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On explicit relations between cyclotomic numbers
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1. Introduction. For n ∈ N let εn be a primitive nth root of unity
and D(n) the multiplicative group generated by the elements 1 − εkn with
k 6≡ 0 mod n modulo roots of unity in order to avoid torsion. We call D(n)

the group of cyclotomic numbers. This group and its subgroups, especially
the group of cyclotomic units, have often been subject of investigation (see
[1], [5]–[8], [11]). Here, we focus on the relations between the generators
1− εkn.

In D(n) there are two types of relations which we call the obvious rela-
tions.

• Relations arising by relative norms in cyclotomic fields. They can be
deduced from the polynomial identity

(1)
p−1∏
ν=0

(1− xενp) = 1− xp

where p is a prime, by inserting an appropriate root of unity for x.
• Relations arising by complex conjugation:

(2) 1− εn = −εn(1− εn) = −εn(1− ε−1
n ).

Surprisingly, Ennola [5] gave for n = 105 a relation that is not generated
by the obvious relations. In the following we will call such a relation an
Ennola relation. Schmidt investigated in [8] the gap between the obvious
relations and all relations. He connected this gap to cohomology groups
which have been computed in [10].

Here, we will give explicit algorithms on how to construct all Ennola
relations in D(n) for an arbitrary n. This will be done in a general context.
We consider a free Z-module M with an involution σ operating on it and
introduce algorithms focusing on the construction of special bases of M , the
so called σ-bases, that lead to generators of the torsion group of M/(1−σ)M
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and M/(1 + σ)M . Then we introduce a module L(n) for which we have by
[2] an exact sequence

(3) 0→ T (n)→ L(n)/(1− σ)L(n)→ D(n) → 1

where T (n) is the torsion group of L(n)/(1 − σ)L(n). The relations in (1)
correspond to relations in L(n) and the relations in (2) correspond to the
factorization by (1−σ)L(n). Thus, the Ennola relations are implicitly given
in the torsion group T (n), and the construction of a σ-basis of L(n) allows
the construction of the elements of T (n) explicitly.

In the last two sections we present similar results for the group of relative
cyclotomic numbers and the Stickelberger ideal.

2. σ-bases. In the following all modules are finitely generated Z-modules.
When we speak of a basis we mean a Z-basis. We assume further that an
involution σ operates on each module. The homomorphisms between two
modules will always be compatible with the action of σ. So, we will have in
fact Z[σ]-modules and Z[σ]-homomorphisms.

For a set B, a module M and a mapping ξ : B → M we say that B
induces a basis of M if the set {ξ(b) : b ∈ B} is a basis of M . Saying that
some set is a basis of M includes that M is free.

A σ-basis of a module M is defined as a triple [E0, E+, E−] of subsets
of M such that the union B = E0 ∪ σE0 ∪E+ ∪E− is disjoint, B is a basis
of M and the two conditions

(i) σe = e for e ∈ E+,
(ii) σe = −e for e ∈ E−

hold. We write B = [E0, E+, E−] for short, regarding the triple as a subset
of M . Note that the structure of Z[G]-modules where G is an abelian group is
well known [4] and therefore the existence of a σ-basis for every Z[σ]-module
is obvious. See also Remark 2.8.

In the following we state some results about σ-bases and give algorithms
how to construct them. The proofs of the lemmata and the verification of
the algorithms are straightforward.

Lemma 2.1. The set (1− σ)E0 ∪E− is a basis of kerM (1 + σ) and the
set (1 + σ)E0 ∪ E+ is a basis of kerM (1− σ).

Lemma 2.2. The set E− generates the torsion subgroup of M/(1−σ)M ,
that is, the torsion elements are of the form

∑
e∈E− δee + (1 − σ)M with

δe ∈ {0, 1}. Similarly , E+ generates the torsion subgroup of M/(1 + σ)M .

Remark 2.3. The values m+ = m+(M) = |E+| and m− = m−(M) =
|E−| are invariants of M . They are independent of a special choice of E+ or
E−. More concretely, m+ is the dimension of the F2-vector space H0(σ,M),
and m− is the dimension of H1(σ,M).
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Algorithm 2.4. Let C = [F 0, F+, F−] be a σ-basis of another module L.
Then [G0, G+, G−] ⊆M × L with

G0 = (E0 × C) ∪ (E+ × F 0) ∪ (E− × F 0),

G+ = (E+ × F+) ∪ (E− × F−),

G− = (E+ × F−) ∪ (E− × F+)

induces a σ-basis of M ⊗ L.

A direct consequence of Algorithm 2.4 is the following lemma.

Lemma 2.5. For i = 1, . . . , r let Mi be a module with a σ-basis [E0
i , ∅, E−i ].

The repeated application of Algorithm 2.4 leads to a σ-basis [F 0, F+, F−] of⊗r
i=1Mi with

{
F+ = E−1 × . . .× E−r and F− = ∅ if r is even,
F+ = ∅ and F− = E−1 × . . .× E−r if r is odd .

Algorithm 2.6. Given sets B, C and an exact sequence of modules

(4) 0→M → L→ K → 0

such that B is a σ-basis of M and ∅ 6= C ⊆ L induces a σ-basis of K. We
show how to construct sets B′ and C ′ such that

(i) B′ is a σ-basis of M ′ = 〈B′〉,
(ii) C ′ is a σ-basis of K ′ = 〈C ′〉,

(iii) the sequence 0→M ′ → L→ K ′ → 0 is exact,
(iv) |C ′| < |C|.
We write B = [F 0, F+, F−] and C = [E0, E+, E−]. Without loss of

generality we assume that M is a submodule of L. If E0 6= ∅ we define
B′ = [F 0 ∪ E0, F+, F−] and C ′ = [∅, E+, E−]. Otherwise we choose an
e ∈ C and set C ′ = C \ {e}. The basis B′ = [G0, G+, G−] is now defined
through the following cases.

c ∈ E+: We have c− σc ∈ kerM (1 + σ) ⊆M . Therefore, by Lemma 2.1,
we find a ∈ M and F ′ ⊆ F− such that c − σc = (1 − σ)a +

∑
b∈F ′ b. Let

f = c− a.

• If F ′ = ∅ we define G0 = F 0, G+ = F+ ∪ {f} and G− = F−.
• If F ′ 6= ∅ we choose f ′ ∈ F ′ and define G0 = F 0 ∪ {f}, G+ = F+ and
G− = F− \ {f ′}.

c ∈ E−: Analogously to the first case we have a ∈M and F ′ ⊆ F+ such
that c+ σc = (1 + σ)a+

∑
b∈F ′ b. Let f = c− a.

• If F ′ = ∅ we define G0 = F 0, G+ = F+ and G− = F− ∪ {f}.
• If F ′ 6= ∅ we choose f ′ ∈ F ′ and define G0 = F 0∪{f}, G+ = F+\{f ′}

and G− = F−.
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Algorithm 2.7. Given sets B, C and an exact sequence 0→M → L→
K → 0 such that B is a σ-basis of M and C is a σ-basis of K we construct a
σ-basis of L by successively applying Algorithm 2.6 until we have an exact
sequence 0→M ′ → L→ 0→ 0 with a σ-basis of M ′ ∼= L.

Remark 2.8. Algorithm 2.7 gives an easy proof that every free module
L has a σ-basis:

Let M = {a ∈ L : σa = a} and B be a basis of M . Obviously, [∅, B, ∅] is
a σ-basis of M and any set C ⊆ L which induces a basis of L/M induces a
σ-basis [∅, ∅, C] of L/M (note that L/M is free). Algorithm 2.7 for the exact
sequence

(5) 0→M → L→ L/M → 0

leads then to a σ-basis of L.

We recall the definition of a MEn-system as introduced in [2]. In the
following let ∆ be a finite, partially ordered indexing set. For a set A we
denote by 〈A〉 the module generated by A.

Definition 2.9. For every d ∈ ∆ let Md be a module, Ed a σ-invariant
subset of Md and nd : Ed →

⊕
t<dMt a mapping. We call such a system of

triples (Md, Ed, nd)d∈∆ a MEn-system.
Let N ′d =

⊕
t<dMt and Q′d =

∑
t<d〈r + nt(r) : r ∈ Et〉 ≤ N ′d. The

MEn-system Γ is combinable if the mappings nd can be extended to σ-
homomorphisms

(6) nd : 〈Ed〉 → N ′d/Q
′
d.

In this case Γ defines the module L = N/Q with N =
⊕

t∈∆Mt and Q =∑
t∈∆〈r + nt(r) : r ∈ Et〉. We call L the combination of Γ .

Algorithm 2.10. We show how to construct explicitly a σ-basis of L
from σ-bases of the modules Md/〈Ed〉.

We complete the ordering of ∆ and may assume ∆ = {1, . . . , n}. For
i ∈ ∆ let Ni = M1 ⊕ . . .⊕Mi and

(7) Qi =
i∑

j=1

〈r + nj(r) : r ∈ Ej〉 ≤ Ni.

From [2] we know that the sequences

(8) 0→ Ni−1/Qi−1 → Ni/Qi →Mi/〈Ei〉 → 0

(with N0 = Q0 = {0}) are exact. Starting with i = 1 and using Algo-
rithm 2.7 we successively construct a σ-basis of Ni/Qi from σ-bases of
Mi/〈Ei〉 and Ni−1/Qi−1. The algorithm ends for i = n and we obtain a
σ-basis of L = Nn/Qn.
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3. The cyclotomic system. In this section we recall the definitions and
the properties of the cyclotomic module and the cyclotomic system. More
details and proofs of the lemmata can be found in [2]. For a subset S of a
module M we write ΣS for

∑
s∈S s. Further, let Gd = {1 ≤ a < d : (a, d) =

1} and for each d > 2 we fix a subset Hd ⊆ Gd such that for all a ∈ Gd either
a ∈ Hd or d−a ∈ Hd. For instance we can choose Hd = {1, . . . , bd/2c}∩Gd.

Definition 3.1. For n ∈ N we define the cyclotomic module Z(n) as
follows:

If n = p prime then Z(p) = 〈Gp〉/〈ΣGp〉.
If n = q = pα with α > 1 then

Z(q) = 〈Gq/p〉 ⊗ 〈Ap〉/〈ΣAp〉 with Ap = {0, . . . , p− 1}.
If n = q1 . . . qr where the qi are powers of distinct primes then

Z(n) = Z(q1)⊗ . . .⊗ Z(qr).

We define the operation of σ on b ∈ Gd by σb = d− b and on a ∈ Ap by
σa = p− 1− a. By this Z(n) becomes a module with an involution σ.

Lemma 3.2. We have Z(n) ∼= 〈Gn〉/Rn where the submodule Rn of 〈Gn〉
is generated by En = {s(n, p, a) : p |n with p prime, a ∈ Gn/p} with

(9) s(n, p, a) = Σ{x ∈ Gn : x ≡ a mod (n/p)}.
Remark 3.3. The isomorphism in Lemma 3.2 can be described explicitly:

We order the prime factors pi of n such that n = pα1
1 . . . pαtt pt+1 . . . pr with

αi > 1 for i = 1, . . . , t. Further, we set qi = pαii if i = 1, . . . , t and qi = pi
otherwise. Let

(10) S = Gq1/p1 ×Ap1 × . . .×Gqt/pt ×Apt ×Gpt+1 × . . .×Gpr .
It is obvious, by the definition of the tensor product, that Z(n) is isomorphic
to 〈S〉 modulo suitable relations. We obtain S ∼= Gn by a combination of
isomorphisms ξi and η in the following way:

(11)

Gq1/p1 ×Ap1︸ ︷︷ ︸ × . . .× Gqt/pt ×Apt︸ ︷︷ ︸ × Gpt+1
× . . .× Gpr

Gq1 × . . .× Gqt × Gqt+1 × . . .× Gqr

Gn

ξ1

²²
ξt

²²
id

²²
id

²²

η

²²

The maps ξi for i = 1, . . . , t are explicitly given by ξi(b, a) = apαi−1
i + b.

The map η is defined by the Chinese remainder theorem, that is, η−1 is the
map a 7→ a mod qi in each component Gqi , i = 1, . . . , r.



72 M. Conrad

Definition 3.4. For d ∈ N let Md = 〈Gd〉. If d is not a prime we denote
by Ed ⊆ Md the set of the sums s(d, p, a) as in Lemma 3.2. For d prime we
define Ed = ∅. On Ed we define the mapping

(12) nd : Ed →
⊕

t|d, t 6=d
Mt, s(d, p, a) 7→

{−[d/p; a] if p2 | d,
[d/p; p−1a]− [d/p; a] if p2 - d,

where [m;x] denotes y ∈ Gm with x ≡ y mod m.
For n ∈ N we call the MEn-system Γ (n) = (Md, Ed, nd)d|n the nth cyclo-

tomic system.

Lemma 3.5. (a) Γ (n) is combinable. Let L(n) be the combination of Γ (n).
(b) Let n > 2 and r be the number of prime factors of n. Then

(i) H0(σ,L(n)) ∼=
{
F2r−1−1

2 if n 6≡ 2 mod 4,
F2r−2

2 if n ≡ 2 mod 4.

(ii) H1(σ,L(n)) ∼=
{
F2r−1−r

2 if n 6≡ 2 mod 4,
F2r−2−r+1

2 if n ≡ 2 mod 4.

(c) The sequences in (8) for the cyclotomic system split over σ (with
one exception for n = 4). This has in particular the consequence that in
Algorithm 2.6 only the case F ′ = ∅ occurs.

(d) The sequence

(13) 0→ T (n)→ L(n)/(1− σ)L(n)
µ→ D(n) → 1

where T (n) is the torsion subgroup of L(n)/(1 − σ)L(n), is exact. The ho-
momorphism µ is defined by the maps µd : Gd → D(n), a 7→ 1− εad, for d |n
where εd is a primitive dth root of unity such that εd = ε

t/d
t whenever d | t.

(e) Let K(n) =
∏
d|n, d 6=nD

(d). We call D̂(n) = D(n)/K(n) the group of
nth relative cyclotomic numbers. Then for n 6= 4 we have an exact sequence

(14) 0→ T̂ (n)→ Y (n)/(1− σ)Y (n)
µ→ D̂(n) → 1

where Y (n) = Mn/〈En〉 with Mn and En as in Definition 3.4.

Table 1. Some examples of σ-bases

Module σ-basis

〈G2〉 [∅, {1}, ∅]
〈Gp〉, p 6= 2, p prime [Hp, ∅, ∅]

Z(2) [∅, ∅, ∅]
Z(p), p 6= 2, p prime [{2, . . . , (p− 1)/2}, ∅, ΣHp]

Z(4) [∅, ∅, {(1, 0)}]
Z(q), q = pα, α > 1, [{(b, a) : b ∈ Hq/p, 1 ≤ a < p}, ∅, ∅]

p prime, q 6= 4
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Note that using Algorithm 2.10 we can construct a σ-basis of L(n) from
σ-bases of the modules Y (d) for d |n. Using the isomorphism of Lemma 3.2
and Algorithm 2.4 we are able to construct σ-bases of the Y (d) from the
σ-bases from Table 1.

4. Ennola relations. In this section we have a closer look at the exact
sequence (13). Note that the norm relations as in (1) are given implicitly in
(13) as the relations of the form s(d, p, a) + nd(s(d, p, a)) in the definition of
L(n). The relations (2) correspond to factoring by (1− σ)L(n).

Algorithm 4.1. We construct Ennola relations for D(n) performing the
following steps.

1. With the algorithms of Section 2 compute a σ-basis [E0, E+, E−] of
L(n).

2. Each element of E− gives by Lemma 2.2 a nontrivial element of T (n)
which is a relation in D(n) via the mapping µ in (13).

Note that Algorithm 4.1 has been implemented in a C++ extension of the
computer algebra system SIMATH [9]. A description of the implementation
and examples can be found in [3].

The smallest number where T (n) is nontrivial is n = 60. An Ennola
relation in D(60) is

(15) (1− ε60)(1− ε37
60)(1− ε17

20)−1(1− ε15)−1(1− ε12)−1 = ε15

where εd = ε
n/d
n for d |n.

Theorem 4.2. For n > 2 let r be the number of prime factors of n and

(16) c =
{

2r−1 − r for n 6≡ 2 mod 4,
2r−2 − r + 1 for n ≡ 2 mod 4.

Then there exist in D(n) exactly 2c − 1 different Ennola relations which are
generated by c relations. More exactly , we have elements d1, . . . , dc in the
free group generated by the set {1− εad : d |n, a ∈ Gd} such that the Ennola
relations are of the form

∏c
i=1 d

δi
i with δi ∈ {0, 1}. The di for i = 1, . . . , c

can be constructed explicitly with Algorithm 4.1.

P r o o f. Let [E0, E+, E−] be a σ-basis of L(n). Then we have c = |E−| by
Lemma 2.2. Because |E−| is the dimension of H1(σ,L(n)) the claim follows
from Lemma 3.5.

As noted in Lemma 3.5, we see that in the process of constructing a
σ-basis of L(n) in Algorithm 2.6 for n > 4 always the subcase F ′ = ∅
happens. So we can force T (d) ⊆ T (n) for d |n and get immediately the
following corollary.
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Corollary 4.3. Let D(∞) =
⋃
d∈ND

(d). Then there exist elements
d1, d2, . . . in the free group generated by the set {1−εad : d ∈ N, a ∈ Gd} such
that the Ennola relations are of the form

∏
i∈I d

δi
i with δi ∈ {0, 1} where I

is a finite subset of N. The di for i ∈ N can be constructed explicitly with
Algorithm 4.1.

A closer look at the explicit structure of the Ennola relations is taken in
the next section.

5. Ennola relations in D̂(n). Let n 6= 4. We write n = q1 . . . qr where
the qi are powers of distinct primes.

Lemma 5.1. The torsion group T̂ (n) in (14) is isomorphic to Z/2Z in
the following two cases:

(17)
r odd , r 6= 1 and n = u,

r odd , r 6= 1 and n = 4u,

where u is odd and square free. In all other cases T̂ (n) is trivial.

P r o o f. By Lemma 2.2, T̂ (n) is generated by the set E− where
[E0, E+, E−] is a σ-basis of Y (n). If n = p is a prime then Y (p) = 〈Gp〉 and
Table 1 shows E− = ∅. In the other cases Y (n) ∼= Z(q1) ⊗ . . . ⊗ Z(qr) by
Lemma 3.2. Here, Lemma 2.5 shows how we obtain a σ-basis of Z(n) from
σ-bases of the Z(qi) which are given in Table 1. Note that E− = ∅ if for at
least one of the σ-bases [E∅i , ∅, E−i ] of the modules Z(qi) we have E−i = ∅.

Theorem 5.2. The relations in the group of relative cyclotomic numbers
D̂(n) = D(n)/K(n) are the obvious relations (as in (1) and (2)) and in the
cases of (17) Ennola relations. The latter are given implicitly by the set T̂ (n)
in (14) and can be explicitly written as

(18)
∏

a∈Vn
(1− εan) ∈ K(n)

where Vn ∼= Hq1 × . . .×Hqr via the isomorphism η given in (11).

P r o o f. Lemma 5.1 describes T̂ (n) and how it can be constructed explic-
itly from a σ-basis of the modules Z(qi). The isomorphism in Remark 3.3
shows (18).

6. Stickelberger elements. Let In be the fractional ideal in the group
ring Q[Gn] which is generated by the Stickelberger elements

(19) θ(a) =
∑

τ∈Gn
〈−aτ/n〉τ−1
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and ωn = ΣGn for n odd and ωn = 1
2ΣGn for n even. There is a strong

connection between the relations of cyclotomic numbers and the relations
between Stickelberger elements (see [6], [8]). In our context, in analogy to
the exact sequence (13), the sequence

(20) 0→ T ′(n)→ L(n)/(1 + σ)L(n) ν→ In/〈ωn〉 → 0

is exact where the homomorphism ν is defined by the maps νd : Gd → In,
a 7→ θ(an/d).

This situation can be handled as in the case of cyclotomic numbers. We
call the elements of T ′(n) Ennola relations.

Algorithm 6.1. We construct Ennola relations for In/〈ωn〉 performing
the following steps.

1. As in Algorithm 4.1, compute a σ-basis [E0, E+, E−] of L(n).
2. Each element of E+ leads to a nontrivial element of T ′(n) which is a

relation in In/〈ωn〉 via the mapping ν in (20).

Theorem 6.2. For n > 2 let r be the number of prime factors of n and

(21) c′ =
{

2r−1 − 1 for n 6≡ 2 mod 4,
2r−2 for n ≡ 2 mod 4.

Then there exist in In/〈ωn〉 exactly 2c
′

different Ennola relations which are
generated by c′ different relations. These relations can be constructed explic-
itly with Algorithm 6.1.

As an example, we show an Ennola relation for n = 15. We have

(22) θ(1) + θ(7)− θ(3)− θ(5) = 0.

Remark 6.3. There is no canonical definition of a “relative Stickelberger
ideal” as there is one for relative cyclotomic numbers. However, we can
investigate the torsion group T̂ ′(n) of Y (n)/(1 + σ)Y (n) and get in analogy
to Lemma 5.1 the following result:

The torsion group T̂ ′(n) is isomorphic to Z/2Z in the following two cases:

(23)
r even and n = u,

r even and n = 4u,

where u is odd and square free. In all other cases T̂ ′(n) is trivial.
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