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ABSTRACT
A numerical method aimed to predict the optomechanical dynamics
in micro- and nano-structured resonant cavities is introduced here. The
rigorousness of it is ensured by exploiting the harmonic version of the
transformation optics (TO) technique and by considering all the energy-
transduction contributions of electrostriction, radiation pressure, photoelas-
ticity and moving boundaries. Since our full-wave approach implements a
multi-modal analysis and also considers material losses, from both a mech-
anical and an optical point of view, a considerable step further has been
made in respect to the standard optomechanical perturbative theory. The
efficiency and the versatility of the strategy are tested by analysing the
optomechanical behaviour of a corrugated Si-based nanobeam and com-
paring numerical results to experimental ones from the literature.
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1. Introduction

In the recent past, the interlacing between optical cavities and mechanical systems has given rise
to a rapid development of the research branch called cavity optomechanics which aims, by the
means of a high-Q resonant recirculation, to confine light into small volumes.[1–4] The intent of
an optomechanical system is to investigate the interaction of light with a mechanical oscillator,
and its highly interdisciplinary nature leads to several potential applications in various fields of
research, especially in quantum processing.[5–9] It has been shown that the combination of both
optical and mechanical interactions guarantees the most successful exploitation of mechanical
vibrations for the managing of quantum phenomena through phonon-assisted optical or sideband
transitions, as demonstrated in trapped ions[10,11] and, more recently, in cavity optome-
chanics.[12–19] Focusing on the latter, optomechanical micro-cavities can also serve as a possible
concept to provide new functionalities, applications and opportunities beyond standard technol-
ogy, owing to phonon propagation, generation and processing.[20,21] In this contribution, we pre-
sent a fully coupled numerical approach which, combining the two exerted physics of mechanics
and optics, accurately predicts the optomechanical dynamics in micro-structured resonant cav-
ities.[22] The rigorousness of such analysis is ensured by considering all the four main energy-
transduction contributions.[23] Referring to the two inserts of Figure 1, the radiation pressure and
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the electrostriction constitutes the forces wielded by the E-field on the matter, whereas the photo-
elasticity describes the perturbation of the electromagnetic radiation caused by the presence of the
mechanical wave. Special considerations are then required for what concerns the so called
moving boundary effect, i.e. the boundary deformation caused by the space–time varying pres-
sure field that perturbates the electromagnetic boundary conditions. Specifically, the Eulerian
coordinates in which the Maxwell equations are solved are not able to take into account for
the mechanical displacement, defined, in turn, in Lagrangian coordinates. As a matter of fact,
the just reported limitation can be numerically significant in case of nano-scale cavities. The
transformation optics (TO)[24,25] method represents an elegant and efficient solution to the
addressed problem. According to its original concept, TO is an analytical tool that facilitates
the design of a variety of optical devices (lenses, phase shifters, deflectors, etc.) by deforming
the coordinate system, warping space to control the trajectories of the electromagnetic radi-
ation. Such alteration then turns into a change of the electromagnetic material parameters
such as the permittivity � and the permeability l. For the special case of optomechanics, TO
is used to take into account for the time-varying boundaries of the domain under investiga-
tion,[26] making then possible to consider the moving boundary effect by means of a modified
version of the standard Helmholtz equation.

2. Theoretical background

From an analytical point of view, optomechanics is described by the combination between the
continuum mechanical physics and the classic electrodynamics. The foundations of the considered
phenomena rely on the relation as follows:[27]

x1 ¼ x26X; (1)

where X is the mechanical frequency and x1;2 are the optical ones, respectively, of the pumped
and of the scattered light. Such relation states the exchange of energy between the provided elec-
tromagnetic radiation and the mechanical motion, also defining the matching condition for the
time-dependent source terms that, as we shall see shortly, enter in the ruling equations of the
physics of interest. A general mechanical wave, whether is it confined in a mechanical cavity or
free to propagate, is efficiently described in terms of the displacement u, which satisfies the con-
servation law of the linear momentum[28]

q0X
2uþrX � ðFSÞ ¼ �FRP � FES;V � FES;B; (2)

where q0 the mass density of the undeformed configuration, F the deformation gradient tensor, S
the second Piola–Kirchhoff tensor and rX indicates the nabla operator expressed in Lagrangian
coordinates. The right-side of Equation (2) introduces two of the four aforementioned coupling
parameters of an optomechanical phenomenon, i.e. the radiation pressure FRP and the electrostric-
tive forces FES;V ; FES;B, splitted for numerical purpose in their volumetric and perimetric

Nomenclature

TO Transformation optics
x1 Angular frequency, optical pump, Hz
x2 Angular frequency, scattered field, Hz
X Mechanical angular frequency, Hz
u Mechanical displacement, m
q0 Mass density, Kg=m2

FRP Radiation pressure force, N=m2

FES;V Electrostrictive force, volume, N=m3

FES;V Electrostrictive force, boundary, N=m2

fm Mechanical frequency, Hz
u0 Initial displacement, m
meff Effective mass
%g Metric tensor
%F Deformation gradient
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contributions.[29] Two additional mechanical quantities must be taken into account: the effective
mass meff,

[30] so that it is possible to study the non-ideal oscillating system as a simple harmonic
oscillator, and the thermally induced initial displacement u0, essential for having an initial condi-
tion for the mechanical module. The latter is given by the following:[31]

u0
2� 4kBT

meff f 2m
(3)

and implemented in the fem-solver as a pre-existing condition for the mechanical motion. As
afore-stated, in a standard full-wave simulator Maxwell equations are solved in Eulerian coordi-
nates, that are not able to automatically account for the effect of the displacement on the bounda-
ries. TO offers a valid solution to overcome such a problem. According to what has been
developed by Zecca et al.,[26] the modified version of the Helmholtz equations accounting for
both the photoelastic and the moving boundary effects are given as the following:

r� A
�1r� E1 � x1

2CE1 ¼ x1
2½KE1 þ ðD þ LÞE2� � ix1r� ðA�1

BH2Þ: (4)

r� A
�1r� E2 � x2

2CE2 ¼ x2
2½KE2 þ ðD� þ L

2ÞE1� � ix2r� ðA�1
B
�
H1Þ: (5)

To derive a more compact form of the equations, the following second rank tensors have been
introduced[26]

A ¼ g 0l; B ¼ g 1l; C ¼ g 0�; D ¼ g 1�;K ¼ �0
2
ðg 1D�

� þ g 1
�D�Þ; L ¼ �0

2
ðg 2D�

� þ g 2
�D�Þ:

where E1;2 are the pumped/scattered electric fields, D� the photoelastic contribution and g has
been defined as the metric tensor, composed of seven terms of different harmonics directly
derived from the TO procedure.

g ¼ FF

detF
¼

X3

n¼�3

gne
inXt: (6)

Figure 1. Visualisation of an optomechanical interaction: the incident electromagnetic radiation generates the two force-like
optic contributions of (a) radiation pressure and (b) electrostriction, here presented as the force exerted by the E-field on
a molecule.
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3. Validation of the method

In what follows, a validation of the proposed predictive model, pursued by regaining and expand-
ing the experimental results obtained in the work by Navarro-Urrios et al.[32] concerning the
observation of a breathing mechanical mode at 5.5GHz in a 1D corrugated Si-based nanobeam,
will be given. Such mechanical mode optomechanically interacts with the optical resonance, of
which the E-field norm is shown in Figure 2, through a strong dynamical back-action effect at a
room temperature. The unit cell of the optomechanical crystal is a Si parallelogram which
presents a cylindrical hole in the centre and two symmetric stubs on the side. Such a structure
exhibits a full phononic band gap around 4GHz, as verified in the work by Gomis-Bresco
et al.[33] The geometry of the optomechanical cavity is composed of two mirror regions on the
right and on the left sides of the structure which enclose a section where the pitches, the radius
and the stubs length of the unit cells have been scaled in a quadratic way towards the centre, with
a maximum geometrical reduction with respect to the mirror cells of 17%. Both doping and
resistivity q of the crystalline silicon layer of which the cavity is made (respectively of �1�10
Xcm�1 and �1015 cm�3) have been incorporated into the conductivity r, while the anisotropy is
modelled by mean of a non-diagonal elasticity matrix. In addition, an isotropic loss factor of
0.001 has been considered. A first remarkable difference between the experimental observations
and our predictive model is the frequency in which the chosen optical resonance falls: according
to the measurements taken by Navarro-Urrios et al.,[32] the latter happens to be at
fopt;measured � 190 THz, whereas, according to our calculations, fopt;calculated ¼ 149:17 THz. Such a
difference relies on the 2D-environment in which our simulations are carried out, since the loss
of the electromagnetic fields confinement in the missing third dimension causes a shift in all the
optical resonance frequencies. As we shall see in what follows, such frequency-mode shifting also
happens when it comes to consider the mechanical resonances, although not as marked as in the
optical case. From the experimental point of view, as a result of the excitation of the considered

Figure 2. Spatial E-field distribution of the considered optical mode with a focus (see the insert) on the unit cell of the optome-
chanical crystal. The nominal geometrical values of the latter are a¼ 500 nm, r¼ 150 nm and d¼ 250 nm, with a thickness
of 220 nm.
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optical mode, a strong RF transduced signal is observed corresponding to mechanical modes dis-
tributions over a spectral range between 10MHz and 9GHz.[32] The numerical analysis gives, in
turn, the effective enhancement of the displacement associated to the considered mechanical reso-
nances. Although the extrapolated data are not comparable in absolute terms, the juxtaposition of
their trends on three different intervals of the frequency spectrum of the mechanical modes, as
reported in Figure 3, clearly shows a good resemblance. In particular, the four measured peaks in
the RF power density spectrum[32] falling at the frequencies of fm;1 � 2:5 GHz, fm;2 � 5:5 GHz,
fm;3 � 6:65 GHz and fm;4 � 6:75 GHz are acceptably matched by the ones numerically computed.
As aforestated, also in this case a frequency compensation of Df ¼ 0:5 GHz has been considered
in order to get rid of the limiting bidimensional environment in which the calculations have been
conducted. Focusing on the mechanical mode under investigation, if we consider the thermal dis-
placement u0 ¼ 3:21 � 10�13 m (T¼ 300 K) and an exciting optical power of Popt¼ 20mW, the
optomechanical interaction carried out by means of our numerical simulations leads to a final dis-
placement of u ¼ 1:55 � 10�12 m, as shown in Figure 3(b). For the sake of completeness, the spa-
tial displacement field distribution associated to the four mechanical modes taken into
consideration is plotted in Figure 4, which also indicates the related parameters of the quality fac-
tor Qm, the effective mass meff and the optomechanical coupling rate gOM, derived from the clas-
sical perturbative approach.[34] Figure 5 shows the modulus of two forces, exerted by the
electromagnetic field, of electrostriction (considered both on the boundaries and on the whole
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Figure 3. Qualitative comparison between theoretical (red dots, m) and experimental (blue triangles, arb:units) data, as reported
in [32], for three different range of frequencies: (a) 2:35�2:7 GHz, (b) 5:36�5:56 GHz and (c) 6:65�6:95 GHz.
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Figure 4. Spatial displacement field distribution and parameters of optomechanical interest (effective mass meff, quality factor
Qm and optomechanical coupling rate gOM) of the mechanical modes resonating at (a) 2.08 GHz, (b) 5.02 GHz, (c) 6.07 GHz and (d)
6.17 GHz related to the peaks shown in Figure 3(a)–(c).

Figure 5. Evaluation and visualisation of the optical contributions related to the chosen mechanical resonating mode
(fm¼ 5.02 GHz): the electrostrictive force acting on both (a) the boundaries and (b) the volume of the optomechanical cavity and
(c) the radiation pressure.
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volume of the cavity) and radiation pressure and also the displacement u, generated from the
optomechanical interaction. It is evident that the highest optically exerted forces occur in corres-
pondence of abrupt discontinuities, which is actually where the displacement field of the mechan-
ical mode under analysis reaches its maximum values. Such congruency constitutes the main
reason why the optomechanical coupling between the two resonating modes, i.e. the optical and
the mechanical one, is particularly high. Further considerations can be made on the effective con-
tribution exerted by the three aforementioned forces by simply taking them individually, as done
in Figure 6. By evaluating the single effects of the various force components FES;Bx,
FES;By; FES;Vx; FES;Vy; FRPx and FRPy weighed by a scale factor, i.e. a multiplier coefficient going
from 0 to 1, it is in the first instance possible to notice that the transversal polarization of the
optical mode makes the y contributions much more effective than the x ones. Secondly, given the
field configuration of the mechanical resonance under analysis, the boundary forces generate
higher values of the displacement u in respect to the volume ones. According to our calculations,
the electrostrictive boundary force results to be considerably higher than the radiation pressure
one: the peak values are found to be of, respectively, 7.22 and 2.78 Pa. Additionally, by observing
the values of the maximum displacement Max(u) resulting from the application of the aforelisted
individual contributions (especially the one coming from the y component of the electrostrictive
boundary force FES;By; MaxðuÞ ¼ 2:08 � 10�12 m) and the one coming from the fully coupled opto-
mechanical approach (MaxðuÞ ¼ 1:55 � 10�12 m), It turns out that there is no visible cumulative
effect, but rather that the electrostrictive and the radiation pressure forces seem to compensate for
the effects of each other[35].

4. Conclusion

In this contribution, a fully coupled numerical approach which accurately predicts the optome-
chanical dynamics in micro-structured resonant cavities has been presented. The results coming
from the method have been tested with respect to the experimental ones from the literature, and
a good agreement between the two has been shown. Our method considerably differs from the
standard perturbative analysis[34] by giving the effective final displacement of the mechanical reso-
nating mode under investigation caused by the optical excitation and, also, the possibility to
evaluate the various optomechanical interaction forces as the electrostriction and the radiation
pressure. A further addition concerns the possibility of conducting a multi-modal analysis and
taking into account for the material losses, both in mechanical and optical terms, which is of key
importance in order to correctly characterise the optomechanical phenomenon.
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Figure 6. Displacement generated from the single components (x and y) of the three force contributions FES;B , FES;V and FRP
taken individually.
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