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Linear, nonlinear and total absorption coefficient and refractive index changes of double quantum well systems have 

been studied theoretically in the presence of external magnetic field applied along the growth direction. The analytical 

expressions for the linear and nonlinear optical properties have been obtained using density matrix method. The optical 

properties have been studied in detail for various quantum well shapes, e.g., rectangular, triangular and parabolic, and laser 

parameters. Shape effects play an important role in modifying the response of quantum heterostructures to external fields. 

The role of asymmetry parameter on quantum well optical properties has been emphasized.  
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1 Introduction 
Optical phenomena based on intersubband 

transitions in semiconductor quantum heterostructures 

have gained considerable interest in recent years. Due 

to quantum-confinement effect, the nonlinear effects 

can be enhanced to a great extent in these low-

dimensional quantum systems as compared to those in 

bulk materials. Both the linear and nonlinear 

processes have been widely investigated
1-6

 in these 

structures due to their large values of dipole matrix 

elements. In the literature, several theoretical analyses 

on the absorption coefficients and changes in the 

refractive index associated with intersubband optical 

transitions in single-quantum well and multiple quantum 

wells are presented. 

Double quantum well (DQW) systems have been 

studied in great detail for the last few decades due to 

various reasons. Immediately after first experimental 

realization of GaAs/Ga1-xAlxAs quantum wells 

(QWs)
7,8

, QWs and in particular, double quantum 

wells (DQWs), have been a subject of immense 

theoretical and experimental studies
9,10

. As DQWs 

show effect of tunneling coupling quite interestingly, 

the wave functions of the different wells overlap in 

the barrier region and show splitting of sub-band 

energy levels. Of course, this splitting depends on a 

number of factors such as ratio of well widths, doping 

concentration, and barrier width etc. In addition, the 

realization of such quantum systems led to the 

development of many new optoelectronic devices e.g. 

photodetectors
11

, semiconducting diodes
12

 etc.  

Further, DQW systems have applications in 

emitting laser light in a wide range of wavelengths 

including 1.3-1.5 µm, which is very useful in optical 

communications. Terahertz detectors have also been 

fabricated
13,14

. Various devices have been fabricated 

by varying the potential profile of a DQW system and 

multiple quantum wells
15-18

. The electric field effects 

on the refractive index and optical absorption 

coefficient has been investigated by Kanet et al
19

 in 

1987. Chuang and Ahn
20 

reported the variation of 

linear refractive index and absorption coefficients in a 

parabolic quantum well. Linear and nonlinear optical 

absorptions in semiconductor superlattice systems 

were also recently investigated
21

. 

Recently, there has been a new surge in the field of 

effect of shape of the system on optical properties. 

Different shapes of DQW systems were proposed and 

studied experimentally by Shim et al
22,23

. Choi et al
24

 

studied influence of QW shape on the light emission 

characterization and light emitting diodes and 

experimentally realized blue light emitting diode of 

InGaN/GaN. While triangular quantum wells have 

been studied for many practical purposes
25-28 

with 

InGaN/GaN triangular shaped MQWs but asymmetric 

double quantum well (ADQW) systems with 
———————— 
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rectangular shapes exposed to laser fields are subject 

of major chunk of the studies devoted to quantum 

heterostructures. 

In addition to rectangular and triangular shapes, 

other shapes of DQW which have received attention 

are some peculiar cases e.g. parabolic
29-31

, graded
32

, 

semi-parabolic and semi-inverse squared etc.
33,34

 

These results show that shapes of quantum wells  

play an important role in determining the properties of 

QW systems. 

The static magnetic field applied along the growth 

direction affects the quantum states of the quantum 

well. The two fold degeneracy of the levels present in 

the symmetric DQW system gets lifted when the 

external magnetic field is applied. For ADQW, the 

degeneracy is already lifted because of the difference 

in widths of the wells. When external field is applied, 

there is a further increase in the energy difference 

between different levels leading to drastic change in 

the transition matrix elements. One can infer that 

ADQW structure holds greater applicability than 

symmetric double quantum well (SDQW)
35

. Recently, 

we have reported the effect of asymmetry on the 

optical properties of a rectangular QDW system in the 

presence of external electric field
36

. 

In this work, in addition to asymmetry, the applied 

static field greatly modifies the energy levels and the 

transition matrix elements between levels. Further, we 

study, optical absorption coefficients and refractive 

index changes of a coupled DQW system in the 

presence of external magnetic field. In particular, we 

focus on the effect of shape and asymmetry on the 

optical properties of DQW systems. 

 

2 Theory 
In this section, the eigen states and eigen energies 

in the ADQWs will be discussed and the formalism 

for the derivation of linear and nonlinear refractive 

index changes will be presented. For simplicity, an 

idealised ADQW heterostructure model is considered, 

where the band non-parabolicity and the variation of 

effective masses in different layers, are neglected. 

By the effective mass approximation, the electron 

Hamiltonian in this ADQW is well described by:  

� = − ħ�
��∗ 	 
�


��� + �(�)   … (1) 

where z represents the growth direction of the quantum 

well, ħ =h/2π, h being the Planck's constant, m* is the 

effective mass of the conduction band. Let the 

conduction band potential in the quantum well be V0.  

The Hamiltonian in the presence of external magnetic 

field B becomes: 

� = − ħ�
��∗ 	 
�


��� + �(�) + ������
��∗  … (2) 

The time independent Schrodinger equation:  

�Ψ�(�) = ��Ψ�(�) … (3) 

Where Ψn(z) is the wave function and En is the 

corresponding eigen energy obtained by solving the 

time independent Schrodinger equation using finite 

difference method. 

Let us consider the system be excited by the 

monochromatic electromagnetic field given by  

E(t) = E exp(iωt) + E exp(-iωt), which is incident 

with a polarization vector normal to the quantum 

wells. The evolution of the one electron density 

matrix ρ is given by the time-dependent Schrodinger 

equation: 


���
� = �
�ħ ��� − ���( ), "#�$ − %�$(" − "(�))�$  … (4) 

where H0 is the Hamiltonian of this system without 

the incident field E(t), q is the electronic charge, ρ
(0)

 is 

the unperturbed density matrix, and Γij is the 

relaxation rate. 

Next, we calculate the absorption coefficients and 

the refractive index changes based on linear 

susceptibility χ
(1)

 and the third order susceptibility χ
(3)

, 

which are derived using the density matrix method
37

.  

Following the usual procedure to evaluate the 

optical properties, we calculate the polarization P(t) 

of the quantum system due to E(t) as: 

)ω()ω()ω()ω()( )3(

0

)1(

0 tiEtiEtP
rr

χεχε +≈
 
… (5) 

where ε0 is the permittivity of vacuum and χ
(n) 

are the 

n
th
 order susceptibilities of the quantum well material. 

The analytical expressions for the χ
(1)

 and χ
(3) 

are 

given as
38,39

:  

&�'(�)(() =  *+μ-.+�
/��0ħ10�ħ2�� × (/��0ħ14�ħ2��)

(/��0ħ14�ħ2��)  … (6) 

and 

&�'(5)(() = 6+μ78+���
(�$� − ħω − :ħ;$�) 

 × < 4+μ78+�
(�$� − ħω)� + >ħ;$�?� − (@�� − A@��)�

>�$� − :ħ;$�?>�$� − ħω − :ħ;$�?B  
 … (7) 

It is well known that the susceptibility χ(ω) is 

related to the change in the refractive index as: 
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 C�(1)
�D = EF G(1)

��D�   … (8) 

where nr is the refractive index. By using Eqs. 6 and 7 

we get:  

C�(H)(1)
�D = �

��D�IJ |μ78|�6 L /��0ħ1
(/��0ħ1)�4(ħ2��)�M  … (9) 

 

NO(5)(ω)OP = −@Q4OP5&� +μ78+� 6R
S(�$� − ħω)� + >ħ;�$?�T� 

<4>�$� − ħω?|μji|� − (@$$ − A@��)�
(�$�)� + >ħ;�$?�B

× W(�$� − ħω)W�$�>�$� − ħω? − (ħ;$�)�X − (ħ;$�)�>2�$� − ħω?X  
  … (10) 

R = 	IDZ �� �[ |�(ω)|� = ��DZ\ |�(ω)|� = 2&�OPQ|�(ω)|�    … (9) 

where c is the speed of light in free space.  

In Eqs. 5-8, N is the carrier density in this system, 

µ is the permeability of the system, Eji = Ej – Ei is the 

energy difference of the two different electronic states 

of the system. µij are the matrix elements defined as µij 

= <ψj|ez|ψi>. I is the incident optical intensity. Γ is the 

phenomenological operator. Non-diagonal elements 

Γji (j ≠i) called as the relaxation rate of the j
th
 to the i

th
 

state. Γji is related to the relaxation time as 

(Γji)=1/τji}}. τji is taken to be 0.14 ps. 

C�D(1)
�D = C�(H)(1)

�D + C�(])(1)
�D   … (12) 

Finally the total absorption coefficient α(ω,I) is 

given as:  

α(ω, R) = α(�)(ω) + α(5)(ω, R) … (13) 

with 

α(_)(ω) = ω 	 μ
`a�� �[ +b-.+�*ħ2��

(/��0ħc)�4>ħ2��?�  … (14) 

 α(d)(ω) = 

−ω 	 μ
`a�� �[ 	 I

�IJ�D\� +μ-.+�*ħ2��
S(/��0ħc)�4>ħ2��?�T� f 4+µ78+ −

(Z��0AZ��)� S5/��� 0h/��ħc4ħ�	c�02��� �T
(/��)�4>ħ2��?� i … (15) 

 

3 Results and Discussion 

In the numerical calculations of the absorption 

coefficients and the refractive index changes, we have 

taken the following parameters: effective mass, 

m*=0.067 me, me is the free electron mass; dielectric 

constant of the material, ε = 12.4; number density of 

the electrons, N = 10
22

 m
-3

; relaxation time, 

τij=1.0/0.14 ps
-1

 and refractive index of the material, 

nr=3.2. In our results, we have taken Al concentration 

x=0.03 and potential, V0 = 228 meV. The parameters 

chosen are suitable for GaAs/Ga1-xAlxAs quantum well. 

For the sake of understanding, in Fig. 1, we have 

shown the double quantum well shapes taken in the 

study. Also shown are |ψn(z)|
2 

for the lowest four 

eigenstates of the system. Figures 1(a), 1(b) and 1(c) 

 
 
Fig. 1 – Structure of asymmetric double quantum well system of different shapes (a) rectangular, (b) triangular and (c) parabolic with

asymmetry parameter 1.4, along with |ψn(z)|2 for the lowest four eigen states of the system. Left well width=10 nm and barrier width= 2 nm 
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show rectangular, triangular and parabolic DQWs, 

respectively. In all three cases, the left well width is 

10 nm and the barrier width is 2 nm. Whereas the 

right well width is 14 nm, thus defining the 

asymmetry parameter (Ap = Right well width/Left 

well width=1.4). 

In Fig. 2(a), we present the variation of energy 

difference (|E2-E1|), between the ground and first 

excited state, with the asymmetry parameter, for all 

the three well shapes, in the absence as well as 

presence (B = 5T) of the magnetic field. The energy 

difference is minimum when Ap = 1.0 (symmetric 

well) and increases when Ap is varied on both sides of 

Ap = 1.0. Further, it is also shown that when Ap>1.0, 

the magnetic field influences the energy difference 

significantly compared to the case when Ap<1.0. 

Hence, not only the shape but also asymmetry 

parameter becomes a tool to influence ∆E21 = |E2-E1|. 

Figure 2(b) shows the transition matrix elements |µ21|, 

with the asymmetry parameter. We have shown two 

cases of magnetic field: B = 0 and B = 5T. In all the 

three cases of well shape, they have same value when 

Ap = 1.0. The value of transition matrix element 

decreases when Ap is varied on either side from Ap 

=1.0. We observed almost similar behaviour for all 

transition matrix elements. 

Figure 3 shows the variation of linear absorption 

coefficient, α
(1)

 with laser frequency ħω (meV) for the 

transition 2 →1. The QDW shape in this case is 

rectangular. The left well width is 10 nm, barrier 

width is 2 nm and the right well width is varied from 

8 nm to 18 nm in steps of 2 nm as depicted by the 

asymmetry parameters on the top of the panels from 

(a)-(f). The variation of α
(1)

 in each case has been 

studied for various magnetic fields, B = 0, 2, 5, 8 and 

10 T. The value of linear absorption coefficient, α
(1)

, 

is maximum for asymmetry parameter Ap = 1.0 

corresponding to the symmetric double quantum well. 

The value of α
(1)

 decreases for Ap above and below 1.0 

as is clear from the figure. Further, the value of α
(1)

 

keeps decreasing with increasing value of Ap for a 

given value of magnetic field, and the peak value of 

α
(1)

 for a given magnetic field shifts to higher value of 

laser frequency when the asymmetry parameter 

increased, as it clear for the panels (c)-(f) in the 

figure. For lower values of Ap, the variation of α
(1)

 

with the magnetic field is small, which becomes 

significant for DQW with higher values of asymmetry 

parameter. For a given values of Ap, the value of α
(1)

 

keeps on increasing with increase in the magnetic 

field but the position of the peak value of α
(1)

 shifts to 

lower values of laser frequency, i.e., there is red shift.  

Figures 4 and 5 show same variation for triangular 

and parabolic wells, respectively. The variation of α
(1)

 

keeps decreasing with increasing value of Ap for a 

given value of magnetic field, i.e., α
(1)

 show the same 

trend as for the rectangular DQW, the only difference 

being in the values of α
(1)

. While the value of α
(1)

 for 

Ap = 1.2 and B = 10 T is ~ 8.97×10
5
 m

-1
 for 

rectangular DQW, it is ~ 2.51×10
5 

m
-1

 for triangular 

DQW and ~ 4.52×10
5 

m
-1

 for parabolic DQW. 

Further, the variation of the value of α
(1)

 and the 

position of its peak value shows the same trend for 

triangular and parabolic DQW as for the rectangular 

DQW. This can be explained on the basis of the energy  

 
 
Fig. 2 – (a) Variation of energy difference of the states with 

the asymmetry parameter in the DQW of different rectangular, 

triangular and parabolic shapes. The different set of energy 

states is for the transition (2→ 1), i.e., E2 - E1 at magnetic field 

B=0 T and 5 T. Left well width=10 nm and barrier width= 2 nm. 

(b) Variation of dipole matrix elements with the asymmetry 

parameter in the DQW of different rectangular, triangular and 

parabolic shapes. The energy transition is taken to be from is for 

the transition (2→ 1), i.e., µ21 at magnetic field B=0 T and 5 T. 

Left well width=10 nm and barrier width= 2 nm 
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Fig. 3 – Variation of linear absorption coefficient, α(1), in the rectangular DQW with laser frequency ħω (meV) for the laser intensity, 

I=0 W/m2 for magnetic fields = 0, 2, 5, 8 and 10 T. Left well width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels

(a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 1.8, respectively. The energy transition is taken to be for the transition (2→ 1) 

 

 
 

Fig. 4 – Variation of linear absorption coefficient α(1), in the triangular DQW with laser frequency ħω (meV) for the laser intensity, 

I=0 W/m2 for magnetic fields = 0, 2, 5, 8 and 10 T. Left well width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels

(a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 1.8, respectively. The energy transition is taken to be for the transition (2→ 1) 
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difference and the transition matrix elements 

compared for all the three cases in Figs 2(a) and 2(b), 

respectively. 

In Fig. 6, the variation of linear α
(1)

, nonlinear α
(3)

, 

and total α, absorption coefficient in the rectangular 

DQW with laser frequency ħω (meV) has been 

presented for different laser intensities for magnetic 

fields = 5T. The intensities I = 0, 0.2, 0.5, 0.8 and 1.0 

correspond to I×10
10

 W/m
2
. Left well width = 10 nm, 

barrier width = 2 nm. The asymmetry parameters for 

panels (a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 

and 1.8, respectively. The energy transition is taken to 

be for the transition (2 → 1). The value of total 

absorption coefficient α is maximum for asymmetry 

parameter Ap = 1.0. The value of α
(3)

 keeps on 

increasing with increase in the laser intensity for the 

given value of Ap leading to lower value of α. For a 

given value of laser intensity the value of α
(3)

 keeps 

decreasing with increasing value of Ap leading to 

more linear effect.  

Figures 7 and 8 show same variation for triangular 

and parabolic wells, respectively. For both triangular 

and parabolic DQW, the trend is same as that in the 

rectangular DQW. For Ap = 1.8, laser intensity I = 

1.0×10
10

 W/m
2
 and B = 5T, while the absolute value 

of nonlinear absorption coefficient α
(3)

 is more as 

compared to α
(1)

 leading to a negative value of α for 

rectangular DQW, the values of α
(3)

 as compared to 

α
(1)

 are less in the case of triangular and parabolic 

DQWs leading to positive values of α. These α
(1)

, α
(3)

 

and α values are 3.56×10
5 

m
-1

, -2.72×10
6
 m

-1
 and  

-2.37×10
6
 m

-1
 for rectangular; 1.16×104 m

-1
,  

-1.70×10
3
 m

-1
 and 9.96×10

3
 m

-1
 for triangular; and 

3.09×10
4
 m

-1
, -1.40×10

4
 m

-1
 and -1.60×10

4
 m

-1
 for 

parabolic DQW, respectively. These values have their 

peak positions at laser frequency 18, 31 and 25 meV 

for rectangular, triangular and parabolic DQW, 

respectively, as is evident from the panel (f) of Figs 6, 

7 and 8. 

Figure 9 shows the variation of linear, ∆nr
(1)

/nr, 

non-linear, ∆nr
(3)

/nr and total, ∆nr/nr, refractive index 

changes in rectangular DQW for different asymmetry 

parameter, with laser frequency ħω (meV) for 

different laser intensities. The intensities I = 0, 0.2, 

0.5, 0.8 and 1.0 correspond to I×10
10

 W/m
2
. Left well 

width=10 nm, barrier width=2 nm. Asymmetry 

parameters taken in the figure are 0.8 in (a) and (d); 

1.0  in  (b)  and   (e); 1.2  in  (c)  and  (f).  The  energy  

 
 
Fig. 5 – Variation of linear absorption coefficient, α(1), in the parabolic DQW with laser frequency ħω (meV) for the laser intensity, 

I=0 W/m2 for magnetic fields = 0, 2, 5, 8 and 10 T. Left well width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels

(a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 1.8, respectively. The energy transition is taken to be for the transition (2→ 1) 
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Fig. 6 – Variation of linear, α(1), nonlinear, α(3), and total, α, absorption coefficient in the rectangular DQW with laser frequency 

ħω (meV) for different laser intensities for magnetic fields = 5 T. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond to I×1010 W/m2. 

Left well width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels (a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 

1.8, respectively. The energy transition is taken to be for the transition (2→ 1) 

 

 
 

Fig. 7 – Variation of linear, α(1), nonlinear, α(3), and total, α, absorption coefficient in the triangular DQW with laser frequency ħω (meV) 

for different laser intensities for magnetic fields = 5 T. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond to I×1010 W/m2. Left well 

width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels (a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 1.8, 

respectively. The energy transition is taken to be for the transition (2→ 1) 
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Fig. 8 – Variation of linear, α(1), nonlinear, α(3), and total, α, absorption coefficient in the parabolic DQW with laser frequency ħω (meV) 

for different laser intensities for magnetic fields = 5 T. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond to I×1010 W/m2. Left well 

width = 10 nm, barrier width = 2 nm. The asymmetry parameters for panels (a), (b), (c), (d), (e) and (f) are 0.8, 1.2, 1.4, 1.6 and 1.8, 

respectively. The energy transition is taken to be for the transition (2→ 1) 

 

 
 

Fig. 9 – Variation of linear, ∆nr
(1)/nr, non-linear, ∆nr

(3)/nr and total, ∆nr/nr, refractive index changes in rectangular DQW for different 

asymmetry parameter, with laser frequency ħω (meV) for different laser intensities. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond 

to I×1010 W/m2. Left well width=10 nm, barrier width=2 nm. Asymmetry parameter 0.8 in (a) and (d); 1.0 in (b) and (e); 1.2 in (c) and (f). 

The energy transition is taken to be for the transition (2→ 1) and the magnetic field B is taken to be 0 T 
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transition is taken to be for the transition (2→ 1) and 

the magnetic field B is taken to be 0 T. The value of 

∆nr
(3)

/nr is maximum for the symmetric DQW.  

Figures 10 and 11 show same variation for 

triangular and parabolic wells, respectively. The value 

of ∆nr
(1)

/nr, ∆nr
(3)

/nr , and ∆nr/nr for Ap =1.0 and  

 
 

Fig. 10 – Variation of linear, ∆nr
(1)/nr, non-linear, ∆nr

(3)/nr and total, ∆nr/nr, refractive index changes in triangular DQW for different 

asymmetry parameter, with laser frequency ħω (meV) for different laser intensities. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond 

to I×1010 W/m2 Left well width=10 nm, barrier width=2 nm. Asymmetry parameter 0.8 in (a) and (d); 1.0 in (b) and (e); 1.2 in (c) and (f). 

The energy transition is taken to be for the transition (2→ 1) and the magnetic field B is taken to be 0 T 
 

 
 

Fig. 11 – Variation of linear, ∆nr
(1)/nr, non-linear, ∆nr

(3)/nr and total, ∆nr/nr, refractive index changes in parabolic DQW for different 

asymmetry parameter, with laser frequency ħω (meV) for different laser intensities. The intensities I=0, 0.2, 0.5, 0.8 and 1.0 correspond 

to I×1010 W/m2. Left well width=10 nm, barrier width=2 nm. Asymmetry parameter 0.8 in (a) and (d); 1.0 in (b) and (e); 1.2 in (c) and (f). 

The energy transition is taken to be for the transition (2→ 1) and the magnetic field B is taken to be 0 T 
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I =1.0×10
10

 W/m
2
 for various shapes of symmetric 

DQW are -1.48, 11.69 and 10.21 at ħω = 11 meV for 

rectangular; -1.31, 13.17 and 11.86 at laser frequency 

ħω = 7 meV for triangular; and -1.35, 13.17 and 11.82 

at ħω = 8 meV for parabolic. The corresponding 

values for the asymmetric DQW with Ap =1.2 and  

I =1.0×10
10

 W/m
2
 are -0.18, 0.28 and 0.10 at  

ħω = 13 meV for rectangular; -.10, .07 and -0.03 at 

ħω = 15 meV for triangular; and -0.51, 1.59 and  

1.08 at ħω = 14 meV for parabolic. 

 

4 Conclusions 

The optical properties namely linear and nonlinear 

absorption coefficients and changes in the refractive 

index of DQW system having different well shapes 

have been studied theoretically in detail for various 

quantum well and laser parameters in the presence of 

external magnetic field applied along the growth 

direction. The role of asymmetry parameter, in 

particular, has been emphasized. It is shown that the 

magnetic field along with asymmetry parameter may 

prove vital for engineering optical properties of 

coupled quantum well systems. Further, it is shown 

that asymmetry parameter Ap>1 influences the 

absorption coefficients and refractive index changes 

quite strongly as compared to the case when Ap <1. 

There are shifts in the resonant peaks with the 

frequency of the laser field. 
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