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Abstract
Weconsider the unitary dynamics of interacting fermions in the lowest Landau level, on spherical and
toroidal geometries. The dynamics are driven by the interactionHamiltonianwhich, viewed in the
basis of single-particle Landau orbitals, contains correlated pair hopping terms in addition to static
repulsion. This setting and this type ofHamiltonian has a significant history in numerical studies of
fractional quantumHall (FQH) physics, but themany-body quantumdynamics generated by such
correlated hopping has not been explored in detail.We focus on initial states containing all the
fermions in one block of orbitals.We characterize in detail how the fermionic liquid spreads out
starting from such a state.We identify and explain differences with regular (single-particle)hopping
Hamiltonians. Such differences are seen, e.g.in the entanglement dynamics, in that some initial block
states are frozen or near-frozen, and in density gradients persisting in long-time equilibrated states.
Examining the level spacing statistics, we show that themost commonHamiltonians used in FQH
physics are not integrable, and explain thatGOE statistics (level statistics corresponding to the
Gaussian orthogonal ensemble) can appear inmany cases despite the lack of time-reversal symmetry.

1. Introduction

In recent years, intense research effort has been directed at the real-time dynamics ofmany-body quantum
systems in the absence of external baths or dissipationmechanisms [1–4].Motivated by experiments—most
prominently with laser-cooled atoms, but increasingly also in other settings—where experimental
measurements are performed at timescales shorter than dissipation timescales, a large and growing body of
theoretical work has addressed issues such as relaxation, thermalization, and dissipationless transport in isolated
quantummany-body systems.

The bulk of the literature on non-dissipativemany-body quantumdynamics focuses on short-range
Hamiltonianswith density–density interactions and single-particle hopping. In particular, the dynamics of one-
dimensional (1D) (and to a lesser extent two-dimensional) latticeHamiltonians have enjoyedmuch attention.
Models that can bemapped to free-fermion systems, such as the transverse-field Isingmodel and hard-core

bosons on 1D chains, as well asmodels that are fundamentally interacting, such as theHeisenberg spin- 1

2
chain

and the bosonic and fermionicHubbardmodels, have served aswidely used test beds for understanding non-
equilibriumquantumphysics in the dissipationless regime [1–4].

In the present work, we consider the dynamics of aHamiltonianwhich also has a venerable history in the
condensedmatter physics literature, but has some remarkable properties which stand out from the
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Hamiltoniansmore usually considered in the non-equilibrium literature. ThisHamiltonian stems from the
community studying fractional quantumHall (FQH) physics.We consider interacting fermions on a two
dimensional surface subject to a strongmagnetic field, such that the dynamics can be considered to be confined
to the lowest Landau level (LLL) atfinite filling. Following a strong tradition in numerical studies of FQH
physics, the fermions are placed on closed geometries, either a sphere [5–10] or a torus [10–13]. The single-
particle basis then consists of afinite number of orbitals circling the sphere (along lines of latitude) or circling
one direction of the torus.When the interaction potential is projected onto the LLL, we obtain a quartic termof
type a a a ai k m i m i k i+ + - +

† † , where the subscripts are orbital indices. This contains both static density–density
repulsion (m=0 orm=−k) and,more interestingly, correlated hoppings of particle pairs.When focusing on
the LLL, the kinetic energy (quadratic) part of theHamiltonian is quenched. Thus the dynamics are driven by the
correlated pair hopping contained in the interaction. Since the orbitals are arranged in a sequence, one can think
of the arrangement as a 1D ‘lattice’ systemwith open or periodic boundary conditions (sphere and torus,
respectively). However, the quartic terms driving the dynamics are very peculiar from the perspective of lattice
models. Viewed as a lattice (chain), our system is described by aHamiltonian of the form

H V a a a a . 1
i k m

k m
i

i k m i m i k i
, ,

,å= + + - + ( )( ) † †

The hopping terms involve two particles hopping symmetrically outward away from, or symmetrically inward
toward, each other. This formof theHamiltonian appears because the system is described inmomentum space,
andmomentum is conserved. Sincemomentum in one direction is coupled to position in the transverse
direction, the process conserves the center ofmass position of the pair. The details of the couplingVk m

i
,

( ) depend
on the exact geometry, but it has the generic feature that it falls off at long distances (as a function of either k orm)
inGaussian fashion (faster than exponentially), with a length scale scaling as a square root of the number of
orbitals (number of ‘lattice sites’). The coupling is thus neither completely local nor quite non-local.

To highlight the peculiarities of thisHamiltonian, wemay compare/contrast with a paradigmatic single-
particle-hoppingHamiltonian that is used in the non-equilibrium literature:

H a a a a V a a a a . 2
i

i i i i
i

i i i i1 1 1 1å å= - + ++ + + +( ) ( )† † † †

This is a tight-bindingmodel for fermionswith nearest-neighbor interactions of strengthV, and is equivalent to
theXXZ spin chain apart fromboundary termsAlthough this is an interacting quarticHamiltonian, like the
Hamiltonian (1) to be examined in this work, the hopping occurs through a quadratic term (single-particle
hopping). This feature is quite typical ofmodels generally considered in the quantumnon-equilibrium literature
[1–4]. Clearly, when considered inmomentum space, the dynamics in thismodel will also proceed through
symmetric two particle hopping.However, outside of the FQHcontext, we cannot interpret this as hopping in
real space.Wewill discuss this further in section 6.

We consider dynamics arising from an inhomogeneous initial state.We pack theN fermions in a block ofN
contiguous orbitals, so that there is a block offilled orbitals which spreads into the rest of the sphere/torus, the
rest of the orbitals being initially empty.With respect to any subdivision of orbitals, this initial state is a zero-
entanglement product state. This has an obvious analogy in fermionic tight-binding chains, and is also
analogous to a spin chainwhere some contiguous block start in a spin-up state and the rest start in a spin-down
state, e.g.the ‘domainwall’ state        ñ∣ . For tight-binding fermionic chains and spin chains, this type
of dynamics by nowhas been studied in some detail [14–31]. Related situations, e.g.when one/both of the
regions are not completely full/empty, are also of interest and sometimes involve similar physics [23, 32–41]. As
the dynamics can be regarded as being initiated by abruptly joining two regions in different equilibrium states,
this process is sometimes known as an ‘inhomogeneous quench’. If both parts are locally ground states of the
Hamiltonian, there is a spreading or ‘transport’ of fermions ormagnetization fromone region to the other. For
localHamiltonians, an intermediate current-carrying region grows linearly as a ‘light cone’, withinwhich a non-
equilibrium steady state emerges. The formof the non-equilibrium steady state [14, 21, 23], the nature of the
boundary of the light-cone [22, 23], spreading of entanglement [23], and the effects of interactions
[15, 16, 21, 28] and integrability [25, 27] are some of themany aspects that have been investigated. In this
literature, the spreading dynamics is driven by single-particle hopping, as opposed to the correlated pair
hopping driving our LLL dynamics.We expect such ‘transport’ dynamics to bewell-suited for exposing the
differences between the two classes of hopping.

A hallmark of isolated quantum systems is that the dynamics can be governed by any part of themany-body
eigenspectrum: the low-energy parts of the spectrumdonot necessarily play an important role. The reason is
that, if the initial state has overlapswith some set of eigenstates, possibly far from the low-energy part of the
spectrum, then (assuming a time-independentHamiltonian) the systemdynamics does not explore any other
part of the spectrum, as there is no tendency toward the ground state in the absence of external dissipation
mechanisms. Initial states of the inhomogeneous typewe use, typically have largest overlapwith eigenstates far
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removed from the low-energy regime. The interest in the presentHamiltonian and associated geometries has
been largely due to the exotic topological and fractionalization properties of the ground state and low-lying
excited states [42–46]. In this work, this class of properties is not expected to play any role, since the physics
explored is not directly related to ground state physics. Instead of the low-energy part of the spectrum, we
present a study of the level spacing statistics of the fullmany-body spectrum. The level statistics are known to be
sensitive to conservation laws and integrability [47–51], whichmay have nontrivial effects on the non-
equilibriumbehaviors.

Although the physics explored here is not directly related to FQHphysics, we show results at thefilling at
which the best-known FQH state, namely the Laughlin ν=1/3 state [42], appears.We placeN fermions on a
toruswith N3 orbitals or on a spherewith N3 2- orbitals. The phenomenawe describe do not depend strongly
on thefilling, as long as the filling is not too close to 0 or 1.Our choice of 1/3 filling simply reflects the historical
importance of this filling. The extreme case of unitfilling represents an integer quantumHall state, which has no
dynamics as long as we are confined to a single Landau level (LL).

The precise formof the interactionwe use also reflects a FQH tradition: we use the so-called pseudopotential
V1. This is a short-range potential in real space. It has the Laughlin ν=1/3 state as its exact ground state
[7, 44, 52]. The dynamics wewill present depend on the correlated-pair-hopping nature of theHamiltonian, but
do not depend strongly on the precise formof the interaction.When appropriate, we comment on differences or
similarities between the short-rangeV1 potential and the long-range Coulombpotential, with regards to
dynamics and level statistics.

In section 2, we provide a description of the geometries and the formof theHamiltonian in the orbital basis.
In section 3, we describe our initial states. Considering initial states where theN fermions are placed on a block
ofN consecutive orbitals, the position of this block can still be varied.On the torus, shifting the block position
makes no difference due to translation symmetry, analogous to a periodic tight-binding chain. On the sphere,
one could consider having the block starting at one of the poles. In the chain analogy, this corresponds to the
block starting at one edge of the open chain, so that there is a single ‘domainwall’; this is strongly analogous to
the literature on inhomogeneous quenches.We explain however that such a state is inert and has no dynamics
whatsoever, due to conservation of angularmomentum. Instead, we primarily focus on the initial state having
the block of fermions centered at the equator.

Section 4 focuses on real-time dynamics.We present details of the ‘melting’ process of the equatorial block,
such as the intermediate and long-time occupancy/density profiles, the evolution of entanglement entropies,
relaxation timescales etc.We point out differences and similarities with a ‘usual’ tight-bindingmodel with
single-particle hoppings; for example the evolution of the entanglement entropy profile shows a striking
difference.We examine the ‘overlap distribution’—the overlaps of the initial statewith all energy eigenstates.
For the torus, the overlaps are found to be dominated by a few eigenstates at the very top of themany-body
spectrum. As a result, our initial state on the torus has no substantial dynamics, even less sowith increasing sizes.
We also examine a shifted initial state on the sphere, which leads to a non-uniform asymptotic occupancy profile
whose overall shape (nearly linear)we are able to explain usingmean-field-like considerations.

Section 5 discusses the level spacing statistics. By identifyingWigner–Dyson statistics, we demonstrate that
the LLLHamiltonians are not integrable, either withV1 or withCoulomb interactions.We demonstrate also that
theHamiltonian on the sphere and in severalmomentum sectors on the torus followGaussian orthogonal
ensemble (GOE) statistics, despite the systemhaving broken time-reversal symmetry.We explain this counter-
intuitive effect using a result reported in [51] for single-particle systems, namely, that GOE statisticsmay appear
in time-reversal-broken systems if there is a unitary symmetrywhich, combinedwith time-reversal, provides an
anti-unitary symmetry leaving theHamiltonian invariant. To our knowledge, this is the first time this effect has
been observed in amany-body setting.

Concluding comments and discussion are presented in section 6.

2.Geometries andHamiltonian

In this sectionwe introduce the geometries and the forms that the interactionHamiltonian takes in the LLL on
the two geometries. Our goal here is to provide enough details for a reader fromoutside the field of FQHphysics
to appreciate the geometry and the forms of theHamiltonian.

Wewillfirst describe the single-particle problem and single-particle eigenfunctions (orbitals) on both the
sphere and torus, followed by discussion of the interacting problem.

2.1. Single-particle orbitals and quantumnumbers
A charged particle (possibly an electron)withmassm and charge q, confined tomove in two dimensions (x and
y), in amagnetic fieldB pointing in the third (z) direction, is subject to theHamiltonian
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H p eAj x y m j j,
1

2
2= å -= ( ) . Here A


is the vector potential. The quadraticHamiltonian can be diagonalized by

introducing ladder operators a, a†and b, b†. The diagonalized hamiltonian is H a a 1

2
w= +( )† , with

q B mw = ∣ ∣ . The absence of the b operator signifies an extensive degeneracy with respect to each eigenvalue of a.
Each energy band is called a LL, and the lowest band is the LLL.We are interested in the high-field regime such
that the separation between LLs is far larger than the interaction energy scale, so that we can focus on the LLL and
ignore all other LLs. The single-particle eigenstates within the LLL have a characteristic length scale (‘magnetic
length’) q BB =ℓ ∣ ∣ .

2.1.1. Torus
Wedefine the torus as a Bravais lattice with lattice vectors L1 and L2, not necessarily perpendicular to each other.
We define LL , 01 = ( ) and L LL ,2 1 2t t= ( ), where τ=τ1+iτ2 is a complex parameter. This is a standard
parametrization of the torus geometry [13, 53–59]. Rectangular tori, for which L1 and L2 are orthogonal, are
obtained for τ1=0. In this case, for τ2→0 and 2t  ¥, one obtains the ‘thin torus’ limit, which has been used
fruitfully to gain insights into FQHphysics [60–70].Wewill restrict to unit aspect ratio ( L L1 2=∣ ∣ ∣ ∣and 1t =∣ ∣ ).
In this case, defining eit = q, a square torus is obtained for θ=π/2, while a trapezoidal torus with ‘hexagonal’
symmetry is obtainedwhen the shape is distorted to θ=π/3.

While the torus has translational invariance in both lattice directions, the geometrywithin a LL is non-
commutative, hence themomenta in the two directions cannot be simultaneously specified [12]. Only one of the
latticemomenta can be used as a quantumnumber to distinguish the degenerate single-particle states in the LLL.
The torus area is required to be A N2 B

2p= fℓ , whereNf is the integer number ofmagnetic flux quanta that is
piercing the torus.

In the LLL, there areNf linearly independentmomentum eigenstates, labeled by the integer k (single-particle
momentum in the x direction). The eigenstates are expressed exactly as sums over displacedGaussian functions
[11]; however the structure of the orbitals ismore easily visualized from the following approximation:

r
L

1
e e . 3k

B

y
L k
N ı k k2

B

x
L N

1
2 2

2
2

1
2y

p
»

t
p- - - -

f
t
f


⎛
⎝⎜

⎞
⎠⎟ ( )

ℓ
( ) ( )ℓ

As shown infigure 1(a), these orbitals are extended in the x-direction, and localized in the y-direction at
y L k N2t= - f withwidthℓB. Note that position in the y direction corresponds tomomentum in the x
direction—each orbital is localized around a y-position determined by the x-momentumquantumnumber k.
This is another feature of the noncommuntative geometry within LLs.

One could of course have chosen toworkwith eigenstates of themomentum in the y direction; in that case
the orbitals wouldwrap around the torus in y direction and be localized in the x direction around a x-position set
by the y-momentumquantumnumber.

2.1.2. Sphere
The so-calledHaldane sphere [5–10] has amagneticmonopole in its center, such that it is pierced by N Q2=f

flux quanta, corresponding to amagnetic field rB
Q

R

2

4
0
2= f

p
ˆ. Here Q2 0f is theflux through the spherical surface.

TheDirac quantization condition dictates thatNf is an integer.

Figure 1.Arrangement of LLL orbitals on (a) torus and (b) sphere geometries. (a)The curves are proportional to the real-space density
2y∣ ∣ for two adjacent orbitals (out of a total of nine) on a torus. The dots represent the y-position of the density peaks of the orbitals.

The torus has its orbitalsψk equidistantly spaced at positions y kL N2t= f, where k is themomentumquantumnumber in the x
direction. Each orbital wraps around the torus in the x direction. (b)The curves show the real space densities 2y∣ ∣ for all (nine) orbitals
on a sphere, each normalized as max

2y q y q∣ ( ) ( )∣ for better overall visibility. Dots are θ positions of the density peaks. The orbitals

eachwrap around the sphere along lines of equal latitude. The orbitals are not spaced equidistantly, but have peaks at arccos ;m

Q
q = ( )

wherem is the orbital index running from−Q to+Q.
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TheHamiltonian of a single particle on the spheremay bewritten as H ıR A
m

q

c2

22


 W= ´ - -ˆ ( ( )) .

We use the notation (f, θ) for azimuthal and polar angles. The vector potential A cot
cQ

eR
0 qf= - f ˆ has twoDirac

strings, one through the north pole and one through the south pole. Unlike the torus, there is nomomentum
quantumnumber, however, amagnetic analog of angularmomentum (L) can be defined [5, 8, 10]. The
Hamiltonian can be rewritten as H L Q2 2= - . Both L2 and L ız = - ¶f are operators commutingwith the
Hamiltonian. The LLL orbitals (single-particle eigenfunctions) can be labeled by the Lz quantumnumbersm.
The orbitals labeled in this waywrap around the sphere as lines of latitude. There are Q N2 1 1+ = +f
orbitals, m Q Q Q Q, 1, , 1,= - - + ¼ - , running from the south pole to the north pole. Just as the x
momentumon the torus is coupled to the y position of the orbitals, on the sphere the z-component of angular
momentum is coupled to the polar position of the orbitals. The eigenfunctions have the form

e sin 2 cos 2 4m
ım Q m Q my q qµ f - +[ ( )] [ ( )] ( )

and are localized around m Q2 arctan arccosQ m

Q m
q = =+

-
( ) ( ). A cartoon of the arrangement of orbitals is

shown infigure 1(b).

2.2.Many interacting fermions
Wenow considerN interacting fermions. In the original FQH literature, the Coulomb interactionwasmost
natural to consider as it is the physical interaction between electrons. Another interaction that also has a long
history is the short-range interaction that produces the Laughlin state [42] as its exact ground state—this is the
Trugman–Kivelson interaction r2d

( ) [52] projected onto the LLL. This interaction penalizes two particles
interacting via the p-wave channel (the s-wave channel being anyway forbidden by fermionic antisymmetry). It
is thus also an interaction form that could conceivably be realized in cold-atom experiments with spin-polarized
fermions in reduced dimensions [71].When projected onto the LLL, two-body interactions are conveniently
described in terms of pseudopotentialsVm [5, 7, 10, 44, 61]. The Trugman–Kivelson interaction leads exactly to
theV1 pseudopotential; hence this is also known as theV1 interaction. Given its historical importance and
somewhat easier form,wewill focus on theV1 interaction in this work, including occasional comparisonswith
theCoulomb interaction.

To treat a central isotropic interaction potentialV r r- ¢
 

(∣ ∣), on the torus one needs to use a periodicized
form,V r V r n mL L1 2= + +

 ˜ ( ) ˜ ( ), while on the sphere the arc distance between r

and r ¢


is used. In the basis of

orbitals, such an interaction (either Coulomb orV1) takes the form H V a a a ai k m k m
i

i k m i m i k i, , ,= å + + - +
( ) † † declared

in the Introduction, equation (1). ThisHamiltonian includes both static repulsion (form= 0) and long-range
correlated pair hopping terms (m 0¹ ).

On the torus, the interaction is translationally invariant, i.e.Vk m
i
,

( ) is independent of i. For a long torus, it takes

the formV k m ek m
L k m

,
2 2 2 B

2 2 2µ - p- +( ) ℓ( ) ( ) [61]. The amplitude of correlated hopping falls off rapidly with k
andm but nevertheless remains finite at long ranges, which allows the dynamics to get initiated starting fromour
block initial states. The length scale of theGaussian in units ofℓB is set by L, the circumference in the transverse
direction. For tori of unit aspect ratio, the interaction length scale thus scales as N~ f . Viewed as an interaction

on a latticewith∼Nf sites,Vk m
i
,

( ) cannot be viewed either as short-range or as long-range in any conventional
meaning of these terms.

Thus, although the Trugman–Kivelson interaction is short range in real space, when the system is viewed as a
tight-binding chain of orbitals, it leads to fermionswith correlated hoppings that are not very short-range, as
shown infigure 2(a).

On the sphere, the interactionVk m
i
,

( ) depends on i, reflecting the lack of translation invariance in this
geometry. The dependence on k andm ismore complicated towrite than is the case on the torus, but has similar
qualitative form, and is shown infigures 2(b)–(d). In particular, we expect the length scale of the interaction to
scale on average as N~ f .

2.2.1. Symmetry sectors
On the sphere, there exists amagnetic analog of angularmomentum L, that preserves all the commutation
relations of usual angularmomentumoperators.Wemay thus choose to use the Lz operators to enumerate the
basis of single particle orbitals, and diagonalize theHamiltonianwithin this basis. In themany-body system,
there now exists a total Lz and corresponding total L

2, which both commutewith theHamiltonian. Block
diagonalizing theHamiltonianwith respect to Lz is trivial, but dividing theHilbert space into L2 sectors is tricky
andmost often not implemented directly in numerical calculations. Our calculations are performed in fixed
total Lz sectors of theHilbert space. Our time evolution is performedwith initial states that are not eigenstates of
total L2, thusmultiple L2 sectors are involved.When separation of L2 sectors is needed (in the level statistics
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analysis of section 5), we add a termα L2 to the hamiltonian and post-process the data by sorting the eigenvectors
by L2á ñ.

On the torus there are two generators t1 and t2 whichmeasure the (magnetic)momentum (k1 and k2) of the
single particle orbitals in the two lattice directions. These two operators do not commute, but satisfy

t t t te1 2
i

2 1
N
2

=
p
f , which shows that themaximal sets of commuting operators are t t,

N
1 2

f or t t,
N

1 2
f . For themany-

body statewemay define the operatorsT tj
N j

1 1 1=  =
( ),T tj

N j
2 1 2=  =

( ), whichmeasure the totalmomentumK1

andK2 of themany-body state. If the filling fraction is N N q1n = =f , thenT T T Te1 2
i

2 1q
1

= . This shows that
themaximal sets of commuting operators areT T, q

1 2 orT T,q
1 2. As a consequence, some combinations ofK1 and

K2 are redundant. Choosing e.g.T T, q
1 2 , means that K N0, , 11 = ¼ -f , whereasK2 andK2+N give the same

T2
q eigenvalue, reducingK2 toK2=0,K,N−1. Finally, since (K1,K2) and (K1+N,K2) have the same energy

spectrum,wemay define a reducedmany-body Brillouin zone using (K1,K2), whereK1,K2=0,K,N−1, as in
previouswork [12, 59, 72–74].

3. Initial state

TheHamiltonian is number-conserving, and the number of fermions,N, is thusfixed during dynamics. In
considering scaling with system size, we keep thefillingfixed. Since ourHamiltonian and geometries are
motivated by the literature on FQH states, we use the filling corresponding to themost prominent such state,
namely the Laughlin state at filling one-third. For the torus, thismeans thatwe haveN fermions in exactly N3
orbitals. For the sphere geometry, the Laughlin state appears whenN fermions are placed on a sphere with
N3 2- orbitals. Here 2 is the so-called ‘shift’ and is present due to the curvature of the sphere [5–10].

Our choice offillingmeans that the ground state is a topological (Laughlin) state. However, sincewe are
looking at non-dissipative dynamics, the ground state or low-energy segment plays no distinguished role; the
eigenstates relevant to our dynamics are far from this part of the spectrum. In fact, similar dynamics is expected
for slightly alteredfilling fractions, even though such a sector would have utterly different properties from the
point of view of studying ground-state properties.

We consider initial states which are product states in the orbital basis: theN fermions are placed inN
orbitals.Wewill focus on initial filling ofN successive orbitals:

Figure 2. (a) Illustration of the correlated symmetric hopping procedure that governs the dynamics. The hopping element Vk m
i
,

( ) causes
the electrons at site i and site i+k, to hopm orbitals away from each other,making the newdistance k m2+ . On the torus, due to
translation invariance, V Vk m

i
k m, ,=( ) for all i. Due to electron indistinguishably, V V V Vk m

i
k k m

i
k k m
i k

k m
i k

, , , ,= - = - =- - - +
+

- -
+( ) ( ) ( ) ( ) . (b)

Values ofVkm forfixed somefixed k. Data points for m k 2< - have been excluded as they are redundant. (c)Values ofVkm in the k–
m plane. (d)Values ofVkm forfixed some fixedm. Data points for k m2< - and k�0 have been excluded as they are redundant.
Panels (b)–(d) all correspond to a spherewith fixed i=15 for Q2 30= .
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a a a0 vacuum . 5j j j N1 2y ñ = ¼ ñ+ + +∣ ( ) ∣ ( )† † †

This is the analog of fermionic dynamics on a tight-binding lattice where all the fermions are initially packed on
adjacent sites [22–24, 27], or spin- 1

2
dynamics starting from a configuration inwhich all the up-spins are on

adjacent sites, i.e.starting from a domain-wall state [14–21, 25, 26, 28, 29, 31].
On the torus, the starting point ( j in equation (5)) of the block of fermions does notmatter; translation

symmetry guarantees that the dynamics is equivalent for any starting position. For the sphere, however, the
positioning of the string affects the dynamics drastically.

For the sphere, we could consider placing the fermions in theN orbitals closest to one of the ‘poles’. In the
‘tight-binding chain’ picture, this wouldmean unit filling for thefirst third or last third of the chain, and zero
filling for the rest of the chain. This would then be analogous to the dynamics considered in, e.g.[14–31], for
spin or tight-binding systems, when the initial state has all fermions or all -spins on one side of the chain. In
such cases, the single-particle hopping leads to transport of particles from the filled side to the empty side, with a
current-carrying non-equilibrium steady state arising dynamically within the light cone region. In our system,
however, this type of initial state leads to an inert state with no dynamics whatsoever.

The lack of dynamics starting froma polar-cap initial state on the sphere can be understood in several ways.
The sphereHamiltonian conserves the Lz quantumnumber (introduced in section 2), which ismaximal for this
state. Thatmeans that this state belongs to a symmetry sector of theHilbert space composed of a single state,
namely the polar-cap state. A 1DHilbert space, of course, has no dynamics. Alternatively, one can consider the
correlated pair hopping process, which can occur only if two particles can hop symmetrically outwards or
inwards, figure 2(a).When the particles are packed on the firstN orbitals starting from the boundary, only
hoppings in one direction are possible, hence there is no configuration space available for pair hopping, resulting
in a frozen state. (The situation can be described using terrestrial analogy: ‘The polar-cap state is frozen.’)

Therefore, we consider dynamics where the block ofN fermions are near the equator. In fact wewillmostly
concentrate on the initial state covering a symmetric band around the equator. However, in section 4.4we also
show some interesting dynamical effects for ‘lopsided’ initial states.

While the orbital description is very convenient, onemight alsowant to knowwhat our initial states look like
in real space. Since the orbitals are loosely localized in space, one expects that, at largeN, a region offilled orbitals
corresponds to a regionwith a nearly constant real space density equal to themaximal density possible in the
LLL. This density is the real space density observed in the integer quantumHall statewith a completely filled
LLL, ν=1. Figure 3 shows the real space density for various particle numbers.While this correspondence is
correct for largeN, there are significant deviations forN∼10, i.e.for system sizes accessible numerically. The
initial real space density profile then has a bell-shaped form.

Infigure 3, for large enoughN, the particles in the initial state fill up a region near the equator which covers
less than one-third of the azimuthal angle. The reason is that orbitals in the equatorial region (which are longer)
have smaller width than orbitals in the polar region (which are shorter), because each orbitalmust cover the
same area. If there is a plateau, the real-space density falls off at both edges of the plateauwith a fall-off width of
the order of amagnetic lengthℓB; the decay is faster than exponential.

Figure 3.The real space density profile ρ(θ) of the equatorial initial state on the sphere, for various system sizes. Tomake the

comparison of differentN possible, the density ρ(θ) is re-scaled by the corresponding density Q

R

N

R1
2 1

4

3 2

42 2r = =n p p=
+ - that thefilled

LLL (ν=1 )would have. For larger systems awell defined density plateau emerges near the equator over the angles q q q< <- +,

where 2arccos arccos 1

3
q n» =  ( )( ) . The density decreases from 1r r= n= to ρ=0 over a distance of the order of themagnetic

lengthℓB. For system sizes numerically treated in this work (N≈10), such a density plateau has not yet formed.
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Although the large-N behavior has a plateau structure, for the dynamical effects presented in this paper, it is
simplymore appropriate to think of the initial state having aGaussian-like real-space density profile,
corresponding to the numerically accessibleN values.

4. Time evolution

In this section, we present our results on the time evolution of initial states of the type (5).Most of the analysis is
for the equatorial initial state on the sphere.

Wefirst describe the evolution of the orbital occupancies section 4.1, considering snapshots of evolving
orbital occupancy profiles and the deviation from the final uniform state. Section 4.2 describes the same
evolution in terms of the real-space densities.We then present the evolution of the entanglement entropy
section 4.3, in particular a contrast with theway entanglement entropy grows in localmodels with single-particle
hopping. These three sections focus on the equatorial initial state.

Section 4.4 considers a ‘lopsided’ initial state, displaced from the equator. The correlated-pair-hopping
nature of theHamiltonian (or equivalently, Lz conservation)nowmanifests itself in a remarkablemanner—the
long-time state is also lopsided, and for a range of displacements has a remarkably linear form.We explain the
near-linear shape usingmean-field arguments for the pair-hoppingHamiltonian.

The section endswith a presentation of the overlaps of the equatorial initial state with all eigenstates of the
Hamiltonian, the so-called ‘overlap distribution’ section 4.5. This is comparedwith a tight-bindingmodel and
the torus case. In the torus case, the formof the overlap distribution leads to the conclusion that the block initial
state on the torus is frozen for larger sizes; we confirm this by showing orbital occupancy dynamics for a
sequence of sizes.

The numerical results presented in this work are all obtained by exact numerical diagonalization. To present
the numerical data, we have used the gapΔ in the ground state sector (the so-called ‘neutral gap’) as the unit of
energy. This is the energy difference between the Laughlin (ground) state and thefirst excited state in the same Lz
sector or the same (K1,K2) sector. This is a well-studied energy scale and is of the same order ofmagnitude as the
larger interaction terms (static or pair-hopping); hencewe regard it as a reasonable analog of the usual practice in
the non-equilibrium literature of using the hopping term to define the units of energy. Time ismeasured in units
of ÿ/Δ=1/Δ.

4.1. Evolution of orbital occupancies
Infigures 4(a), (b), the dynamics starting from the equatorial initial state on the sphere is shown through
successive snapshots of the orbital occupancies. The two panels show the same dynamics at shorter and at longer
timescales. The fermions gradually spread out from their initial position and occupy all the orbitals. In the very
long-time limit, the occupancies approach a ‘flat’ distribution inwhich each orbital is equally occupied; this is
shown also through individual orbital occupancy evolutions infigure 4(c). Of course, for anyfinite size, the
occupancies cannot relax completely and at long timesfluctuate around the average long-time distribution.

It is tempting to compare themelting at either edge to ‘domainwall’melting in inhomogeneous quenches
driven by a regular tight-bindingHamiltonianwith nearest-neighbor single-particle hopping [14, 21–23].
Detailed similarity is perhaps not expected, because in our case themelting of the two domainwalls are
correlated and not independent local processes. In the dynamics here, the two discontinuities in orbital
occupancy survive for quite awhile, until t∼8,figure 4(a), and it is only after this time that a smooth profile is
obtained. (With nearest-neighbor single-particle hopping, the discontinuity generally smoothens out rapidly.)
Our interaction is not strictly short-range and hence a clean light cone is not expected.Nevertheless, the
spreading out is gradual—the empty orbitals near the band get occupied first, and then the occupancy spreads
gradually toward the poles. This presumably reflects the fact that theVkmmatrix elements generally fall off with
m (figure 2). As a clear light cone is not expected, it is unclear whether or not at larger sizes a spatially
distinguishable region of current-carrying ‘non-equilibrium steady state’ [14, 21–23] emerges. For the sizes
accessible in our calculations, this question cannot bemeaningfully addressed. This remains an interesting open
problem.

One effect of our peculiar (correlated-hopping) interaction is visible at very short times (t1)—the orbital
occupancy profile is non-monotonic at these times. SinceVkm falls off with both k (except for very small values of
k) andm, hopping of pairs from farther inside the bandmight bemore favorable than hopping from the very
edges. As the two effects—dependence on k and dependence onm—compete, one can obtain a non-monotonic
effect; this shows up in the short-time profile. At larger times, the effect is washed out. Thismechanism for non-
monotonicity is described inmore detail in the appendix.
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Another contrast with spreading dynamics driven by single-particle hopping is that, in our case, we do not
observe any reflection after the fermionic liquid reaches the poles (edges). In propagation dynamics on regular
tight-binding chains, there is almost always reflection, even in the presence of strong interactions.

We now turn to the long-termdynamics,figures 4(b), (c). The occupancies approach a uniformdistribution
at long times. The occupancy at any orbital approaches the average occupancy value N N3 2-( ) and then
oscillates around this value,figure 4(c). The relaxation to the average occupancy value is faster in the region near
the boundary of the initial state, away fromboth equator and poles. The orbitals near the pole take a noticeably
long time to settle to the final value, figure 4(c). Thismay be regarded as an effect of the correlated-hopping
nature of theHamiltonian. ThoseVkm processes which are symmetric around the equator would need to have a
large k orm if theywere to populate the polar-region orbitals, and are hence suppressed. For non-symmetricVkm

processes with smaller k andm, the partner that also hopswould have to hop from a smaller density to a larger
density region; such processes are thus also not very effective.

The latter effect can be formulated intuitively in ‘hydrodynamic’ language as follows. For a single-particle-
hoppingHamiltonian, density gradients drive particle flow, as hoppings from a high-density to a low-density
site is kinematically favored. On the other hand, a correlated-pair-hopping process involves two particles
hopping away from (or in toward) a central region; this will be favored if the densities are lower (resp. higher) on
both sides of the central region. Thus correlated hopping leads toflowdriven by second derivatives of density.
This intuitively explains why peaked structures like the short-time density profile lead to rapid spreading out,
but the final density inhomogeneity near the ends of the ‘chain’ are not so easily corrected by the type of hopping
we have. Later in section 4.4, wewill explicitly show a situationwhere a density gradient leads to noflow.

The approach to thefinal distribution can be visualized by plotting the deviation from the uniform
distribution. This deviation is quantified, for example, by the standard deviationσ of the orbital occupancies.
The time evolution of this quantity is shown for several sizes infigure 5. The initial fast decrease of the variance,
figure 5(a), is roughly proportional to the system size, i.e.proportional to the number of orbitals the fermions
must spread into. This is similar towhat onewould expect for a short-range hopping, inwhich case there is a
light-cone effect of information/particles spreading out at a linear rate.We showhere that the same feature is

Figure 4.Time evolution of the orbital occupancies starting from the equatorial initial state,N=10 fermions on a sphere. (a), (b)
Snapshots of the full occupancy distribution. At t=0 the state is a product state, occupying only the central orbitals. At t∼8 ((a),
magenta) the discontinuity in the distribution has vanished and the occupancy is a ‘smooth’ function of orbital position. At t30
((b), cyan) the occupancy is near-homogeneous apart from small fluctuations. (c)Occupancies of three individual orbitals are shown
as a function of time—the polar orbital, an orbital near the initial block edge, and an equatorial orbital. The polar orbital occupancy
has the slowest relaxation.

9

New J. Phys. 20 (2018) 103036 MFremling et al



visible for our long-range correlated hopping; presumably this aspect is not very different from short-range
models because of the rapid decay ofmatrix elementsVkmwith large k orm. Infigure 5(b), there appears to be a
second slower relaxation period, which lasts until some timescale increasing rapidly (possibly exponentially)
with system size; unfortunately the available sizes do not allow a clean investigation of this time scale.

At longer times the orbital occupancies eachfluctuate around the average value, which is seen infigure 5(b)
as thefinalfluctuating behavior of the standard deviationσ. The strength of the fluctuation decreases with
system size. The data is consistent with an exponential decrease with the system size—on the logarithmic plot
scale, the average final value ofσ (shown using left-pointing arrows) decreases in roughly equal steps asN is
increased. The long-time value of the standard deviation is an averagemeasure of the fluctuation strength of the
individual orbital occupancies. In the recent literature on the non-equilibriumdynamics of local observables,
the long-time fluctuations have been studied in various systems [75–85]. Themagnitude offluctuations around
the long-time average value is understood to generically decrease exponentially with system size. This
fluctuation strength is determined by the averagemagnitude of the off-diagonalmatrix elements of local
observables between eigenstates of theHamiltonian [75, 86–92]. At least for non-integrableHamiltonians, this
decreases exponentially with system size (ormore precisely, as 1 2- , where  is theHilbert space dimension),
leading to an exponential decrease of the long-time fluctuation, in our casemeasured by the long-time average of
σ. The size-dependence of the long-time fluctuations in our system, figure 5(b), is thus similar to the generically
expected behavior for non-integrable systems.

4.2. Evolution of real space densities
Infigure 6 the dynamics are visualized through real-space density profiles. The real-space profiles are obtained
straightforwardly from the orbital occupancies niusing the real-spacewavefunctions riy

( ) of the single-particle
orbitals: the real-space density at the location r


is r n ri i i

2r y= å
 ( ) ∣ ( )∣ .

For the system sizes we can reach, the initial profile (real-space profile of the initial state) is a bell-shaped
curvewithout a plateau (section 3). The density spreads out over the full sphere and is eventually near-constant.

As noticedwith the orbital density profiles, the density in-between the equator and poles relaxes faster, while
the densities at the equator and pole take longer to relax, and also performpersistent long-term oscillations.

Remarkably, the non-monotonicity at short times, whichwas visible in the early-time orbital occupancy
profile, is not present in the real space density profile.We believe that the orbital non-monotonicity is washed
out in real space, due to the nonzero overlap of each orbital with several of its neighbors. It is perhaps reassuring
that thewidely usedV1 potential does not lead to artificial effects when viewed in physical space, despite its
singular (derivative of a delta function) form.

4.3. Entanglement dynamics
Wenow examine the entanglement generated in the dynamics.

We calculate the bipartite entanglement entropy between two blocks of orbitals (conventionally referred to
asA andB), thefirst partition containing the first block of lA orbitals starting fromone pole of the sphere and the
second partition containing the rest of the orbitals. This type of ‘orbital partitioning’ entanglement has been
widely studied since the beginning of entanglement investigations of FQH systems, including studies of both
entanglement entropies [93–102] and entanglement spectra [96, 99, 100, 103–114]. The orbital entanglement

Figure 5.Time evolution of the standard deviationσ of orbital occupancies, starting from the equatorial initial state on a sphere. The

two panels show the same processes for shorter and longer times. At t=0, n n2s = -¯ ¯ , with n N N3 2= -¯ ( ). Tomake the

comparison cleaner we have therefore re-scaled the standard deviation by
n n

2

2c = n n-
-¯ ¯

, where ν=1/3; each curve starts at the same

value. (a)Afirst relaxation occurs over time scale t∼N required for the quantum fluid to reach the north and south pole of the sphere.
(b)After that there is a slower relaxation period that goes on for a time scale which grows seemingly super-linearly withN. Finally there
is the finite-sizefluctuation around the long-time (geometrical) average value, indicated by the colored arrows.
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may be regarded as a reasonable proxy for entanglement between real-space partitions of the sphere [115–117],
because of the sequential spatial arrangement of orbital positions. (However, because thewidth of orbital
wavefunctions is larger than theirmutual spacing, this correspondence is nontrivial.)The interest in the orbital
entanglement entropy/spectrumof ground state quantumHall wavefunctions is largely due to topological
information contained in these quantities. Topological aspects do not play a role in the present work.On the
other hand, the evolution of entanglement is alsowidely used to characterize non-equilibriumdynamics; this is
the spirit of our analysis below.

Figure 7(a) shows snapshots of the spatial profile of the entanglement entropy, obtained by plotting the
entanglement entropy against the cut position, lA. Aswe have done until now,we focus on the equatorial initial
state: theN=8 orbitals nearest to the equator arefilled, on a sphere with N3 2 22- = orbitals. At t=0 the
entanglement entropy is zero, since the initial state is a product state. The entanglement entropy growswith
time; the initial growth for almost all cuts in the equatorial region is approximately linear. This is seen explicitly
infigure 7(b), where the entanglement entropy for the half-partition (l N3 2A

1

2
= -( )) is plotted as a function

of time. After t∼10 the entanglement entropy saturates. The saturation time grows approximately linearly with

Figure 6. Snapshots of the real space density distribution starting from the equatorial initial state, forN=10 electrons on a sphere.
Time slices are the same as infigure 4. At later times (t30) the density becomes approximately uniform, apart frompersistent
fluctuations.

Figure 7. (a) Snapshots of orbital entanglement entropy profile, up to t=10. Vertical lines show the boundaries of the initial
equatorial state. The entanglement entropy is saturated after t∼10. (b)Evolution of entanglement entropy between equal partitions
(equatorial cut). (c)Entanglement entropy profiles for the 20 eigenstates that are closest in energy to the expectation energy of the
state. The profile of the evolving state at a late time (t = 100) is included for comparison, as well as the entanglement entropy of the
Laughlin state. (d) Snapshots of entanglement entropy profiles for an open-boundary tight-binding chainwith single-particle hopping
and nearest-neighbor interaction, H c c c c c ch.c.i i i i i i1 1 1= -å + + å+ + +( )† † † , starting with an analogous initial state.
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system size (figure 7(b)) and correlates with the time it takes for the quantumfluid to reach the north and south
pole of the sphere (figure 4).

At long times, the entanglement entropy profile eventually settles to values consistent with the entanglement
entropy in high-energy eigenstates, or equivalently, with the entanglement entropy in randomor ‘thermal’
eigenstates [118–125]. This is seen in the right panel, wherewe have plotted the orbital entanglement entropy
profiles (entanglement entropy versus lA) for the 20 eigenstates that are closest in energy to the expectation
energy of the time-evolving (or initial) state. The long-time entanglement profile follows the eigenstate
entanglement profile quite closely.

It is interesting to compare the long-time (or eigenstate) entanglement profile with the ground state
entanglement entropy of the Laughlin state, studied first in detail in [93]. The ground state entanglement
entropy follows an area law [126–129] and encodes topological properties through its subleading term, the so-
called topological entanglement entropy [130, 131]. The long-time entanglement entropy after a quench, in
contrast, should follow a volume law, and ismore similar to a typical random state than to a low-energy state.
Indeed the long-time entanglement profile is seen infigure 7(c) to be significantly larger than the Laughlin
(ground state) profile. Distinguishing volume law from area law quantitatively infinite size data however
requires careful finite-size scaling. For the quantumHall geometry on the sphere, area law and volume law
behaviormean that the top of the entanglement profile scales as N~ and as∼N, respectively. Our quench data,
figure 7(b), shows that the entanglement entropy for the half-system cut indeed saturates at values growing
linearly with system size.

We now return to the short-time behavior, which displays a striking effect of the nature of ourHamiltonian.
At very short times, the entanglement entropy profile is flat in the equatorial regimewhere the product state
fermions are initially placed—there is no peak at the two edges. This is in sharp contrast towhat onefinds in the
case of regular (uncorrelated)hopping, as we display infigure 7(d), where entanglement profiles are shown for a
tight-binding chain starting from the corresponding initial state—8 fermions placed in themiddle of a 22-site
chain. (The chainHamiltonian is that given in the Introduction, equation (2), with open boundary conditions
andV= 1.)Anuncorrelated-hoppingHamiltonian, with hopping terms of the form c c† rather than c c cc† † ,
generates entanglement first at the boundaries between filled and unfilled regions. Theflat entanglement profile
generated in our case is a consequence of the correlated hopping processes governing the dynamics in the LLL
Hamiltonian.

With correlated hopping, a fermion hops from the initial central region to an initially empty site only when
there is a partner fermion hopping across the other boundary of the initialfilled region. According to intuitive
ideas of entanglement, this correlated process clearly will generate entanglement between the two edge regions,
andwill showup as nonzero entanglement across a cut at the center. Thus correlated hopping automatically
generates entanglement across a cut placed between the two edges; hence theflat profile at very short times. In
contrast, for uncorrelated hopping, a hop on the left edge and a hop at the right edge are independent; these
processes at short times generate entanglement across cuts near either edge but no entanglement across cuts
halfway between the edges. Thus the short-time entanglement for a tight-binding chain has separated peaks near
either edge, as seen infigure 7(d).

This intuitive picture can bemademore precise through a toy calculation. Using the notation 0 1 0n l nñ∣ for our
initial state (a block of l=N fermions sandwiched between two blocks of n empty sites), a tight-binding nearest-
neighbor uncorrelated hoppingHamiltonian generates the followingwavefunction at linear order in time:

0 1 0 0 101 0 0 1 010 ,n l n n l n n l n
1

1 1 1 1 a añ + ñ + ñ- - - -(∣ ∣ ∣ )

whereα is a small parameter proportional to time, and 1 21
2 1 2 a= + -( ∣ ∣ ) normalizes thewavefunction.

With this simplifiedwavefunction, for a cut between the edges we obtain the reduced densitymatrix for one

partition to be
1

A 1
2

2

2*
r

a a
a a

=
+⎛

⎝⎜
⎞
⎠⎟

∣ ∣
∣ ∣

. This leads to zero entanglement at leading order (order 2a∣ ∣ ). A cut at

either edge, on the other hand, leads tofinite entanglement at leading order. This explains the double-peak
structure at small times infigure 7(d).

Tomodel the correlated hopping effect tractably, wemake the simplification that correlated nearest-
neighbor hoppings (m= 1 terms infigure 2) dominate. The short-termwavefunction is then

0 1 0 0 101 010 ,n l n n l n
2

1 2 1 gñ + ñ- - -(∣ ∣ )

where γ is a small parameter proportional to time, and 12
2 1 2 g= + -( ∣ ∣ ) . Here, hoppings across the two

edges do not generate separate terms, but are correlated. Now, for a cut between the edges we obtain the reduced

densitymatrix
1 0
02

2
2 g

⎛
⎝⎜

⎞
⎠⎟∣ ∣ , yielding a nonzero entanglement entropy at leading order, 2 g(∣ ∣ ). A cut at the edge

yields an identical entanglement entropy at leading order. This explains the flat nonzero entanglement profile in
the region between the edges for the LLLHamiltonian.
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4.4. Lopsided initial state
Until now,we have described dynamics starting from the equatorial initial state, 0 1 0l N lñ∣ , with l≈N, where the
filled block of orbitals is placed symmetrically around the equator. In this case the total angularmomentum is
zero, Lz=0. Since Lz corresponds roughly to total ‘latitude’ (angular position) on the sphere and is conserved,
the state at any time is also symmetric around the equator. The long-time state, having uniform filling on all
orbitals, is obviously symmetric aswell.

We now consider initial states where the block is displaced from the symmetric location. Taken to the
extreme, this results in the polar block (maximal Lz)whichwe have explained is an inert state (section 3).We
now consider initial states intermediate between these two cases, such that Lz is nonzero but notmaximal. Since
the time evolution conserves Lz, the state continues to be lopsided and biased toward one pole.

Wefirst examinemoderate displacements from the symmetric situation, 0 1 0l N l1 2ñ∣ , with l N1
1

2
» and

l N2
3

2
» . Results for such a case are shown infigures 8(a), (b). As explained above, the density profile remains

lopsided due to Lz conservation—the long-time asymptotic profile is not uniform. This is true for both the
orbital occupancy and the real-space density.

The asymptotic occupancy profile infigure 8(a) is, remarkably, nearly linear.While Lz conservation
guarantees an inhomogeneous profile, it does not by itself predict this simple shape for thefinal profile.We can
interpret the linear shape using a ‘hydrodynamic’ or ‘rate equation’ approach for the correlated hopping term.
Let us consider four orbitals such that correlated hopping can occur from the outer two orbitals to the inner two,
or vice versa. The situation is depicted infigure 8(c) as the four filled dots. If the orbitals are labeled 1, 2, 3, and 4,
then orbitals 1 and 2, as well as orbitals 3 and 4, are separated by m∣ ∣, so that the hopping termVkm can transfer a
pair of fermions from the outer orbitals 1 and 4 to the inner orbitals 2 and 3, or (by hermiticity) from the inner
orbitals 2 and 3 to the outer orbitals 1 and 4. The long-time steady state (‘equilibrium’) densities should be such
that the (14)→(23) ratematches the (23)→(14) rate. Amean-field or hydrodynamics-like description of this
condition is

n n n n n n n n1 1 1 1 . 61 4 2 3 2 3 1 2- - = - -( )( ) ( )( ) ( )

If we parametrize the differences of densities as

n n x n x n y x, 71 2 3 4 = + = + + = + + +( ) ( ) ( )

then a linear occupancy profile would correspond to x=y, because the 1–2 and 3–4 distances are equal.We can
work in the limit where x, y, ò aremuch smaller than ni, i.e.the four orbitals are not very far apart. Atfirst order
in this approximation, the rate equation (6) yields

Figure 8. Snapshots of the (a) orbital occupancy profile and (b) real space density distribution. Starting from a lopsided state;N=11
electrons on a sphere. At t∼10 the profile has approximately reached its asymptotic form. (c)Notation used formean-field-like
model in text.
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n x y n x y n x y n y1 3 2 4 1 3 5 2 84
2

4 4
2

4   - - - + + + = - - - + +( ) ( ) ( ) ( ) ( )

so thatwe obtain x=y. Thus the approximate hydrodynamic description predicts a linear occupancy profile.
(The difference ò is not determined by this calculation, which is consistent as the argument is independent of the
distance k.)

Near-linearity of thefinal distribution is a nontrivial consequence of the symmetric correlated hopping,
coupledwith the geometry allowing for a hydrodynamic description. Applying the same type of argument to a
non-correlated single-particle hopping term (between orbitals 1 and 2) gives n n n n1 11 2 2 1- = -( ) ( ),
i.e.n n1 2= , aflat density profile. Of course, it is difficult to imagine an analog of Lz conservationwith a single-
particle hopping term; thus a non-homogeneous asymptotic state is not expected.

By squeezing the initial block of fermions closer to the pole, we can remove the geometric freedom required
for amean-field description. This is shown infigure 9. Thismay be regarded as an intermediate case between the
moderately lopsided case where the occupancy profile approaches a linear form, and the polar initial state for
which the density profile never changes. In the present case, there is some dynamics (theHilbert space is smaller
than equatorial ormoderately lopsided cases, but nevertheless finite). However, the long-time state nowhas a
strong remnant of the initial peak in the occupancy profile.

4.5.Overlap distribution and torus dynamics
The dynamics of a quantum state is governed by the eigenstates ofHamiltonianwithwhich the state has
significant overlap. The distribution of overlaps—the overlapswith eigenstates as a function of corresponding
eigenenergies, thus has been examined in the non-equilibrium literature for variousHamiltonians and initial
states [75, 86, 132–140].

Infigure 10(a)we show the overlaps of the equatorial initial state with the eigenstates of theHamiltonian.We
consider overlapswith all eigenstates in the Lz=0 sector. Eigenstates with any L2 can have nonzero overlapwith
the equatorial initial state. The energy of the equatorial state, indicatedwith a black vertical line, is far from the
edges of the spectrum, but nearer to the upper end of the spectrum than the lower end. The highest overlaps
come from eigenstates in this region, but not all eigenstates in this region have a large overlap. The largest
overlaps in other energy regions follow an approximately exponential envelope, e E Einit~ l -( ), for E Einit< , and
an approximately Gaussian envelope, e E Einit

2 2~ l s- - +( ) , forE>Einit.
The overlap distribution is similar (in terms of overall shape and exponential decrease) to the overlap

distribution for the tight-binding interacting chain, shown for comparison infigure 10(b). (This is the same
chain of interacting fermionswith single-particle uncorrelated hopping, used previously infigure 7. The initial
state isN fermions in the centralN sites among N3 2- sites.)This similarity suggests that the overall shape and
the exponential envelope is not due to the correlated-hopping part of theHamiltonian. Rather, it is due to the
static interaction part (m= 0 terms ofVkm), which prefers to keep the fermions apart from each other. Lower
energy eigenstates have smaller contributions from configurationswith large ‘static’ interaction energy.

TheGaussian envelope at larger energies follows awell-distinguished set of eigenstates. Such eigenstate
branches appear to be common in overlap distributions, e.g.in figure 5(a) of [138] and infigure 3(a) of [140]. In
the present case, states in this branch havemuch smaller overlaps than the dominant eigenstates, and hence do
not play any noticeable role in the dynamics, unlike the case of [140].

Figure 9. Snapshots of the (a) orbital occupancy profile and (b) real space density distribution, forN=11 electrons on a sphere. The
initial state is evenmore lopsided than infigure 8.
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Infigure 10(b)we show the overlap distribution for the analogous initial state on the torus. The dominant
eigenstates are now the few (aroundN) highest-energy eigenstates. These eigenstates have the structure of linear
combinations of product states like our initial state, centered at different positions of the torus. These few
eigenstates become increasingly dominant with increasing system size. A result of this extreme overlap
distribution is that the dynamics is frozen. This is shown infigure 10(d). The effect ismore extreme for larger
sizes.

Since the static part of the interaction energy isminimized bymaximizing the spacing between the fermions,
it is expected that our spatially packed initial states should have energy nearer to the top of the spectrum.On the
torus, this type of state appear at the very top of the spectrum.On the sphere, one can create states with energies
even higher than our equatorial initial states. (For example, since packed configurations near the poles aremore
costly than packed configurations near the equator, we can packN/2 fermions near the north pole and the rest
near the south pole, obtaining an Lz=0 configurationwith energy higher than the equatorial state.)This
explains why the energy of the equatorial initial state infigure 10(a) is not at the very top of the energy spectrum.

5. Level statistics—integrability and universality classes

Wenow consider the level spacing statistics of the fermionic LLLHamiltonians.
Considerations of level statistics pervade the quantumdynamics literature, both in the field of single-particle

quantum chaos [47–50] and in the study ofmany-body quantumdynamics [3]. Themain reason is that
integrabilitymanifests itself in the level spacing distribution, and quantumdynamics can be strongly affected by
the presence or proximity of integrability. The spectrumof an integrable systemhas Poissonian spacing
statistics, whereas the spectrumof a non-integrable systemwill showWigner–Dyson (GOE,GUEorGSE)
statistics [47–50]. Of course, it is assumed that the energy spectrum isfirst sorted according to symmetry sectors.
One can thus check for integrability using an analysis of level statistics. As far as we are aware, no study of the
level statistics of FQH systems has been published to date.We present such a study now.Our analysis shows
explicitly that the LLL-projectedHamiltonians are not integrable in the geometries considered. Since amagnetic
field violates time reversal symmetry, Gaussian unitary ensemble (GUE) statistics would be the obvious

Figure 10. (a)Overlaps of equatorial initial state with energy eigenstates,N=8 fermions on a sphere. (b)Overlaps of analogous initial
state 0 1 0l N lñ∣ with energy eigenstates,N=6 fermions on a tight-binding chain. (Defined in caption to figure 7). (c)Overlaps of block
initial state (5) forN=8 fermions on a torus. Inset zooms into highest-energy eigenstates. In (a)–(c), black vertical line shows energy
of initial state. Red/purple lines in (a), (c) are guides to the eye. (d)Dynamics on torus, displayed through the standard deviation of
orbital occupancies, as infigure 5. The dynamics is nearly frozen, increasingly so for larger systems.
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expectation, as GUE is generally associatedwith the lack of time reversal invariance. However, we show and
explain below thatGOE statistics appears for the sphere and for several sectors of the torus.

For the LLL-projected CoulombHamiltonians, there is no a priori reason to expect integrability. However, it
is not easy to rule out the possibility, as the projection to the LLL is a nontrivial operation. (It is well known that
projection ontoWannier levels can drastically affect integrability properties, e.g.the continuumLieb–Liniger
model is integrable while the lattice Bose–Hubbardmodel is not.)There is also the possibility that the
pseudopotential (V1)Hamiltonian could be integrable in one of the geometries. Also, it is not clear that (non-)
integrability in one of the common geometries (sphere, torus) implies the same for the other. It is worth noting
that the similar low-energy properties of these different situations (Coulomb andV1, sphere and torus) do not
imply that integrability properties are the same. To our knowledge, the integrability of LLLHamiltonians has not
until nowbeen examined explicitly. In our analysis described below and displayed infigures 11 and 12, we show
that each symmetry sector of the sphere and the torus displaysWigner–Dyson statistics, for thefilling
appropriate for the Laughlin-1/3 state.We display these results for theV1 potential that we have focused on in
this work, but we have also checked that the same holds true for theCoulombpotential. (In fact, there is no
difference between theV1 andCoulombpotentials with respect to the spectral statistics, for all examples we have
checked.)This confirms that the LLLHamiltonians under question are non-integrable.

We characterize the level statistics through calculations of the ratio of consecutive level spacings rá ñ
[141, 142]. Thismeasure is based on s E En n n1= -+ , the set of level spacings in an ordered listEn of
eigenenergies. The ratio

r
s s

s s

min ,

max ,
9n

n n

n n

1

1

= -

-

( )
( )

( )

is defined for each pair of consecutive level spacings. The statistics of the ratio rn ismore convenient than the bare
level spacings sn because it bypasses the need to account for varying density of states through unfolding
procedures.

For Poisson statistics, the probability distribution of rn is P r r2 1 2= +( ) ( ) withmean
r 2 ln 2 1 0.39á ñ = - » . For theWigner–Dyson ensembles, the probability distributions are well-
approximated by the surmise [142] P r r r r r12 2 1 3 2µ + + +b b+( ) ( ) ( ) up to normalization, withβ=1
(β=2) forGOE (GUE). The averages are r 0.53GOEá ñ » and r 0.60GUEá ñ » [142]; these values provide a quick
check for the nature of numerically obtained spectra.

5.1. Sphere
Infigure 11(a)we show the distribution of r values for the spectrumof theV1Hamiltonian on the sphere. One
has tofirst separate the symmetry sectors. Numerical diagonalization is naturally done in distinct Lz sectors.We
consider here the Lz=0 sector which contains the equatorial initial state and the Laughlin state. However a
single Lz sector containsmultiple L2 sectors. The Lz=0 spectrumwas post-processed into separate spectra for
each L2 sector (by numerically applying the L2 operator on the eigenstates), and the r values for each sectorwere
collected separately. Under the assumption that each L2 sector possesses the same statistics, it is reasonable to
combine the groups of r values and present the combined distribution, as we have done. Combining the level
spacings (s values) themselves fromdifferent sectors would have been far trickier as one has to take into account

Figure 11. (a) r-statistics for the spectrumof theHamiltonian on the spherewithN=8 fermions. The dashed lines are expected r-
distributions for different (random)matrix classes [142]. The solid vertical lines show averages, rá ñ, for the different classes and for the
data. The plot shows that the sphereHamiltonian is in theGOE class. The r-values are collected by computing the level spacings in
each L2 sector individually and then aggregating the different L2 sectors. No trimming has been applied. (b)Averages, rá ñ, for toroidal
geometries ( eit = q)withN=8 fermions in selectedmomentum sectors. θ is tuned from θ=π/3 (hexagonal) to θ=π/2 (square).
Mostmomentum sectors are in theGUE symmetry class for generic θ, the only exception beingmomentum sectors (K1,K2)where
K1=±K2, see alsofigure 12. Away from these special sectors (K,±K ), GOE statistics is only obtained for high-symmetry geometries
such as the square or hexagon.
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the different density of states effects in the different sectors. Considering the ratios r thus allows us to obtain
reasonable statistics evenwhen the individual sectorHilbert spaces are quitemodest-sized. The distribution P(r)
obtained in thismanner very clearly follows theGOE form. The excellent agreement provides a posteriori
justification for combining data fromdifferent L2 sectors—if different sectors had different statistics, onewould
expect the numerical P(r) histogram to be intermediate between two ormore of the standard distributions.

We have thus shown that the sphereHamiltonian hasGOE statistics. (Wehave checked thatGOE statistics is
also obtained in other Lz sectors.) Level statistics following one of theWigner–Dyson distributions demonstrates
theHamiltonian is non-integrable. To explainwhy the statistics is GOE rather thanGUE, one has to consider
symmetries of the system. The conventional expectation is thatHamiltonians with time-reversal symmetry have
GOE statistics, while thosewith broken time-reversal symmetry haveGUE statistics. Inmost usual cases, the
Hamiltonianmatrix elements are real in thefirst situation and complex in the second situation. This latter
distinction however, cannot obviously be rigid as any complexHamiltonianmatrix can be basis-transformed to
have realmatrix elements, and vice versa. Clearly, sincewe haveGOE statistics in a situationwith amagnetic
field (which breaks time-reversal symmetry), the current situation ismore involved than the simple picture
above.

The explanation is that, if theHamiltonian breaks time-reversal symmetry but is invariant under another
anti-unitary transformation (e.g.time-reversal coupledwith a reflection), then the statistics is GOE. Thiswas
first pointed out byRobnik andBerry [51] in the single-particle context. To our knowledge, this is the first time a
many-body example has been discussed. In the case of theHaldane sphere, a combination of time-reversal and a
reflection around the equatorial plane keeps the system invariant. Time-reversal reverses the directions of
cyclotronmotion along each orbital, i.e.it changes the sign of Lz on each orbital without changing the position,
so that the orbitals in the northern hemisphere nowhave negative Lz. (This is equivalent to changing the sign of
themonopole at the center of the sphere.)A reflection around the equatorial plane switches the positions of the
orbitals. Thus the combination of the two operations is an anti-unitary operation that keeps the system
invariant. In thismanner, we obtainGOE statistics in amany-body system violating time-reversalmechanism,
through themechanism of [51].

5.2. Torus
Infigure 11(b)we summarize some results for the various torus geometries. A different distribution appears in
eachmomentum sector (as defined in section 2.2.1). Now,we only show the average r values and omit the full
distributions. Several representativemomentum sectors are shown as a function of the angle θ (following the

Figure 12. rá ñvalues for theN=8 spectrum in a selection of toroidal geometries. Each colored square/hexagon is amomentum
sector (K1,K2). Dashed black lines show the borders of themany-body Brillouin zone. The darkest blue sectors are
K K N N N N, 0, 0 , 2, 0 , 0, 2 , 2, 21 2 =( ) ( ) ( ) ( ) ( ), the latter three existing onlywhenN is even.Here there is a residual symmetry
of orbital inversion, which superficiallymakes the statistics look Poissionian ( r 0.386á ñ » , purple). In the other sectors, the rá ñvalue is
clearly identifiable as either GOE ( r 0.536á ñ » , green) orGUE ( r 0.603á ñ » , yellow). GOE statistics is found inmomentum sectors
which are invariant under the product ofmirror and time-reversal symmetry. These sectors are located along themirror axes of each
geometry. All othermomentum sectors haveGUE statistics. To illustrate this effect, we have represented Tori corresponding to all
possible Bravais lattices for the system sizeN=8. The red dashed lines are reflection axes.
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parametrization introduced in section 2.1.1). The numerical diagonalizations are performed in individual
momentum sectors, so no post-processing is necessary. (Bothmomentum symmetries are exploited in the
numerical diagonalization.)The rá ñvalues are close to either theGOEor theGUE values for everymomentum
sector shown infigure 11(b), and for every torus orientation. This demonstrates that theHamiltonians are non-
integrable.Whether rá ñ is close toGOEorGUE expectation reflects the presence or absence of an anti-unitary
combination of operators which preserves theHamiltonian in that sector.

The torus sectors are presented inmore detail infigure 12. In the sectors K K, 0, 01 2 =( ) ( ), (N/2, 0), (0,N/
2), (N/2,N/2), there is an additional symmetry (orbital inversion)not resolved in the numerical
diagonalization. The combination of spectra from two symmetry sectors results in a combined spectrumwhich
has no level repulsion, and the resultant distribution looks closer to Poissonian thanWigner–Dyson. This is
reflected in the corresponding squares/hexagons infigure 12 having near-Poissonian values of rá ñ.

TheHamiltonian inmost (K1,K2) sectors hasGUE statistics, reflecting the broken time-reversal symmetry
due to themagnetic field.However, a smaller number ofmomentum sectors hasGOE statistics in spite of the
broken time-reversal symmetry: for example themomentum sectorsK1=±K2 for tori of aspect ratio 1. In this
case, time-reversal combinedwith a reflection along the diagonal keeps theHamiltonian invariant.More
generically, we note that themomentum sectors withGOE statistics are determined by the Bravais lattice
symmetry of the considered geometry. These sectors indeed coincidewith the reflection axes of each torus, such
that the product of time-reversal and reflection leaves theHamiltonian unchanged in these sectors. To verify this
statement, we have obtained the level-spacing statistics in geometries representative of all possible types Bravais
lattices. The results for the largest size (N= 8) are given infigure 12.

A noteworthy feature is that GOE andGUE statistics do not correspond to real and complexHamiltonians.
For the sake of concreteness, let us consider an example in the square geometry. In that case, the sectors (K1,
K2)=(K,±K ) (K 0¹ ) haveGOE statistics even though theHamiltonian has complexmatrix elements.

6.Discussion and context

Wehave presented a detailed exploration of non-equilibriumdynamics and level-spacing statistics of an
interacting fermion system in the LLL, on the commonly used sphere and torus geometries. The dynamics is
initiated in a statewith a consecutive block offilled orbitals.

Quench dynamics of interacting fermions in the LLL has been recently studied [143], with the quench
changing the torus aspect ratio. This type of quench is sensitive to low-energy physics (such asmagnetorotons),
in contrast to our setupwhere the part of themany-body spectrum that is relevant is closer to the top of the
spectrum than the bottom.

Our setup is specific for thefinite geometries (sphere and torus) that are common in numerical
diagonalization, so some care is required in interpreting this situation in the thermodynamic limit, and even
more care would be needed to relate to experiments. Our initial state roughlymimics a puddle or a stripe of
fermions in amagnetic field (a constant density of fermions in the interior of the puddle is achieved for large
enough system sizes). The state is designed to be such that the only dynamics is due to the interactions (i.e.the
initial state is an eigenstate of themagnetic field and kinetic energy parts of theHamiltonian).While this last
feature of the initial statemay seemunnatural in a continuum context, electrons confined to a stripe-shaped
regionwill approximately fill the orbitals in that region, and hence our initial statemay be a good zeroth
approximation. Sincewe consider the fullmany-body spectrumof the LLLHamiltonian, we are focusing on the
parameter regime inwhich themagnetic field is so large that the LL splitting ismuch larger than themany-body
bandwidth.

Viewed as a 1D lattice system, our setup bears resemblance to inhomogeneous quenches starting from
domain-wall initial states, which is a topic of extensive interest withmore conventional 1D latticeHamiltonians.
The perspective of the FQH interaction being treated as a 1D chainHamiltonian pair-hopping has been adopted
previously, e.g.[144–147]. In some cases [145–147], the proximity to the thin torus limit allows one to truncate
the longer-range terms, leading to amoremanageable or even integrableHamiltonians. Such a truncated
Hamiltonianwould not give interesting dynamics in our case, as the pair-hopping has to be long-range enough
to initiate themelting.

Viewed as a 1D chain, our interactions have the peculiarity of being neither local nor non-local in the
conventional sense. The ‘interaction range’ (length scale of theGaussian fall-off) grows as the square root of the
number of orbitals. Thus the range grows indefinitely with system size but the fraction of the system covered by
the interaction decreases with system size. An interesting aspect of the N~ f growth of the interaction range is
that, for large enough system sizes, the equatorial initial state would be frozen (up to exponentially long times) if
thefilling fractionwere kept unchanged. If thewidth of the initial block grows linearly as∼Nf/3, the
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interactionswill not be long-ranged enough to initiatemelting at larger sizes. However, as long as the block size
is kept N f , spreading dynamics at reasonable time scales is expected at largerNf as well.

We have stressed the correlated-pair-hopping nature of our dynamics-driving terms, contrasting the
dynamical effects of these quartic termswith dynamics driven by quadratic single-particle-hopping
Hamiltonians. Correlated-pair hopping has been rarely addressed explicitly in the quantumdynamics literature.
Interacting Sachdev–Ye–Kitaevmodels (SYK4), for example, contain correlated pair hopping terms of random
strengths. The relaxation dynamics and level spacing statistics of SYK4models have been studied recently [92,
148–150]. However, thesemodels have no spatial structure, so there are no transport/spreading effects. Also, we
are not aware of any dynamical features explicitly due to correlated pair hopping.

More generally wemay remark, as we did after equation (2), that anymodel with one ormore conserved
momentumvariables and two-particle interactions can be described inmomentum space and then the
dynamics necessarily shows symmetric two particle hopping. Since themomentum states usually do not have
spatially varying density, this hopping is difficult to interpret in real space. Also, hoppingmay nowoccur for
pairs of widely separatedmomenta.Many of the phenomenawe describe here are therefore specific to FQHand
other chiral systems. For examplewewould not expect ‘freezing’ ofwide bands ofmomentum states.
Nevertheless some phenomena observed heremay carry over. For example the asymptotic distribution in
momentum space should depend on the conserved total initialmomentum (or angularmomentum). E.g.for
systems on the sphere it would be interesting to see underwhat conditions a linear profile in angularmomentum
space emerges, like that observed in section 4.4.

We have reported a (to our knowledge, first) study of the level statistics of the LLL-projectedHamiltonians.
Level statistics is considered important for dynamics, primarily because it is sensitive to integrability, and some
classes of non-equilibriumphenomena are affected by proximity to integrability. Formany-body systems, there
is a stark difference between integrable and non-integrable (chaotic or generic)Hamiltonianswith regards to the
long-time dynamics—integrable systems do not obey the eigenstate thermalization hypothesis, and hence do
not thermalize in the sameway as chaoticmany-body systems [1–3, 75]. In addition, integrability affects
quantum transport, leading in some cases to ballistic behavior even atfinite temperatures [151–156]. For
inhomogeneous quenches, integrability allows one to formulate a generalized hydrodynamics [25, 31, 156, 157].
The type of expansion dynamics we are considering is in spirit reminiscent of transport; hence the presence or
absence of integrability is a relevant question in the context of the present work. Through our analysis of level
statistics, we have demonstrated that the LLL-projectedHamiltonians are not integrable in either of the two
geometries. However, considering the types ofWigner–Dyson statistics in various symmetry sectors, we have
found thatmany sectors showGOE statistics despite the broken time reversal symmetry. These aremany-body
manifestations of themechanismproposed in [51]—the relevant anti-unitary symmetry operation is not pure
time reversal but a combination of time reversal and spatial reflection.

While this has been a detailed exploration, we believe we have only scratched the surface of fermionic LLL
dynamics, andmany questions remain open. The interplay of the interaction range and system sizemight give
rise to nontrivial size dependencies of dynamical behaviors, whichwe have not pursued.We expect the
dynamical features to depend only loosely on the filling fraction, but this remains to be explicitly explored. Our
block initial states have been chosen in analogy to the domain-wall literature—a range of other initial states
could be of interest andwould lead to different classes of physics.While studying the level statistics, we have
found in some casesGOE statistics in the absence of time reversal invariance. This calls for amore detailed
analysis of symmetries in condensed-mattermodels violating time reversal symmetry.
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Appendix. The non-monotonicity at short times—V1 versusCoulomb interactions

In section 4.1 it was noted that at very short times, the orbital occupancy profile is non-monotonic. This is a
specialty of theV1 potential, and is not present in the case of theCoulomb interaction. The non-monotonicity
may be explained by noting that for a block of lengthN=L−1 the initial de-occupation (at lowest order in
time) of the orbital d sites away from the initial block boundary, is going to be driven by the hopping term
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VL d d
i d

2 ,-
+ , as shown pictorially infigure A1(a). The assumption here is that hopping predominantly occurs to the

first orbital outside of the block, at very short times, which is consistent with the observations offigure 4(a).
Inspecting the values ofVL d d

i d
2 ,-

+ for aN=10 particle system (black line) infigure A1(b), we see that the
maximum is not at d=1, themost short ranged allowed hopping, but rather at d=3. This is consistent with
the position of the non-monotonic dip infigure 4(a). For largeN, the position of themaximumofVL d d

i d
2 ,-

+ is

found to scale as d N~ . Thismeans that the distance of the dips from the edges of the initial block should
scale as N~ at largeN.

Considering instead theCoulomb interaction, figure A1(c), we see themaximumofVL d d
i d

2 ,-
+ occurs at d=1

(d= 0means no hopping) showing that this potential would not have the same non-monotonic behavior at
early times.
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