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The three necked flask technique has been empolyed to study the kinetics of ion exchange in ter-
nary system of H+ - Na" - UQr. The kinetic curves have been obtained with changing the fraction of
counter ions in bulk solution, the rate of stirring, temperature and resin radius. The particle diffusion
coefficients in ternary system has been calculated by fitting the polar-coordination equation, and it has
been found that they are of same order as that of corresponding binary systems and the sequence of
them is DH> DNa>Duo . The selectivity coefficients are also reported, and the sequence of them is ex-
actly opposite to that of ~article diffusion coefficients.

In applications of ion exchange one of the prob-
lems of increasing interest is the treatment of
dilute wastes, such as wash waters from metal
pickling or plating operations. In order to use resi-
nous exchangers for this purpose most effectively,
it is necessary to learn the mechanisms of the ion
exchange processes (particularly the rate-determin-
ing step) and to. measure the fundamental con-
stants governing the exchange, such as diffusion
coefficient, selectivity coefficient and so on. With
an understanding of the mechanisms and the va-
lues of the appropriate constants, it should be pos-
sible to design a suitable ion-exchange unit for any
given purpose with a minimum of laboratory ex-
periments'. But so far, only very few papers- re-
port these values systematically, especially on mul-
ti-component systems due to the fact that the
mathematical analysis of kinetics for such ion ex-
change reactions, as well as for the behaviours of
ternary systems, is more complicated than that for
corresponding binary systems-,

An investigation was undertaken in our labora-
tory to study the equilibria and kinetics of cation
exchange in binary and ternary systems. Some dif-
fusion coefficients have been reported according
to isotopic ion exchange and moving boundary
models-'>. Guided by previous work, the Nernst-
Planck equation (NPE; was applied to experimen-
tal data in these systems, and the diffusion coeffi-
cients have been calculated. The present paper is
a continuation of the previous work.

----------

Theory
Let us assume that the ions A and B are ex-

changed by an ion exchanger in C-form. These ex-
change reactions starting at time t= 0 can be
described as
Z AZ,a~ +Z cz~= Z AZ"+Z CZ,+~-~ a c a

Z BZb++Z CZ::=Z j3Zb+Z CZc+
c b c b

... (1)

... (2)

where the bars denote the ion exchanger phase, Z
denotes electric charge of the counter ions.

Ion exchange in this system with three counter
ions is a more complex phenomenon. The inde-
pendent fluxes of the species cannot be expressed
in terms of only one inter-diffusion coefficient.
Thus the mathematical problem is one of solving
three simultaneous differential equations, namely,
the three Nernst-Planck equations, which include
the influence of the concentration gradient arising
during ion exchange processes due to the trans-
port of counter ions with different mobilities, and
each of them describing the particle diffusion flux
of a given counter ion as an independent process.

_( _ -91 )Jj= + D, gradCj+ZjCjRTgradq>j ... (3)

where i = A, B or C, J is diffusion flux in the parti-
cle of ion exchanger (mol/F s),:5 denotes particle
diffusion coefficient (cmv's), C is concentration of
counter ions in resin (mol/I), 9l is Faraday con-
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stant, R is gas constant, T is absolute temperature
and <p is electro-potential gradient. The relation
for the diffusion flux of the ith component is ob-
tained through the combination of three Nernst-
Planck equations with expressions presenting the
conditions of electro neutrality and of total zero
current of electric charges inside the particles

3

I Z) c) = - (J) CR = constant
)~1

3

I Z)J)=O
)~1

... (4)

... (5)

where 00, CR, is electric charge and concentration
of fixed ion, respectively.

[DjDjz.rz, Cj V Cj - z, Cj V CJ
+ DjDkZk(ZkCkVCj - Zj Cj VCk))

Jj= 3

I Z)C)D)
)~1

... (6)

A complicated second-order differential equa-
tion is obtained by substitution, of Eq. (6) into the
equation of continuity (i.e., Fick's second law?")
and by transformation to polar coordinates (for
spherical particles of the ion exchanger):

... (7)

The total quantity qj (/)of the components (A, B
or C) in the resin at different time t were obtained
experimentally. The two-dimension profiles of

concentration-time and concentration-radius of
each component in the particle, related to the vo-
lume of the resin bead, at time t was evaluated by
substitution of the qj(/)values into

... (8)

where r0 is radius of spherical ion exchanger
which is assumed to be equal to all particles (ern],
and r denotes the distance from the particle cen-
tre, 0.:::1r.:::1 'i) (em). Plicka et al.R have verified the ap-
plicability of Nernst-Planck equation in the ternary
system with strongly acidic cation exchanger
QSTIONKS-08. In present paper, the particlediffu-
sion coefficients DH, DNa and Du02 in the system
of H+ - Na" - UOi+ are calculated by fitting the
data of the two-dimensional profiles using Eq. (7)
under the following initial and boundary condi-
tions:

t= 0, Clr~O =0, Clr~ro =CO

t> 0, Clr~O = Clr~ro / K, <;:IFro = C(t)

t= 0() C - C - C 00- , Ir~O- Ir~rO-.

where K denotes distribution coefficient of coun-
ter ions. The selectivity coefficients of counter
ions for ion exchanger are also obtained.

Results and Discussion
The ion exchange kinetics in ternary system of

H+-Na+-UOi+ were carried out at fixed solution
composition L r~1 Z, Cp = 0.04 moll 1, in which the
ion; exchange processes were determined by parti-
cle diffusion, where C? denotes initial molar con-
centration of 1th counter ion in bulk solution, and
at three radii of ion exchanger (ro ~.O.045, 0.035
and. 0.025 ± 0.002 em), the temperature thermos-
tatted at 25.0 ± 0.2°C, the stirring 'speed of 800
rpm and various fractions of counter ions initially
in bulk solution. A part of the findings is shown in
Figs -1 to 4. As shown in.Figs 1 to 3, (i) the rate
of counter ions initially in bulk solution exchang-
ing with those initially in resin-phase increased
with increasing the ionicfractions. of counter ions
in bulk solution, i.e., with increasing concentration
of individual counter ions in feed solution; (ii) in
every XNa -Lor XH - t curve,' XNa or XH goes
through a maximum, but Xuo is always increased
with increase in time; HelfeHch 7b predicted this
phenomenon theoretically, but further experimen-
tal verification has rarely 'been reported; and. (iii)
XH'-:-t curves always depend upon the ionic frac-
tion of H + ion in solution, while XNa - t curves be-
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Fig. L+The effect of the fraction ofUO~ + ion in solution on
~UO-!curves of RNa/(UO~+, H+) ion exchange Xu(>!' =
(1)0.2, (2) 0.3, (3) 0.4, (4) (0.5), (5) 0.6, (6) 0.7, respectively
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Fig. 2-The effect of the fraction of H+ ion in solution on
XHi.! curves of RNaj(U~+, H+) ion exchange XH+ =(1) 0.8,

(2) 0.7, (3) 0.6, (4) 0.5, (5) 0.4, (6) 0.3, respectively

come almost Identical when the fraction of Na +
ion in feed solution come to be 0.6, 0.7 and 0.8 at
the isostatic composition of bulk solution. As can
be seen from Fig. 4, it is the same as that found in
binary system; the amount of counter ions (here
Na +) exchanged to the resin phase per unit time
increases with decrease in the radius of ion ex-
changer, but for that of UO~+, the opposite is the
case, which may be explained as follows: the coun-
ter ions of multi-component systems are competi-
tors during the process of ion exchange; accele-
rating to one kind of counter ions may result in
the resistance of their competitors in the system.
Hence, it is possible to observe the finding in
which the rate of ion exchange for some kinds of
counter ions decreases with increase in agitation
rate and even the temperature. The rate may be
also reduced with decreasing the radius of ion ex-
changer.

In order to explain these results, the particle
diffusion coefficient has been evaluated by numer-

~ (}15
'x

250
I,s

Fig. 3- The effect of the fraction of Na + ion in solution on
XNa-lcurves,of RH/(U~+ .Na t lion exchangeXc,» =(1) 0.8,

(2) 0.7, (3) 0.6, (4) 0.5, (5) 0.4,.(6) 0.3 respectively

a
z

IX

~ 0·20
o•...
o
:>

IX

200
I,s

Fig. 4-The effect of resin radius on the rate of RH/(U~+,
Na+) ion exchange reaction A, Xuo, XNa.; ro=(I) 0.045,

(2) 0.035, (3) 0.025

ical calculation. The selectivity coefficient in ter-
nary system was also obtained, and the results are
summarized together in Table 1.

As can be seen in Table 1, (i) the sequence of
particle diffusion coefficients of counter ions H+,
Na" and UOi+ is DH>DNa>Duo. In addition to
a few cases, the numerical order 6f their value is
basically 10-6, 10-7 and 10-8, respectively, name-
ly, the particle diffusion coefficients of counter
ions of ternary systems are of the same order as
that of corresponding binary systems. It may be
concluded that the values of diffusion coefficients
obtained from the binary systems can be used ap-
proximately in ternary systems under certain con-
ditions, such as the pre-experiment to evaluate the
optimization of experimental conditions economi-
cally. (ii) The particle diffusion coefficients of
counter ions initially in ion exchanger remain con-
stant within experimental deviations during ex-
change processes at the isostatic composition of
bulk solution, in spite of ionic fraction of other
two counter ions initially in feed solution chang-
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Table 7¥article diffusion coefficient (cm2/s) and selectivity coefficient in H+ - Na+ - U~+ ternary system

KU{j/Na ( RH/(U~+,Na+) ( ~ t~IZI C? =0.040 moll I RNa/(UO~+, H+) ~UO/H
± .6 ~ c\~

-106DH 107DNa 108Duo2 XU02 XNa(H) ro(cm) rpm temp(°C) 106DH 107DNa -108D ±7uOz
±0.002 . ;

26.9 2.9"): 8.4 .78 .2 .8 .045 800 25.0 5.4 4.0 41 130
34.4 2.9 7.0 .86 .3 .7 .045 800 25.0 4.9 3.6 50 279
41.0 3.0 5.4 .99 .4 .6 .045 800 25.0 2.1 3.7 65· 348
45.4 3.0 3.6 1.1 .5 .5 .045 800 25.0 1.8 3.8 81 463
62.0 3.1 2.6 1.3 .6 .4 .045 800 25.0 1.0 3.9 92 1253
64.2 3.0 1.8 1.5 .7 .3 .045 800 25.0 .82 3.7 1.0 2831
11.7 4.5 4.8 1.3 .5 .5 .035 800 25.0 3.8 5.8 1.1 345
6.4 6.0 8.0 2.2 .5 .5 .025 800 25.0 7.2 9.0 1.8 270

45.9 3.2 3.6 1.0 .5 .5 .045 600 25.0 1.6 3.7 80 462
40.4 3.0 3.5 1.1 .5 .5 .045 1000 25.0 2.0 3.8 82 454
60.9 4.5 5.4 1.3 .5 .5 .045 800 35.0 3.0 5.4 1.2 409
37.1 6.0 7.0 1.6 .5 .5 .045 800 45.0 5.9 6.8 1.7 386

/

ing. It may be concluded that the particle diffusion
coefficients of ions initially in ion exchanger are
directly related with the total concentration of
bulk solution, rather than the concentration of in-
dividual ions initially in feed solution. (ill) The
particle diffusion coefficients of counter ions ini-
tially in both solution and resin increase with the
rise in temperature and with decrease in the radius
of ion exchanger, while they remain unaffected by
the stirring speed. This conclusion is identical with
that of binary systems. (iv) When the ionic fraction
of UO~+ changes from 0.20 to 0.70, the DH de-
creases_about 6.6 times for RNa/(UO~+' H+):
while DNa- decreases about 4.7 times for RHI
(UO~ +, Na +), but the Duo increases about only 2

2
times for both RNa/(UOi+, H+) and RH/(UOi+,
Na +).It can be said that for more mobile counter ions,
many changes may be obtained easily with changing
experimental conditions. The same can be said ofthe
effect of resin radius and temperature on particle dif-
fusion coefficients. (v) The selectivity coefficients,
which denote relative selectivities of counter ions for
ion exchanger used, KuojYW > KUOjYNa+~ 1
This means that the sequence of relative selectivities
of counterions H +,N a +and UO~ +for ion exchanger

- is H+ < Na + ~ UOi ". It is exactly opposite to that of
diffusion coefficient. K uo: + I H+ and K uos + IN + always
increase with increase in the ionic fractIon ~f UO~+

\ ions in bulk solution, and abruptly increase at the
XU02 of about 0.6 or 0.7.It can be also seen from Table
1, the effect of experimental conditions on the selec-

-tivity coefficients is very complex, particularly that of
temperature.

Guided by the values of particle diffusion coef-
ficients and selectivity coefficients listed in

~---------- --

Table 1, the experimental results shown in Figs 1
to 4 can be explained as follows. Although the
kinetics of ion exchange in the systems with more
than two competing counter ions are more com-
plex in theoretical treatment than that in binary
systems, the basic concept in binary systems can
be essentially applied to multi-component systems
approximately. The most important factors are still
the relative mobilities of counter ions and their
relative affinities for ion exchangers . In our sys-
tem, the sequence of relative mobilities of three
given counter ions, expressed by particle diffusion
coefficient, is DH> DNa~ Duo , and that of relative
affinities for ion exchanger Jsed, shown in selec-
tivity coefficients Kuo INa and Kuo /H' is UO~+
~ Na+ >H+. The effec1 of relative ~ties is es-
sentially same as it is in systems with only two
counter ions i.e., the counter ion which is pre-
ferred by ion exchanger is taken up at higher rate
and released at lower rate than its competitors.
The effect of relative mobilities will be illustrated
carefully. For ion exchange RH/(UOi +, Na +), in-
itially, Na + will rapidly replace H+ ion in the resin
and uptake of UOi + will lag far behind due to the
fact that the Na+ ion is much more mobile than
UO~+, but later, because UO~+ is more preferred
by the ion exchanger used than Na ", it will follow,
partly replacing the Na" ions that Were taken in
the earlier stages. Thus the concentration of Na +
ion in the resin goes through a maximum. The
same can be said of ion exchange RNa/(UO~+,
H+). Certainly, for two or more counter ions in-
itially in solution, if their mobilities in the resin
(particle diffusion controlled exchange) or in the
solution (film diffusion controlled exchange) are
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about equal, these species will be taken up at ap-
proximately equal rate, and multi-component sys-
tem can be reduced to binary system. This situa-
tion may be found in ion exchange reaction
R2UO/(Na+, H+) under certain conditions.

To conclude the ion exchange in ternary system
of H+ - Na" - UOr is more complicated than
that in binary systems, but the most important fac-
tors which affect the rate of ion exchange are still
the relative mobilities of counter ions and their af-
finities for ion exchanger used. Some complexities
in the industrial applications arise from the inter-
action of counter ions in the system, and so novel
findings may be continuously observed in the field
of multi-component systems. The values of parti-
cle diffusion coefficients of counter ions'. in this
system are of same order as that of corresponding
binary systems. It is reasonable that the experi-
mental phenomena in ternary systems may be pre-
dicted approximately under certain conditions by
the rules obtained in corresponding binary sys-
tems. The description of kinetics of ion exchange

------- -------

in ternary systems was based upon three Nernst-
Planck equations, each of themdescribing the par-
ticle diffusion flux of a given counter ion as an in-
dependent process. In turn, this description can be
approximately applied, for all practical purpose, to
the systems in which exchanging counter ions were
affected with each other.
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