ + MAs013034 + ANap1a93300 + F023M Qo33 — M Aapa933 )3
- 933@44/\% + 3A\ 111933 — %@2%1@2333 + %@34/\()@2233 — 3A4 39230
- %)\4)\2@23)\1 + %)\1@22@33)\3 + %A4@24)\1Q2333 — 2444 M0 Q2333
— p11Q1224 + %)\1@34)\0 - %)\3@11622333 — P3u AT 4 3Nop13As — 2Xop126033
+ %@23)\% — 6paaNoQ1244 — %@24)\0622333 + 0240 Q1244 + 201107, + %M@%Q\O
- @%4)‘% — Ao@34§23A3 — %)\0@34)\4@13 — 2M1 014903323 — %/\2/\4%4)\0
+ MA1 Ao — 2A8 + A AoQ2033 + Aog24933 A3 — §A1)\4@13923 — 22X\ A2
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

The following relations are at weight —31.

P1119181 = 20011914 — 195X0014022 — § 933 M0Q2233 — 197033 A0 Q1244
+ B2 X0Q1224 — 20110201 + 126X00330130 + 63X A203300 — FA2033 301
- %)\4934%@2333 + %)\0913@22444 + %A1@13Q2333 + %@23/\()@2333 + %/\%Q2444
+ 2071 034 + %A2A1Q2333 + %A3>\0Q2333 — 220 00Q2444 — %A1@33@13)\3
+ 2011013014 — 2033934A7 — 329A1033A0 — 193N op119044 + 197 No@sa 033 4 s
+ 134X003403300 — D2 Nos3A3 + 191A0034 + 197 Aop12024
P1138114 = %)\0@33>\§ - %)\3/\()@2333 - %1/\0@13622444 — 4X031033 A1 A3 — 4 Ao126024
+ 2X0011044 — 4N2P34033 00 + P33034AT + 4119139014 + 3133 A0 + A1Pszp13As
+ 2 M1 p12014 — AoQ1224 + §A4@34/\0QQ333 - %/\1 013Q2333 + 4930 M0 Q1244 + 2007,
P1130122 = 2A4 20033013 A3 — 4/\421>\1 9346333 + SAoQ1224 — 20119241 — 4)\1@%4)\4
— 2A3\1 A4 239033 + %@3@?\1@2333 - §A4@13)\2Qz333 + %@33)\4)\1Q2233 + 4Xop12024
+ 4934 MM Q1244 — 201300Q 1244 + 8NoP33013 1 + 3NN 033 1 — AN Aap129924
+ M A1 9 + AN Aaprapor — A1 033013A] — 4N AopssAs — 6AoAspa3gss
— SAA P33 A2 — AN a3 do — AePasAs A1 + 2011013022 + 2X1 012022 — SAos3 A3
+ 2033 MA] + 200013Q2444 + 20230 Q1244 — $A1913Q2333 + 2923 M0Q2333
— 3 M P13M Q2141 — MAs A1 Q333 + 2AT Q2414 — 224 A1 Q1224 + 4Xu N0 Q 1244
— 405X + 201305, + §A2A0Q2333 + %A2)\1Q2333 + %A3)\0Q2333 - §A2A0Q2444
— SN Ap33031 A1 + 2X1 03301303 + 2\ 012014 — 1113300 — 6011044 + 6A0p3,
P1120123 = 56A4X2033013A3 — NI 03403303 — 28 X4 A3034 X2 Qa333 — P23 M1 Q1244
+ 84 X2 031933 A3 — 19300 Q1224 + 84A2 X307, — 63 X233 N5 + 2011 0126093
+ 378 \op1ag22 1 630330 Q2233 + 378031 A0 Q1244 — 4N 9T A + A3\ Aagazss
+ 303 A A1 Q2333 + 3933 M M1 Q2233 + 4031 A A1 Q1244 — 25200330130 — 3T8N\op,
+ 3MA 1033 A1 — AN Aap12921 + AN P14 + AN Aaprap — SAPs3013A]
+ 8AF 0033 A3 + 3AoAs023033 — 3ATAI P33 A2 — 118N Ao 0330 — 140A2033 A3\
+ 20007, + 126X4034M0Q2333 — Aagas i Qasss + 14Aa003A3Q0333 — 14033 A3X0 Q2033
— 84X303400Q 1244 + 28\2013X3Q 2444 + 28033 1 A3A3 + 56303303105 — 38600126724
— 84 A3014022 — 84X 3011041 + 84N A3012024 — 2M1 012022 + S 33 AT
— 126X0013Q2444 — 32023 00Q2333 — 3 A1913 A1 Q2400 — AaAs A1 Qaszz + 201307,
+ 42X30Q 1224 + 21X50:Qa333 — AT Q2444 — 224 M1 Q1224 — 8As A Q1244 + 203, N0
- %AZA0Q2333 - %/\3/\0622333 + §>\2)\0Q2444 - §A4)\2@33@34)\1 + %)\0@)3)\3
+ AAp12p1a + 644X 03300 + 378011044 — 3T8AP34033 A1 A3 — 252A2034033 A0
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1119223 = 54N A2 03301303 — AATA1 034033 N3 — 28 X4 N334 A2Q2333 — 41T, M\
+ 84X0034033 M A5 + 2A3Q1244 — 187X Q 1224 + 8Aap11914 — 2X2011 922
+ 6p11012A3 + 84X 307, — 63Xa033A3 + 4911912093 + 4As A1 Aaga3 33
+ 63033 M0Q2233 + 378031 A0 Q1244 + 390X 014022 + 303G A1 Q2333 — 4p11924 M1
+ 2 \p1302 Q2333 + 3933\ Q2233 + 4034 A A1 Q1244 + 201300 Q1244 — 3T4N0P12024
- 260/\0@33@13/\4 + 9)\§/\1 933)\4 - 4/\1/\4@12@24 + 4)\1)\4pl1 a4 + 4/\1)\4@14@2
— SN 3301307 — AAIA0p33 A3 + 1200 A3003033 — 3ATA1 03342 — 1384 A0033 )00
— 14220033 A3\1 + 126 A4034 A0 Q2333 — 2A4023A1 Q2333 + 14 A2023A 32333
— 14033A300Q2233 — 843031 X2Q 1244 + 28\2013A3Q 2444 + 26033 A1 A3
+ 56303303405 — 84X A30149022 — 84N A3011 04 + 84N A3 012024 + 2011913022
+ 4 1129022 + %@33)\4)\% — 128001302444 — 4231 Q1244 + %)\1 0132333
— 12003 M0Qa333 — 6A3 A1 Q12aa + 3A4A3 Q2333 — 3A1013 M4 Q2401 — 3MaA3 A1 Qa3
+ 4223 02Q 1224 + 21A3 X9 Qa333 + %A%Q2444 — 224 M1 Q1904 + 4NN Q1244 — 430 N0
- 2@13@%2 - 2)\2@%2 - 4@%1>\4 + %A3A0Q2333 + %)\2>\1Q2333 - %)\3)\0622333
— DX Q24a1 — SAaAop3303aA1 — 2A1 03301303 — BA1P12014 + 6267103300
+ 378011941 — 37803433 Ma A3 — 2520003103300 + 5L AoP33 A3 — 3900907,

The following relations are at weight —32.

Pl = —4dadopd; + AT3; + 4pnpls — 4padopio + 4p1A] + 8o
— 4Xop1322 — 4hop2a 1 — 8hoprade + 12012 + 4\ 12013
— 4AiAoP3sAs + 3033 A4 A0Q2333 + 4033 M0 Q1244
P1110133 = — 5933 MA0Q2333 + 6Aop13014 + 8A2Xopds — 2A1 P33 + 207 P33
+ 2011975 + 8pasAopiz + INshopi2 — 4p1aA] + 2022A7 — dhopr119310 — 4AopP13022
+ 2Xop21 A1 + 10Aop1aXa — 6paa NG — 6Aop11 A + 201101300 — Aip1ads
— 2\ 011923 — MP12013 — 6A2 X022 + 8AaAoP3s A3 — 833 A0Q1244

The following relations are at weight —33.

P1120114 = 2X0A3013031 — 4A0PTs + 2AT 013 + 2M1 AaP14033A3 — 2M4 0024033 A3
- %AlmsAo + Xoga3 A3 — Ahop13Ae + AXop11933 + 23031 + 411912014 — 4034
- %@14%@2333 + 2024 A0 Q1244 — %@12&@2333 + %@22%@233 - %@23%@2233
— 2014\ Q1244 — %%@12@2444 + §A4@24)\0Q2333 - %A1@14)\4Q2333 — 223933 \0
- %%@23@34)\2 + %M)\Qm:s/\o + %/\0/\4913@23 + M Aspr2933 + AA3p1ap33 Ao — 4NN
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

P1120122 = —18034 ] — 2X0073 + SA P13 + 2M1 Aap1ap33 A3 + 2Xu Ao A3012033

+ %/\2>\1Q2233 + 2012011922 + 3A5P23 00 — TA1p2s Ao — 4A1934 A0 — AaasA

— 2009353 + 2X0013A2 + 2X0011033 — 3AaA1PT3 — 3A1034AF + 2A19011Q21444

- %)\1@13622233 — 2014M1 Q12410 — 2912 20Q1244 + 2001202444 — §A4@12)\2Q2333

— 2Mp1aM Q2333 + 3 A1 A2013030 — 4A3Nop13 A + 8AAoP12033 + 2Aa 1911933

+ 8X3A20340 + A1 Paas3 A0 — 6A1 Aap34M0 + FA Aap13 X0 + 201 A3p13003

— 22301403370 + 2X0A3013034 + 2020 A303300 — A1 AopasAs — ZAAT + 4NN

—I8AAZ — 20020 — 22X 00 — 233M1 g — AsAoQazss + 2MaAshado + 207,
P1110222 = 60345 — 6ATA A + 10X o975 + 4T o153 — 120 Aap1apasAs — 6AadoA3p12053

— 208 + 6XsAo@aa33A3 + 6A1 A 4020033 N3 — 4N30120083 + 4N 023013 + 4As A1 Ao

+ 69012011022 + 3A3023 00 + 202403377 — 6A1 9230 + 4X1 934 A0 — 2A3034\]

— 2M1 X035 — AAg023 AT + 13000333 + 6Aop13 N2 + 20011933 + 2Aa A3 A2 A0

- 2@23@34)\% - 6/\3/\1@13 + 2/\3>\%@13 - 2/\3>\2@%3 — 620 A1 Q1244 — 6390111244

— 624 X0 Q1241 — P12M1 Q2333 — P22 M0 Q2333 — P23 NoQ2233 + 2X1 913Q2033 + 2Aa 19073

+ 12014 A1 Q1244 + 6912 A20Q 1244 — 4A012Q2441 — 2A3011 A4Q2333 — 2020 A4 A1 Q2333

— 204024 M0Q2333 + 2A4012A2Q2333 + 4N 1014 A1 Q2333 + 4A2024033 A0 + 2A3M0(2233

+ 6011033 M3 + 2X3 00011033 — 8A1A214033 + 2A1 A 2022033 + 2Aa\a23 N0

— 1200\ 1013923 + TA1A30120033 — 16A3 0013 A1 — 8AsAo@120933 + 2 A4\ 19011033

+ 2A3A20034 00 — 4A1904233 0 — OA1 A4031 A0 + 2A1 A 01322 — 13A1 A30130023

+ 4X3014033N0 — 4Ao 3013034 + 223033 0 — A1 2233 — 6)\4)\8 — 20 A3\
P1110124 = 203405 + ANopTs + FATP13 — 2M AaP1aP33A3 + dAaAo@aasss

+ 207 P24 — %)\gpgg)\o — 1—30/\1p23)\0 + 20195400 — 22303107 — 2033 \3

+ 4Xop13A2 — %/\4/\1@%3 — 2093034 \] + §A1@34)\§ + 20119126014 — %)\2@11422333

+ %@1&\0@2333 — 494 M0 Q1244 — %@22/\()@2333 + %@23%@2233 - §A1@11Q2444

+ %A1P13Q2233 + 2014M Q1244 — %%@12@2444 - %A4@24)\0Qz333 + §A1@14>\4Q2333

+ 3 Aop23p3aA2 + 3A A2p13034 + AAapaps3 A0 + AsheP11033 — 2X1 Aap14933

- §A4>\2@23)\0 - §A0A4@13@23 — 6A3A0p13 A1 — 2A1 9044033 M0 + %)\1/\4@13)\2

- %)\1)\3@13@23 + A301433 A0 — 4AoA3013034 + 2022 A3033 A0 + %)\1)\2@23)\3

— ZXAT + 20300 — ANAG + S ANIAL + SA3A0Qa2233 — 3AaAs A Ao — Ao A1 Qo233
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

The following relations are at weight —34.

P1120113 = 411912013 — 411924 N0 + 4923 M0 Q1244 — 21 913Q 1244 — §A2A0Q2333
— 2N 0p13Q2333 + 3 M A0Q2444 + 222033 A300 — 4023033 M4 A3A0 + A0 0330133
— dpaspszAato — 4P12020 00 + 833G + $ATQa333 + AT Passs — pasAsA]
+ 22X 975 + 204\ 330138 + %@23&%@2333 - §A4)\1@13Q2333 + 80126014
P1119123 = 83 P33AaA3 Ao — 2A 7023033 — 3AoP33P13A3 + SpasPa3Aao
+ 5233 A3 N0 + 2012020 N0 — 4012014 + 2@33/\(2) — 210119022 + 4N P119014
+ 63X X307, — 12N 033N 4 201191222 + 3A0913Q2333 — 8923 M0 Q1244
+ A1p13Q 1244 + %)\?)\1@1224 — 9A3A0Q1244 + A2 A1 Q1244 + %)\g)\lQQ:m
+ %)\2)\()@2333 + %/\1>\0Q2444 — 107033 A3AT 4 2011912013 + 41N A 1033013 A3
+ 2071 023 — 21 MM 34 A3Q2333 + 63 X4 A 103403303 + 2001 P33 A4 A3
+ 42X\ X3033034 A2 + 5 A1 Ao A1 Q2333 — 3AAsN0Q2s33 + 3 AaA1913Q2333
— 2023 A4 A0 Q2333 — 63N A3p14022 + INFAoP33 A4 — 63A303 M1 Q1244
+ 201 03300 — 2 33 A3 M Q2233 + A1 923 A3Q2333 + 21 A3 1013Q2444
— 63M A30119041 — 4119240 + 63X 1 A3120024

The following relations are at weight —36.

O1a = 4A3 0912033 + 8AoAsp1spas + 4AsAapasho + B Ao Aap13pss — 3 A2X0@2233

+ 4X3A1 03000 — AAg A 123 ho — 16A1034 N5 — §A2034] + 3AaA P13 — 2A3A 003

— 2AoAapls + 2 Ap13Ao + 2 A3031 00 — 4AeNowds + 8paa933 A + 4022 M0 Q1244

+ AN\ A3 10129033 + BAoA1P14033A3 — 4220933 A4 A3 A0 — §>\0@14)\4Q2333

+ 811433 40 — %@12)\4)\1622333 + §A4p22)\0Q2333 — 8934\ + 4ot

— 1209303 + M2, + %/\%Qgggg, — %)\4)\2)\% + g)\4)\%)\0 + %/\2)\1)\0 — %/\i’

- 8Ai/\% - 12)\3/\(2) + %@11%@2444 — 4p12 M1 Q1240 — %%@13@2233 — 8p14A0Q1244
1110114 = A3A0P126033 — AoA3P13023 — 3A3A2023 A0 — %Ao)\2@13@34

— 3A3A1934 00 + A3 A19119033 + 2X09024033 A1 — 209239341 + 4AaP14633 N0

— 2 A0013A + 4AAa03a A + $A2030A] + 3AAT P13 + AsATp2s — 3AoAapls

+ 2XMp13ho0 — 20 14033 + A P13031 — 40049330 + 2M0 A 191403303

— 2 X914\ Q2333 + 493N — 1002375 — A7 Q2233 + XA — 204 M350

+ 55X A1 A0 — 3AT — 9AAF — 2011 A0Q244a — A1 911Q2333 — FA0912Q2333

+ %%@13@2233 — 201400Q1244 + Ao AoQ2233 + 491407,
Pr1P122 = TA3AoP12033 — 13X0A3P13023 + Ashagas Ao — FAoda@r3 P

— 4X4p3ug — §A2K934>\% + §>\4A%m — A3A T3 + §A0A4@%3 + %—3>\1913>\0 +
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Appendix D: The cyclic trigonal curve of genus four Section D.2: Quadratic 3-index relations

o 3A 0300 + AN Xopds — 2X 014033 + 22T P13051 — Ashipls — INI o3

— 2A3A193100 — 8AgA 1023 A0 + 3A3A 19011033 + 4A0g21033A1 — 4Aog23 341

— 4201493300 — 2A2 0013 1 — 2A0 10120033 + A2 A0g22033 + 2A2 A1 0136003

— 8022 A0Q 1244 — 2A4 A3 1012033 — 10A0Aup149933A3 + 822033 A1 A3 A0

— 4ua33Ag + 2Aa011 033 A3 + AsAip1she + 1—3?)\0@14)\4622333 + %@12)\4>\1Q2333
— S92 00 Q2333 — 311 A2 Qazz + 4PN + 201197, — 6pasAG — 20T,

+ 202 09 — LX2Qa35 — 3Mds Mo — LAdaA? + 202N + DA g — 403

— 8AIAG — BAsA] — 301100 Q2444 + 201201 Q1244 — $A1911Q2333 — NoP12Q2333

+ §A0@13Q2233 + 10914 A0 Q1244 + §A2A0Q2233 — 2X2011Q 1244

The final three relations are below with the weights indicated by the number in brackets.

(=37)  pip1s = 2A3 4031 00Q2333 — 4NoP13Q 1244 + ANoP33 M A3 A2 + 20007,
— 4XoAsps3p3ara — A A0 03403305 — 6AoAsP12024 — BAoAspTy + 401307,
+ 2>\%Q1244 + 2)\3622444 — 2X0913A3Q2444 — A323M0Q)2333 — Zgl)\0@13)\4622333
+ P33A3X0Q2233 — 2A4 A2 A0 Q2333 + 6X031A3Q 1244 — 3A3A0Q1224 — 5AFA0 Q2333
+ 3 A1 A0Q2333 — 6A2X0Q1244 + 3 AT Q2333 + 4p33A3 N0 + 8AuNG P33 + 4XoP11914
— 6Xo0@11922 + 2\ 0119012 + 43sroPi3de — Aa@asA] + 6XopasAsh
— 2033 MA3A] 4 6 A301104a + 60Xz 014022 + FNoP33 A — P33 AT 13
(—39)  pr1p112 = 4971012 — 2AT 034 + 8A P13 + AT p13pas — 2A 12033
- 2)\3/\0@%3 + 4/\g>\0@23 - 2/\1>\0@%3 - 16)\4>\3@23 + 2)\3)\%@13 - 4)\3@23@34
+ 4AX3 021933 — AaAT P23 — 6A3AG P31 + 2N A0Q2233 — 4X0P12Q 1240 — 2M1 911 Q1244
— 2011 00Q2333 + AMaA3Aop1233 + 2MaAsA1 011033 — 18AAAG — 2X4AF — SAT A
+ 80 + 2 XA Ao + F XA Aogss + 2M1 X0022033 — BAsA Aopas
+ 8X3 0011033 — 6As A2 Aop1s + 4AA Aoprspss + MM Aog1s — 4A Aop1apss
— 2011 MM Q2333 + 4 X2 A0 P12033 — 3A4A012Q2333
(—42) ©111 = 8\p139a1 — 42X3A5003 + 8AaAAG + 18X3ha M1 A
+ 220 013 — 8A3A0p13 + 8013 — 8AGP1ag33 — 4Aa Aol + 8AG 022033
— AN AT — 4NN — 2TAAG + AMAT + 6X3M1 Aoz + 1243 \op11 033
— 4M Xop12033 + AN Aop13923 + 8N N334 — ANT 011033 — AATAop3a
— 85033 — 4T a3 + ATpTs 4 16X X001 033 + 16X M1 Aogas + 497,
— ANoP11 A Q2333 + 225 Q2233 — 12011 M0 Q1244 + A3AT — 4X4 AT o
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Appendix E

Strata relations for the cyclic tetragonal

curve of genus six

E.1 Relations for u € O

The equations is this Appendix are all valid for the o-derivatives associated with the cyclic

(4,5)-curve, when u € O

We start by noting that for u € ©!! we have both the o-function and all its first deriva-

tives equal to zero.

We now present all those relations that express the second derivatives of o(u). Note that

they may all be expressed as a linear combination of {02, 023, 034}

o1 =0, 094 =0 044 =0
o12 =0, O25 = —034 o45 =0
o13 =0, 096 = 0 046 = 0
O14 = —309, o33 =0 055 =0
015 = —023, o35 =0 o56 = 0
o6 =0, o3 =0 066 = 0
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Appendix E: Strata relations Section E.1: Relations for u € O[]

We now give all the relations that express the 3-index o-derivatives.

o112 = o034 + A\1023 0156 = —0236 a5 =0
o1z =0 0166 = 023 O446 =
0114 = —0122 + A\1034 + X203 O944 = 093 + A\4034  Ous5 =
_ _ 1 _
o115 = —20123 0245 = —50344 0456 =
o116 =0 o6 = 0 0466 =
1 1 1 _ _
0124 = —50222 + 32034 + 503023 Oa255 = —20345 0555 = 0
1 _ _
0125 = —50223 — 0134 0256 — —0346 0556 =
o126 = 0 0266 = 034 0566 =
o133 =0 0333 = 0 o666 = 0
1
0135 = —50233 o335 = 0
o136 = 0 0336 = —2023
0144 = —09224 + A4023 + A3034 0355 = 0
1
0145 = —0234 — 50225 0356 — —034
1
0146 = —50226 0366 = 0
O155 = —0334 — 20235 Oa44 = 3034

We finish by giving all the relations that express the 4-index o-derivatives. Note that the
relations for higher index o-derivatives evaluated for u € O are available in the extra
Appendix of files and online at [37], (along with the sets of relations valid on the higher

strata).

01136 = —A0034
_ 1
01144 = A30293 — 2071224 — 502222 + 240123 + 2A20934
+ 230134 + A\10344

_ 1 1
01145 = 20235 — 201234 — 01225 — 502223 + 530233 + A20334 + A\10345

01146 = —01226 + A2022 + Aa0236 + A\10346
01155 = —201334 — 401235 — 02233 + 202099
01156 = —/\1034 — 201236

O1166 = 20123

1 1 1
01244 = —302224 + 0123 + 3A40223 + \40134 + 520344 + A30934

1 1 1 1 1
01245 = 71/\40233 — 502225 — 502234 — 501344 T+ 5/\30334
1 1
+ 320345 + 5A30235
_ 1)\ 1 1)\ 1)\

01246 = 5A3022 — 502226 + 5A30236 T 520346
01255 = A3022 — 02235 — 201345 — 02334

1 1
01256 = —502236 — 5)\2034 — 01346
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Section E.1: Relations for u € O

01266
01333
01335
01336
01355
01356
01366
01444
01445
01446
01455
01456
01466
01555
01556

01566

01666
02444
02445
02446
02455

02456

02466 —
=1

02555
02556
02666
03333
03335
03336

03355

03356 —

03366

03466 —

03555 —

=3

=3
=0
=0

1
= 50223 + 0134

—6A0034 + 2A 1093

g)\2023 - §A1034 - %02333

—20123

— 09335 — 303334 — 3A2034 + 2A3093

—50223 — 0134 — %0'2336

50233

30223 + 30134 — 302244 + 3A\40934 + %)\30344
A30345 + 50233 — 02245 — 02344 + A40334 + A40235
Ai092 — O2246 + A30346 + 10236

—%03344 — 209345 — %02255 + A\4022

_%0'2256 - %)\3034 — 02346

0234 — %02266

—302355 + 8A1023 — 303345

—20934 — 03346 — 202356

0334 — 02366 + 0235

092 + 30236 O4446 = 30346
0234 + %)\40344 0455 = 0
= 0334 + 0235 — 503444 + MaO3a5 04456 = —034
= 092 + 0236 + A\40346 04466 = 0
= 022 — 03445 04556 —
= —%A4034 - %03446 04566 —
%0344 04666 =
0023 + 2A\4034 — 303455 T5555 =
= —0344 — 203456 05556 = 0
0346 03556 = —20345
03566 = —20346
03666 — 034
= —30233 O4444 = 60344
0 O4445 = 30345
—20334 — 20935 O4555 = 4034
= —2099 — 40934 05566 = 0
0345 — 02566 05666 — 0
0 o666 — 0
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Appendix E: Strata relations Section E.2: Relations for u = ug, v

E.2 Relations for u = ug n

The following list of equations are valid only at the four points in Ol where oy3(u) = 0.
These points were labeled ug n for N = 1,2, 3,4 in Section 6.5. To move between the four
points substitute the appropriate value of /V into the equations. (Note that all the equations
in Appendix E.1 are still valid at these points and are not repeated here.)

This Appendix contains all those relations we have obtained that express n-index o-
functions for n < 4. A larger set that includes relations for n > 4 is available online at [37]

or in the extra Appendix of files.

T34 = 1& 0334 = +—0223

2 IN/\(1)/4 1N}\(l)/4

=0 _ _l 022>\3 + 0924

0111 = 0344 = QizN\/)\_o iN)\(l)/4
o112 = 102213]\7/\ 3/4 Tass = i3NU225 N 2N 799 iN>\20'22

2 1/4 67/ 4/\03/4
oz =0 Oaus = 1 0226

9 N)\1/4

1.
0123 = —§I2N\/ X002

3N 2N
17 0122 1"V 092\ 09223

0134 = -
22 PAVAN 2
1/4

Og33 = —1 )\ 022
ot :1 0222 _1 A2022
6iNxgt 4V
0235 = —1%
2N\
1
0236 = —5022

Note that these can all be expressed as a linear combination of

{022, 0122, 0222, 0223, 0224, 0225, 0226}.
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