HERIOT-WATT UNIVERSITY

Supersymmetric Monopole Dynamics

Erik Jan de Vries

March 2009

SUBMITTED FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY IN MATHEMATICS
ON COMPLETION OF RESEARCH IN THE
DEPARTMENT OF MATHEMATICS,

SCHOOL OF MATHEMATICAL AND COMPUTER SCIENCES.

The copyright in this thesis is owned by the author. Any quotation from the thesis
or use of any of the information contained in it must acknowledge this thesis as the

source of the quotation or information.



https://core.ac.uk/display/29824624?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Abstract

We study the supersymmetric quantum mechanics of monopoles in bosonic, N = 2
and N = 4 supersymmetric Yang-Mills-Higgs theory, with particular emphasis on
monopoles of charge—(1, 1) in a theory with gauge group SU(3) spontaneously broken
to U(1) x U(1).

In the moduli space approximation, the quantum states of bosonic monopoles can
be described by functions on the moduli space. For N = 2 supersymmetric monopoles,
quantum states can be interpreted as either spinors or anti-holomorphic forms on the
moduli space. The quantum states of the N = 4 supersymmetric monopole correspond
to general differential forms on the moduli space. In each case, we review the moduli
space approximation and derive general expressions for the supercharges as differential
operators. In the geometrical language of forms on the moduli space, the Hamiltonian
is proportional to the Laplacian acting on forms. We propose a general expression for
the total angular momentum operator and verify its commutation relations with the
supercharges.

We use the known metric structure of the moduli space of charge—(1, 1) monopoles
to show that there are no quantum bound states of such monopoles in the moduli space
approximation. We exhibit scattering states and compute the corresponding differ-
ential cross sections. Using the general expressions for the supercharges we construct
the short supermultiplet of supersymmetric monopoles, and study its decomposition

under the proposed angular momentum operator.
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Chapter 1

Introduction

One of the most intriguing aspects of Yang-Mills-Higgs theory is that it generically
contains magnetic monopoles as classical, solitonic solutions, with properties which
appear to be dual to those of the electrically charged quantum particles in a dual
theory. The strongest formulation of this duality is the electromagnetic duality con-
jecture of Montonen and Olive ! in the setting of supersymmetric Yang-Mills-Higgs
theories, according to which the physics of massive, electrically charged particles (W-
bosons) in the theory should be equivalent to the physics of magnetically charged
particles (magnetic monopoles) in the dual theory. In this dual theory, the gauge
group is replaced by its dual and the coupling constant is inverted. If the conjec-
ture is correct, electromagnetic duality provides a means to investigate the physics of
strongly coupled electric particles by studying the physics of magnetic monopoles at
weak coupling, using perturbative or semiclassical techniques in the dual theory.
The properties of monopoles in supersymmetric Yang-Mills-Higgs theory have been
studied extensively, often motivated by the electromagnetic duality conjectures, or
their generalisations to S-duality. A crucial tool in these studies has been the moduli
space approximation. This approximation was originally introduced by Manton in
order to study the classical dynamics of several interacting monopoles 2. He showed
that the classical trajectories of monopoles correspond to geodesics on the moduli
space. However, the metrics of moduli spaces prove exceedingly difficult to derive,
and only for a few moduli spaces is this metric known. The moduli space of a single

monopole is M; = R? x S! with a flat metric. The moduli space of two monopoles



has, roughly speaking, a factor corresponding to the centre of mass motion (which
is equivalent to M) and a factor corresponding to the relative motion of the two
monopoles (which is curved, hence giving rise to non-trivial dynamics). For two iden-
tical SU(2) monopoles (charge-2) this relative moduli space is the Atiyah-Hitchin
manifold [ 4, while for two distinct SU(3) monopoles in a theory with maximal sym-
metry breaking (charge-(1,1)) it is the Taub-NUT manifold * . Some useful facts
about general monopole moduli spaces are known. One is that all monopole moduli
spaces in theories with maximal symmetry breaking are hyperkahler manifolds. An-
other is that the multi-monopole moduli space decomposes into the product of single
monopole moduli spaces in the limit of infinite separation between monopoles.

The quantisation of the effective theory in the moduli space approximation was
first considered in the context of the non-supersymmetric, bosonic theory by supposing
that quantum states are scalar functions on the moduli space and that the Hamiltonian
is proportional to the Laplacian on the moduli space ¥/, This model was then used [ ®
to compute bound state energies and scattering cross sections for elastic and inelastic
monopole-monopole scattering in Yang-Mills-Higgs theory with gauge group SU(2)
broken to U(1).

Gauntlett 1! subsequently showed that the application of the moduli space approx-
imation to N = 2 supersymmetric monopoles leads to a model where the quantum
states can be described in terms of either anti-holomorphic forms or spinors on the
moduli space. The equivalence of the two descriptions follows from the hyperkahler
property of monopole moduli spaces. He explained how certain supercharges corre-
spond to Dolbeault operators acting on forms, or the Dirac operator acting on spinors.
The Hamiltonian is given by either the Laplacian acting on forms, or the square of
the Dirac operator acting on spinors. In this thesis, we show that the remaining
supercharges correspond to twisted Dolbeault operators, or twisted Dirac operators,
and we demonstrate the equivalence of the two interpretations of the quantisation
explicitly for the examples of the single monopole, and charge-(1, 1) monopoles.

In the second viewpoint, both fermionic and bosonic degrees of freedom of the
original N = 2 supersymmetric field theory are encoded in spinors on the moduli

space. This may seem puzzling at first, and this viewpoint is less convenient than the



geometrical one, when it comes to interpreting the moduli space quantum mechanics in
terms of the original fields. However, the spinorial viewpoint provides interesting links
with the large literature on spectral properties of Dirac operators. We will see and
exploit this explicitly in our case study where earlier work by Comtet and Horvéathy 1%
on the Dirac operator on the Taub-NUT manifold provides useful guidance.

The moduli space approximation to the quantum dynamics of N = 4 supersym-
metric monopoles is closely related to, and a natural extension of, the effective theory
for N = 2 supersymmetric monopoles. In the geometrical interpretation, wavefunc-
tions are now arbitrary differential forms on the moduli space (as opposed to anti-
holomorphic forms only); the supercharges correspond to the Dolbeault operators and
their twisted counterparts, and the Hamiltonian is again the Laplacian [ ' 12l This
model played a crucial role in the genesis of the S-duality conjecture.

Until now, many investigations have focused on the calculation of lowest bound
states, the so-called BPS states, which play a key role in testing the S-duality conjec-
ture. Among the most important results in this area are the following. Taking the spin
of particles and monopoles into account, S-duality can only possibly hold for N = 4
supersymmetric Yang-Mills-Higgs theories. Furthermore, Sen ¥ showed, in the case
of charge-2 monopoles, that it requires the existence of a unique, normalisable, har-
monic form on the relative moduli space (which we now call a Sen-form), and he
explicitly gave the formula for this form on the Atiyah-Hitchin manifold. Gauntlett
and Lowe I°l later repeated his argument for charge-(1,1) monopoles and gave the
corresponding Sen-form on the Taub-NUT manifold.

In this thesis we take a step further. We study the low energy dynamics of N = 2
supersymmetric monopoles in theories with maximally broken gauge symmetry us-
ing the moduli space approximation. We derive general expressions for all of the
supercharges of the effective theory and show how they can be interpreted as natural
differential operators in the quantum theory (either the (twisted) Dolbeault operators
or the (twisted) Dirac operators). Furthermore, we propose a formula for the angular
momentum operator as a differential operator in the quantum theory. Focussing on
monopoles of charge-(1,1), we show that there are no bound states and study the

scattering states. We find that the scattering cross section of two distinct monopoles



in this theory is the same, at low energies, as that of two BPS monopoles in the
SU(2) theory with the symmetry breaking to U(1). Using our expressions for the
supercharges and the angular momentum operator, we discuss the multiplet structure
of N = 2 supersymmetric monopoles.

We then extend these studies to N = 4 supersymmetric monopoles. Our goal is to
illustrate how semiclassical techniques can be used to compute details of the quantum
mechanics of magnetic monopole interactions. Hopefully, via electromagnetic duality,
these calculations can be used to learn more about the physics of strongly interacting
electric particles. A secondary purpose is to exhibit some of the interesting geometrical
features of the low energy quantum dynamics of supersymmetric monopoles in the

moduli space approximation.

Summary and Outline

This thesis consists of two parts. Part I deals with the general theory of monopoles
and their low energy dynamics. In the second part, we work out two examples in
detail: first of all the single, charge-1 monopole, and secondly the more interesting
case of charge-(1,1) monopoles.

Our discussion of the low energy dynamics of monopoles starts off, in the following
chapter, with a review of the moduli space approximation of bosonic monopoles. We
briefly present the field theoretical model that gives rise to monopoles, fixing our
conventions and notation. Next we review the moduli space approximation and the
hyperkahler structure of the moduli space. We introduce a quaternionic description
of zero-modes, which is closely related to the viewpoint that zero-modes correspond
to solutions of a Dirac equation, the subjects of the subsequent sections. We finish
the chapter by discussing the zero-modes of a single monopole of charge-1 and the
hyperkahler structure of its moduli space.

In chapter 3 we start again with a presentation of the field theory, this time an N =
2 supersymmetric Yang-Mills-Higgs theory. The bosonic zero-modes of this theory are
the same as those of the bosonic model in chapter 2, and we focus our discussion on
the fermionic zero-modes. These are closely related to the bosonic zero-modes due to

the supersymmetry of the theory, and the quaternionic description of zero-modes is



useful to show how the hyperkéhler structure acts. For the first time, now, we use
the equivalence between spinors and anti-holomorphic forms, in this case to view the
zero-modes (spinors) as anti-holomorphic forms on Euclidean 4-space. In section 3.3
we present the effective Lagrangian which governs the low energy dynamics of N = 2
supersymmetric monopoles. The next two sections discuss the quantisation of this
effective theory, in terms of spinors on the moduli space and in terms of forms on the
moduli space respectively. These two quantisation procedures are equivalent due to
the hyperkahler structure of the moduli space. This is the second time we come across
the equivalence between spinors and anti-holomorphic forms, now on the level of the
moduli space. The effective Lagrangian of section 3.3 has N' = 4 real supersymmetries.
We give general expressions for all of the corresponding supercharges and give their
interpretation as (twisted) Dirac operators in the context of quantisation using spinors
(section 3.4), and as (twisted) Dolbeault operators in the context of quantisation using
anti-holomorphic forms on the moduli space (section 3.5).

Chapter 4 deals with N = 4 supersymmetric monopoles. The effective theory
of the moduli space approximation now possesses N' = 8 real supersymmetries, and
we quantise the effective theory in terms of forms on the moduli space. The doubled
supersymmetry (compared to the previous chapter) leads to the fact that holomorphic
and anti-holomorphic forms both appear as quantum states of the supersymmetric
monopole, and play an equivalent role in the quantisation procedure. The set of
supercharges is similarly doubled, and their geometrical interpretation is given by the
set of (twisted) Dolbeault operators of the previous chapter, supplemented with their
complex conjugates.

The final chapter of Part I, chapter 5, is devoted to a particularly important
observable, namely the angular momentum operator. The naive guess that its com-
ponents are simply the infinitesimal generators of the SO(3) action on the moduli
space cannot be correct. This action does not respect the complex structure used to
define the quantum states (i.e. the anti-holomorphic and holomorphic forms). We
propose a modification which does act on the spaces of anti-holomorphic forms and
holomorphic forms independently, and we show that it has the required commutation

relations with the supercharges.



In Part II of this thesis we illustrate the results of the previous chapters in two
examples. Chapter 6 deals with the simplest example, namely the moduli space ap-
proximation of the dynamics of a single monopole. Then, in chapter 7, we consider
the moduli space quantisation of two distinct monopoles in a (supersymmetric) Yang-
Mills-Higgs theory with gauge group SU(3) broken to U(1) x U(1). The relevant
moduli space is an eight-dimensional hyperkéihler manifold of the form R? x (R x
Mry)/Z, where Mry is the complete self-dual Taub-NUT space with positive mass

56,14 The reason for choosing this example is that the scalar Laplace

parameter [
equation on this space can be solved exactly, and that the complex structures are
known. As a result, we are able to exhibit many features of the bosonic and super-
symmetric quantum mechanics explicitly: we show that there are no bound states,
and give explicit formulae for differential cross sections of scattering states. Finally,

using our expressions for the supercharges and the angular momentum operator, we

discuss the multiplet structure of N =2 and N = 4 supersymmetric monopoles.
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Low Energy Monopole Dynamics



Chapter 2

Bosonic Monopoles

In this chapter, we review the construction of monopole moduli spaces. First of all, to
get a feeling for the concept of moduli spaces, we construct the moduli space for a clas-
sical point particle moving along a 2-dimensional surface. Then we discuss the field
theoretical model that gives rise to monopoles and the interpretation of monopoles
as translationally invariant instantons in Euclidean R*. In the next sections we con-
struct the moduli space of BPS monopoles and discuss its hyperkahler structure. We
introduce a description of zero-modes in terms of quaternions, which is closely related
to the interpretation of zero-modes as solutions to a Dirac equations. Finally, we

briefly discuss the zero-modes of the charge-1 't Hooft-Polyakov monopole.

2.1 Prelude: The classical point particle

To introduce the idea of the moduli space approximation, we start off with the simplest
example: a classical point particle moving along a 2-dimensional surface. We assume
there is a potential energy function with a 1-dimensional space of minima.

For example, we may think of a particle moving along a curved surface, under
influence of a vertical, uniform (Newtonian) gravitational field. In this section we will
be interested in a surface with the shape of a Mexican hat. In this case, the minima

of the potential energy function lie on a circle at the bottom of the hat’s surface.



The Lagrangian we’re interested in is

LR = gmlil? ~ V(). (2.1)
V(r) = Ar?—a?)? ;A >0. (2.2)

In polar coordinates the Lagrangian becomes
1 .
L(r,0) = ém(f‘Q + (r0)*) — A(r® — a®)*. (2.3)

The equations of motion are given by the Euler-Lagrange equations:

oL B oL . )2 2 2

8t§ = 3 mit = mré* +2X\(r* —a”)r (2.4a)
oL 0L . y i

8t£ = 20 moy (7’ 9) = 2mrr0 +mr<0 = 0 (2.4Db)

The conjugate momenta to r and 6 are

oL : oL

0
y = — = mr, = — = mrb. 2.5
p or Po= (2.5)
The Hamiltonian, or energy, H is given by the following Legendre transformation of

the Lagrangian L,
. 1 )
H = 7ip,+0pg— L = §m(1*2 + (r0)*) + V(r). (2.6)

Suppose we do not know how to solve the equations of motion exactly. We will
then try to find approximate solutions instead. We start by looking for solutions of
lowest energy.

Solutions of lowest energy are static (¥ = 6 = 0), and satisfy V() = 0, which im-
plies » = a. The space of these solutions of minimal energy, Vj, can be parameterised

by the angular coordinate 6:
Vo = {(a,0) eR*|0<f<2r} =2 S (2.7)

In this simple case, all elements of V| are physically distinct, and we call this set the
moduli space, M = V. (Monopoles appear in the context of a gauge theory, and then

the moduli space will be the set of gauge equivalence classes of solutions of minimal

energy.)



When the energy of a particle is low enough, it will stay close to minima of the
potential. In these cases we can approximate the exact behaviour of the particle
with motion in the moduli space. In the present case we only have one moduli space
parameter 6, so the moduli space approximation implies that we should look for

solutions of the form

ro(t) = 7o (0(t) = (a,0(t)). (2.8)

By inserting a solution of this form into the Lagrangian (2.3) we find the effective

Lagrangian, which is now only a function of 6:

. 1 ;
Log(0) = L(7o) = émaQHQ. (2.9)
The equation of motion for this Lagrangian is
ma*d = 0. (2.10)

and the solution has constant velocity in the moduli space, 8 = vyt. This corresponds

to a constant angular velocity of the particle moving along the surface:
To(t) = (a,vgt). (2.11)

This is not an exact solution of the original equations of motion (unless vy = 0): when

we insert this solution into equation (2.4a), we find
avy = ¥, (2.12)

and we see that for any non-zero velocity, the particle will radially accelerate away
from the minima of the potential (which will in turn affect vy).

Tangent vectors to the moduli space are called zero-modes. The zero-mode corre-
sponding to the coordinate # on M is the tangent vector dy. Thinking of the moduli

space as imbedded in the total space of solutions, we may also denote a zero-mode by

Oy (70(0))-

10



2.2 BPS monopoles

We now turn to the theory of magnetic monopoles, which appear in certain classes
of Yang-Mills-Higgs field theories with spontaneously broken symmetries !5 16/, We
study Yang-Mills-Higgs models on (3 + 1)-dimensional space-time with a Lorentzian
metric of signature (+,—,—, —). The Lagrangian that we are interested in is the

Georgi-Glashow Lagrangian, given by

1 1
L = /d% L = /d% (_71 W~F‘“’+§D“<I>-D“q>>. (2.13)

The fields are in the adjoint representation of the gauge group G = SU(n); i.e. they
take values in the Lie-algebra g = su(n). The dot-product is an invariant inner

product on the Lie-algebra. The field strength F' is given by
F. = 0,A, —0,A,—¢e[A,, A
= 0,A, - DA, = D,A, —-0,A,, (2.14)
where —e is the coupling constant, and the covariant derivative of the Higgs field ® is
D,® = (0,—eadA,)® = 0,0 —€[A,,P]. (2.15)
We impose boundary conditions for the fields at infinity to break the symmetry,
lim ® - ® = a”. (2.16)

T—00

We will assume that the symmetry breaking is maximal; specifically, SU(n) is broken

to U(1)"~1. The action of the model is given by

S = /dtL. (2.17)
The equations of motions are
D,D'® = 0, (2.18a)

D, F* = —¢[D"®,®]. (2.18D)

11



The conjugate momenta to A* and ® are

oL
B = 22 = Fy, 2.19
DA ° (2.19)

oL
= — = Dyo. 2.20
= D (2.20)

E; is called the (non-Abelian) electric field; the magnetic field B; is defined by

1 .
B, = §eiij]k. (2.21)

The conjugate momentum to A° vanishes. Therefore we must impose Gauss’ Law
(the equation of motion for A°; equation (2.18b) for v = 0) as a constraint on the
gauge fields.

The Hamiltonian H is defined by the Legendre transformation

H = /d% H = /d% (EZ-A"JFch—c). (2.22)

The Lagrangian and the Hamiltonian can be written in terms of the kinetic and

potential energy as
L = K-V, H = K+V, (2.23)

where the kinetic and potential energy are given by

K - /d3:[: <%|Ei|2+%|l'[\2> , (2.24)

1 1
Vo= /d% (§]BZ-]2+ 5]1)@\2) : (2.25)

Bogomol'nyi ' first observed that the potential energy can be written as

Vo= /d% <%|Bi:FDi<I>]2i8i ((I)-Bi)). (2.26)
Then
’ / P20, (@ By)| = / a8, (@ - By = @), (2.27)
52, €

where k = (ky, ..., ko_1) € Z" is the topological charge and b(k) is a positive, real
function of the topological charge which depends on the details of the vacuum expec-

tation value of the Higgs field. Hence the potential energy satisfies the Bogomol'nyi

12



bound

vV > 4—ab(E). (2.28)

e

BPS monopoles have minimal energy, which means that they are static and they
saturate the Bogomol'nyi bound. The latter implies that they must satisfy the Bogo-

mol’'nyi equations

Here the upper sign corresponds to monopoles (positive topological charge, i.e. all
integers ki, . .., k,_1 are > 0), and the lower sign to anti-monopoles (negative topolog-
ical charge, i.e. all integers ky,...,k,_1 are < 0). The Bogomol'nyi equations imply
the equations of motion for static field configurations, which we will show below (at

the end of the next section) in the temporal gauge, Ay = 0.

2.3 Euclidean 4-space

The temporal gauge, Ay = 0, is a convenient gauge to work in, and from now on we

assume this gauge. We define
W, = A, Wy = &, (2.30)

so that we can think of W; (underlined indices ¢ run from 1 to 4) as a connection
on Euclidean R*, if we introduce a fourth spatial dimension and assume all fields to
be independent of this fourth dimension, 9, = 0. The covariant derivatives on this

Euclidean R* are defined by
Infinitesimal gauge transformations can be written as
1
oAW; = —=D;A (2.32)
i Pt

for some gauge parameter A, which is again taken to be independent of the fourth

dimension.
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Gauss’ Law, equation (2.18b) for v = 0, becomes
D;W; = 0, (2.33)

where a dot denotes a time derivative. In terms of the field strength G;; corresponding

to W;, the remaining equations of motion become
W, = DGy, (2.34)

and the kinetic and potential energy can be written as

K = /d% % ‘WZ (2.35)
V = /d% %|Gij|2. (2.36)

The Bogomol'nyi equations (2.29) become
Gij = €ijuBr = LeijpDr® = £eijraGra. (2.37)

Permuting the indices, this is equivalent to the (anti-)self-duality equations for G,

1
GQ = i§€wGﬂ. (2.38)

Therefore we may think of monopoles as instantons in Euclidian 4-space that are
independent of the fourth dimension.

Static field equations

It is now, in the temporal gauge Ay = 0, fairly straightforward to show that the
Bogomol’'nyi equations imply the equations of motion for static field configurations.

Using the Bianchi identity we have
DiGy = DiDi® = +D,;B; = 0, (2.39)
and, using equation (2.37),
DiGij = x€ijpaDiGra = LeijDiDp® =

1 1
= i§€z‘jk [D;, Di] ® = F5 € ik [Fir,, @] =

— +e[B;,®] = ¢[D;®, ). (2.40)
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Together they can be summarised by
DGy = 0, (2.41)

which is the same as equation (2.34) for static field configurations, Wl =0.

2.4 The moduli space approximation

The moduli space is the space of physically distinct monopoles of minimal energy
(within a particular topological class IZ) Field configurations of monopoles related
to each other by gauge transformations are not physically distinct, and the moduli
space is therefore the space of gauge equivalence classes of BPS monopoles. The
main reference for this section is the book on Topological Solitons by Manton and
Sutcliffe [8,

We denote the set of finite energy field configurations W; by A, and the group of
short-range gauge transformations by G. Short-range gauge transformations are those
gauge transformations that tend to the identity at infinity. The configuration space
is obtained by identifying field configurations that are related via a short-range gauge

transformation,
cC = A/G. (2.42)

Long-range gauge transformations, with non-trivial action on the fields at infinity, are
excluded from G, because when we allow such gauge transformations to become time
dependent, they have a physical effect on the monopoles (turning them into dyons
with electric charge '), unlike time dependent short-range gauge transformations.
The set of field configurations corresponding to BPS monopoles of charge E, Ve C
A, is the subspace of A of field configurations satisfying the Bogomol'nyi equations in
the topological class k. We now define the moduli space of charge—lg monopoles, M,
to be the subspace of C corresponding to static solutions of the Bogomol'nyi equations

with topological charge E,

M; = V/G C C. (2.43)
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The idea of the moduli space approximation is to describe the low energy dynamics
of monopoles by motion in the moduli space 2. This is an adiabatic description and
a good approximation provided the monopoles move slowly 2.

In order to compute the equation of motion governing the path in the moduli
space, we lift this path to a path in V; C A and insert it into the Lagrangian of
the field theory, interpreting the parameter along the path as time. In practice this
means picking a representative (static) field configuration in each equivalence class
of solutions of the BPS equations along the path, thus leading to field configuration
W;(t, z', 2% x*) which depend on time and space coordinates. Time derivatives of
such field configurations correspond to tangent vectors along the path, provided that
they satisfy Gauss’ Law, which ensures that the time evolution is orthogonal to gauge
orbits. The potential energy on the moduli space is constant, saturating the Bogo-

mol’'nyi bound (2.28), and using expression (2.35) for the kinetic energy, the effective

Lagrangian for charge—l; monopoles is therefore

2 A4ma

— —b(k). (2.44)

11
3
Log = /de‘Wi

Here Gauss’ Law in the form (2.33) must be satisfied, which ensures that the effective
Lagrangian is well defined, as we will show below.

Weinberg 12! first argued that the dimension of the moduli space M i is 4k, where
k= |k + ...+ k,_1|, generalising an earlier index calculation by Callias [?? (see also
section 2.7, and Taubes ?3l and Atiyah and Hitchin [¥l). Therefore, we can parame-
terise the moduli space with 4k parameters, or moduli, X*. Using these coordinates,

tangent vectors to M can be decomposed as
W, = 6,W; X, (2.45)

where the zero-modes 6,W; form a basis of vector fields on M.
The metric on M is obtained by restricting the metric on \A. The natural metric

on A is given by
sV V) = [ iV (2.46)

and the components of its restriction to the moduli space M, with respect to the
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basis of zero-modes J,W;, are
Jab = / &Pz 5,W; - 6, W;. (2.47)

From Gauss’ Law (2.33), we derive the background gauge condition for the zero-

modes,
Di(SaWi - O (248)
which implies that the tangent vectors Wi to the lifted path in V;; C A are orthogonal

to gauge transformations:

€ (&

1 1
g0 W, 6.W) = = / d*z 6,W;- Dig = —- / d*r (Di6,W;)-e = 0. (2.49)

Therefore the effective Lagrangian (2.44) is well defined.
Since field configurations corresponding to points in M satisfy the Bogomol'nyi

equations, tangent vectors to M must satisfy the linearised Bogomol'nyi equations,
DW; — DjW; = FeyuDpW. (2.50)

Inserting the decomposition of tangent vectors with respect to the basis of zero-

modes (2.45) into the effective Lagrangian (2.44), we find

1 . . dra -
1 .. 4 -
= §gabXaXb——:a/b(kf). (25]‘)

(This final step is analogous to the derivation of the effective Lagrangian (2.9) of
the classical point particle in section 2.1, by inserting the parametrisation (2.8) into
the Lagrangian (2.3).) Because the potential energy on M; is constant, the equa-
tions of motion for this Lagrangian are simply the geodesic equations for the moduli
space. Therefore, classically, slowly moving monopoles follow geodesics on the moduli
space I, The quantum mechanics of monopoles is described by wavefunctions on the
moduli space, as we will discuss in the context of supersymmetric monopoles in the

next two chapters.
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2.5 The hyperkahler structure of M;

In the case of maximal symmetry breaking, moduli spaces of monopoles are hyperkéahler
manifolds. A hyperkahler structure on a Hermitian manifold is generated by three

parallel complex structures, Z;, that obey the quaternion algebra,

This implies that there is a whole two-sphere of complex structures, parameterised
by aZ; + bZy + c¢Z3 such that a® + b? 4 ¢ = 1. A hyperkihler manifold is Kahler with
respect to each of these complex structures. We will sometimes denote the complex

structures by

A J = T, K = T, (2.53)

The standard reference for hyperkéhler manifolds is the book by Besse [24.

The existence of a hyperkahler structure on the moduli space is deeply connected
to the fact that the field theory allows for an N = 4 supersymmetric extension 2.
The hyperkahler structure on the moduli space derives from the hyperkahler structure
on Euclidean R*. In the following we use the same symbols Z; for the action of the
complex structures on R*, on the space of field configurations A, and on the moduli

space M.

Kahler structures

A Hermitian manifold is a Riemannian manifold with a metric ¢ and a complex

structure Z that satisfy
g(W. V) = g(Z(W),Z(V)). (2.54)
On a Hermitian manifold, we define the Kahler form w by
wW,V) = g(W,Z(V)). (2.55)

If the Kahler form is closed, dw = 0, the underlying manifold is called a Kahler

manifold. A general reference on Kihler manifolds is the book by Moroianu [29.
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For a basis of tangent vectors {J,}, the components of the Kéhler form are given

by

Wap = W(0a, D) = 9(04,Z(D)) = 9(0u, 0:Z%) = GacL . (2.56)

Complex structures on M;

When we interpret W; as a connection on R*, the space of field configurations inherits

complex structures from this R*, via 279

(Z:(W)); = (Ti)jx Wi (2.57)

We will give an explicit matrix representation of the complex structures Z; in the next
section. If Wl is a tangent vector to M, then so is the linear combination (Z;) ﬁW& ,
and therefore the complex structures on A can be restricted to complex structures on
the moduli space. The metric on A (2.46), and its restriction to My, are Hermitian
with respect to these complex structures, i.e. they satisfy equation (2.54), as can be
verified using equation (2.57).

We can define three Kéhler forms on the space of field configurations by equations
(2.55), using the three complex structures Z; inherited from R*. Using equation (2.57)

we have

(W, V) = wre (W V) = g, Z,(V)) = / Eo W (L), Ve (259)

Since both the complex structures and the metric can be restricted to the moduli
space, the Kahler forms can be restricted to M as well. Decomposing vectors on

M as usual, via equation (2.45), the components of the Kéhler forms are given by

(wi)ab = /dgﬂf 5aW1' (Iz)ﬂ 5[,%, (259)
which we now compare to the general expression (2.56),

(@) = GuelT), = / & 5, W, - 8. WA(T))°,. (2.60)
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Since 0,WW; is orthogonal to gauge modes, so are the linear combinations (Z;);; 6,W;
and 0,W;(Z;),. Therefore §,W;(Z;)*, is completely defined by the integral (2.60), and

we have
6 Wi(Zi)", = (Zi)i; W5 (2.61)
It is now straightforward to check that the (Z;)*, obey the quaternion algebra,
SaWi(T)"(L;)°, = 0aWi(—051% + eiju(Ti)",) (2.62)

The metric is parallel, and by explicit calculation it is possible to show that the

Kahler forms are as well,
Va(wi)ee = 0. (2.63)

This in turn implies that the complex structures must be parallel too, and therefore
M is hyperkahler. The hyperkahler structure of the moduli space can also be shown

by interpreting the moduli space as a hyperkihler quotient 2% 3.

2.6 Quaternionic description

Some of the above statements can be understood most easily by combining the bosonic

zero-modes into a quaternion as follows,
W, = (5aW4 — j5aW1 - ﬁéaWQ - 26GW3 = él 5aW1'. (264)

The choice for minus signs in this definition will prove useful for the explicit calcula-
tions for the two examples in chapters 6 and 7. We have now identified R* with the

quaternions, via

e, = 1 e = J e = K e3 = 1. (2.65)

They obey the quaternion algebra, 1> = 7> = k% =

18 = —1.
The action of the complex structures (2.61) corresponds to multiplication of the

quaternions w,, and its quaternionic conjugate w, = d,Wy+ 70, W1+ Kk 0, Wo+16,W3,
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with the unit quaternions. We may choose the definition of the three complex struc-

tures so that
Ii(Wa) = —W,6€;, IZ(WQ) = eiWa. (266)

With this definition, Z;(w,) = eZ(L)QéaVVZ = —eje; 6,WW;, and the components of Z;

are given by

(Zi)ij = <% %(L’)y> = <% —eiei> ; (2.67)
where (-, -) is the standard inner product on H = R*. Therefore we see that, in the

ordered basis {eq, s, €3,e4} < {J, K, 1,1}, definition (2.66) corresponds to

00 0 -1
00 -1 O
(Z1)y = (2.68a)
o 01 0 O
10 0 0 /)
Q
0 01 0
0 00 —1
(Z2)i; = (2.68b)
- -1 0 0 0
o 10 0 /) _
ij
0 -1 0 O
1 0 0 0
(13)zj - (2.68(3)
o 0 0 0 -1
0O 0o 1 0 )
ij
We may summarise the action of the complex structures by
(Zi)(e;) = exTi)ry = dijea + eijrer, (2.69a)
(Zi)(ea) = ex(Ti)ia = —e. (2.69b)

The components of the metric and the Kéahler forms on the moduli space are given

by the real and imaginary parts of

/dgl’ waWb = Jab + ei(wi)ab (270)
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respectively, which can be verified directly by inserting definition (2.64), and com-
paring with equation (2.59) using the expressions (2.68) for the complex structures.
We see again that the metric and Kéhler forms are invariant under the action of the

complex structures:

Zi (gab + €ilwi)a) = I; < / d’z Wawb)
= [ @ (-we) (o)

= /d3x (WoWp) = Gab + €i(Wi)ab (2.71)

The background gauge condition (2.48) and the linearised Bogomol'nyi equations
(2.50) can also be written together in quaternionic form. We define the quaternionic

differential operator

in terms of which the background gauge condition and the linearised Bogomol'nyi

equations become the real and imaginary parts of
Dw, = 0 (2.73)

respectively. Therefore, the action of the complex structures (2.66) leaves this set of

equations invariant:

Z;(Dw,) = D(—w,e;) = —(Dw,)e; = 0. (2.74)

2.7 Zero-modes as solutions to a Dirac-equation

Notice that equation (2.73) is very similar to a Dirac-equation. We may identify the

unit quaternions with SU(2) matrices,

€, = —iUi, €4 = ]12, (275)
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where o; are the Pauli matrices. Under this identification, w, becomes a (2% 2)-matrix,

which is completely determined by either of its two columns:

0oP + 10,43 10,41 + 0,A —X
Wy = 0,® +ioib, A, — 3 1 2 _ X1 —Xo

10, A1 — 04 A2 0P — 10,A3 X2 X1
The operator D defined in equation (2.72) now becomes the Dirac operator
D = D4]12 — iO'ij. (277)
The fact that w, is a zero-mode of D, as expressed by this equation, then implies that

. =X, e = _i0-2 Y; (278)

X2 X1

are zero-modes of D,
Dx = 0, —iDoyy = 0. (2.79)

Conversely, if x is a zero-mode of D, then so is w,. Using the fact that o, = oy,

09 = —09 and 73 = 03,
—iD (02x) = —i(—e ad @1y —iD;0;) 09X
= —i(—e ad ®oy + 1Dy0301 — iD30509 + 1D30903) X
= —iog(—e ad®ly +iDyoy —iDeoy + iD3o3) Y
= —ioyDY = —ioyDy
= 0. (2.80)
Together with the original assumption Dy = 0, this then implies Dw, = 0.
We conclude that the bosonic zero-modes w, of the monopole, correspond to the
(2-spinor) zero-modes of the Dirac operator D.

Dimension of the moduli space

We can deduce the dimension of the moduli-space from the dimension of the kernel

of the Dirac operator, but we need to be careful. The Dirac operator D is a complex
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operator acting on complex 2-component spinors. Therefore its kernel is a complex
vector space of complex dimension dimgker D. However, the matrices w, and iw,
correspond to linearly independent zero-modes of the monopole, so that the dimension

of the moduli-space is equal to the real dimension of kernel of D:
dim My = dimg M; = dimgkerD = 2dimgkerD. (2.81)
The index of a complex operator is defined as
indD = dimeker D — dimg ker DT. (2.82)

D' has no normalisable zero-modes, dim¢ ker DT = 0, so that ind D = dim¢ ker D, and

the real dimension of the moduli space is twice the index of the Dirac operator D,
dim M; = 2indD. (2.83)

Callias 1?2/ has found that for the Dirac operator corresponding to SU(2) monopoles
ind D = 2k, so that
dim M, = 4k. (2.84)

[21]

As mentioned before in section 2.4, Weinberg “* first argued that more generally

dim M = 4k, (2.85)

where k = |k1+...+k,_1| (where again the integers kq, ..., k,_1 are either all positive

or all negative).

2.8 Zero-modes of the 't Hooft-Polyakov monopole

For a single, charge-1 monopole, we know that there are 4 zero-modes. Three of these,
01Wj, 02W; and 630}, correspond to translations in space. The fourth, 0,W; = 0, W,
corresponds to gauge transformations g(x) in the unbroken gauge group.

The naive guess for the zero-modes of translation would be 51'% = @VVl However,
as we have seen, the actual zero-modes are perpendicular to gauge modes, because
the field configurations must satisfy Gauss’ Law. Therefore, the zero-modes are given

by a gauge transformation of the naive guess

1
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and we need to choose A; in a suitable way, to ensure that the zero-modes satisfy the

background gauge condition. This can be done by choosing
The zero-modes of translation are then

As stated above, the fourth zero-mode 6, W; is given by an infinitesimal gauge trans-

formation in the unbroken gauge group, with gauge parameter A ~ ®,
uW; = —D;® = Gy, (2.89)
The four zero-modes together can therefore be written as
aW; = Gy (2.90)

Finally, since the Bogomol’'nyi equations imply the equations of motion for static field

configurations (2.41), we see that 6;W; satisfies the background gauge condition:

The translational zero-modes 6;W; give rise to a factor of R? in the moduli space of
the 't Hooft-Polyakov monopole. In contrast, the gauge transformations g(x) = e Xa
have a periodic parameter: g(x) = g(x + 27). Therefore, the gauge transformations

give rise to a factor of S! in the moduli space. The total moduli space is hence
M; = R*x S. (2.92)

Action of the complex structures

From the zero-mode 4, W; corresponding to gauge transformations, we form the quater-

nion
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Acting with the complex structures Z; we find, using equation (2.29),
Tj(wy) = —wyej
= —(D;®)(ese;)

= DJCI) — 5ijkek B,L

— D0 —e, F
= 5J(I> — € 5]Ak
= wj, (2.94a)

where w; is the quaternion corresponding to the translational zero-modes 6;W;. A

similar calculation yields

Ti(wj) = —0ijWy + EijkWp. (2.94b)
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Chapter 3

N = 2 Supersymmetric Monopoles

We now turn to N = 2 supersymmetric monopoles. As in the bosonic case, we will
first review BPS monopoles and the corresponding zero-modes. Then we will discuss
the effective Lagrangian in the moduli space approximation of the supersymmetric
model, and its quantisation. This can be done in terms of either spinors (section 3.4),
or anti-holomorphic forms on the moduli space (section 3.5). We review the realisation
of particular supersymmetry charges as a Dirac operator on spinors and a Dolbeault
operator on anti-holomorphic forms. The standard reference for this discussion is
the article by Gauntlett [). A recent review by Weinberg and Yi®? discusses these
topics in a wider context. The lecture notes on electromagnetic duality by Figueroa-
O’Farrill B are a useful guide for many of the calculations.

To complete the discussion of the quantisation of the effective model, we construct
the differential operators corresponding to the remaining supercharges, and interpret
them as twisted Dirac operators acting on spinors (in section 3.4.4), and twisted
Dolbeault operators acting on anti-holomorphic forms (in section 3.5.5). The identifi-
cation of all the supercharges is essential for finding all the states in a supermultiplet,

as we will illustrate in chapters 6 and 7.

27



3.1 N =2 supersymmetric BPS monopoles

The Yang-Mills-Higgs Lagrangian (2.13) can be extended with N = 2 supersymmetry.

The supersymmetric Lagrangian is given by [}

1 1 1 2
L = /d%ﬁ = /d%(—ZF“"-FWJrQDHS-D“SJrQD“P-D“P—%||[P,S]|]2

+ i) - YD) + e - (ad S — i ad P)¢> (3.1)

Here S is a scalar field, P a pseudo-scalar field, and ¢ a Dirac spinor. The chiral
operator 75 is defined by 75 = iv9717273- The supersymmetries of the Lagrangian
(3.1) are given by

6A, =i (@0 — Pa) (3.22)
6P = (Yysa—aysy)) , (3.2b)
65 =i(Ya—aw), (3.2¢)
0 = (30" Fw ienlP.S] = DS = aP)) o (20

where the parameter « is a Dirac spinor. A Dirac spinor is equivalent to two Majo-
rana spinors, which explains the number of supersymmetries, N = 2. These super-
symmetries are most easily exhibited by deriving this Lagrangian and its supersym-
metries from an N = 1 supersymmetric Lagrangian in 6 dimensions by dimensional
reduction B! 32 (see appendix B.1 for details).

The rotational symmetry of the extra dimensions reduces to an SO(2) chiral ro-

tational symmetry in four dimensions ¥

S+iP s e (S +iP),
v eu%/?%

— Ay, (3.3)

m

As in the bosonic case, the symmetry breaking is induced by choosing appropriate
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boundary conditions on the fields at infinity:
lim (HSH2+ HPHQ) = a* (3.4)
r—00
The kinetic and potential energy for the N = 2 supersymmetric model are

1 1 1 —
K = / @ (15l + 51IDSIP + SIDoPI? + - A"Do),  (85)

( 1 1 1 e?
V= [ & (3F7Fy gIDSIP+ SIDPIE+ S PS] P

+ i D) — i€ - S — irsP, ] ). (3.6)

The BPS monopoles are defined, as before, to have minimal energy. This implies
again that they are static.

To find the zero-modes we first use the SO(2) chiral rotational symmetry, so that
we may assume that only the scalar field S has a non-zero vacuum expectation value.
(If we require the vacuum to be parity-invariant, the vacuum expectation value of
pseudoscalar field P must be zero to begin with.) In this case S = ® takes on the role
of the Higgs field of the bosonic model, and it must satisfy the Bogomol'nyi equations
(2.29). To minimise the potential energy (3.6), 1» must satisfy the following Dirac

equation in the presence of a monopole background,

YYDty — e [S, 9] = 0. (3.7)

We define Euclidian gamma-matrices by

Yi = 0% Yy = Y0 (3.8)

which satisfy {¥;,7;} = 20;;. In terms of these, the Dirac equation (3.7) becomes

Dy = 7Dy = 0, (3.9)

where D; is the covariant derivative in Euclidian space defined in equation (2.31).

3.2 Zero-modes

Since ¥ = 0 is a solution of the Dirac equation (3.9), the purely bosonic monopole

solutions discussed in chapter 2 are solutions of the N = 2 supersymmetric model as
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well. The bosonic zero-modes of this model are therefore exactly the same as those
of the purely bosonic model. The fermionic zero-modes are the solutions of the Dirac
equation (3.9).

A convenient representation for the Fuclidian y-matrices is given by

_ 0 Z'O'i _ 0 ]lg
Vi = , Vi = : (3.10)
—iO’i 0 ]12 0

We now identify the unit quaternions with SU(2) matrices, as in section 2.7,
€ v —i01, €y v —iUg, €3 ~v —ia'g, €4 v ]lg, (311)

so that we may write the Dirac equation (3.9) as

0 DI
Dy = Y =0, (3.12)
D 0

where D is defined in (2.73). Since D has no normalisable zero-modes, the fermionic

zero-modes can all be written in terms of the bosonic zero-modes as [¥)

b= P, (3.13a)
with
0 éiéaWi Wq
Yo = 7. W, o X ) Ay (3.13)
- X 0 0

where w, is the bosonic zero-mode defined in equation (2.64), and x is a constant,
normalised, commuting two-component spinor. Since the fermionic zero-mode v is
an anti-commuting spinor, and y is a commuting spinor, A® must be a Grassmann
number.

) defined in equation (3.13a) is a fermionic zero-mode for any constant, complex

spinor x and complex valued A%, Using equation (2.73), we have indeed

.
Py = " P P = (Bwa) X} o _ 0, (3.14)
D 0 0

However, the complex structures can be used to identify many of the fermionic zero-
modes obtained in this manner. We shall see that the vector space of fermionic
zero-modes can be thought of as an R-vector space with basis {1, }, where the 1, are

defined by equation (3.13b) using a single, fixed spinor x.
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3.2.1 Action of the complex structures

The complex structures act on the fermionic zero-modes (3.13b) via equation (2.61)
or (2.66). Using hats to distinguish the action of the complex structures on fermionic

zero-modes from the action of the complex structures on bosonic zero-modes, we have

5 Zi(wa)x —Wa€iX
Zi(he) = — : (3.15)
0 0
Choice of y
. Wa X wa X' :
The fermionic zero-modes ¢, = and ¢/, = are related via the
0 0

action of a complex structure. The spinors x and x’ are related by a U(2) transfor-

mation, x' = Uy, so that

W, w, U W,
wo= ) = =Y. (3.16)

0 0 0

where w/, = w,U is the bosonic zero-mode obtained from w, using the action of the

complex structure corresponding to U (which in general is a linear combination of the

1 0

Z;). For example, if y = and x' = , then U = ey, W, = —Z5(w,) and
0 1

W, = —TI(1h,). Therefore, we can obtain all fermionic zero-modes from the bosonic

ones using equations (3.13) with a single, fixed x.

Action of the complex structures

From equation (3.15) we see that there is a complex structure 7 (which depends on

the choice of x) such that [

i(%) = 1q. (317)

For example, if we choose

X = ) (3.18)
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then
1 = Is. (3.19)

Having made a choice, and fixed yx, the remaining two complex structures that make

up the hyperkahler structure, J and K act anti-linearly:
J(ive) = TI(Wa) = 1T (Wa) = —iJ (), (3.20)

and similarly for K.

3.2.2 The vector space of fermionic zero-modes

Equation (3.17) shows that the 4k fermionic zero-modes v, (defined by (3.13b) in
terms of the 4k bosonic zero-modes using a single, fixed spinor ) are not linearly
independent over C. Therefore, the 4k-dimensional real vector space of bosonic zero-
modes corresponds to a 2k-dimensional complex vector space V' of fermionic zero-

modes, in agreement with Callias’ index theorem 2. If

BY = {1, .., Y} (3.21)

is a basis of V over C, then, by equation (3.17), a basis of V' over R is given by
{wla s 7w4k}7 where 2/j2k+oz = j(wa):

BE’ = {wla'"7w2kaj'-<wl)a---,i(ka‘)}- (322)

3.2.3 Zero-modes as anti-holomorphic forms on R*?

The fermionic zero-modes 1, (3.13) are static spinors in (3+1)-dimensional space-
time. Extending space-time to R x R*, as we did in section 2.3, we may also view
them as spinors on R* that are independent of the fourth dimension. These spinors

[33]

can now be identified with anti-holomorphic forms °?!. For example, we can identify

the fermionic zero-modes v, with anti-holomorphic forms v, by

wa = ~ Ua = Xlal—i-XQaQ, (323)
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where we use the basis a; = \/iﬁ(dx3 — idz?) and @y = \%(dxl — idz?) of anti-
holomorphic forms (with respect to the complex structure Z) on R*. This identifica-
tion agrees with equation (3.17).

The complex structures Z, J and K act naturally on the space of all differential

forms, and hence on this basis. One finds (see also appendix A)

I(al) = i@l, j(al) == 7;0427 ,C(al) = a2,

Z(ag) = iaz, j(az) = —iOél, K:(52> = —Qq. (324)

These (linear) actions of the complex structures on forms are related to the (linear)
action of Z, and the (anti-linear) actions of J and K on spinors defined in (3.15)
as follows. Using the identification (3.23), we can pull the maps Z, J and K back
to maps on anti-holomorphic forms. We will denote these pull-backs by the same
letters Z , J and K. If we choose X as in (3.18), and write the bosonic zero-mode

corresponding to v, in the form (2.76), we find that

X1 —Xo . 1 —1X2
101
A - Wa X X2 Y 0 ZY
T(ha) = J = ' = "L (3.25)
0 0 0
0 0

Under the identification (3.23) we therefore have

T (1ba) ~ J@) = —iXem i = —J(Ta). (3.26)

Summarising the action of the complex structures on anti-holomorphic forms we have

1(T,) = ZI(v,) = iTa, 7= 1, (3.27a)
j(ﬁa) = _7(6a) = _j(Ua)> j = _7, (327b)
K@) = —K(T,) = —K(Ta), K = K, (3.27¢)

where J and K are anti-linear maps from the space of anti-holomorphic forms to itself.
It is straightforward to verify that the complex structures acting on the fermionic

zero-modes interpreted as forms obey the quaternion algebra.
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3.3 The moduli space approximation

We now turn to the moduli space approximation. As before, we must parameterise
the lowest energy states with moduli space parameters, and by inserting this param-
eterisation into the Lagrangian of the model, we can derive the effective Lagrangian
for the moduli space approximation.

We view the space of fermionic zero-modes as a 4k-dimensional real vector space,
and we parameterise the fermionic zero-modes using equations (3.13) with real valued
Grassmann variables A*. Inserting this parametrisation into the Lagrangian (3.1) and
expanding to lowest non-trivial order, Gauntlett [’ has found (see also Weinberg and

Yi ) that the effective Lagrangian for the moduli space approximation is given by

1 . - 1 dra . -
where the covariant derivative D; = X “D,, and
(D) = N4+ T¢ X0xe (3.29)

We see that the N = 2 supersymmetry of the theory has added a fermionic term
to the bosonic effective Lagrangian. The effective Lagrangian of the moduli space
approximation of N = 2 supersymmetric monopoles (3.28) is a o-model with target
space M. In the moduli space approximation, half of the original supersymmetries
are broken, and we discuss the remaining supersymmetries of the effective Lagrangian
below in the context of the quantisation of the effective model.

On our way to a quantum mechanical description of the N = 2 supersymmetric
monopoles at low energies we may now proceed in two different, but equivalent ways.
If we continue to work with real coordinates X* on the moduli space, we naturally end
up with a quantum theory of spinors on the moduli space (section 3.4). Alternatively,
if we choose to work with complex coordinates, the natural way to quantise the theory
leads to anti-holomorphic forms on the moduli space (section 3.5). Since the moduli
space is hyperkéhler, and hence Ricci flat, these two descriptions are equivalent 7]
as we shall demonstrate explicitly for the examples M; and M ; in chapters 6 and

7.
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3.4 Quantisation using spinors on the moduli space

The quickest route towards quantisation is to continue to work with real coordinates
on the moduli space, but to start by introducing an orthonormal frame to parameterise
the fermionic zero-modes (Friedan and Windey 34, Davis, Macfarlane, Popat and Van
Holten % 361 and Gauntlett ?7). The effective Hamiltonian can be derived without
such a frame, but the canonical momenta one finds in this case are not suitable for
quantisation, and an orthonormal frame will have to be introduced eventually.

We define the orthonormal frame e by
Gay = Oape’qe’y, ed = A, ,dX (3.30)

We denote the inverse of e®, by e°p, in the sense that e‘ge?,; = 96 and e?.efp = 54
c Py ) d d c B

so that
Sa = Gae®ae’s, dX® = e et (3.31)
Using the orthonormal frame, we define the fermionic variables
M= et N (3.32)
and in terms of the orthonormal frame, the covariant derivative of A becomes
(DMA = M+ w,ApXNE, (3.33)
where the spin connection w is determined by a gauge transformation
wy = eAbFZCeCB + e0,e"5. (3.34)
The effective Lagrangian (3.28) becomes
dma

1 uwy i .
Log = §gabX X+ §5AB/\A(Dt/\)B - Tb(k) (3.35)

3.4.1 Effective Hamiltonian

The canonical momenta corresponding to the effective Lagrangian (3.35) are

oL . 1
eff b A\B
0w = —— = X + —WeapA A7, 3.36a
b Hxa Gab oWaAB ( )
oL 1
_ Theff s \B b
TA 8)\A 5 AB s (336 )
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where W ap = dacw.’ 5. The effective Hamiltonian is given by
H F = Xapa—i-/.\Aﬂ'A—Leff

e

= X(gap X" + %%AB)\AAB) _ %5AB}\A>\B

1 o ; . . 4 .
= 39X X = LN (N o+ w, P X0) + ()
1 o dra . -
= —gup XX+ —b(k
5 Jab + . (k)
drra . -
= Hy+ ?b(k). (3.37)
Here we have defined
1 ab~ ~
Hy, = 59" PaDb; (3.38)
and
. 7 .
Pa = pa_EWaAB)‘A)‘B = gabXb- (339)

3.4.2 Dirac brackets

The canonical way of quantisation is to replace Poisson brackets by (anti-)commutator
brackets. In this case, however, the expression for the fermionic momenta leads to
constraints. We must therefore use Dirac brackets instead of Poisson brackets, so that
brackets with the constraints vanish identically. This allows us to set the constraints
equal to zero, and canonical quantisation is done by replacing Dirac brackets with
(anti-)commutators. This also affects the discussion of the supersymmetry of the
effective model later on. Normally a symmetry is generated by its corresponding
charge through a Poisson bracket, but here too we shall have to employ Dirac brackets
instead, due to the constraints.

Having used an orthonormal frame to define the fermionic variables A4, we find
that the Dirac brackets of the bosonic and fermionic variables decouple. We can
therefore quantise the effective model by changing the Dirac brackets into (anti-)

commutators.
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Dirac brackets are defined in terms of the canonical Poisson brackets by

{f’g}DB = {f:g}PB - {fafu}PB (A_1>uv {g’uug}PB7 (3.40)

where A is given in terms of the constraints & by

Ars = {€T7€S}PB‘ (341)

It is now straightforward to show that Dirac brackets with a constraint function

vanish:

{f:&3pp = {f,& pp —{f63pp (A7) {&, &} pp
= {,&}pp —{f: &} pp (A7)™A,,
= {f.&tps =& ps
=0 (3.42)
The canonical Poisson brackets are
e = (P = O (3.43a)

{N.ma}py = {ma X}, = 04 (3.43b)

We will also need the following:

Opr 0ga
{pr,0aBtpp = . azaB = 004 = 0 (3.44)

The constraint functions corresponding to the canonical momenta (3.36) are given by
1

§a = mat 55,43/\3 (3.45)
and using the naive Poisson brackets we find

Aup = {€4,¢B}pp

= {WA;Z(SBD)\D} +{36AC)\C77TB}
2 PB 2 PB

= ibup (3.46)
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The Dirac brackets are therefore

{f7g}DB = {f7g}PB+i{fyfA}PB(5AB {fB;g}pB (3.47)

We now compute

{z".€atpp = 0 (3.48)

1
{pT75A}PB - §{p7‘75AB}PB)\B == O (349)

Therefore Dirac brackets with 2" or p, are the same as the original Poisson brackets.
Here we see the use of the orthonormal frame we have introduced: without it, the
Poisson bracket between the bosonic momenta and the metric would in general be
non-zero ({pr,gab} pg = Orgap), and as a result the Poisson brackets between the
momenta and the constraints would not vanish.

For the fermionic variables, however, we find

M &}y = 05 (3.50)

1 1
{ﬂ-AugB}PB = §QBC {WA,)\C}PB = §§AB (351)

and therefore Dirac brackets between A\ become
(M, = {(MAPY,, = i660°Pep = it (3.52)
The only non-vanishing Dirac brackets are

{pa, X"}, = 00, {M AP}, = 6P (3.53)

3.4.3 Quantisation

To quantise the theory we follow Friedan and Windey B4, Alvarez-Gaumé 7, and
Gauntlett ). Dirac brackets of bosons are replaced with commutators, while Dirac

brackets of fermions are replaced with anti-commutators.

a

(pa X} = O - [ﬁa,f("} S (3.54)

O S - P (3.55)
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The anti-commutator of the fermions defines a Clifford bundle over Mj, and we
identify the Hilbert space of states with the space of spinors on the moduli space.
Such spinors are sections of a 22*-dimensional complex vector bundle over M i Which
is acted upon by the Dirac matrices generating the Clifford bundle.

The bosonic coordinates act by multiplication and the bosonic momenta are rep-

resented as derivatives,
Do > —i0,. (3.56)

We have a natural map from the fermions to the Dirac matrices on the moduli space:
i
V2

We see that p, acts as the covariant derivative on spinors,

Mo —AA, {(v4, 4P} = —2648. (3.57)

) 1
ﬁa = Pa — %waAB [/\A) /\B] — —1 <8a - gwaAB [’}/A,’YB}> = —’iDa. (358)
Finally, the quantisation of the effective Hamiltonian H gives half the Laplacian,
1 abz = 1 ab 1
Hy, = 59" Pabe > —59 D,D, = EA' (3.59)

Here we have defined the Laplacian to be the positive definite operator, which corre-

sponds to the usual definition for the Laplacian acting on forms, A = (d + d")2.

3.4.4 Supersymmetry

The effective action corresponding to the effective Lagrangian (3.28) is invariant under

N = 4 supersymmetry transformations [°]

61 X% = eXe SN = ieX® (3.60a)
or, X = & (I;)" N S, A" = e |—i(Z;)", X" — 9 (Z;) A\ (3.60b)

which have their origin in the unbroken supersymmetries of the field theory. The
supersymmetries of the original field theory (3.2) have a Dirac spinor « as parameter,
which has 8 real independent components. Of these, the NV = 4 supersymmetries

(3.60) remain in the effective model. The corresponding supercharges are

QIL = ﬁa)\a7 QIi = ﬁb(zi)ba)\a' (361)
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The supercharges generate the supersymmetry transformations via Dirac brackets,

{Q, X}y = 0X°, {Q, X"} = 0AY, (3.62)

and they obey the NV = 4 supersymmetry algebra:

{Q1,Q1}pp = 2iH,, {QL?QIJ'}DB = 04;j 2iH,, (3.63)

and all other brackets vanishing. This agrees with the fact that the supersymme-
try transformations square to ¢ times a time-derivative, and that time evolution is
generated by the Hamiltonian.

When we quantise the supercharges using the quantisation procedures given above,

()1 becomes the Dirac operator for spinors on the moduli space

1 1
= ~a)\a — e (J,Da = —= ; 364
while the remaining supercharges become twisted Dirac operators 38!
- a 1 “ 1

From the fact that the Hamiltonian is given by the Dirac bracket of supercharges, we

find again that the quantisation of H gives half the Laplacian:

1 1 1
{QIL7QIL}DB — QLDQ = —ggabDan = §A (366)

7
H0:—§

3.5 Quantisation using forms on the moduli space

3.5.1 Complex coordinates on the moduli space

We now take a few steps back to discuss the quantisation of the effective model
on the moduli space in terms of anti-holomorphic forms on the moduli space. We
choose 2k complex coordinates Z* on the hyperkéhler manifold Mj (o runs from 1
to %dim M; = 2k) that diagonalise the complex structure Z = Z3. The real and
imaginary parts of Z% form a basis of real coordinates X (the index a runs as usual

from 1 to dim Mj = 4k). We may choose this basis such that

1/ 0 0
Z% = X" +iXxth =5\ 3% ~iax
+1 Oa 2(8 - za a+2k>
—= 1 0 0
a a - v a+2k o .
Z" = X*—iXxet Ox _E(a - Tis a+2k> (3.67)
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which satisfy

| 0 0
1(0a) = i0a I(aXa) GG
| 9 0
1(0s) = —i0a I(aXoc—i—Zk) - T 9Xe (3.68)

The components of the metric in real and complex coordinates are defined by

gab = 9(0a, ), 85 = 9(0a, 03). (3.69)

The metric is Hermitian, ¢(X,Y) = g(1(X), I(Y)), so that

Bapg = g(ﬁaaaﬂ) = g(iaomiaﬂ) = _g(aomaﬁ) = 07 (370)

and similarly g3 = 8ap = 0. The first term in the effective Lagrangian can be

written in complex coordinates as

1 . 1 _—a . o ] .a;ﬁ _—a .
§g(X,X) =3 <gaﬁz Z° + g,32°Z ) = 8.324°Z = gapZ Z°. (3.71)

Using real coordinates

0 0

7(X) = X D G —— 3.72
( ) O0Xo+2k 0X« ( )
and the Hermiticity of the metric implies that

9o = Ja+2k,5+2k Jat2k8 = — Ja,f+2k- (3.73)

The components of the metric in real and complex coordinates are related via

gas = 9(0x,0p)

1 0 L 0 0 _, 0
47\ axe T oxarek gx6 T 'gx stk
1 7
=1 (9ap + Gavokpror) + 1 (Yator,8 = Gap+2k)

1

= 5 (9as + @ ga+an) (3.74)
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Equation (3.17) implies that in the basis BE (3.22) we have 1,191 = Z(thy) = i),
Therefore, when we view the space of fermionic zero-modes as a 2k-dimensional com-
plex vector space with basis BY (3.21), the fermionic zero-modes are parameterised

by
¢ = % A

= o (A* + AT (3.75)
where as usual a € {1,...,4k} and a € {1,...,2k}. We now define
¢ = \* AT & = XY — AP (3.76)
The fermionic zero-modes are then parameterised by

Y = Yo" (3.77)
For the second term of the effective Lagrangian we find

9N DX’ = 2Re(ggp) (A" DN + A2 D AT
+ 2Im(gap) (A* DA’ — A*D AT
= (ap + 8a3) (A"DiN + X*T2ED,NIT2H)
— i (gap — 845) (AT DA — XD AT
= gap (A" — iA*T%) DA 4 (A — ix*T25) DA
+ 85 (A* + A T) DA — i (A* +iA*2F) D AT
= gag (A — iX*TF) Dy (A7 4 i)
+ 8o5 (A XY Dy (W — iATT)
= gap (A* — i) D, (A +iX7T7F)
— 85D (A" +iXT) (A7 — AT+

= 203" Dy’ (3.78)
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so that the effective Lagrangian (3.28) in terms of these coordinates becomes

4dma

L5 . }
Left = 852°7 +igasC”™ ({7 4+ T5527¢°) - “T20(E). (3.79)

We introduce an orthonormal frame 6 for the fermionic variables, choosing it so

that it respects holomorphicity 7).

8.5 = 0450”005 04 = 94,dz° ¢t = 04
0 = 94,.dZ" = 9T (3.80)
Here
4y = PAss (3.81)

0 otherwise.

The effective Lagrangian then becomes

. =f — (. - . 4 -
Log = 8,34°Z +l'5ZB€A (CB+waBCZ CC‘I'WaBCZaCC) - %ab(k?)a (3.82)

where the spin connection w is again determined by a gauge transformation,

wa'lp = 0470075 + 650,05, wa''p = 0"50:60"p. (3.83)

3.5.2 Effective Hamiltonian

We compute the canonical momenta from the Lagrangian.

oL =8 = oL , =
P, = aZeif = gaBZ +ZwaZCCACC Ia = aCeAff = _Z(SEACB
oL . , - oL
Py = aTeff = gl iwmac™C Ty = S =0 (3.:84)
A
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The effective Hamiltonian is

Heff = Zapa + Z@a-i- éAHA — Leff

. -7 _ o _ L
= Z%(8.52 +iwazoCCY) + Z%(ggal’ + iwszcCHCY) —ibpaCACP

. =B — . —a . 4 -
— 8,327 —ibzp(" (gB +wiPeZ ¢+ waBCZaCC) + ?b(ls)

oS Ama -
= gaBZ A +Tb<k)
4ra

= Hy+ Tb(l%’), (3.85)

where we have defined

Hy, = g*’P,P;, (3.86)
and
5 : A.c =0
Py = Py —iw,zcC°C" = g,57 (3.87a)
Py = Py—iw7.CCC = gapl®. (3.87b)

3.5.3 Dirac brackets

Just like in section 3.4, where we used real coordinates, we must use Dirac brackets in
order to quantise the theory, because of the constraints that arise from the expressions
for the fermionic momenta. As before, having used an orthonormal frame for the
fermionic variables, we find that the brackets of the bosonic and fermionic variables
decouple.

The canonical Poisson brackets are

(P 2%}, = 0 (I4.CP) = 7

{Pa, ZB}PB = & {H;, CE}PB = o8 (3.88)
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The constraints are now given by

€4 = T4 +id,5¢° (3.89a)
& = Iy (3.89b)
We find that
Azy = Az = {648t pp
= {Ma+ i A
- (3.90)
while
Aup = Ags = 0 (3.91)

Poisson brackets between Z or P and the constraints vanish, and therefore Dirac
brackets of Z and P are the same as the original Poisson brackets. The only non-

vanishing Dirac bracket involving the ( is

{CA’ CE}DB - {QA’ CE}PB +id% {CA’&]}PB {55’ CE}P

B

i64P (3.92)
The only non-vanishing Dirac brackets are hence

{PO“Zﬁ}DB - 55 {PE’EE}DB - 55 {QA’CF}DB = "7 (3.93)

3.5.4 Quantisation

To quantise the theory we follow the usual procedure again. Dirac brackets of bosons
are replaced with commutators, and Dirac brackets of fermions are replaced with

anti-commutators.

{P..2°} , = o — [P, Z°] = —idl (3.94a)
{PE’ZE}DB — 0 — [PE,EE} — s’ (3.94D)
{CA’CF}DB _ §AB . {CA7C§} _ §AB (3.94¢)
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We interpret the Hilbert space of states as the space of square-integrable (0, p)-forms
on M as follows. The bosonic coordinates act by multiplication and the bosonic

momenta are represented as derivatives,

P, — —i0, Py — —i05 (3.95)
while the quantisation of fermions is given by

¢t 6N ¢ = (0% (3.96)
where 1(04)(05) = 64B. The P act as covariant derivatives,
Py = Po—iwgacC™CC o =i (0ntwaact  Au80)) = iV,  (3.97)
Py = Py—iw (A0 (aa + w6 A 0(00)> = V. (3.98)
and the quantisation of the effective Hamiltonian gives again half the Laplacian,

Hy = g*’P,P; — gV, V5 = %A. (3.99)

We have seen above that the quantisation of the spinorial zero-modes of the original
field theory can be interpreted in terms of anti-holomorphic forms on the moduli space.
The quantisation also automatically allows for the possibility that multiple fermionic
zero-modes are excited. Such excitations are represented by wedge products of anti-
holomorphic forms, with the antisymmetric nature of the wedge product reflecting

the fermionic nature of the spinor zero-modes.
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3.5.5 Supersymmetry

The effective action is invariant under the N' = 4 supersymmetry transformations [%

7% = e 61C% = el

67" = (™ NG (3.100a)
672% = ieC® 6% = eZ°

5,7° = —ie(® 5,5 = — 7 (3.100b)
572 = eg"5C" 5,0 = —ied57 — T THCC

5,2° = %" 07C% = —ieJ% 2" — eI5 J75¢°¢C7 (3.100¢)
7% = ekoy(? (e = —@s/caﬁiﬁ—ergwicﬁg&v

52" = eK5(P 0k(T = —ieK"5 2% — T KP5¢°¢7 (3.100d)

The corresponding supercharges are
QI[ = ﬁaca + p&caa QJ = pajaaga + ﬁajaECa?
Qr = iP. % —iPx(", Ok = PaK%.(* + P K (" (3.101)

They generate the supersymmetry transformations via Dirac brackets, and they obey
the N/ = 4 supersymmetry algebra. The supersymmetry transformations square

to i times a time-derivative, 6> = i0,, and the Hamiltonian is once more H, =

{1, Ot} py = —5 {95 Qs )y
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It is now convenient to define new linear combinations of the supercharges by

Q = %(gﬂ+¢QI) = iPx(7, (3.102a)
& = —1(Qi—iQr) = ~iFa", (3.102D)
07 = §(Qr—iQx) = iPT (", (3.102¢)
Oy = —H(Qy +iQx) = —iPal " (3.102d)

The only non-vanishing brackets of these supercharges are

{0} ={0s05} =iy (3.103)

The supercharges O and O* are quantised, using the quantisation procedures given
above, as

Q = P . 0" ANVg = 0, (3.104)

Q0" = —iPC® s —(0°)V, = T, (3.105)

where 9 and @' are the Dolbeault operator and its adjoint operator respectively.

For the remaining supercharges, we find that they are quantised as [l

Qs = iP,J%(Y — J0% AV, = JoJ' = 07, (3.106)

Oy = —iPd WG =~ (JE) AV = JOITT = By, (3107

where 07 and 5} are the twisted Dolbeault operator and its adjoint respectively (see
appendix A.2 for more details).
The quantisation of the Hamiltonian as the Dirac bracket of the supercharges gives

once more half the Laplacian "2

_ 156 o St oatm L
Hy = Z{Q,Q }DB - 99'+99 = A (3.108)

3.5.6 The action of the complex structures

The complex structure Z acts on anti-holomorphic one-forms by multiplication with

the complex number 7, but the complex structures 7 and X map forms which are
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anti-holomorphic with respect to Z to holomorphic forms. This should be contrasted
with the maps 7,7 and K acting on the spinor zero-modes in the original field theory
(3.15). We can implement these maps on the anti-holomorphic forms on the moduli
space, using their relation to Z, J and K given in section 3.2.3, equations (3.27):
T = 7T, j = —7J and K = —K. This way we obtain again an (anti-linear) action
of the quaternion algebra on the space of anti-holomorphic forms, this time on the

moduli space.
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Chapter 4

N = 4 Supersymmetric Monopoles

In this chapter we study N = 4 supersymmetric monopoles. As in the bosonic and
N = 2 supersymmetric cases, we will first review BPS monopoles, the zero-modes
of the theory and the moduli space approximation > ™. Then we will discuss the
quantisation of the effective action of the N = 4 supersymmetric model (section 4.4).

29 we identify the Hilbert space of states with the

Following Weinberg and Yi
space of forms on the moduli space. However, we choose a slightly different quanti-
sation prescription that identifies two independent (but equivalent) sets of fermionic
zero-modes with holomorphic and anti-holomorphic forms, analogous to the quanti-
sation procedure of section 3.5. Weinberg and Yi mix up the two sets of fermionic
zero-modes in their quantisation prescription, obscuring their independence. As we
will see in chapter 5, our quantisation prescription allows us to define a natural angu-
lar momentum operator as a differential operator acting on forms, that can be applied
to both N =2 and N = 4 supersymmetric monopoles.

As in the N = 2 supersymmetric model, we construct the differential operators
corresponding to the supercharges, and interpret them as (twisted) Dolbeault opera-
tors and their adjoints. As mentioned before, the identification of all the supercharges

is essential for finding all the states in a supermultiplet. We will illustrate this in the

chapters 6 and 7.

50



4.1 N =4 supersymmetric BPS monopoles

The extension of the Yang-Mills-Higgs Lagrangian (2.13) with N = 4 supersymmetry

is given by

1 1 1
L = /d%( — 1F" - Fu + 3D,S,- D"S, + 3D, P, - D'P,

2
(&
= (1S, STP + 218, B+ I[P PIP)

+ 2P, ARDb, + 3% (oL, ad S, — i7" ad P,) ¢S). (4.1)

N =

Here S, are three scalar fields, P, are three pseudo-scalar fields, and 1, are four
Majorana spinors. The indices have the following ranges: ,7,... € {1,2,3} and
r,s,... € {1,2,3,4}. The chiral operator v; is again defined by 75 = iy717273.

and (7 are 4 x 4 real anti-symmetric matrices, satisfying

@', o] = — 2", {a",a?} = — 261,
(6, 57] = —2e7" (", {6, 7} = — 2014,
03] = 0 (12)

An explicit representation of these matrices is given by the following.

0 0 01 0 0 0 —1
a0 oo g_ |00 10
0 100 0 -10 0
-1 0 00 1 0 0 0
00 -10 00 -1 0
e o0 0 g |00 0 -1
1 0 0 0 10 0 0
0 -1 0 0 01 0 0
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0O 1 0 O 0O 1 0 O
3 -1 0 0 O 3 -1 0 0
a’ = B = (4.3)
0 0 0 1 0 00 —1
0 0 -1 0 0 01 O
The supersymmetries of the Lagrangian (4.1) are given by
§A, = &by, (4.4a)
4S, = —€.al s, (4.4b)
0P, = i €50 bs, (4.4c)
L [ ’ p 7
S, = (57 ¥ Foybps — i" DyS,aty + 775D, Py,

e . e

- §SUK [SZ? S]] Qg — 175 [SM ‘P]] a;tﬁgs - Eeljf‘f [PZ’ PJ] fs)e& (44d)
where ¢, are four Majorana spinor paramaters. These supersymmetries are most
easily exhibited by deriving the Lagrangian and its supersymmetries from an N = 1

(31, 32] (see

supersymmetric Lagrangian in 10 dimensions by dimensional reduction
appendix B.2 for details). Under the dimensional reduction, the rotational symmetry
of the extra dimensions gives rise to an SU(4) internal symmetry of the Lagrangian
(4.1) in four dimensions. As in the bosonic and N = 2 supersymmetric cases, the

symmetry breaking is induced by choosing appropriate boundary conditions on the

fields at infinity:

lim (S,-S,+P,- P) = a°. (4.5)

r—00

The kinetic and potential energy for the N = 4 supersymmetric model are
1 1 1 i —
K = /dsm ( - \|§F0z‘|\2 + QHDOSzHQ + §HD0PJH2 t3¥ ’YOD0¢T>, (4.6)

1 .. 1 1
V= [ (3F7Fy 3 IDSIE+ DA

2
(&
= (118 ST+ 211 S BIP + 1| [P PIP)

7—

+ 5, Dt = 56, (0l ad S, = i5" ad P) v, ). (47)

DO |
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The BPS monopoles are defined, as before, to have minimal energy, which implies
again that they are static. To find the zero-modes, we first use the internal SU(4)
symmetry of the Lagrangian, so that we may assume that only the scalar field S3 has
a non-zero vacuum expectation value. (Once more, a parity-invariant vacuum would
already require that the vacuum expectation values of the pseudoscalar fields P, are
zero. We can then still use the internal symmetry of the Lagrangian to assume that
the vacuum expectation value of the S, fields lies in the S3 direction.) In this case
S3 = @ takes on the role of the Higgs field of the bosonic model, and it must satisfy
the Bogomol'nyi equations (2.29). To minimise the potential energy (4.7), ¥ must

then satisfy the following Dirac equation in the presence of the monopole background
¥, D)y +iey, 0, ad Ssip, = 0. (4.8)

where the Euclidean F-matrices are defined in (3.8). We now define
§+ = 1 — iy, § = Y5 — ity (4-9)

which are eigenstates of a® in the representation (4.3). Writing

+
e= ). (110)
-
the Dirac equation (4.8) becomes
_ YiDi &
DS = 7ibi& = | = 0, (4.11)
TiDi&™

where D; is the covariant derivative in Euclidean space defined in equation (2.31). We
see that £ and £~ both obey the same Dirac equation as 1 in the N = 2 supersym-
metric model, equations (3.9). Therefore, they both independently correspond to a

set of fermionic zero-modes equivalent to those of the N = 2 supersymmetric model.

4.2 Zero-modes

The bosonic zero-modes of this model are again exactly the same as those of the purely

bosonic model. The fermionic zero-modes are the solutions of the Dirac equation
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(4.11), and both £* and £ have the same form as the zero-modes ¢ in the N = 2

supersymmetric model (see section 3.2),

£ = 5, (4.12a)
with
0 éiéam + W +
& = 70 e I B (4.12b)
- Xt 0 0

where the bosonic zero-mode w, was defined by equation (2.64), x* are fixed, nor-
malised, commuting two-component spinors, and the A% are real valued Grassmann
numbers.

Again, the complex structures act on the fermionic zero-modes (4.12) via equation
(2.61) or (2.66). Using hats to distinguish the action of the complex structures on
fermionic zero-modes from the action of the complex structures on bosonic zero-modes,

we have

~ Ii(Wa>Xi _WaeiXi
L&) = . = . : (4.13)

We see that we may choose Y= such that there is a complex structure 7 for which

I(&r) = =+i€r (4.14)
For example, if we choose
X" = : , X~ = ! : (4.15)
0 1
then
1 = I, (4.16)

Having made a choice, and fixed x* and x~, the remaining two complex structures
that make up the hyperkahler structure, J and K act again anti-linearly, as in the
N = 2 supersymmetric model.

The vector space V' of fermionic zero-modes is now a 4k-dimensional complex

vector space, which can also be viewed as an 8k-dimensional real vector space.
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With the choice of signs given in equation (4.14), the fermionic zero-modes &=
(4.12b) can be interpreted as forms on R*, analogous to the interpretation of fermionic
zero-modes as anti-holomorphic forms in the N = 2 supersymmetric model. £ and
¢, are static spinors in (3 4+ 1)-dimensional space-time. Extending space-time to
R x R*, as we did in section 2.3, we may also view them as spinors on R* that are
independent of the fourth dimension. These spinors can now be identified with (anti-)
holomorphic forms. For example, we can identify the fermionic zero-modes £ with

anti-holomorphic forms v, and &, with holomorphic forms 7, on R* by

451
+ 42 = - -
ga = ~ Vg = Q107 + QoQa, (417&)

0
0

by
ba

£ = ~  Ta = by + by, (4.17b)
0

0

where we use the basis a; = \%(dx?’ +idz?) and ay = \%(dxl +idz?) of holomorphic
forms (with respect to the complex structure Z) on R*. This identification agrees
with equation (4.14).

The identification of £ with anti-holomorphic forms is completely independent
of the identification of ¢, with holomorphic forms. The relationship between an
anti-holomorphic form and its complex conjugate is a natural relationship from a
geometrical point of view, but the corresponding relationship between fermionic zero-

modes depends on the explicit choice of the identifications (4.17a) and (4.17b).

The complex structures Z, J, K act naturally on the space of all differential forms,
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and hence on this basis. One finds (see also appendix A)

() = —iay, J(aq) = —iapy, K(ay) = @,
I(ag) = —iay, J(ag) = iay, K(lag) = —ay,
I(aq) = iay, J(@) = iag, K@) = as,
I(@) = ia, J(@) = —ia, K@) = —a.

(4.18a)

(4.18b)

These (linear) actions of the complex structures on forms are related to the (linear)

action of Z, and the (anti-linear) actions of J and K on spinors defined in (4.13) in

the same was as in section 3.2.3. Using the identification (4.17), we pull the maps 7,

J and K back to maps on forms, and we denote these pull-backs by the same letters

7 , J and K. We find, for example,

bg b1 . 0 ’ng
_ 101 -
A —bl bg 1 _Zbl
J&) = g = .
0 0

Under the identification (4.17) we therefore have, for example,

A ~

j(g;) ~ j(Ta) = ’iBQOél — 7:51062 = —j(Ta).
We may again summarise the action of the complex structures on forms by
I - I, j - _\77 ’C = _K7

as we did in the N = 2 supersymmetric case.

4.3 The moduli space approximation

(4.19)

(4.20)

Once more we come to the moduli space approximation. As before, we must param-

eterise the lowest energy states with moduli space parameters, and the effective La-

grangian can be found by inserting this parameterisation into the original Lagrangian

of the model.
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4.3.1 Effective Lagrangian

We view the space of fermionic zero-modes as an 8k-dimensional real vector space,

we parameterise the fermionic zero-modes using equations (4.12) with real valued A%,

which we combine into the two-component Grassmann function
a

AL

)\a

AT = (4.22)

Inserting parametrisation (4.12) into the Lagrangian (4.1) and expanding to lowest
non-trivial order, Blum ') has found (see also Gauntlett [, and Weinberg and Yi %)

1 . 7 1 dra -
Log = §gabX“Xb+égab()\“)T(Dt)\)b— gRabcd(/\“)T)\b()\c)T)\d— Tb(k:). (4.23)

Compared to the effective Lagrangian of the N = 2 supersymmetric monopole, we

now have two copies of the fermionic term,

Egab(Aa)T(Dt)\)b = §gab)\iDt)\z_ + §gab)\‘iDt)\b_a (4.24)

and an extra term involving the curvature of the metric, with components R,p.q. The

curvature term provides a coupling between the fermionic variables A{ and A%.

4.3.2 Supersymmetry

The effective action corresponding to the effective Lagrangian (4.23) is invariant under

N = 8 supersymmetry transformations 2

X = EA

0N = —iX %0 — ENTEN, (4.25)
o, X" = & (I,)" N

oz, A\ = i(Z;)", X oo — 2(Z;) AN TEN, (4.26)

where ¢ are two-component Grassmann parameters, and € = ¢’ 0y. They are again
reminiscent of the supersymmetries of the original field theory. The corresponding

supercharges are

Qv = PaAl, Qf = BT\ (4.27)
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The supercharges generate the supersymmetry transformations via Dirac brackets,

and they obey the supersymmetry algebra

{Q1.Q1} 5 = 2iH,, {Qi,@i}w — §;; 2iHy, (4.28)

and all other brackets vanishing.

4.4 Quantisation using forms on the moduli space

The quickest route towards quantisation of the effective Lagrangian (4.23) is to start
again by introducing an orthonormal frame to parameterise the fermionic zero-modes

as in (3.30). The effective Lagrangian can then be written as

1 e, 1 Ana. -
Legp = 39aX" X"+ 5040 (DN = SR XN ()TN = Z20(R), (4.29)

where

Moo= et (4.30)

4.4.1 Effective Hamiltonian

The curvature term has no influence on the canonical momenta, so that the canonical

momenta of the effective Lagrangian (4.29) are

oL . ;
eff b, L ANT\B
0w = —— = g X + =wWaan(A) A7, 4.31
Db Hxa YGab 5 AB( ) ( )
oL ;

+ eff ¢ B
Ty = ——= = —=0ABA\}, 4.32
A 8)\‘;‘ 2 ABN\4 ( )

Again, the expression for the fermionic momenta leads to constraints, and we will
have to replace Poisson brackets by Dirac brackets.

The effective Hamiltonian is given by
Hoyg = X%, + ).\ﬁﬂ'j{ + My — Leg

e

= Hy+ Tb(lZ), (4.33)
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where we have defined

1 ~ 1 a c
HO = Egabpapb+ gRabcd()\ )T)\b()\ )T)\d7 (434)
and
- 7 .
Da = Pa — §WaAB()\A)T>\B = ganX". (4.35)

4.4.2 Quantisation

Having used an orthonormal frame to define the fermionic variables A4, the Dirac
brackets of the bosonic and fermionic variables decouple, as for the N = 2 supersym-

metric monopoles (see section 3.4.2). The only non-vanishing Dirac brackets are
(P, X°} = 00 {NLAT}, = 0P (MNP L =it (4.36)

which can be quantised as follows,

(P, X"}y = 40 - [Xb] = —io® (4.37)
(MABY = AP - P (4.38)
P e - B (4.39)

We may interpret the Hilbert space of states generated by the /\f and A\ as the
space of two spinors on the moduli space, just as the A in section 3.4 gave rise to a
Hilbert space of states corresponding to a single spinor on the moduli space. However,
this is not a convenient interpretation of the quantum states. We are interested in a
quantisation in terms of forms on the moduli space. In their review paper Weinberg
and Yi [?! describe an interpretation of quantum states as forms on the moduli space.
In particular, they define p* = \/Lﬁ ()\i + z')\‘i), which is then quantised as dX“A.
The supercharges can then be interpreted as the exterior derivative, its adjoint, and
the related operators obtained via a twisting with the complex structures. This is
a valid quantisation, although it obscures the relationship between the A in the

N = 2 theory, with the A\ in the N = 4 theory: we would like to quantise the
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N = 4 supersymmetric model in terms of all forms on the moduli space, in such a
way that the )\ﬁ correspond to anti-holomorphic forms, and the A4 correspond to
holomorphic forms, in accordance with equation (4.14). To this end, we introduce

complex coordinates once more.
Complex coordinates
We use complex coordinates Z, as defined in equation (3.67), and we define
¢ = N it Ch o= A iR (4.40)

We write the first two terms of the effective Lagrangian (4.29) in terms of these

variables, and find

. -B - 1 u . dra -
Log = 8.,524°7 +i0g5(¢")T (DtCB) - gRade(/\ )EAP (AN — Tbuf)' (4.41)
The curvature term has no influence on the canonical momenta, for which we find

oL -8 -

Pa - —eff = gaEZ +2waZC(€A)T§07 (442)
0z~
oL ) . —

Pr= =& = gl +ivgac(ch ¢, (4.43)
07
oL _ =

= —dl = g cF (4.44)
a¢E
oL

= = b — g (4.45)
ot

The non-vanishing Dirac brackets are then
8 _ 58 7P _ 5B A B _ <AB
{POHZ }DB - 500 {PaaZ }DB - 6&7 {C:I:JC:N:}DB = 0 : (446)

We quantise the Dirac brackets as usual, by

(P 2%}y = & - [P 2] = —it] (4470
(7}, =% = [mF-® e
(SRS B A .} = o (1.47¢)
R T X
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We can now interpret the Hilbert space of states as the space of square-integrable
forms on M. The bosonic coordinates act by multiplication and the bosonic momenta

are represented as derivatives,

P, — —i0, Py — —i05 (4.48)
while the quantisation of fermions is given by

e 04N ¢4 (07 (4.49)

A s 04N () (4.50)

where 1(04)(05) = 648, 1(64)(67) = 6P and 1(04)(67) = (#*)(8F) = 0.

The covariant momenta are

~ ] — B 1 . o
Pa = Poc - ZwaZC(CA>TCC = gaBZ = 5 (pa - Zpa+2k) ) (4'51)
. ‘ = . 1 . .
PE = PE - ZwaZc(CA)TCC = g&ﬁzﬂ = 5 (poz + Zpa+2k) ) (452)
and they are quantised as before, as
]Sa = Py — iwaZC(Cz)TCC = —iVa, (4.53)
Py = Ps—iw.(¢HTCC — —iVa. (4.54)

The Hamiltonian becomes, in terms of the covariant momenta,

= = 1
Hy = go‘ﬂPaPBJrgRabcd(A“)T)\b(Ac)T)\d, (4.55)

We define complex linear combinations of the supercharges, analogous to those in

equations (3.102), by

&* = L(0F +iQ7)

(ﬁa(Ai + izaa+2k)\?t+2k) + ﬁa+2k()\i+2k + iza+2ka)\i))

DN | .

Lo a S\« ~ o o
2 (o AL = iIXT?%) + P AT +iXD))

b, .
= 5 ot san) O = XT)

= iPs(T, 4.56a
+
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(0% = —5(QF —iQF) = ~iPE
Q5 = SQ3-iQF) = iPTCE
() = —5(Q5 +iQF) = —iPeTuCs

(4.56b)

(4.56¢)

(4.56d)

From (4.28) we find that the algebra they satisfy has the following non-vanishing

Dirac brackets

for@r),, —m {en@}, - i
The supercharges are quantised as [ 38
Qf = iP(T — 0" AVz = 0,
(@) = —iPuly - (0)V = D,
QF = iRJ(T — J6%) AV, = JoJ' = 9y,
(Q)) = =iPsJ%CE = = (JE)) AV = JOTT = D,
and
(Q7) = iPy® - 0° AV, = 0,
Q = —iP(" - —1(0%) Vg = O,
(97)" = iPJ%¢"  ~— JO%) AVg = JOJ ' = 9,
0; = —iPJ%C  —  —(JO)AV. = JIT =,
Finally, the Hamiltonian is quantised as
Hy " {or. (&7} =30 +79D = %A.

The action of the complex structures

(4.57)

(4.58)
(4.59)
(4.60)

(4.61)

(4.62)
(4.63)
(4.64)

(4.65)

(4.66)

As in section 3.5.6, the action of the complex structures 7 , J and K on the spinor

zero-modes in the original field theory (3.15) can be implemented as an action on

62



the forms on the moduli space, using their relation to Z, J and K given in section
4.2, equations (4.21): 7 =17 9 =-7J and K = —K. This way we obtain again
an (anti-linear) action of the quaternion algebra on the space of forms on the moduli

space, that respects the holomorphicity of those forms.

Summary

The discussion and results in this chapter can be summarised as follows. The moduli
space approximation of the N = 4 supersymmetric Lagrangian in (3+1)-dimensions
leads to an N' = 8 supersymmetric o-model on the moduli space. The quantisation
of this model can be done in terms of general differential forms on the moduli space
and the supercharges corresponding to the N = 8 supersymmetries correspond to the
Dolbeault operator and the J-twisted Dolbeault operator, their complex conjugates,
and all of their adjoints. The effective Hamiltonian in this geometrical interpretation

is half the Laplacian acting on these differential forms.
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Chapter 5

Angular Momentum

The spin operators for the fermionic zero-modes of the N = 2 and N = 4 supersym-
metric SU(2) monopole of charge 1, derived from the field theory by Osborn %, are
given by

§ = 13 art(@)al, (5.1)

2 n,s,s’

where n indicates the fermion species, and s and s’ indicate the spin state of the
fermion zero-mode (i.e. up or down). In the case of N = 2 supersymmetry there is
only one fermion species. For N = 4 supersymmetric monopoles there are two fermion
species and n € {1,2}. The spin operator acts on the Hilbert space generated by the

0>=O.

The states of the N = 2 supersymmetric monopole multiplet can be grouped into

a™' acting on a vacuum state ‘0>, defined by a?

two singlets and a doublet under the action of the spin operator,

2 singlets: ‘O> and ‘Tl>7

1 doublet: (M

where

’O> = ‘0> ‘Tl> = aIaHo>, (5.2a)

1) = ailo). 1) = dl]o). (5.2D)
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The N = 4 multiplet consists of five singlets, four doublets and a triplet,
S A TGV (D) B ORI
0/’ o/ 2\t /)’ T/ T
t\ |t o\ o nw\ |

Do) ) () (

1

1 1 ! !
D10+ 1))

where the two entries in the kets correspond to the two fermion species n = 1,2,

5 singlets:

4 doublets: (

T
T/

)

1 triplet: (

analogous to the states (5.2). For example,

;> = a%T 0>7 ‘Tj> = aﬁTaF‘a%T‘O> (53)

In this chapter, we would like to translate Osborn’s result into geometrical lan-

guage, where we describe the quantum states corresponding to fermionic zero-modes
with (anti-)holomorphic forms on the moduli space. We would like to define a differ-
ential operator acting on forms, which corresponds to the (spin) angular momentum
operator acting on zero-modes 2%

In general, the spin operator for higher charge monopoles is not well defined since
it is not unambiguously possible to separate orbital angular momentum from spin,
due to the extended nature of monopoles. Therefore we have to look at the total
angular momentum operator J instead. However, in special cases (in particular for
the charge-1 monopole, and for well separated monopoles) we expect that a spin
operator, corresponding to S in equation (5.1), could reappear. This would allow
us to determine the spin of individual (well separated) monopoles, which should be
possible if we are to compare monopole scattering with the scattering of electrically
charged particles in the dual theory.

We will explicitly construct a spin-operator for the charge-1 monopole in sec-
tion 6.5, and confirm that it agrees with Osborn’s spin operator (5.1). We will discuss
some of the issues involved in computing spins of well-separated monopoles in our

outlook at the end of this thesis.
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5.1 The total angular momentum operator on the
moduli space

The total angular momentum operator J should act on quantum states by an in-

finitesimal SU(2) or SO(3) action. It obeys the angular momentum algebra
(i, J;) = dejipdy, (5.4)

and acts via a Leibniz rule on tensor products of states. We expect J to contain
orbital and spin contributions, but, as explained above, neither of these needs to
be separately well-defined. It would be natural to guess that J; acts by rotating
the spatial coordinates through the Lie derivative Ly,, where the vector fields Y;
generate such rotations. To agree with equation (5.4), these vector fields must satisfy
1Y;, Y] = €1 Y. However, we want the expression for J to respect our decomposition
of vectors and forms into their holomorphic and anti-holomorphic parts, because in
the N = 2 theory only the (0,p)-forms are identified with fermionic zero-modes.
Furthermore, in the N = 4 theory, the geometrical interpretation of the two species
of fermionic zero-modes as holomorphic and anti-holomorphic forms are independent,
and an angular momentum operator should not mix between the two. Therefore we

require that

Here we use the adjoint action of the complex structure, ad Z;, which is the extension
of the complex structure that acts on p-forms following the Leibniz rule %, This
means that the Lie derivative by itself cannot be the angular momentum operator,
since Atiyah and Hitchin ¥/ have found that the complex structures are rotated into
each other through the SO(3) action: Ly,(Z;) = €;jxZ;. For the action on p-forms,

this becomes
[Eyi,adfj] = 5ijk adIk (56)

To correct for this unwanted rotation of the complex structures, we note that the

action of the complex structures generate an SU(2) action on the bundle of forms
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themselves 40 411
[adL-,ade] = 2€ijk adIk, (57)
and therefore we define the operator J; by 38!

1

It obeys the Leibniz rule and the angular momentum algebra (equation (5.4)), and
it leaves the complex structures invariant (equation (5.5)). In particular, the three
generators J; map (anti-)holomorphic forms to (anti-)holomorphic forms, even though
Ji and J are made up of two operators (Ly, and ad Z;, and Ly, and ad Z, respectively)

which, individually, mix up anti-holomorphic forms and holomorphic forms.

5.2 Supercharges and angular momentum

The supercharges can be used to create spin states from bosonic states, and therefore
they correspond to spin—% operators. As such, the angular momentum operators must
obey the appropriate algebra with the supercharges. We find that they do, and that
the Dolbeault operators 0 and 0 increase the total angular momentum of states
(with respect to J3) by %, while 07 and 0 decrease it by % The supercharges are
therefore indeed spin—% operators.

To derive the commutators of the total angular momentum operators J; with the

Dolbeault operators, we first need to compute some basic geometrical identities.

5.2.1 Geometrical identities

In this subsection (only) we do not use Einstein’s summation convention; repeated
indices are not summed over, unless explicitly stated using the summation symbol > .

We start off by writing the (twisted) Dolbeault operators in terms of (twisted)

exterior derivatives [40: 41]
1 ) 1 .
9 = §(d+ZdI)7 07 = E(dj—l-ldjc),
_ 1 ' B 1 |
0 = §<d — ZdI), aj = E(dj - Zd]C)a (59)
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where the twisted exterior derivative! is defined by dz, = Z,dZ;7'. To compute the

brackets of J; with the (twisted) Dolbeault operators, using (5.9) and definition (5.8),

we need to compute the brackets of adZ; and Ly, with the complex structures and

the (twisted) exterior derivatives.

First of all,

[adIi,Ij]

we compute the brackets between ad Z; and the complex structures.

[adL, (Ij ®I] ® e ®I])]

Similarly we have

Since the action of 7 ' on p-forms

k
+. 4+ (Z.. . 0L, 0Ty))
0 iti=j
= (5.10)
0 iti =7,
Ly, ;] = (5.11)
ad(Z,)Z; ifi#j.
is given by Ij_l = (—1)PZ;, we also have
(
0 iti =y,
[adZ;, Z;'] = (5.12)
2 ad(Z)Z; ' if i # j,
.
0 iti =y,
Ly, T '] = (5.13)
\ad(Ii)Ij_l if i # 7.

'Viewing the moduli space as a Kéhler manifold (M, Z) we have dz = ZdZ~' = d°.
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To compute the bracket of a complex structure with the exterior derivative, we
first write the latter in terms of Dolbeault operators with respect to this complex
structure. Denoting the Dolbeault operators corresponding to the complex structure

Z; by 0; and 0;, we have

[adZ;,8;] = —id;, (5.14)
[adZ;,0;] = 10, (5.15)

and therefore
[adZ;,d] = [adZ;,0;+0;] = —i(0;— ;) = dg,. (5.16)

This means that the twisted exterior derivatives can be obtained from the ordinary
exterior derivative by taking the bracket with the adjoint action of the complex struc-

tures. We can now compute
[adZ;,dz,] = [adZ;, Z,dZ; ")
= [adZ;, Z,]dZ; ' + Z; [ad Z;, ] Z; ' + Z;d [ad T;, Z; '
= 2(1—9;j) adL-deIj’l —l—IdeIi’le’l —2(1 - 6ij)deIj’1 ad Z;
= —6d = eyudy, +2(1 = d;) [ad Z;, dg]
k
—d it @ = 7,
—eipdg, + 2 [ad T, dg, | if i # .
Solving the latter equation for the case i # 7 we find
—d ifti =y,

Yok Eijrdz,  if i # g,

[adZ;,dz] =

which can be rewritten as

[adL,de] = _5ijd+zeijkdl'km (517)
k
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The latter equation, together with equation (5.16), suggests that we can think of the
commutator with the adjoint action of a complex structure as a twisting operator for

exterior derivatives on a hyperkéahler manifold: when 0 is either d or dz,,
[ad Z;,0] = Z,0Z; ' (5.18)

Since the Dolbeault operators can be written in terms of d and dz, (as in equation
(5.9)), this relation holds for all Dolbeault operators 9 as well.
For the Lie-derivative part of the angular momentum operator, we know that

[Ly,,d] = 0, and we compute
Ly, dz] = [Lv, T,Z; ]
= ([£v AT + Tid [Lv;, 7))
= (1—6y) (adL,Z;dZ; ' + T;dad T,Z; )
= (1-6;) (adZ,Z,dZ;" — T,dZ; ' ad T,)
= (1-4y) [adT;, dg,]
= Y ez, (5.19)
p

5.2.2 Lie brackets with the angular momentum operator

We are now ready to compute the Lie brackets of the angular momentum operator

with the (twisted) exterior derivatives and Dolbeault operators. First of all,

, .
[, d] = i Lyi—éadL»,d} - —%dL., (5.20)

N 1 i
[Ji, dzj} = 1 EYZ - 5 adL-,de] = —5 (—(Sljd — ;gijkdfk> . (521)
We define raising and lowering operators as usual by

Jo = Jy+ils, (5.22)
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and the algebra satisfied by the angular momentum operators and the Dolbeault

operators is the following:

1= = 1=
[J5,0] = 53, [J5,07] = —55J7
[Jme == 0, |:J+75J] - 15,
[J_,0] = —idg, [J_.87] = 0, (5.23)

and by complex conjugation
1 1

[J3,0] = -39, [J5,07] = 507,
[J_,0] = 0, [J_,07] = 10,
[J-Ha] = _iajﬂ [J-Haj] = 0. (524)

We see that indeed the action of 0 or 9 increases the angular momentum of a state
with respect to J3 by %, whereas 07 or 0 decreases it by % Finally, using 97 = — % 0%

and [J, %] = 0, we have
0l = =« 73] = (73] (5.25)

Explicitly, therefore, we find that the (twisted) adjoint Dolbeault operators and the

angular momentum operators satisfy the following algebra, as expected.

] - 37 ] - Jil
.01 = —id, 72,95 =0,
[J_,ET: =0, [J_ﬁ}: — D, (5.26a)
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and

5ot = Lot ' !
[3 ] 9 ) |:<]3aa:[]_ - _585[77
I ]
[J_,01 = —idl, [L,&} _ 0,
7,01 = 0 | =
[J,,01 = o, [J+,aj7_ — ot (5.26b)
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Part 11

Examples
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Chapter 6

Charge-1 Monopoles

As a first example, we now consider a monopole of unit charge, in YMH-models with
maximal symmetry breaking, for example SU(2) — U(1) or SU(3) — U(1) x U(1).
In the latter case, the charge-1 monopole is an embedding of the SU(2) monopole in
the SU(3) model. We discuss the classical dynamics and the quantum mechanics of

38] "and finally N = 4 supersymmetric

the bosonic, N = 2 supersymmetric monopole
monopoles. We will explicitly exhibit the equivalence between quantisation in terms
of spinors and quantisation in terms of anti-holomorphic forms on the moduli space.
To conclude this chapter, we discuss the angular momentum and spin of charge-1
monopole states.

In this example, and the next, we use geometrical units, in which we have scaled

the coupling constant and the vacuum expectation value of the Higgs field to unity,
e =1, a = 1. (6.1)

This implies that Planck’s constant A is dimensionless, but in general not equal to 1.

The moduli space of a single monopole in this theory is 4,
M, = R* x S". (6.2)

The factor R? corresponds to translation of the monopole, and the S* factor to long-
range gauge transformations (of the form g(x) = e *®). The metric on M, is the flat

metric

ds* = m(dz® + dx®) = (e")?+(*)* + (¢*)” + (¢')?, (6.3)
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where the mass of a monopole is m = 47, the vector & = (z!, 2%, 2), and the vier-bein

is defined by
¢ = vmds', et = Vmdy. (6.4)

The range of y is 0 < x < 2.

6.1 Classical dynamics

The classical motion of the monopole in the moduli space approximation is given
by the geodesics on M; (see section 2.4). Since M, is flat, these are straight lines,
corresponding to uniform motion through space and a constant electric charge.

The Lagrangian corresponding to the system of a single monopole is

L = %(ff n 58) —m (6.5)

The Euler-Lagrange equations give us the conserved quantities, the momentum and

the electric charge of the monopole (or dyon if the electric charge is non-zero),

oL : oL
= — = md, - = — my. 6.6
P= =55 X (6.6)

The energy, given by the usual Legendre transformation,

E:aLf* oL . %(

T+—x—-L =

— -7+ Y + m, 6.7
PERRE s i) (6.7)

is conserved, as well as the angular momentum J = ¥ x p.

6.2 Quantum mechanics of bosonic monopoles

The discussion of the quantisation of supersymmetric monopoles in terms of forms
on the moduli space shows that the quantum mechanics of bosonic monopoles is
described by wavefunctions (0-forms) on the moduli space. The Schrédinger equation

is given by

ihd,U = H,gV. (6.8)
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As we have found in section 3.5, the Hamiltonian is half the Laplacian plus the mass
of the monopole. In this case the metric (6.3) is flat, so that the Schrodinger equation
becomes

2 2

, _h L, 9
iho, U = EAMI\IJ+m\If = —Qm(al. +0,)¥ +mU. (6.9)

By separation of variables, we find plane wave solutions
Vo= fOF@Ex),  f0) = At F(#x) = Bt (6.10)
for arbitrary constants A, B, p, and ¢, such that the energy of the monopole is
E = m+i(|ﬁ12+q2) (6.11)
2m ’ .

where p'is its momentum, and gq its electric charge. Since the range of x is 0 < y < 2,
the electric charge ¢ is h times an integer.

The probabilistic interpretation of the wavefunction is the usual one: |¥(Z, x)[? is
the probability density for the monopole at the point (Z, x) in the moduli space. This
means that [¥(Z, x)|? is the probability density for the Yang-Mills-Higgs fields of the
original field theory to be in the (charge-1 monopole) configuration that corresponds

to the point (¥, x) in the moduli space.

6.3 N =2 supersymmetric monopoles

Starting with a solution ¥ to the bosonic Schrodinger equation, we can use super-
symmetry to find other solutions. By applying the supercharges, i.e. the Dolbeault
operator 0, its twisted counterpart 7 and their adjoints 5T and 5}, we may generate
the other states of the supermultiplet containing W. Since on a Kahler manifold they
commute with the Hamiltonian, the solutions that we find by applying these operators
to the wavefunction ¥ also obey the Schrédinger equation (see appendix A.2.2).
BPS states of N = 2 supersymmetric monopoles are those states which have mini-
mal energy for given charges of the states. They correspond to short supermultiplets,
which contain two spin-0 states, and one spin—% doublet. A short multiplet for a

charge-1 monopole is obtained whenever the spin-0 state ¥ with which we start, is
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an eigenstate of the Hamiltonian. The states in a short multiplet can then be found
using only the (twisted) Dolbeault operators d and 0. The states we find this way

are
2 singlets: ¥ and 00, = —0 70V
1 doublet:  (0W,0,V)

In this case, using the adjoint operators to the (twisted) Dolbeault operators give us
no new independent states. For example, 5;5\11 = —%B\If =0, and 9oV = %A\If is
not an independent state if W is an eigenstate of A, for any eigenvalue.

In the next two sections we will explicitly show the equivalence between anti-
holomorphic forms and spinors on the moduli space. We obtain equivalent expressions
for the Dirac operator and Hamiltonian for both descriptions of the fermionic zero-

modes, and we give an explicit correspondence between forms and spinors.

6.3.1 Quantisation using spinors

We now construct the Dirac operator and Hamiltonian acting on spinors on M. The

Dirac operator is defined by

Dy = —~%0,. (6.12)
We use the following representation for the Dirac y-matrices,

. 0 o \ 0 il
v o ) ol o ) 1
—0 ]

which satisfy {7*, 7%} = —26%°. The Dirac operator is therefore

vVim ' _gig; +io, 0

The Hamiltonian is then given by

1

1
2 2
5 |07 + 5] 1 = AT (6.15)

1
H, = §p§ —
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6.3.2 Quantisation using forms

To identify the Dirac operator acting on forms, 5 = v/2(0 + ET), with the Dirac
operator on spinors, we need to find an appropriate matrix representation of this op-
erator. This implies that we need to look for a matrix representation of the Dolbeault
operator and its adjoint. We do this by choosing a basis of anti-holomorphic forms,
and representing a general anti-holomorphic form as a vector with respect to this ba-
sis. The Dolbeault operators map anti-holomorphic forms to anti-holomorphic forms
and can therefore be represented by a matrix with respect to this basis.

Kéhler coordinates for the moduli space M; = C x C* are given by [*!
22 = o' 4ia? 2= X (6.16)
We define the complex structures Z; on the moduli space defined by
Zi(e) = &ijet + eijpet
Ti(e') = —¢€ (6.17)

where the vier-bein e was defined in (6.4). The complex structure corresponding to
the Kéhler coordinates (6.16) is Z = Z3. A convenient basis of holomorphic 1-forms,

with respect to this complex structure, is

m 1 , m dz! 1 :
@y =[5 = Sl ied), a =[5 = (@ il) (619

The metric on M then becomes

dz!

~1

2
ds* = m [}dz2|2+ ] = 2las|® + 2]ay *. (6.19)

The exterior derivative is decomposed into the Dolbeault operator and its comple-
ment, d = 940, as usual. The action of the Dolbeault operator is given by the action

of the exterior derivative followed by a projection onto the anti-holomophic forms,
0 = 7 od, QN (M) — Q" (M). (6.20)

We choose {@, @, 1,@; AQs} as an ordered basis of Q%*(M), to represent the action

78



of the Dolbeault operator 0, and its adjoint ET = — x 0%, as matrices.

0 0 f 0 0 0 0 f
_ 0 0 f, O _ 0 0 0 —
(9) = I @) = h (6.21)
0O 0 0 0 —fi —fo 0 0
—fa J1 00 0 0O 0 0
The operators f; and f, are given by
1 , 1 .
fi = = (0 —id,), fo = — (01 —1i0s). (6.22)

V2m V2m

The Dirac operator in the chosen basis of anti-holomorphic forms is therefore the

same as the Dirac operator acting on spinors, found in section 6.3.1,

o = =\ _ 1 0 28X+0'k8k B
@8 = \/5(84—8) = ﬁ 0, — 0u0k 0 = LDm (6.23)

which means that our chosen basis of anti-holomorphic forms provides an easy way

to translate between spinors and anti-holomorphic forms on the moduli space:

(6.24)

o o o =
o O = O
o = O O
- o O O

The Hamiltonian Hy = 502 = 909+00 = $Au, is the same as the one found in
section 6.3.1. Since H, acts diagonally, we see that the spectrum of the N = 2 super-
symmetric monopole is simply a four-fold degenerate copy of the bosonic monopole
spectrum.

We compute the matrix representation of the twisted Dolbeault operator and its

adjoint, using 07 = J0J " and 5} = Jorgt,

0 0 f, O 0o 0 0 f,

_ 0 0 —f, 0 _ 0o 0 f

@,) = L G A D0 (6
0 0 0 0 fo —f1 0 0
fi 2 0 0 0 0 0 0

79



Now we can compute the operators 9097 = —070 and —5]5} = EBET.

00 0 0 000 O

_ 1 00 0 O — 1 00 0 0
(0905) = - (@3,) = 3 (6.26)

2l o0 0 o0 210 0 0 Ay,
00 Ay, O 000 O
These expressions can be verified using the Kodaira relations [*!,
=] _ 5 =t 5
{Lﬁ, ) } — 3, {Lg, aj} ~ 3 (6.27)
Here Lg is an operator of exterior multiplication by €, and

Q = wytiwe = tag Ay (6.28)

is the canonical holomorphic symplectic form (see appendix A.1.5). Since the highest
degree of an anti-holomorphic form on the 4-dimensional moduli space M is (0, 2),
we know that 0 97 must act trivially on (0, 1)- and (0, 2)-forms. To compute its action

on functions, we note that, again because of the dimension of the moduli space,
OLgf = OLgf = 0, (6.29)
and therefore, using 9’0 f=30m1,
90,f = —0,0f = — [Lﬁ,s*} af
— —L500f
i

= 561 Ny« Apg, f (6.30)

as claimed in equation (6.26). Similarly, the Kodaira relations show that acting on a
(0, 2)-form 1,
15094 = (15,0800 = 3,000 = -
00 079 = |Lg, s = 07050 = QAMﬂD (6.31)

which, using equations (6.28), implies the second of equations (6.26).
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6.4 N =4 supersymmetric monopoles

To construct the N = 4 supersymmetric monopole states, we start again with a
solution ¥ to the bosonic Schrodinger equation. By applying the supercharges, i.e.
the Dolbeault operators @ and 0, their twisted counterparts, d; and 0, and their
adjoints O, 5T, 6:[7 and 52, we may generate the other states of the supermultiplet
containing V.

BPS states of N = 4 supersymmetric monopoles are those states which have mini-
mal energy for given charges of the states. They correspond to short supermultiplets,
which contain five spin-0 states, four spin—% doublets and one spin-1 triplet. A short
multiplet for a charge-1 monopole is obtained whenever the spin-0 state ¥ with which
we start, is an eigenstate of the Hamiltonian. The states in an N = 4 short multiplet
can then be found using only the (twisted) Dolbeault operators 9, 0, 7 and 9.
As in the N = 2 supersymmetric case, using the adjoint operators does not lead to
independent states. The N = 4 short multiplet breaks down into

1

5 singlets: U, 0,0V, 0,0V, 0;00,;00, 7

(0,0 —00,) ¥
4 doublets: (5\1’, 5]‘11) R (8\1/, 8]‘11) 3 (58(]8‘1’, 5]8]8\1’) y (85]5\11, 8J5J5\I/)

1 triplet: (85\11, % (8J5 + 85J) \I/, GJEJ\I/)

6.5 Angular momentum and spin

The total angular momentum operator J is defined by equation (5.8), where the vector

fields Y; generating the SO(3) action are defined by
Y; = —eipx! O (6.32)
They satisty [V, Y] = €;jxYs. Using
Ly.(e)) = diy,(e?) = gire”, Ly (e*) = 0, (6.33)
we find that

[ﬁy.,I]-] <€a) = 8ijka(e“) (634)

k3
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Since ad Z;(e”) = Z;(e*) we immediately also have
[Ly,,adZ;] (e*) = e, adLy(e?). (6.35)

Because Ly, and ad Z; both satisfy the Leibnitz rule, we deduce that in general the Lie
derivatives with respect to these vector fields obey indeed the commutation relations
(5.6) with the complex structures (6.17): [Ly,,ad Z;] = e;;, ad Zy.

We can write the Lie-derivative in terms of the exterior derivative and interior

product using Cartan’s formula,
Lyi == Lyid + dLyl.. (636)

The complex structure ad Z; and the term duy, act trivially on functions, as 0. Fur-
thermore, since the 1-forms oy, oo, @; and @y are closed, the term ¢y,d acts on them
as 0. This suggests that we identify the orbital angular momentum and spin operators

as
. ‘ 1
L; = i(yd), S; =1 (dayi —5 adIi> : (6.37)
which both act on forms obeying the Leibniz rule. With these definitions,
L(aw,) = L(@,) =0, S(f) =o0. (6.38)
We have also, for example,

1
Jl(Oél) = Sl(ozl) = (dbyl - 5 adIl) (63 + i€4)

= —Zon, (6.39)

and in general we find that the spin operator acts on ay, as, @; and as by

Ji(am) = Si(am) = —%@)mnan, (6.402)
Ji@n) = Si@m) = %(o—i)m,@n. (6.40b)
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6.5.1 N = 2 supersymmetric monopoles

The pair {a;,ay} form the two-dimensional fundamental representation of SU(2),

and we identify the basic spin-states (5.2) by

‘T> = aj, ‘l> = Q. (6.41)

Writing a general state in the basis {@y, @s, 1, @3 A@s} of anti-holomorphic forms,
the orbital angular momentum and spin operators for N = 2 supersymmetric monopoles

take the form

;0
(L) = ivil,, (s) = L[ ° , (6.42)
2V 0 0

where the vectors Y; act as derivatives on functions, and 0 is the (2 x 2)-matrix of
zeros. This result perfectly agrees with Osborn’s result, equation (5.1), for N = 2
supersymmetric monopoles (involving only a single fermion species, n = 1). The

states (6.41) form a doublet, while

0> =1 and ‘Tl> = oy A ap are the two singlets.

6.5.2 N =4 supersymmetric monopoles

The pair {ag,as} form the two-dimensional conjugate representation to the pair
{@y,@y}. Since these two representations are isomorphic, we may transform the con-

jugate representation into the fundamental representation: we define
ﬁl == _iOCQ, 52 = ial, (643)

and the spin operator acts on these states by

Sz(ﬁm) = %(Uz)mnﬁn (6-44)

We now identify the basic spin-states by

1 -
O>—0517

) = B

for which the spin operator acts in perfect agreement with Osborn’s result for N = 4

l> — @, (6.45a)

0

j> — B, (6.45b)

supersymmetric monopoles, equation (5.1).
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The decomposition of the full multiplet is then the following. The singlets are

g> — 1 (6.46)

= mAT, (6.47)

1
= —1 (Oél VAN al + VAN 52> (649)

V2

)

T01> = a1 A (6.48)
)
)

= gy Naxa AN A @y (6.50)

Two doublets are given by equations (6.45a) and (6.45b). The remaining two doublets

are
‘TT1> = —iay ANy ATy (6.51a)
Tj> = i ATmAT (6.51b)

and
¢T¢> = o AaAa (6.52a)
H> = oA Aay (6.52b)

The triplet is
1> — iy AT (6.53a)
1o/ [, 1 _ _

E( 1>+ T>) = ﬁz(al/\al—ag/\ag) (6.53b)

j> = i AT (6.53¢)

We notice that the 2-forms corresponding to singlets are anti-self-dual, and related
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to the hyperkahler forms

w1, =

Wy =

w3y =

(see appendix A.1.4) by

el —e?ned
etane? —ednel
et Aed — el Ae?

(1)
(1)-
- (1)1

(6.54a)
(6.54D)

(6.54¢)

The canonical holomorphic symplectic 2-form €23 and its conjugate correspond to

Qg = wl—i—in = -

0
1/

Qg = wl—iwg = —n

(6.55)

The 2-forms corresponding to the triplet states are self-dual: they can be combined

in to the three forms

re

T2:—i<

r -

which satisfy

= 64/\61+62/\63,

64/\62+€3A61,

et Ned et A e?,

SiTj = igijka-

The doublets are dual to each other,

and

and finally we have

* 062/\62/\@1 =

) =

l> = WAag A N@ =

iOfQ/\CYl /\61 =

0 . —_
l> = —1ao Nag Ny =

*

) =

71
e

85

(6.56a)
(6.56b)

(6.56¢)

(6.57)

(6.584)

(6.58b)

(6.59a)

(6.59D)

(6.60)



Chapter 7
Charge-(1,1) Monopoles

As a second example we study the system of charge-(1,1) monopoles in YMH the-
ory with symmetry breaking SU(3) — U(1) x U(1). These monopoles may be
thought of as being composed of two constituent monopoles which are each SU(2)
BPS monopoles of charge 1, but embedded into SU(2) subgroups associated with dif-
ferent simple roots of SU(3). The masses of the constituents depend on the direction
of the vacuum expectation value of the Higgs field in the Cartan subalgebra of SU(3)
and are denoted m; and my in the following. The centre of mass dynamics and the
relative motion can be separated, as we will discuss in each of the following cases.
As in the previous chapter we begin with the classical dynamics, then consider the
quantum mechanics of the bosonic and N = 2 supersymmetric monopoles and exhibit
explicitly the equivalence between quantisation in terms of spinors and quantisation
in terms of anti-holomorphic forms on the moduli space [*¥l. We discuss the quantisa-
tion of N = 4 supersymmetric monopoles in terms of forms on the moduli space. The
short multiplet of states for N = 4 supersymmetric monopoles requires the existence
of a unique harmonic form on the component of the moduli space corresponding to
the relative motion, which is called a Sen-form. Finally we also discuss the angular
momentum and spin of charge-(1,1) monopole states.

The main references for this section are the papers by Gauntlett and Lowe !, and

by Lee, Weinberg and Yi [; they include a detailed discussion of magnetic and electric
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charges and a derivation of the metric on moduli space for charge-(1, 1) monopoles:

R x M
Ml,l = R3XTT]V,

(7.1)
where My is the 4-dimensional Taub-NUT manifold with a positive length parame-
ter. Topologically Mry = R*, but it has a curved metric, given below. For practical
calculations it is usually convenient to work with the covering space of the moduli
space, .//\/lel = R3® x R x Mpy, and impose the identification by Z on the results
at the end. The physics behind the Z action is explained carefully in the main
references > 9, and can be summarised as follows. Each of the constituent monopoles
that make up a given charge-(1,1) monopole are invariant under one of the residual
U(1) gauge symmetries. Thus one may pick generators of U(1) x U(1) so that each
monopole can carry electric charge with respect to one but not the other generator.
The angular coordinates conjugate to those charges have the usual range [0, 27), but
angular coordinates appearing in the above decomposition are related to those angles
by linear transformations which depend on the masses of the constituent monopoles
and therefore have a non-standard range, which we will specify below.

The metric on the centre of mass moduli space R?® x R is the flat metric. Using
centre of mass coordinates I and X, the metric is analogous to (6.3), replacing the
mass m with the total mass of the charge-(1,1) monopole system, M.

The metric on the Taub-NUT manifold My is given by

ds? = ,u[V(dF-df‘) +V’1(n3)2}

- A [V (dr? + 72 ((m)* + (1)) + V_1(773)2:| , (7.2)

where p is the reduced mass of the monopole system, and

vV = <1+%). (7.3)

The right-invariant 1-forms n; are

m = —sinydf + cosv sin Odg, (7.4a)
My =  cosydl + sin ) sin 6do, (7.4b)
ns = d¢p+cosfde = dy+ A-dF, (7.4¢)
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which satisfy dn; = %ajknj A 1. The coordinates 7 = (x,y, z) correspond to the
relative position of the two monopoles. We define spherical coordinates as usual by
xr =rsinfcos¢, y = rsinfsing, and z = rcosf. The Euler angles 6, ¢ and 1 are
coordinates on S® with the usual ranges: 0 < 0 < 7, 0 < ¢ < 27 and 0 < ¢ < 4.
As explained in the main references [ 6, the angle 1/ is the conjugate variable to half
the difference between the electric charges of the constituent monopoles. The range
[0, 47) reflects the fact that half the difference necessarily is an element of $Z. Finally,

the division by Z on the total moduli space corresponds to identifying the points

(R, x,7,00) ~ (R, x +2m, 7+ —2m2_r), (7.5)

mi+mg

which, as explained above, depends on the constituent monopoles’ masses [ 9.

A similar and closely related system is that of charge-2 monopoles in Yang-Mills-
Higgs theory with SU(2) broken to U(1). In this case the moduli space is My =
R3 x (S* x May)/Zs, where the relative moduli space May is the 4-dimensional
Atiyah-Hitchin manifold. Asymptotically, the metric of the Atiyah-Hitchin manifold
approaches the Taub-NUT metric given by equation (7.2), but with opposite sign for
the mass parameter, V = (1 — %) Gibbons and Manton ¥ have studied the classical
and quantum mechanics of this system, and to a large extent we follow their approach.
We will see that the opposite sign for the mass parameter in the Taub-NUT metric
for charge-(1,1) monopoles has a crucial effect on the existence of bound states in

this system.

7.1 Classical dynamics

Using the product structure of the moduli space, we separate the centre of mass motion
and the relative motion. The centre of mass dynamics, corresponding to motion in
R? x R, is analogous to the single monopole dynamics discussed in example 1. For
the remaining part of this section, we will focus on the relative motion of the two
monopoles, described by the moduli space My y.

The Lagrangian for the relative motion is

L = g {V (FF) 4y (@b +C089¢>2] . (7.6)
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The Euler-Lagrange equation g—i = 8%—5 gives us the conserved quantity
g = puv! (;z} + cos eq's) . (7.7)
The energy is given by
E = 2—?-?+§—i¢—L - gv(?-ﬂ(i)Q). (7.8)

oL L }
o = pVr+qA = p+gA, p = pvr, (7.9)
z

which is only part of the momentum canonically conjugate to 7. The remaining

equations of motion are then found to be (see below for a detailed computation)

s i (e (a)) X
P =53 (7’ 7 (,u) > 3 (7.10)

Two conserved quantities are the angular momentum Jand a Runge-Lenz type vector

K (again, see below for more details):
J = FxXp+qf K = §xJ— (nE—¢*)r. (7.11)

Since ¥ x p and 7 are orthogonal, the magnitude of the orbital angular momentum,

[ =|rxp|=+/J%—¢? is also conserved.

At the end of this section, we show that the conservation laws imply that all

classical orbits are unbounded.

Derivation of equation (7.10)

We first compute the derivatives of V:

1
. 1
1
0,(Vvh = —V‘QGTV:EV‘Q (7.14)

89



We now compute the Euler-Lagrange equations corresponding to Lagrangian (7.6).

aa—L - = (73 +7r2(6% + sin’ 9{52))
T r

+ 277V (62 + sin® 06%)

+ %V_Q (1/} + cos 9&)2

oL )
atW = 8,5(271"/7“)
. 2 . 2.2 1 5005 q 2
therefore:  Oy(V7r) = rV(6° +sin”6¢°) — o U (2—) (7.15)
r T
oL 9r, . ‘9
0 - 2mr<V sin 0 cos ¢
—sinf¢ 27V ! (1/1 + cos 9¢>

oL .

atg = 8t(27r7“2V9)

= 9y(r-2mrVO) =7 (2777"V9> + 70, (2777"V9)

sin 06

so that:  9,(Vr) = V(rsinfcosf¢? — i) —
2mr

q (7.16)

g_f; 0
atg—g — 8,(2mrsin2 V) + 0, (27TV’1(¢ + cos 0) cos 9)
— 0y(rsin 8) (277 sin OV $) + 7 sin 00, (277 sin AV ¢)
+ 0i(qcosb)
and:  0,(rsinfV¢) = —V(rsinb + rcos ) + %éq (7.17)
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We will need the following identities.

r
r=1rr=\|0 (7.18)
0
72.
7 = 7+ r(00 + sin 0pp) = 0 (7.19)
7 sin 0¢
r = 0y(r)F + (00 + sin 0¢9)
+ 0,(r0)0 + rO(—0F + ¢ cos 0¢)
+ 0y(rsin0¢)d + (rsin 0¢)(—¢ sin 07 — ¢ cos 00)
o) — (rf®+rsin®6¢?)
= 0,(r) + 70 — rsinf cos > (7.20)
dy(rsinf¢) + 7sinfp +rcosfhp
and
0
X7 =71 sin 0(;5 (7.21)
-0
0
Fx(Fx7) = r 0 = 7 (7.22)
sin 9¢
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Now we can calculate ]7
7}.
p = omVi =21V r0
rsin 0¢

-
|

= 27 (VF—i— VF)

0 (V'r)
8t(Vr6’)

= 27

-V (7“92 + rsin? 0¢2>
+ V (rQ — rsin 6 cos 0>

(7.23)

) (7.24)

9,(Vrsinhp) + V (r sin 0¢) + r cos 99¢)

Inserting the Euler-Lagrange equations, we find:

ST
I
|
|

2]

=]

D

Y

Ry

Derivation of equations (7.11)

The angular momentum J=Fx P+ qr is conserved:
0,J = 0,(Fx p+qp)
= X ﬁ + qf"

= q .. A
= X (—ﬁ(rxf')>+qr
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and the Runge-Lenz type vector K = j x J— (27E — ¢*) 7 is also conserved:
1
”

2rE — ¢ = 2n? (1—1—

+ = (7.27)

while

— [271'E' — qﬂ f' (728)
and therefore

K = opxJ)— 20— ¢ = 0 (7.29)

Classical Orbits

We now show that there are no classical bound orbits. These calculations were done
in collaboration with my supervisor.
In order to determine the orbits we need to distinguish the cases ¢ = 0 and g # 0.

In the former case we find
J-7 =0, K-7 = J*— uEr, (7.30)

as well as J - K = 0. Thus the motion takes place in the plane orthogonal to j, and

the vector K is contained in that plane. In terms of polar coordinates (r, @) in that
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plane, with ¢ = 0 corresponding to the direction of K, the second equation in (7.30)
becomes
J2

=\ 7.31
" Kcosp+pkl ( )

Since K = |K| = V2pEJ? + 1i2E?2 > pE, this is the equation for a hyperbola.

For q # 0 the orbits are determined by the simultaneous equations
J-F = q, N-7 = J*— ¢, (7.32)

where N = K + %(uE — ¢®)J. The first of these is the equation of a cone with
axis J and opening angle 2a determined by Jcosa = q. The second is the equation
of a plane orthogonal to the vector N. Hence the orbits are conic sections, but to
determine which kinds of conic sections occur we need to find the angle between the

vectors N and J. A lengthy calculation shows that
- P(uE-¢%)

N=|N| = @, N.J=—"— 17 (7.33)
gl q
Let us assume for simplicity that ¢ > 0 from now on, so that the vector J is inside
the cone, and that a € [0, 7); the case ¢ < 0 can be dealt with analogously, but using
—J instead of .J (the second equation in (7.33) is invariant under simultaneous sign
change of ¢ and J). It then follows from (7.33) that the angle 3 between N and J
satisfies

pE—q* 1

cos 3 = BT

(7.34)

On the other hand we can use ¢*> + [? = J? to see that the complementary angle to

half of the opening angle of the cone satisfies
cos(

T o)=L (7.35)

Hence cos 3 < cos(§ — ) or 3 > (5 — ). We conclude that the intersection of the

plane and the cone is always hyperbolic and that all orbits are unbounded.

7.2 Quantum mechanics

The Hamiltonian for the charge-(1, 1) monopole system is given by half the Laplacian

on the total moduli space M, ;, plus the total mass. Separating the center of mass
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and relative motion variables, using the product structure of the moduli space, the

Schrodinger equation becomes
2 2

h h
’Lh@t\ll == 7AM1,1\D + M\Ij - E (A]R3><]R + AMTN) ‘1’ + M\I] (736)
Now we separate variables by assuming

U(t, Ry, 7o) = FIOFR X)), (7.37)
where F (ﬁ, X) is a wavefunction corresponding to the centre of mass motion, and
(7, 1) is a wavefunction corresponding to the relative motion. For stationary states,
the Schrodinger equation reduces to the following Schrodinger equation on the relative
moduli space:

h?
Sl @ = B9, (7.38)

where F is the energy of the relative motion. The total energy is given by the sum of
the total mass, the energy of the centre of mass motion and the energy of the relative
motion, B = M + <|P|2 +Q ) + E, where P is the total momentum and Q is a
kind of ”centre of mass” electric charge. Since the constituent monopoles are charged
with respect to different U(1) groups, the charge @ is a linear combination of different
kinds of electric charges [ ; in particular it is not necessarily an integer but obeys
a quantisation condition that follows from (7.5). From now onwards we shall assume
that for plane wave solutions of the centre of mass wavefunction F (]%, X) analogous
to (6.10) the value of @ is such that (7.5) holds. This does not affect the relative
motion, to which we now turn.

The Laplacian on M7y can be computed from the metric on the Taub-NUT mani-

fold, given in equation (7.2),

Bumf = =3 | mpor [P0 + o [+ gl r+ves|. (139

Here &, are the vector fields dual to 7;, m(gj) .
RN
N T
£ = %- (7.40c)
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Writing € = 2’{—5, and multiplying with V', the Schrédinger equation (7.38) becomes

1 1 2 1
S0 [Poel + S [G+ &+ o+ <1 + ;) O +e (1 + ;) ® = 0. (741)

7.2.1 There are no bound states for the bosonic monopole

We expand ® in terms of the Wigner functions D?, (0, ¢, ) = e™?dl (0)e*¥ on SU(2)
with indices j, s,m € 1Z and j > 0. They are eigenfunction of & and (743 +&3) 42):

For & = @ng(ﬁ, ¢, 1) the Schrodinger equation (7.41) reduces to

jG+1)

T b=+ e~ 25| () = 0 (7.43)

1 0.2 _
r " r

To solve this equation, we use the Ansatz h(r) = ri*1ei*" [, and compute its deriva-

tives.

O (h(r)) = (j+D)rie* F 4 ritte* (ik +0,) F
0% (h(r)) = j(i+ 't F
+2(5 + Vrie* (ik +0,) F

+ It e* (—k? + 2ik0, + 0,%) F

r2 r

2 +1 o
+< (]+ >+2ikf) ’f’]—Helkr&nF
T

+ rj-l—leikraTQF
We now set
o= (e—s%), (7.44)

so that the Schrodinger equation becomes

0 = {aﬂ + (@ + Qik) d, + wzkz + % (e—25%) | F. (7.45)
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T

Multiplying by —= and substituting x = —2ikr we find

[ r 5 1 , , , 1 )
= — (2 1) + 2ik — 1 —(e—2 F
0 = | g0+ g @G+ D+ 20800, (G4 D+ gl =25 )]
[ 1
= |20, +(2(G +1)—2)0, — ((j +1)+ ﬂ<€ — 232)>} F, (7.46)
so F'is a confluent hypergeometric function. We define
Mo m i (e—os?) = 22— ) (7.47)
2k 2k '
so that the solution for F is
F = F((+1)+i\2(5+1), —2ikr). (7.48)
The solution of h(r) is therefore
h(r) = r7Te R ((5+1) i), 2(5 + 1), —2ikr). (7.49)

Bound states correspond to square integrable solutions of h(r). For these, the
exponential term must vanish for large r and the series expansion of F' must terminate.
For the exponential term to vanish, £ must be ¢ times a positive real number (ik < 0),

SO
e < s% (7.50)
The expansion of F'(a,b,u) is
F(a,bu) = 14+ -u+ ——"7F—+..., (7.51)

which terminates if a is a non-positive integer. In this case a = (j + 1) + @A, so we

require
—iA = n, n=7+17+2,.... (7.52)
Since —ik > 0 and j > 0, the only solutions occur when
€e—2s° > 0, (7.53)

which contradicts equation (7.50). Hence there are no quantum mechanical bound
states in this system, reflecting the absence of bound orbits in the corresponding

classical system.
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7.2.2 Scattering states

To find the scattering states we follow Gibbons and Manton’s approach 4. We first
write the Schrodinger equation (7.41) as

1 1 2 1
0= 30 [120,®] + ﬁvégcb + (1 + ;) EP+e (1 + ;) iy
= 18 [r%’@]#—i ! Op(sin 0y @) + (047 4 0y® — 2.cos 0040, )P
r2"" " r2 [sing " ’ sin?6* v oY
1
+(e+&) P+~ (e +25) @ (7.54)

We change from polar coordinates {r, 6, ¢,1} to cylindrical coordinates {r, z, ¢, 1},

and we introduce parabolic coordinates

§ =r+z, no=r-z, (7.55)
so that
L 0,(20,8) + ———)(sin 69, D)
72 O r2sin 6 0\ 0%
— 110,0:0.0) + 0,0 + ——0,(sin 60,)
oy AT " rsin@esm o

= L10,0,0) + 6,(:0.0) + 0.(20,0) + 0.(r0.0)]

,
= 10.(c0:D) + 0, (00, ®)] (7.56)
= £+n e\S0¢ n\710n :

We now use the Ansatz

O = MPeVA(E, ), (7.57)

with s € %Z in order to respect the range of ¢». We find, substituting cos = g—z and

r?sin? § = &n, that the Schrodinger equation (7.41) reduces to

_ i _ i 2 2 £—1n
0 = e [0¢(£0e ) + 0,y (n0,A)] & (m + 5 2m55 n 77) A
+(e—s*) A+ : in (e — 25%) A. (7.58)
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To solve this equation, we separate variables as follows,

AEm) = f(&)g(n), (7.59)

and we find that f and g must satisfy
4 1

fag(gagf) - E(m +5)? + k6 +2(2¢— %) = C, (7.60)
4 1
—g—]@n(nang) + E(m —s)? —knp = C. (7.61)

We use the following trial solutions:

f(&) = gambslemike/2p (g, g(n) = nlm=sle=® 12, (), (7.62)

and find

1 1 . 1 . 1
Oef = glm -+ s|galm =TI (€) 4 galmolemihes? (‘é“‘f + 5&) F(€),
gagf — %|m + 3|§%|m+s|€—ik£/2F1(§) + §%|m+s|+16_ik£/2 (_%Zl{j —+ 8&) F1<§),
1 2 .
xcors = (it sl) imeeteE g
1 1 Limas| —ike/2 |y
+ (§|m+s])+(§|m+s\+l) &2 e —§zk+85 Fi(§)
, . 1 2
| bt ke <_§m i a£> Fi(€)
_ 5%\m+s|e4k§/2 {i(m+8)2£1
1.
+ (|m +s[+1) (_EZk + 85)

k’2
+ £ (_Z — ik0e + ag) } Fi(§)

_ 5%\m+s|67ik£/2{£a£2 + (m+s| +1 —ik§) O

2
_ %5 _ %zk (|Im +s|+1) + i(m + 3)25’1}F1(€).
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Similarly
Ondng = n%\m—sle—ik"ﬂ{naﬁ +(jm — | + 1 — ikn) 3,

K1 1 -
= Son = ik (m = s +1) + 1 (m — 5’ B ().
From equations (7.60) and (7.61) we find then that F} and F5 have to satisfy

Fi{{852+(|m+3\+1—zk§)8§—%zk(|m+s]+1)}F1(§)+2(6—252) —C =
1

Fi{5852+(|m+5|+1—2'kf)85—%ik(\m+s]+1)+%(6—232)——}Fl(f) =0
1

and

4 1
= {n@f + (m —s|+1—ikn) 0, — 52k(|m — 5|+ 1)} F(n)—-C =
2

4 1 C
- {naf (= | + 1= ikn) 9, — ik (Jm — 5| +1) + Z} Fy(p) = 0. (7.64)
2

Introducing
x = k€, y = ikn, (7.65)
and dividing by Filik and —F%z'k respectively, we find

1 1
{xaf+<|m+s|+1_x)ax—5<|m+s\+1)+—(6—282)——C}Fl =0

21k 41k
(7.66)
and
y8y+(|m—s|+1—y)8y—§(|m—s|+1)+m F, =0 (7.67)
and we see that F} and F; are again confluent hypergeometric functions:
F1 = F(C1,|m+5|+1,’ik£), F2 = F(C2,|m—8‘+1,ik‘7]), (768)
where c¢; and ¢y are constants that must satisfy
1 1 .
1+ = 1+§|m+s]+§]m—s\—z)\. (7.69)
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We can use the remaining freedom to specify the scattering situation we want
to describe. The constituent monopoles are distinguishable particles (with different
magnetic charges and, in general, different masses) so we can label them 1 and 2. Then
we can assume without loss of generality that 7 is the position vector of monopole 1
relative to monopole 2, and v the phase of monopole 1 relative to that of monopole 2
(see 8 for details), so that s = 1x(electric charge of monopole 1 minus electric
charge of monopole 2). We would like to consider scattering where monopole 1 comes
in along the negative z-axis, and monopole 2 along the positive z axis. This can be

achieved by setting m = —s and ¢; = 1:
O = W= (p— sl etz p(1s| — 0N, 2|s| + 1, ik(r — 2)), (7.70)

where we have used the fact that F(1,1,2) = e*. To compute the scattering cross

section, we will need to find the asymptotic form of ®. For large ||,

@) 1 Cala—b+1)  T(b—a) (1)
L(b—a)(—x) {1 - + O } (7.71)

F(a,b,x) ~

so that we find

2 2
D ~ -9 | { (1 n (s*+ %) )) gilhz A log(k(r—2))) |

2ikr sin? (g

.(\8| _;M)e i rls]) ilkr—Alog(k(r—2)) | (7.72)
2ikr sin (5)
where
L'(2]s]+1) 1 L(|s|+144X)
K = . = . 7.73
T([s| + L+ X) (—i)s—xglsl Y (HE Y (7.73)

The differential cross section is thus the same as found by Gibbons and Manton [ in

the Taub-NUT approximation to dyon scattering in SU(2) Yang-Mills-Higgs theory:

do 1 s2\7 . 4 (0

It is interesting that a very similar cross section is found for the scattering of a charged
particle off a BPS monopole [*¥ when exponential terms in the fields are neglected.
In the case where the relative electric charge s vanishes, which includes the case

of pure monopole scattering, one obtains the purely geometric (energy independent)
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expression

do 1. ,/(0

It was shown by Schroers [ that the symmetrised version of this formula is also a very
good approximation to the differential cross section for pure monopole scattering in
the SU(2) theory: the s-wave phase shift correction to the Taub-NUT approximation
is zero for all energies in that case. Remarkably, two identical SU(2) monopoles and
the two distinct SU(3) monopoles that make up the charge-(1,1) configuration thus
have the same scattering behaviour in the quantum theory at low energies, apart from

symmetrisation effects.

7.3 N =2 supersymmetric monopoles

As before, we use the product structure of the moduli space to separate centre of
mass and relative motion variables. This procedure is most transparent using the
quantisation in terms of forms on the moduli space, although the equivalence between
anti-holomorphic forms and spinors assures us that it can be done for the latter as
well.

Anti-holomorphic forms on the total moduli space can be written as wedge prod-
ucts of anti-holomorphic forms on the centre of mass and relative moduli spaces. The
supercharges, the (twisted) Dolbeault operators and their adjoints, decompose into
a sum of (twisted) Dolbeault operators on the centre of mass and relative moduli
spaces. The Laplacian is then seen to decompose into the sum of centre of mass and
relative moduli space components as well. For an anti-holomorphic form v = U, A s,

where U, and T, are anti-holomorphic forms on R? x R and M7y respectively,
12T = (OroxwTi) AT+ (—1)*EOT, A (D11, T2), (7.76)
A U = (AgsxrU1) A U2 401 A (A D). (7.77)

See appendix A.3 for more details.
The centre of mass dynamics are equivalent to the charge-1 monopole dynamics,

and again we refer back to the previous chapter. Focussing on the moduli space
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for the relative motion of the monopoles, we can as before generate multiplets of
states, starting with a wavefunction ® on Mry, and applying the (twisted) Dolbeault
operators on the Taub-NUT manifold. When & is an eigenstate of the Laplacian
A, We obtain, in general, four independent states. By taking the wedge product
of these states with a multiplet of four centre of mass states, we obtain a multiplet of
16 states with the same energy.

BPS states in the original field correspond to the short multiplet of 4 states on
the total moduli space. Therefore, these would correspond to a normalisable har-
monic form on the relative moduli space, which does not generate a multiplet of 4
independent states on the moduli space. However, the only normalisable harmonic
form on the Taub-NUT manifold is of degree (1,1) 6. Tt is therefore not an anti-
holomorphic state corresponding to any fermionic or bosonic state of the system. The
N = 2 supersymmetric charge-(1, 1) monopole system therefore has no BPS states in

the moduli space approximation.

7.3.1 Quantisation using spinors

Having described how we may separate the centre of mass motion and relative motion
in the previous section, we now focus our attention on the relative moduli space. We
construct the Dirac operator and Hamiltonian acting on spinors on Mpy, which we
will compare to the corresponding operators acting on forms in section 7.3.2, and
show that they are equivalent.

The Taub-NUT metric can be rewritten as

. 2

S X e

where as before A - dF = cos 0d¢, and we have defined the vier-bein
e = eydal = \/pVda, et = e4l-dx1 = ’/% (dw +A. dF) : (7.79)

The Dirac operator on a general manifold is defined by

]ps = ﬂ/a (&1 + Fa) ) (780)

where

= (eab>717> Iy = __[VbaVC]wa(aa)a (7.81)
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and the spin connection w corresponding to the viel-bein e is defined through
de® +wi Aeb = 0, Wap = —Why. (7.82)

A solution to these equations for the Taub-NUT manifold is

1

. 1 1 . .
—eaw”? = Wl = — | ——= (0. V)et — ————(9p’ — 0;0F)e 7.83
2 Jk k QV\/V( k ) QV\/V( k J ) ( )
where
W= T (7.84)
z
which satisfies
k L
6ijk8jw = —T—3I = &V (785)
Furthermore, we have:
1 P i i —iEi'kUk 0
Y= = ’ | (7.86)
0 —1Eijk0
1 . . —ig? 0
sl =2" = N (7.87)
0 107
and we find
iokw*(0,) 0 1 [ ig;pc*w(0,) 0
ro 1(0a) _1 ik (Oa) (7.88)
0 0 2 0 0
where
(Ba) = — BV — —(B,V) (8 + A8 (7.89)
o2V > 212 o @

We use the same representation for the Dirac y-matrices as before (6.13), so that

A 1 0 L g7
H o= — W (7.90)
VH —\/LVJJ 0
, L
a1 0 iVV — ol A (7.9)
Vi VvV + \%VajAj 0
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Now we note that

_%O—jﬁj(ﬁx) — i%aj (O;VV)x + VV(8;x) — VV AId,x

= izv\/vaj((’?j\/)x—ﬁajwjx (7.92)
while
4, — 0 %ajaj + (VY - %oj/lj)&/,
— 75000, + (WV + =0l A1), 0
iy 0 %ijjﬁL\/V&ﬂ
i (7.93)
O + b 0

and

0 0
YT = PR : .
(—\/—VUJ) (—ZU (Wemk(&‘/) + m(@kV)AJ)) O

0 0
= . 1 j 1 j
(6]'19 + ZEjklUl) (mewk(@‘/)> + (UJO'k) <2v2ﬁ(8kv)A]> O

0 0
=i ' ' ' (7.94)
zﬁcﬁ(@ﬂ/) + U]Ukzvglﬁ(ak‘/)/p 0
0 0
ATy = , Lo 1
(iVV + 0l A) (—ig=o™(0:V)) 0
0 0
—il o | (7.95)
_ngk(akV) - afak2v2\/‘7(8kV)A] 0

The Dirac operator is therefore

lezi 0 im0l + iV VO L 0 Tt |
VI —ilod iV + iV, 0 VENT 0

(7.96)
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where we have defined the operator 7" and its adjoint 7',

1 . .
T = —iva%r]\/V—i—i\/V&p? (7.97)
Th = z'%ajwjﬂ'ﬁaw (7.98)
and
™ = —i(0; — AVDy). (7.99)

We check that T is the adjoint operator of T" with respect to the given metric:

<a,TB> = / o (T3) dvoly,

M

_ / of (_ilajwj(ﬁg)ﬂx/Vaw) Vdz*
o v

N / —alo?(0; — Aoy)(VVB) +iVVVal (9,8)da’
M

_ / ~al a9, (VV ) + alo? A10,(VV B) + iVVVal (9,6)da*
M

= [ 00 (VTB) ~ (@) H(VTB) — 1V VT (00"

- [ [Grn) o= (Fowna) o (wvne)'s

1. f
= i—=o'm’a+ivVO ) dvol
/M<\/Va7roz WV | B dvoly

Vda?

- / (TTa)" 8 dvoly
M

— <Tla, 5> (7.100)
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To derive the Hamiltonian, we need to compute 77" and T7T. We find
; 1 . .
Ty = VO']W] — Oy (0 T+ V%) X

Lo ik 2
= VO'JO' mrtx — VOoyx

|
+ VU]W] (VOpx) — (%akﬂkx

1 . .
= V<5Jk + iSjlil)W]WkX - V@ix - %a%@V)&px
_ Ly —vee (7.101
= 7 x = VX .101)

and

TITy — (%afnw\/_aw)( bk /T \/_aw)

1 . .1
= ngﬂjva'kﬂ'k\/vx — V@i}(

1 . 1 1 . 1
= —glghgi = <—i3k\/v> X+ ——=clobnl —nFy — V@ix

WY W

1 1
p— —_— ] k J_ _-
\/VO' o < Z@k\/V) X+

1 1
+—dlo (—28 —) Ty + —0]0 ik Vo2
NG W)X XTURX

_ ]
= —j——clohn?

VvV 2VVV

(OkV') x+

N T .
ZQ—WUJOk (8]‘/) 7TkX + (HO + Vﬂ(@-V)éQ,) X

=TTy —@2‘1/ o* (0,V) iy \;Vcrjak (6 NG (akV))

o1 i
22—‘/20]0]“ (0;V) 7 + Vaj(ajV)ﬁwx
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1 1
— _ ook A —_ I .
TT'x N_ (8] v\/V) V)X = 57070 0,06V x+

1 T
- W(fjklffl) (V) mx + Vaﬂ(ajV)&/,x
= TT'y —|—4—V30]0k (0;V) (0:V) x 2v2 (0;0;V) x+
1 T
- W(ﬁjklal) (V) mx + 77 (0iV)0yx
3 1 1 2/ i
=TTy + — e —Xte€ v 30l7rkx—vr—a]6¢x (7.102)
or
T'T = TT' + 5 (7 xn)—zir G0y
4V3rd - V23 Vs
3 1 . = o1
= TT'+ g+ 7330 Lo — i30Ty, (7.103)
where
Ly = FX & —iidy. (7.104)

This disagrees with the result found by Comtet and Horvéathy 19, who studied the
Dirac equation in Taub-NUT space in the context of gravitational instantons.

The Hamiltonian is then given by

1 H, 0
H = -p? = ’ 7 (7.105)
2 0 H,
where
1 111 . .
H = —TT' = — |—pingd — V92 7.106
Loy 24 [er 4’ (7:106)
1 1 3 1 - 1
HQ = ET T = H1+2— |:4V3r4 + V2r30'L0—lmO"Ta¢ . (7107)

Notice that H; acts diagonally - a fact we will come to appreciate further when we

compute the Dirac operator acting on forms in the following section.

108



7.3.2 Quantisation using forms

Once again we will construct a matrix representation of the Dirac operator action on
anti-holomorphic forms, by finding a matrix representation of the Dolbeault operators
with respect to a suitable basis of anti-holomorphic forms.

A set of Kéahler coordinates on the Taub-NUT manifold M7y is defined by [44]
w = rsinfe, v = 7(1+ cos@)e" csOHilvte), (7.108)

We define the 1-forms as and a4, which form a convenient basis of holomorphic 1-forms

with respect to the complex structure corresponding to the hermitian coordinates w

(er +ie*) = ,/% dw, (7.109a)

1,45 .y no (dv dw
o \/5(6 + ie”) 1/2‘/(@ + (cos 6 )w> (7.109b)

The Taub-NUT metric can then be written in terms of Kahler coordinates as

and v, by

Sl

d d
ds®> = p |V |dw| + V! %+(cos€—1)$w

2
] = 2 + 2|y [>.  (7.110)

Again we choose {ay,ay,1,@; A @y} as and ordered basis of Q%*(M), and using
the same procedure as before, we represent the action of the Dolbeault operator 0,
and its adjoint 9 = —x 0%, as a matrices. The calculations involved are lengthy, but
straightforward. As an example, we compute Oy for a function ¢ which corresponds
to the third column of the matrix of 9. The final results, the matrices for 0 and ET
are given below in equations (7.119) and (7.120).

To compute dy, we first observe the following. On the one hand, the exterior

derivative of a function ¢ is given by
dp = (Op)da’ + (Dyp)dep, (7.111)

while on the other,

dp = 0o+ 0p = fi(p) a1+ f1(p) @1+ fa(p) as + fo(p) Qo (7.112)
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where

Op = fiar+ foas, Dp = fia + fyds. (7.113)

We now compute

- - 3, -4 v ie?’—z’e‘l
Jion + fran = fl( (e” +ie )>+f1 (\/ﬁ( )>

Sl

= (U FVVa il = T (@ A0 ) (r1g

how t Fom = (sl +ie) + 7, (s(el - i)
— % ((f2 + fo)VVda! +i(fy — ?Q)Wdﬁ) : (7.115)

Therefore, comparing equation (7.111) with (7.112), we have

-1
v A (7.116)
D3 = %(fl + VYV (7.117)
which can be solved for f; by
1 1 .

he) = 2= i (o= Vo) o) (7.018)

where 72 is defined in (7.99). Similarly, comparing the components of dz! and dz? of
equations (7.111) and (7.112) gives us an expression for fs.

As a final result we find the following matrices for the Dolbeault operator and its

adjoint.

0 0 0

_ 0 0 f, 0
(9) = J: (7.119)

0 0 0 0

Gi—f G2+ fi 00

0 0 0 f

_ 0 0 0 —
@ = h (7.120)

-p—fi i—fo 0 0

0 0 0 0
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The functions g; and g¢o, and operators f; and fs, are given by

1 1 1 1
- (8, — i)V, = i——— (7 = V),
a9 \/EQV\/W(I i0y) bEl Z\/ﬁ\/ﬁ(ﬁ )

1 1 1 1

where 77 is defined in (7.99). The Dirac operator in the chosen basis of anti-holomorphic

g = (7 +im'),  (7.121)

forms is therefore the same as the Dirac operator acting on spinors, found in sec-
tion 7.3.1.
_ 1 0 iV VO +i—-=ahrh
Dy = V2(0+9) = — vV = D,
VE\ iV, —ikoktrt VY 0
(7.122)

This means that our chosen basis of anti-holomorphic forms gives an easy way to
translate between spinors on the moduli space and anti-holomorphic forms on the
moduli space, as in equation (6.24).

The Hamiltonian H = %lﬂ% = (5% + 55[) = 1Ay, is again the same as the
Hamiltonian for spinors on the moduli space, (7.105). We see that the effective
Hamiltonian for the bosonic fields in the original field theory (the O-forms and 2-
forms on the moduli space) is H;. Since it is diagonal, it acts on functions and 2-
forms independently. The Hamiltonian for fermionic fields Hy, however, mixes the two
different fermionic modes through the terms involving the Pauli-matrices. Since the
Hamiltonian commutes with the Dolbeault operators, the spectrum for the fermionic
sector of the theory must be the same as the spectrum for the bosonic sector. This
agrees with Comtet and Horvathy’s argument using supersymmetry on the moduli
space to argue that the bosonic and fermionic spectra are the same.

Finally, we compute the matrix representation of the twisted Dolbeault operator

and its adjoint.

0 0 fo O

_ 0 0 —fi 0
9, =i S (7.123)

0 0 0 0

g+fi —(1—f) 0 0
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_ 0 0 0
Jy =i _ L (7.124)
—(@1—f2) —2—fL 0 0
0 0 0

We can again directly compute the operators 997 = —0.70 and 5%} = —5}?, but

it is easier to use the Kodaira relations (6.27). This gives once more the simple results

00 0 0 000 0

__ iloo 0o o0 4 ilooo o
99, = - . 90, = = . (7.125)

2 o0 0 o0 210 0 0 Ay,

00 Ay, 0 000 0

analogous to equations (6.26).

7.4 N =4 supersymmetric monopoles

BPS states of N = 4 supersymmetric monopoles correspond to short supermultiplets
which contain five spin-0 states, four spin—% doublets and one spin-1 triplet. To
construct the N = 4 supersymmetric monopole states, we start again with a solution
U to the bosonic Schrodinger equation, and generate the remaining states in the
multiplet using the (twisted) Dolbeault operators and their adjoints. As discussed
above, we may separate these operators into their centre of mass and relative moduli
space components.

A wavefunction on the centre of mass moduli space generates a full short N = 4
multiplet on the centre of mass moduli space. The full wavefunctions correspond to
wedge products of these forms with normalisable forms on the relative moduli space
(see also section 7.3 and appendix A.3). A multiplet of BPS states can therefore
only exist if there is a unique normalisable harmonic form on the moduli space, as
first argued by Sen 3. We will call this form the Sen-form. It must necessarily be
anti-self-dual or self-dual.

The discussion about the structure of the short multiplet of N = 4 supersym-

metric monopole states for charge-1 monopoles carries over straightforwardly from
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the multiplet of states on the centre of mass moduli space. We will now discuss the
Sen-form, required to build the wavefunctions of BPS monopoles on the total moduli

space.

7.4.1 The Sen-form

As pointed out by Gauntlett and Lowe [°! there exists a normalisable harmonic 2-form

on the Taub-NUT manifold,

T 1
= ——mA ——dr A = d(V 7.126
ws S M2+ CEE A3 (Vn3) ( )
which can be rewritten as
o (LAY L i adet T P i At
wg = —— | —€ipxtdx T — dx
o 3 ) 9 ik (r+1)2r2r &

1 Il , .
= ——V 22 (—eijke] Ael — el A e4>

i r3 \ 2
1 —2 i
==V OV)T (7.127)

where we have defined the triplet 7" as before by
i 4y i L i A Lk
T = e*Ne' + 581']']@6 Nev. (7128)

They are self-dual and therefore the Sen-form is self-dual as well.

The Sen-form is normalisable, since

/ws/\ws = 87'('3/(10_:—1)3(17" = 47'('3, (7129)

which is finite.

7.5 Angular momentum and spin

The total angular momentum operator J is once again defined by equation (5.8). As
usual we decompose the total moduli space into the centre of mass and relative moduli

spaces. The vector fields generating the SU(2) action on the Taub-NUT manifold are
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denoted ¢ (see also Gibbons and Manton ). They are given by

_ cos¢ 0 cos 6 0

9]

L _ 9 . J 9
& = sin @ O N Slwae i sing 0o (7.130a)

p _ sing d 0 cosf 0
&= T meaw %0 T sme " %s (7.130b)
& = — a% (7.130c)

They satisfy

[fiL,fﬂ = €z‘jk£/f- (7.131)

Again, the Lie derivatives with respect to these vector fields obey indeed the commu-

tation relations (5.6) with the complex structures. Furthermore, we have

L (V) = & (1 + %) =0 (7.132)
so that
Ler(eh) = ViLe(da?) (7.133)
Ler(e) = V2L (ns) (7.134)
Now we use the fact that
dat sinfcos¢p rcosfcosp —rsinfsing dr
da? = sinfsin¢g rcosfsing  rsinfcoseo dé (7.135)
da3 cos 6 —rsinf 0 d¢
to compute
Ler(da!) = epda®, (7.136)
and
Le(nz) = Le(dy + cosfdg) = 0, (7.137)
Therefore
Le(e) = eyre® Ler(e!) =0 (7.138)
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and as in section 6.5 we find that the Lie derivatives with respect to these vector
fields obey indeed the commutation relations (5.6) with the complex structures (6.17):
|:[,£1_L, adfj} = Eijk adIk

We now have, for example,

) 1
Jl(Oél) = % <££ZL — 5&(111) (63 + i€4)

= —Zay, (7.139)

and in general we find that the total angular momentum operator acts on @; and @y

as
1 _
Jl(am) = —5(0'2')7””()4”, (7140&)
_ 1 _

Again we have that {@;, @y} and {—ias,ia;} form an angular momentum doublet.
The multiplet decomposition on the Taub-NUT manifold is the same as that on the
flat moduli space in section 6.5.

The Sen-form, written in the form of equation (7.127), is a singlet under the

angular momentum operator. It is of the form wg = U;T7, for a vector U; so that
Jiwg = JZ(UJT]) = (éTiijk)Tj + Uj(é?ijka) = 0, (7141)

which agrees with the uniqueness of the Sen-form.
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Chapter 8

Outlook

By applying supercharges to the bosonic scattering wavefunctions ® on the Taub-NUT
manifold found in section 7.2.2 we generate multiplets of scattering states. Wedging
these with the multiplet of centre of mass states as outlined in chapter 6 one obtains
the full multiplets of supersymmetric monopole scattering states. In general, for
the N = 4 supersymmetric monopoles this gives a 256-dimensional supermultiplet
of states. The total angular momentum of these states can be computed using the
general formula (5.8) and the expressions for the angular momentum action on the
centre-of-mass states and on the relative wavefunction, as discussed in sections 6.5
and 7.5.

It remains a challenge to interpret the resulting multiplets of scattering states
in terms of monopole-monopole (or dyon-dyon) scattering. One would like to be
able to compute spin-polarised differential scattering cross sections, where spins of
the in- and out-going monopoles or dyons are specified. To do this in practice one
needs to relate the individual monopoles’ spin degrees of freedom to the differential
forms on the centre of mass and relative moduli space. As explained in the opening
paragraphs of chapter 5, this is only possible in the asymptotic region of the moduli
space, where the corresponding monopoles are well-separated. The starting point for
such a calculation would thus be the decomposition of the asymptotic region of the
total moduli space M ; (equation (7.1)) into copies of the constituent monopoles’

5,6

moduli spaces, as discussed in |. Using this decomposition one needs to decompose

scattering states on M, ; into states which have definite values of the spin for the
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constituent monopoles.

An important motivation for carrying out a detailed study of spin-polarised monopole-
monopole scattering cross sections comes from the electric-magnetic duality conjec-
ture, summarised in the introduction. An interesting continuation of this research
project would therefore be to see if the duality conjecture continues to hold for the
non-BPS states, and to investigate further which predictions for strongly interacting
particle scattering may be formulated from these calculations on monopole-monopole

scattering.
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Appendix A

Hyperkahler Manifolds

For most purposes of this thesis, we shall only need to consider 4-dimensional hyper-
kahler manifolds M. The extension to 4k-dimensional hyperkahler manifolds is
straightforward. In particular we are interested in R*, M; = R? x S' and the Taub-
NUT manifold Mry. As explained in chapter 7, the (cover of the) 8-dimensional
moduli space M ; naturally decomposes into the flat 4-dimensional manifold corre-
sponding to the centre of mass motion, and the Taub-NUT manifold corresponding
to the relative motion of monopoles. In section A.3 we discuss the behaviour of
differential operators on product manifolds, such as M ;.

We write the metric on a 4-dimensional manifold M in terms of an orthonormal

frame e, as
ds?> = (') + (e2)? + (%) + (e*)?, (A1)

where e® form the vier-bein corresponding to e. We denote the vectors dual to the e*

with ey:
e(ep) = 0p (A.2)

Indices at the beginning of the alphabet, a,b,c, ..., run from 1 to dim M = 4, while
indices in the middle of the alphabet, i, 5, k, ..., run only from 1 to 3.
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A.1 Hyperkahler structure

A complex structure on a manifold is a map Z from the tangent bundle to itself,
such that 7?2 = —1. The hyperkihler structure is generated by a set of 3 complex
structures Z; that act on the tangent bundle of M, and satisfy the quaternion algebra

This implies that the action of the complex structures on vectors satisfies

A.1.1 Complex structures

We define the action of the complex structures on vectors by!
Zi(ej) = Oijeq + €ijker, (A.6a)
Ti(eq) = —eyy (A.6Db)
which satisfies the quaternion algebra A.3.

The action of the complex structures on 1-forms

The action of the complex structures on 1-forms is defined by
(Zi(e")) (er) = —e (Zilew))- (A.7)

The minus-sign is there so that the action of the complex structure on 1-forms is

compatible with the identification of vectors and co-vectors using the metric, gu, = dgp.

L An alternative choice would be
Zi(ej) = —dijea + Eijuer,
Zi(es) = ey,

However, this choice does not correspond with our chosen definition of the complex structures in

section 2.6.
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In more detail:
(Zi(e")) (en) = (Zi(0%ec)) (es)
= (0°(0ices — €i04c + €icker)) (€p)
= ((0fes — d5e; + 0"cierer)) (ep)
= ((6¢g1ae” — 85 giae” + 0*cickgrac®)) (es)
= ((0704p — 6404 + 6" CicrOrp))
= ((—040w + 0§ 6ap + €iap)

a
= —e" (dipes — Opa€; + Eivker)

= —e" (Ti(en)). (A.8)
We now compute
(Zi(e))er) = —€(Liler)) = —€ (dues+emer) = e, (A.9)
(Zi()(ea) = —€(Tileq)) = —€'(—ei) = by, (A.10)
(Ti(e"))(ex) = —e(Tilex)) = —e*(Oiwea +cmer) = —0uw, (A1)
(Zi(eM)(ea) = —€'(Zi(e") = 0, (A.12)

and from this, we can read off the following action on forms:
(&) = 8ijet + einet, (A.13a)
Zi(e!) = —¢', (A.13Db)
For composition of the action of the complex structures on forms we find again

Iil—j = —5ij]l+5ijk1—k- (A14)
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The components of the complex structures are given by
(Zi(e))(er) = (Ti)"e(er) = (Tihp" = (A.15)
—e"(Zi(er)) = —e"((Zi)%e.) = —(Z)%, (A.16)

The action of the complex structures on p-forms

Z; acts on p-forms by extension via
Ti(p NY) = Zi(¢) NI;(9). (A.17)
On functions, the complex structure acts trivially
I;(f) = [ (A.18)
Acting on p-forms, the composition of complex structures satisfies

IZ'I]' = (—l)péij + 5ijka~ (A19)

The adjoint action of the complex structures

We define the operator ad Z; as follows. Its action on 1-forms is defined by

adZ;(¢) = Z;(9), (A.20)
and its action on k-forms is given by extending the action using a Leibniz rule
adZ;(p NY) = adZ;(¢) AN+ ¢ AadZ;(v). (A.21)
The adZ; obey the same commutation relations as the Z;:

[adIi,ade] = Zgijk adIk, (A22)
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while, using equation (A.4), we find (here we do not sum over the indices)

[2dZ;, 7] = [(Z;®1®..0)+(10L®1®...01)+... +(1®...011Q1I),
(Z;®L;®...91I)]
= (7,14,]9L;®.. L)+ (L; [T, | ®L; @ ... ® T;)
+...+(7;®...9L; ® [1;,Z}])

o if i =, A23)

Inverse action of the complex structures

On 1-forms, the complex structures satisfy Z? = —1, so that Z, * = —Z;. For p-forms,
however, this doesn’t hold. In general, Z} = 1, and Z? = Z; ', from which we deduce

that the inverse action of the complex structures generalises to p-forms as

' = (-1 (A.24)

(2

Products of complex structures and inverse complex structures can now be derived

from the composition of the complex structures. Acting on p-forms,
7' = LI = (“DPTZ = (1)P((=1)P0y +einTi) = 0y + ey, (A.25)
which gives

[IZ,IJ_I} = 25ijk’Ik_l- (A26)

A.1.2 Decomposition of complex forms

The holomorphic forms with respect to the complex structure Z = 73 are a; and axo:

1 1
ay = —=(e* +iet) ay = —=(e! +ie?) (A.27)

V2 V2

Using equations (A.13) we find that

I(al) = —i&l I(Oég) = —iCYQ

I@) = im I(@) = i (A.28)
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and the action of the remaining complex structures, J = Z; and K = Z,, on these

forms is given by

J(n) = —it J(a) = i@
J@) = ia T (@) = —ien (A.29)
Klay) = @y Klag) = — @
K@) = as K@) = — a (A.30)

If there exist holomorphic coordinates w! and w? such that o; and «as are holo-
morphic linear combinations of dw! and dw? (and vice versa), as is the case for the

manifolds R*, M; and Myy, then
Z(dw*) = —idw®, Z(dw®) = idw®. (A.31)
In components,
7P = —i(1).", I = i)’ (L)’ = (). = 0. (A32)

and J = Z; and K = Z, map holomorphic forms (¢) into anti-holomorphic forms,

and vice-versa. For example,

I(Tp) = =T (Zp) = iT(p), (A.33)

Therefore,
T = TP =0 Ko’ = K7 =0 (A.34)

Finally, some useful identities are

g Aay = —ie* Aet (A.35a)
g ANy = —%(e1 Ned—e? Net) — %(61 Aet +e? Ae?) (A.35Db)
o Nay = —%(61 ANed e Net) — %(e1 Net —e? Ae?) (A.35¢)
ANy = —ie' Aé? (A.35d)
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A.1.3 The Hodge star operator

The Hodge star operator, %, maps p-forms to (4 — p)-forms, where 4 is the dimension

of the manifold M. It is defined by
Y A xp = dvol, (A.36)

where dvol is a volume form on the manifold M. The natural definition of the volume

form on a Kéahler manifold is
dvol = ey AT@  Aag Aday = —et Ae2 Aed Aet (A.37)

Using the expressions for holomorphic and anti-holomorphic forms in terms of the

orthonormal frame, we find the following Hodge-duals:

1 3 ;4
xap = —=*(e” Fe
1 \/5 ( )
= —i(el/\e2/\e4—iel/\62/\63)
V2
= —aAa@Aa, (A.38a)
*Qg = —ag Nag A &1, (A38b)

and using equations (A.35) we find

*(O{l N 61) = —a9 N\ @2, (A39a)
>I<(Oz1 A Ozg) = —Oq N a9, (A39b)
*(Ckl A @2) = o1 N\ @2. (A39C)

The remaining identities can be found using
xh) = x1, (A.40)

x(kp) = (—1)deg¢@/). (A.41)
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A.1.4 Hyperkahler forms

The hyperkahler forms are defined by
wi(X,Y) = g(X,Z;Y). (A.42)

The requirement for the moduli space to be a Kéahler manifold with respect to the

complex structure Z; is that w; is closed:
Using equation (A.7), we compute
wi = —edRTi()) — et @ Li(e?)
= — @ (5e* +epe’) + et @ e
a0 1 JoA K
= e Ne' — ke Ne”. (A.44)

The hyperkéhler forms are of degree (1,1) with respect to their corresponding complex

structure. For example,
w3y = —i(a1 N al + ag A @2) (A45)

They are of mixed degree (2,0) and (0, 2) with respect to the other complex structures,
as we will show below in the following section. The hyperkahler forms are anti-self-

dual:

A.1.5 The canonical holomorphic symplectic form

The canonical holomorphic symplectic form of a hyperkahler manifold M with respect

to the complex structure Z3 is defined by
Qg = wp+ iWQ. (A47)

Taking cyclic permutations of the indices we can also define the canonical holomorphic

symplectic forms with respect to the other complex structures. In terms of our basis
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of holomorphic forms, we have
Q3 = e*net e ne?+ilet Ae® +et Aed)
= —i(e® +ie*) A (e! +ie?)
= —2ia; N\ as. (A.48)

It is of degree (2,0) with respect to the complex structure Z3, and closed since the
hyperkahler forms w; and w, are closed. These two hyperkéahler forms are the real
and imaginary part of Q3 and are therefore forms of mixed type (2,0) and (0, 2) with

respect to the complex structure Zs.

A.2 Differential operators

A.2.1 Dolbeault operators

The exterior derivative maps p-forms into (p 4+ 1)-forms. On a Ké&hler manifold, it
can be separated into the Dolbeault operator (with respect to a complex structure 7)
and its conjugate, via

d = 9+9, (A.49)
where

9:Qre — Qrrla 9. Qre — Qratt, (A.50)

The space QP17 is the space of forms of degree (p,q) with respect to the complex
structure. They are eigenstates of the complex structure Z with eigenvalue i(q — p).

On a hyperkéhler manifold, we have three complex structures, Z;, which all have
their own corresponding Dolbeault operators, d; and gj, and we can split up the

exterior derivative as
d = 0;+0;, (A.51)
where

0;: Q1 — QL 9;: QP4 — Qhrtl (A.52)

127



We will often pick a complex structure, Z = Z3, and work with (p, ¢)-forms with
respect to this complex structure. We will then omit the subscript 3 for the Dolbeault
operators, 0 = d5 and 0 = 0s.

A.2.2 The Laplacian
The Laplacian A is given in terms of the exterior derivative by
A = V= (d+dH)2 (A.53)
On a Kéahler manifold it becomes, in terms of the Dolbeault operator,
A = 20y = 200+0D)? = 205 = 2(3+0)2. (A.54)

P=P =0 = 0, which implies that the exterior derivative and the Dolbeault

operators commute with the Laplacian. For example,
A = 2(00" +070)0 = 2000 = 20(00" +9'0) = 0A, (A.55)

and similarly for d and 0.

A.2.3 Twisted exterior derivatives
On a Kéhler manifold, we can define a twisted exterior derivative:

d = d;y = —-Z7'dT = Zdz (A.56)
We have, for a (p, q)-form 1,

dry = IdIflw
= (i)’ "Tdy
= ()1 ((_i)pﬂfqaw + (_Z')pf(qul)gw)

= i(0-09)v. (A57)

On a hyperkahler manifold we have three complex structures, and we define twisted

exterior derivatives by

dz, = —(T)'d(T) = (T)d(Z) . (A.58)

7
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We choose a particular complex structure Z = 73, so that dz, = dz. Furthermore we
define J = 7Z; and K = Z, as usual. We now also define twisted Dolbeault operators
by

07 = =J 0T = Jog ', Dy = —J 0T = Jog . (A.59)

Since J (and its inverse) transforms a (p, ¢)-form into a (¢, p)-form, d7 increases the

holomorphic degree by one, while 9 increases the anti-holomorphic degree by one:
Qg : APIM — APTHINT, 07 : APIM — AP (A.60)

We could also define twisted Dolbeault operators using the complex structures Z and
IC, but those can then be simply reexpressed in terms of the Dolbeault operators and

the J-twisted Dolbeault operators respectively.

The twisted Dolbeault operators 05 should not be confused with Dolbeault operators
corresponding to the different complex structure 0;. The twisted Dolbeault operators
have a capital index indicating the complex structure that does the ‘twisting’, whereas
a lowercase index indicates that we work with a Dolbeault operator corresponding to

a different complex structure from the chose complex structure Z.

Since Jz* = J.%, the twisted Dolbeault operator satisfies
G = JOT 0 = JOT W = JOJ W = JOIT % = 070, (A61)
We find, using that for a (p, ¢)-form t we have J1) = (—i)P~2C),
dy = 07407, de = —i(07 — 0q), (A.62)

and

1 = 1
8] — §(dj+2djc>, 85 — §(dj—ldjc) (A63)
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The complex structures are integrable, so

V() = 0, (A.64)
from which we deduce that
Li(Vxy) = Vx(Zi(¥)) = (VxL)v = Vx(Zi(v)). (A.65)
Now, using
d = > AV, (A.66)
we find

dz, = (Z)A(Z)™' = (T)) (Zemvej> (7))t = (Z(L)ej/\vej>. (A.67)
Similarly, using
0 = Zea/\vea, 0 = Zea/\v%, (A.68)
we find

d7 = > Je* AV, 9y = Zje%vea. (A.69)

Finally, we can write the Dolbeault operators with respect to the other complex

structures in terms of the exterior derivative and complex structures,
d = (0;+9;), dz, = i(9; - 9)), (A.70)
so that

1, — 1,
0; = 5(d+idg), 9; = 5(d—idg). (A.71)

130



A.2.4 Adjoint operators

Adjoint operators are defined using the natural inner product for forms,

w.6) = [vnse (A72)

AT is defined to be the adjoint operator of A if

(AT, 0) = (¢, Ag). (A.73)

The adjoint operators to the exterior derivative and Dolbeault operators are

dl = —xdsx = —1(eNV; = —1(e™)Vq — 1(e¥) Vg, (A.74)
and
ot = —1(e")Va, 9 = —u(e)V., (A.75)
where
e)(e) = g™ e () = g7, W(e)(e) = g7, (A.76)

so that indeed 9" lowers the holomorphic degree of a form by 1 (via contraction with a
(0,1)-form) and ' lowers the anti-holomorphic degree of a form by 1 (via contraction
with a (1,0)-form).

The adjoint action of the complex structure is
7l = 17, (A.77)

)

which allows us to compute the adjoint operator to the twisted exterior derivatives.

We find
di, = gdig. (A.78)

A similar result holds for the adjoint operator to the twisted Dolbeault operators:

of = JOIT = —Jue*)VaT
= —i(Je")Va, (A.79)
= Jogt = —(JM)Va (A.80)
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A.2.5 Commutation relations

In general

d® = (0+09)* = 9+ (00+00)+9d = 0, (A.81)

o = {0,0} =9 =0. (A.82)
From the formulae for the adjoint operators, e.g. ' = — % 9%, we immediately have
@h? = (@h? = {a*,é*} — @) = o. (A.83)

On a Kihler manifold
{a.d} = 20,0 = 2{5,0'} - A, (A.84)
{0.0' = {901} = 0 (A.85)

Commutation relations of the twisted operators

Since on a hyperkéhler manifold 97 = —i0 and O = —ids we need only concern

ourselves with the J-twisted operators. We immediately have

& = JEIt =0, (A.86)
% = Jogt =0, (A.87)
o = Jorgt =0, (A.88)
{07,07} = J{08,0} 7" = 0. (A.89)

Similarly
@ = @ = {99} = @ = o, (A.90)

and also
{aj,a@} — {Ej,a}} ~ 0. (A.91)



Since the Laplacian commutes with the complex structures,

{dj,d}} = J{dd}gt = A, (A.92)
Q{Q%a}}:: QJ{Eiy}j‘l — A, (A.93)
2{5%5}} = 27{0,00} 7 = A (A.94)

Commutation relations of twisted operators with untwisted operators

Since Z, J, and K are integrable, d, dz, ds, and dx pairwise anti-commute. Using

equations (A.82) we find
{d,dg,} = {0;+0;,i(0; — 9;)}
= i{9;,0;} —i{0;,0;} +i{9;,9;} —i{0;,0;}
= 0, (A.95)

and therefore we also have

{dz,dz} = T{d dpag T = 0, (A.96)

Finally, therefore, = 1(d + idz), 9 (d —idz), 7 = L(ds +idc) and 97 =

:(dy — idk) anti-commute as well.

A.3 Product manifolds

We start out with two complex manifolds, M; (i = 1,2), with coordinates X; and the
usual operators d;, 0;, *; and clzT = —%;d;*; and 82 = —%; 0;%;, and complex structures
Z;. The product manifold M = M; x M, then has induced operators d, 9, *, 9" and

Z. For example,

; 0 ; 0
d = dXj -+ dX] ® — = d; + ds. A97
1®8Xi+ 2®8X§ 1+ 2 ( )
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For w = w1 A wy with w; a form on M;,

wA (xw) = dvoly
= dvoly, Advolyy,

= w A (xqw1) Awa A (kews), (A.98)
so that
o — (_1)deg(*1wl)-deg(w2)(,klwl) A (*2w2)_ (A99)

If we assume separation of variables for a form w € Q*°M, ie. w = w; A ws
where w; is independent of the coordinates X5 on Ms, and ws is independent of the

coordinates X; on M, then we have

dw = (d1 + dg)(wl A WQ) = (dlwl) A\ %) + (_1)deg(w1)w1 A\ (dg&)g) (AlOO)

&u = (61 + 82>((.U1 A WQ) = (81(4)1) A Wa + (—1)deg(‘“1)w1 A\ (82w2) (A101)

This allows us, for example, to compute the action of 9" on a form:

oOw = — %0 * W
= —(—1)de(xawr)-deg(ws) %0 (x1w1) A (sows)
= —(—1)deg(wr)-deg(w2) #(01 1 wi) A (*ows) +
— (—1)deg(wr)-deg(wa) (1 )deg(x11) *(k1w1) A (02 %9 wy)

— (_1>deg(w1).deg(w2)(_1>(deg(w1)—1)-deg(*2wz)(_1)deg(w2) (aifwl) A (w2> +
(_1)deg(w1)-deg(w2)(_1)2deg(w1)(_1)deg(w1)-deg(52*2w2) (wl) A (a;'WQ)
= (Dfwr) A (w2) + (1) (wy) A (Dfw), (A.102)

and similarly for other differential operators, such as the exterior derivative d.

dfw = (dlw) A (W) + (=1)%E@D () A (dlws,). (A.103)
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Here we have used that M; and M, are even dimensional, so that

(—1)destrien = (—1)deslen), (A.104)
(_1)deg(5i*iwi) _ (_l)deg(wi)—l—l’ (A.105)
sk w; = (—1)des@iy, (A.106)
and
deg(dlw;) = deg(w;) — 1. (A.107)

We can now express the Laplacian as follows:
Aw = (d+d")%w=(dd"+d'd)w
— (b)) Aws + (=D (@) A (daws) +
(—=1)%8@0 (dywy) A (dws) + wy A (dodbws) +
+ (dldywr) Aws + (—1)9E e (d00) A (dhws) +
(1)@ (dlw) A (dows) + wi A (dbdaws) +
= (Ajwi) Awa + wi A (Agws). (A.108)

We see that if w; are eigenstates of A; with eigenvalues F; (i.e. Aw; = Fyw;, without

summing over the index 7), then w = w; A wy is an eigenstate of A with eigenvalue

E=F + Es.
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Appendix B

Supersymmetric Lagrangians By

Dimensional Reduction

In this appendix we derive the N = 2 and N = 4 supersymmetric extensions of the
Georgi-Glashow Lagrangian (2.13) in 4 dimensions. We follow the approach of Brink,

Schwarz and Scherk B!,

B.1 The N =2 supersymmetric Lagrangian

The N = 2 supersymmetric Lagrangian in 4 dimensions, equation (3.1), can be derived

from the N = 1 supersymmetric Lagrangian in 6 dimensions,

1 —
Ls = /d% Lo = /d% (—ZFm” . an+¢\p~rmDmxp> : (B.1)
The Lorentzian metric g = n in 6 dimension has signature (+,—, —, —, —,—). Vis a

complex Weyl spinor,
v = —v, (B.2)
where I'; = T’y - - - T'5, and the 8 x 8 I'-matrices satisfy
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The action, S = [ dt Lg, is invariant under the supersymmetry transformation defined

by
§Ay =i (€T, 0 -V T,

1
00 = [T F

0T = — = ¢ [[™, " Fy, (B.4)

AN

where € is a spinor of the same chirality as W.
We dimensionally reduce to 4 dimensions by making the fields independent of the

5th and 6th dimensions, so that

Some of the components of the gauge fields become independent scalar fields by this

procedure. We define
P = A = —AY S = Ay = —A° (B.6)

The six matrices I' can be decomposed as

70
I'* = ’Y”@ﬂ = )
0 ~*
0
I = 4y @io; = +i LN
v 0
0
D = 4y @ioy = + ERE (B.7)
- 0
The 4-dimensional v-matrices satisfy
(v = 2, (B.8)
and we have
- 0
P7:F0"'F5:—’Y5®0'3: R (Bg)
0 7
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The Weyl condition on the spinors,

— 0 - -
Iy — 75 (n _ Y5+ _ (on 7 (B.10)

0 7 (o Vs —1

therefore implies that

Ly 1 1

Ry

where 1 is a Dirac spinor in 4 dimensions. The operators L and R satisfy

Lvs = L =L, Rys = R = — R, (B.12)
and
L? =1L, L+R =1,
R* =R, L—R = . (B.13)

We can now derive the dimensionally reduced Lagrangian. First of all, we note

that
Dy = —eadP, Ds; = —eadS$, (B.14)

so that the first term in the Lagrangian (B.1) becomes

1 1
_Zan.an —= _ZFNV‘F/»“/ (m:u”n:]j)
Lo
+2 ZD P-D,P (m=pn=4orm=4,n=p)
L
+2 ZD S-D,S (m=pn=>5orm=>5n=pu)

1
+2(—162||[P,S]||2) (m=4,n=5o0rm=>5n=4).
To compute the second term, we note that, since Ly, = v, R,

U = (WL v'R) (" ®1) = ('R ¢v°L) = (YR ¥L), (B.15)
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and, using equations (B.12), we have

iV -T™D,, U =iV -T"D, ¥ —ie¥ - I'"ad PU —ie¥ - [ ad S

=i(VR EL)-W@IL)DM(W)
Ry

—ie (YR L) - (£75 ® ioy) ad P

—ie (YR ¢L) - (£75 ®ioz)ad S

~
o B v
< =
N~ —

_ _ L
=i (Yy"L @WR)-DM( w)

Ry
+e (YR ¢L)-adP ( e )
Ly
te(—oR pL)-ads|
iLap

=) - " (L* + R*) D,

+etp - (L* — R*)ad Py

+iel - (L + R*) ad St
= i) Db + et - y5ad Py + e - ad St
= i) - y" D, £ e - (ad S — iys ad P)y.

Therefore, the dimensionally reduced Lagrangian is given by equation (3.1). Fur-

thermore we find that the supersymmetry transformations of the bosonic fields after
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dimensional reduction give

§A, =i (€T, 0 — U T,e)

) Ly _ _ Lo
@((@R @L)(w@M)( ) — (VR L) (7, ®1) ( ))
Ry Ro
— ((a%L avy,R) ( Ly ) — (Y.L ¥y.R) ( La ))
Ry Ra

=1 (a’}/”@/) - @’YMOZ) )

(5144 = 0P =1 (E F4\If - E F4€)

. . Ly — = , La
=1 ((aR al) (£ ®ioy) ( ) — (¢R wL) (£ ® ioy) ( ))
Ry Ra
=+ ((aR al) ( Z:Rw ) — (=vR VL) ( Z:Ra ))
1L 1L

== (57504 — 575¢) ;

6As = 65 =i (€T30 — WU Ise)

. ‘ Ly — = ‘ La
=1 ((ER al) (£ ®ioy) ( ) - (@DR 1/JL) (£75 ®io2) ( ))
Ry Ra
=+ ((aR aL)( e ) — (=vR YL) ( fia ))
—Ly —La

=+i(Ya—ay).
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Finally,

I'"1r"E,, = o' @ 1o (Fu) m=pun=rv
+2iyy; ® 01 (D, P) m=pu,n==4
+ 20y y; ® 09 (D,S) m=pu,n=>5
+21 ® —ios (—e [P, 5]) m=4,n=>5

so that the supersymmetry transformation of the fermionic field W is given by

1
v = éFmF”an €

1
= (377" Fw ®12 + 1® —iog ([P, 5])

Lo
795 @ iy (DuP) + 7% @ i3 (DS) )
Ro
1 L . La
= _W/M’YVFMV + e [P, S]
2 Q —Ra
. —Ra —Ra
+ "D, P ++*D,S
Lo —La
(r@mrRaa | Liesps)a
R (3749 F) a R (ieys [P, S]) @
L (Fiv*D,P) « L (£y"D,S) «
R (+iv*D,P) « R (+v"D,S) «

L (37" Fu +ieys [P, S] F (¥"D,S + iv:9" D, P)) a
R (39" Fu +ieys [P, S] F (¥ DuS +iv57" D, P)) «
Therefore, the supersymmetry transformation of the dimensionally reduced fermionic

field # is given by

1 . )
by = (év“v”Fwﬂe% [P, S] m“DAS—WsPO a. (B.16)
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We have confirmed that the supersymmetries of the 4-dimensional Lagrangian (3.1)

are given by (3.2).

B.2 The N =4 supersymmetric Lagrangian

The N = 4 supersymmetric Lagrangian in 4 dimensions (4.1) can be derived from the

N =1 supersymmetric Lagrangian in 10 dimensions,
1 | —
Ly = /d% Ly = /d% <—ZFAB -Fap + %\I/-FADA\I/> : (B.17)

The Lorentzian metric g = 7 in 10 dimension has a signature that is mostly minus,

(+,——,——,—,—,—,—,—). ¥is a Majorana-Weyl spinor:
Iyl = — (Weyl) (B.18)
v = UiT, =vC (Majorana) (B.19)

where ['1; =Ty -+ - T'g, and the 32 x 32 I'-matrices satisfy

{Fmarn} = 277mn]132- (BQO)

The Majorana condition can be rewritten as follows
U= (uh = (VT
= (CTy)' v
= CT\V, (B.21)

and therefore it can be interpreted as a reality condition on W. The action, S =

[ dt Ly, is invariant under the supersymmetry transformation defined by

§A,, =€, U = —il [e,
1
U = —[[™,T"] Fon €,
4
— 1
U = -1 [T, T Fn, (B.22)
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where € is an anti-commuting Majorana-Weyl spinor of the same chirality as W.
We dimensionally reduce to 4 dimensions by making the fields independent of the

5th — 10th dimensions,
Oy = ... = 0y =0 (B.23)

Some of the components of the gauge fields become independent scalar fields by this

procedure. We define
S, = Az, = —A* P, = Agy, = —A (B.24)
The ten matrices I'™ can be decomposed as
M =y'@ly®0, I’ =01d10, I'Y"=yx2FZ0, (B.25)

where o' and (37 are 4 x 4 real anti-symmetric matrices, satisfying

@' al] = — 2" {a", 0’} = — 2591,
(B, B7] = — 27" {6, = —20"1,
@] = 0 (B.26)

The 4-dimensional y-matrices satisfy

{7y = 29 (B.27)
The decomposition of the I'-matrices gives us

'y =Ty.. Ty = -1,01,® 0, (B.28)

and the requirement on the charge conjugation matrix C,

crict = -T, (B.29)
leads us to define

C = Col,al, (B.30)

where C is the charge conjugation matrix in four dimensions.
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The Weyl condition on the spinors,

suggests that we decompose ¥ as

1 1
V- ye s i (B.32)

The decomposition of the I'-matrices (B.25) suggests that we can further decompose

P as
Y = Y0 (B.33)
Now the Majorana condition, ¥* = CTyW, implies

1 1 1 1
UV = "0 0 — = CHve1® R0 —
’l/} \/i _ (70 4 03) w \/§ ;

1 1
= |C R0 —
'YO@D \/50-3 Z

1 1
= C R0 — B.34

In other words, v satisfies the Majorana condition in 4 dimensions, ¢* = Cvy, and
0 is a vector with real components, 8 = . We use the standard orthonormal basis

{e,} in RY,
0 = b, (B.35)
to define v, by
YR = pRbe = 00 Re = P, e, (B.36)

We now interpret 1, as a quartet of Majorana fermions in four dimensions.

It remains to derive the dimensionally reduced lagrangian density. First of all,

D,, = —eadSs, form=3+1

D,, = —eadP, form =6+ (B.37)
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so that the first term in the Lagrangian (B.17) becomes

1 1
—ZFm"~an = _ZFW'F‘“’ (m=pu,n=v)
1
+2(1D“51'Du51) (m=pun=34+1orm=3+1,n=pn)
1o
+2 é_lD P, -D,P, (m=pu,n=64+j30orm=06+7n=pn)
1
—ZEQH[S“SJ]HZ (m=3+1,n=3+7)

1
#2 (<525 PIR) (m=3+ 00 =064+ orm=041n=3+))

1
-3¢, PIIP (m=6+2n=06+))
To compute the second term, we note that

U = (¢i®ei®%(1 —i)) VY ol®os) = @r@ei@%(u)), (B.38)
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so that

%@-PADA\I/ =_-V.T"D,¥ — 2\1/ F3+zadS\Il— \1/ %t ad P,W

:—E'(7M®14®03)Du 77Z}s(g)es

[\')

__\II.(]]_4®04Z®0'1)adSz 1/}s®es

5l

__ql'(75®ﬁ]®03)adpj ws®€s

MH

al)
.
(

a 1
— 5 (BedeJ500) D rheas

%

_§(%®d®§%“”>*“& P, ® a'e, ®

1

—1

_ 1 1
—g(wr@@eﬁ@E(l i)) -ad P, 75¢S®ﬁles®ﬁ

B % (@r Y Dyihs @ (er)'es ® 1)

_ % (1, - ad Sbs @ (e,) a'es ® 1)

— 5 (@ 15ad P, @ (e)' e, @ 1)
71— e — ) e —
= 5% 'V#Duwr + 5 (wr C Qg &dSZ%) - E( r ,ﬁis,.)% adpjws) .

Here we have used that (e,)’e; = 0,5, (e.)'a’es = o, and (e,)'['es = [, where o’
and !, are the matrix elements of o' and 3'. Therefore, we find that the dimen-

sionally reduced Lagrangian is given by equation (4.1). Furthermore we find that the
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supersymmetry transformations of the bosonic fields after dimensional reduction give

54L:i<a®eﬂ9§§ﬂﬁ>CW®ﬂ4®mﬁ %AMg®¢% 1
= &Y Yr,
&L:¢<a®e%@i41ﬂ>mygd®an ww&%®¥L !
V2 V2 \
= —&a, s,
oF, =i<a®e%@i—ﬂi0(%@nﬁ®oa ww@%®—L !
V2 V2 \
=1 &75075Ys)
and using
I'"IM"Fpn =" @01, @15 F, (m=pu,n=v)
+2(V*®@a' ®ioy D,S,) (m=pu,n=3+1)
+2(" @ @1y D,P) (m=p,n=06+y)
+ 1, ®a'? ®1y-—€]S,,S)] (m=3+1un=3+7)

+2('Y5®Oélﬁj®—i0'2'—€[SZ,PJ]) (m:3—|—2,n:6_|_j)

+1, @6 @1, —€[P, P) (m="64+1,n=06+)
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we find

ow IFanF Kes & ! !
= 3 mn | €s €s =
2 V2 i

1 1 1
= 57“7VFW €s D es O —

S

—iy'D,S, | s @ a'es ®

—_
—_

+ "D, P) | € ® Fles @ —=

e 1 1
~3 [5,,9)) | €s ® a'ale, @ —

—iev5 [S, P)) | €s ® o' ey @ —

e 1
- 5 [R7P]] €s ® ﬁlﬁjes ® —

S

Therefore, using a'es = e,al, and f'e;, = e, 0},

1 : v
52/}7' - (57“711}7#1/67“5 - Z’Vupﬂslars + ’Yuf%DNF)Jﬁ?J"S

e

€ . 7 K
— 5€uk [SZ? SJ] Oé;fs — €75 [SZ? P]] Qg gs - §EUH [Pﬂ P]] 7‘8) €s; (B39)

2

which completes the verification that the supersymmetries of the 4-dimensional La-

grangian (4.1) are given by (4.4).
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