BOUNDED AND COMPACT MULTIPLIERS BETWEEN
BERGMAN AND HARDY SPACES

Stephen M. Buckley, M. S. Ramanujan, and Dragan Vukotié¢

This paper studies the boundedness and compactness of the coefficient
multiplier operators between various Bergman spaces AP and Hardy spaces
H?. Some new characterizations of the multipliers between the spaces with
exponents 1 or 2 are derived which, in particular, imply a Bergman space ana-
logue of the Paley-Rudin Theorem on sparse sequences. Hardy and Bergman
spaces are shown to be linked using mixed-norm spaces, and this linkage is
used to improve a known result on (AP, A%), 1 < p < 2.

Compact (H', H?) and (A', A?) multipliers are characterized, and the es-
sential norms of some multiplier operators are computed. It is shown that for
p > 1 there exist bounded non-compact multiplier operators from A? to A? if
and only if p < g.

0 INTRODUCTION

The coefficients of, and multipliers between, various function spaces is a rather old
and well-studied subject that has seen a recent revival of interest. Some ideas and
techniques appeared only in the last few years, and there are still many natural ques-
tions to be answered. In this paper we attempt to tie in old and new results, in order
to draw several conclusions not found elsewhere. We discuss both boundedness and
compactness of multiplier operators; the latter topic appears to have been neglected
in the literature.

The history of multipliers on function spaces is rather long, so we shall content
ourselves here with a brief review of it. The subject finds its real beginnings in the
classical theorems of Hardy, Littlewood, and Paley (cf. [19], [27], [11]) on integration,
differentiation, and order of growth of analytic functions in the disk. The spaces
H(p,q,a) (of which both AP and HP are special cases) had already been studied by
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Hardy and Littlewood but were explicitly defined and investigated by Flett (c¢f. [16],
[17], [18]), and in certain cases by Duren-Shields ([13], [14]), Sledd [36], Ahern-Jevtié
[1], and others. Some precise results on the multipliers of Hardy spaces were obtained
by Duren [12], Hedlund [21], Sledd ([37], [38]), Hare [20], Mateljevi¢-Pavlovi¢ [30],
Jevtié-Jovanovié [23], etc.; see also [10].

Results on coefficients of functions in various function spaces can be found, for ex-
ample, in the articles by Flett [16], Duren-Taylor [15], Horowitz [22], Nakamura-Ohya-
Watanabe [31], Mateljevié-Pavlovié [29], Blasco [7], and Buckley-Koskela-Vukotié¢ [8].

Pavlovié¢ [32] characterized (A2, A%) for 0 < p < 1,p < ¢ < oo, and o > —1 in
terms of the growth of the integral means of an associated analytic function; Lou [28]
obtained a similar condition for (A', A%), ¢ > 1. The conditions are, however, difficult
to verify in practice, as we cannot easily control the growth of a function in terms of
its coefficients if p # 2. It is therefore interesting, even in these cases, to determine
(usually separate) necessary and sufficient conditions for membership in multiplier
spaces in terms of concrete sequence spaces. Wojtaszczyk made a breakthrough by
characterizing (AP, A7) when ¢ < 2 < p in terms of mixed-norm spaces (see Theorem B
below). [39] and [8] give simple, but separate, necessary and sufficient conditions for
membership in all other cases; in particular, [39] gives a characterization of (A', A%)
analogous to that of (H!, H?) obtained by Hardy and Littlewood.

Blasco [7] extended several results from [29], [41], and [39]. For example, he char-
acterized (AP, A?) for p € (0,1], and described (A4?, A?) for 0 < p, ¢ < 1 in terms
of certain related integral means. Also his earlier paper [6] gives a very general and
useful result about bounded operators on A'.

This paper is a continuation of the articles [39] and [8] with a different focus:
we are also interested in the compactness of coefficient multipliplier operators. In
Section 1, we first review some basic definitions and facts. In Section 2 we obtain
some new conclusions about the spaces H? and AP for p = 1, 2; in particular, we
get a version of the Paley-Rudin Theorem for Bergman spaces. In Section 3 we
investigate compactness of multiplier operators. We compute the essential norms of
some multiplier operators and prove the compact versions of some results for spaces
with indices 1, 2. We also show that for p > 1 the bounded and compact (AP, A?)
multipliers coincide precisely when ¢ < p.

Acknowledgements. The authors would like to thank P. Wojtaszczyk and J.E.
McCarthy for their valuable suggestions.



1 NOTATION AND BACKGROUND

Throughout the text, D = {|z| < 1} will denote the unit disc in the complex plane.
dA(z) = dzdy (z = z+1y) is the normalized Lebesgue area measure on D. H(D) is
the algebra of holomorphic functions in D. X, Y will always be used to denote spaces
of analytic functions on D satisfying certain integrability conditions (such as H? and

AP spaces). For f € H(D), 0 < r < 1, the integral means M,(r, f) are defined by
1 f2n , 1/p
M,(r, f) = (% [ ey d0>
and are increasing with r. The Hardy space H? (0 < p < o0) is the space of all
f € H(D) for which ||f||g» = lim,_,; M(r, f) < oo, and H* is the space of bounded
f € H(D). The weighted Hardy spaces H? consist of all f € H(D) such that

sup (1 —1r)* My(r, f) < o0.
0<r<«1

The space H(p,q,s), 0 < p <00, 0 < g,s < oo consists of all f € H(D) for which

1 1/q
1l = ([ Myl 100 =)0 ar) < ox.

The weighted Bergman space AP is defined by A2 = H(p,p, (1 + «)/p) for a > —1.
Equivalently, A? is the set of all f € #(D) for which

1l = {1727 (1= o) dA)} < oo.

The (unweighted) Bergman space AP is simply Ab.

We identify a function f € H(D) with its sequence of Taylor coefficients (a,)3,
(and so, for example, we identify the spaces H? and [?). Formulae such as ||f]|%: =
320 lan? and || fl%2 = 202, lan]?/(n + 1) are well-known. For p # 2, there are
summability conditions on the coefficients that are either sufficient or necessary for
membership in H? or A%, but they do not coincide in general (see (8], [11], [31], [39]).

For any exponent 1 < p < oo, p’ will always denote the dual exponent p/(p — 1).
The duality relation (AP)* = A? holds for 1 < p < oo with respect to the pairing

<f.q >=/D fgdA=> a,b,(n+1)"",
n=1

where, f ~ (a,)%, and g ~ (b,)5%, (see [5] or [43]). Furthermore the (AP)*-norm of
the linear functional corresponding to g € A?' is comparable with ||g| -

A function f € H(D) is said to belong to the Bloch space B if (1 — |z|)|f'(2)] is
bounded in D. B is a Banach space when equipped with the norm

1flls = 1£(0)] +sup (1 - 211 (2)].



If, moreover, limy, ;- (1 — [z[*)|f'(2)| = 0 holds, we say that f lies in the little Bloch
space By. Useful background on these spaces can be found in [2]. Using the same
pairing as above, we have B = A' and (A')* = B; see [5], [2], or [43].

Given a sequence A = (A,)%°

o, and two function spaces X,Y, we define the

multiplier operator Ty in the natural way: if f € X, f(2) = >0, a, 2", then
(Thf)(z) = X2 Manz™ If T\ : X — Y, then ) is said to be a multiplier from
X into Y; we denote by (X,Y) the class of all such multipliers.

In what follows we will assume that the point-evaluation functionals on the space
X are bounded. Together with the Closed Graph Theorem, this immediately implies
that A = (\,) € (X,Y) if and only if T, € £(X,Y), the space of bounded operators
from X to Y. Note that, although H? and AP are not Banach spaces for 0 < p < 1,
they do have a complete translation-invariant metric (distance from the origin is the
pth power of the “norm”), and so the Closed Graph Theorem is applicable to all H?
and AP spaces. We are also interested in investigating when T\ € K(X,Y), the space
of compact operators from X to Y.

Some statements about (X,Y’) require cumbersome notation if written precisely.
We shall replace n+ 1 (wherever it appears) by n, ignoring division-by-zero problems.
This imprecision is harmless, as it is easily seen that (A,4+1)2, € (X,Y) & (\,)52, €
(X,Y) for any of the spaces of interest to us.

A particularly important family of multipliers are the fractional derivative multi-
pliers D', t € R (usually called fractional integral operators if a < 0). We essentially
define D! to be the multiplier (n'), except that we define its zero’th coefficient to
be 1, no matter what the value of ¢ (this variant definition of the zero’th coefficient
simplifies the statements of some later results). For any function space X, we write
D'X ={D'f : fe X}.

We next wish to define very general mixed norm sequence spaces, but let us begin
with some notation. Here and later, it is sometimes convenient to write sequences
(@)%, as formal power series Y°° ; a,z™ (these series will always involve powers of x
to distinguish them from analytic functions which are written as power series in z). We
define I; to be the kth dyadic block of integers, i.e. I, = {2F71 ... 28 — 1} for k > 0,
and I, = {0}. Finally, on any sequence space, we define the operator Sy, k£ > 0, which
selects out the kth dyadic block of terms and shifts it to an initial position. More
precisely, So(En2g ant™) = agz’ and Sk(X5l, ant™) = Yoes, a2

We are now ready to define our mixed norm spaces. If A, B are sequence spaces,
and B has a norm, the new sequence space A[B] consists of all sequences A such that
(IISkAl|B)5y € A. If A is also a normed space, then A[B] is a normed space with

M sy = [ (1SkAl[B)RZ0 [l -



We can iterate this construction to define spaces of the form A[B[C]], and so on.
One could also define A[B] as above, if membership in B is given by the finiteness
of a quantity || - ||z which is not a genuine norm; we do so only for B =, p > 0, in
which case ||(a,,)]|;» is defined, as usual, to be the pth root of the sum of pth powers.
In particular, [[IP] consists (at least when p,q < oo) of all sequences a = (a,) such

that
1/q

) 2k_1 q/p
lallis gy = 1 laol® + > ( > |an|p> < 00.
k=1

n=2k-1

We shall usually use the more common notations {”? and || - ||, in place of [?[I?] and
|| - liapw)- We similarly define (»%" = ["[19]i”]]. Observe that IP? = [P,

The following elementary lemma (which will be used without comment later) gives
an alternative description of [™*°; we leave the proof as an exercise to the reader.

LEMMA 1. For a non-negative sequence (ay), the following statements are equiva-
lent:

(a) There exists a constant A > 0 such that Yoy ' ap < A.

(b) N Kktay, = O(N?Y) (for any fizred t > 0).
Thus, for s >0, t € R, (n*A,) € "™ if and only if ¥2_, n'™+* | \,[" = O(N?®).
We finish this section with a useful characterization of the lacunary series which

lie in H? and AP. Part (a) is well-known (see, for instance, Theorem 1.V.6.4 in [44]),

while (b) was proved in [8].
LEMMA A. Suppose f(z) = 322 ao 2% . Then
(a) If0 <p <2, then f € H? if and only if Y52 |asx|* < 0.

(b) If0 < p < oo, then f € AP if and only if Y32, ny, agk [P < oo.

2 MULTIPLIERS BETWEEN SPACES OF BERGMAN TYPE

The characterization of (A%, A%) is trivial when p = ¢ = 2, but otherwise much more
difficult. In some cases, such as p =1, ¢ = 2, or ¢ < 2 < p, it is possible to give an
explicit characterization. In a number of other cases, it seems that one can only hope
to get conditions that are either sufficient or necessary, but not both.

The case p = ¢ = 2 is trivial because

o

£l =2 Bn+1,a+1)|a|. (1)

n=0



By Stirling’s formula, this sum is comparable to >2°, |a,|? n~'~%. It follows that if
a, 3> —1, then (\,) € (42,4%) & (A, nlePA2) €= ie. X € DE-/2>,

In [8], the characterization of multiplier spaces of the form (A%,Y) or (X, A%) is
reduced to the case a = 8 = 0, so we shall confine ourselves to looking at unweighted
Bergman spaces for the rest of this section.

Wojtaszczyk [41] characterized (AP, A7) for ¢ < 2 < p; simpler proofs in more
general situations were subsequently provided by Anderson [3], Blasco [7], and Jevtié-
Jovanovié [23]. This last paper also proves an analogous result for H?. We state both
results as a single theorem at this point.

THEOREM B. If0 < g <2 < p < oo and 1/r = 1/q — 1/p, then (AP, A7) =
DYr|r and (HP, HY) = .

Corollary 9 of [41] says that if p < 2, then (B, AP) = D/?|°*P, The above theorem
allows us to slightly strengthen this.

COROLLARY 2. For 1< p <2, (By, A7) = (B, AP) = DV/»[>,

Proof. By Theorem B, (A7, A') = D'/P|*P 5o it suffices to prove that (By, A?) C
(AP AY). Fix A = (\,) € (By, AP), and let T5 : A” — A! be the dual of Ty. For any
a = (ay) € By, b = (b)) € (AP)" = AP let T3 (V') = (¢,) € A'. Then

Z )‘nanE(n—i_l)_l =< T/\(a’)’bl > =< G,T;(bl) > = Z a’na(n+1)_la

which implies that T3 (b') = (A, b)), and so T} = Tk is also a multiplier operator. By
Theorem B, (A7, A') is closed under complex conjugation and so we are done. I

Since AP is closed under the conjugation operator (a,) — (@,) and, as previously
mentioned, (AP)* = A¥ it follows that (AP, A9) = (A7, A¥), for all 1 < p,q < oo.
In a similar fashion (but by a different pairing) one obtains (H?, HY) = (HY, H").
These results will be useful later.

Elements of H? and A? are, of course, completely understood in terms of their

[4

Taylor coefficients. The “next best” spaces are H' and A!, the largest Banach spaces
among the unweighted Hardy and Bergman spaces respectively. We now state a
theorem concerning the multiplier classes involving only AP and HP spaces of exponent
1 or 2. Since A? = DY2H? it follows readily that (H?,Y) = D~'/2(A%)Y) and that
(X, H?) = D'/?(X, A?) for any sequence spaces X, Y. Thus we may ignore those cases
involving H2, and our sixteen a priori cases reduce to the following nine. This theorem
is mostly a combination of results due to many different authors (as indicated by the

proof); only the results (h), (i), and our proof of (g) are new.



THEOREM 3.
(a) (A2, A%) =1[>.
(b) (H', A%) = D'/?]2>,
(c) (AL, A%) = D~1/2]2,
(d) (A2, Al) = DV/2[2,
(e) (A2, H') = D~1/2]=.
(f) (A, AY) = D 'HL
(g) (A',H')=D7H].
(h) H(1,2,1) C (H', A') C H}.
(i) D~'H(1,2,1) C (H',H') C D™'H].

Proof. Part (a) is trivial. Part (b) is essentially equivalent to the fact that (H', H?) =
1>, which is due to Hardy and Littlewood; it is proved in [11] and [20] (see also [30]
for a more general discussion). Part (c) is due to Vukotié¢ [39]. Parts (d) and (e) follow
readily from Theorem B. Part (f) is due to Pavlovié [32] (see [28] for a more general
statement: (A!, A%) = D~'HY, for all 1 < g).

Part (g) was proved in [28], but we shall demonstrate it using results of Blasco and
Flett. This proof will also be useful for the last two parts of the theorem. Note first

that H' C D='H(1,2,1), as proved in [18]. Therefore
(AL HY) € (4", DH(1,2,1)) = D™ (H(1,1,1), H(1,2,1)) = DH]},

where the last equality is a special case of Theorem 5.3 of [7]. The opposite con-
tainment is quite similar, except that we begin with the inclusion H' > D71A! =
D 'H(1,1,1), which was also proved in [18], and we end with (H(1,1,1), H(1,1,1)) =
D~'H! which also follows from Theorem 5.3 of [7].

For (h), we note first that

(H', A D (D 'H(1,2,1),H(1,1,1)) = (H(1,2,1), H(1,1,2)).

The equality above follows from the trivial general fact that (X,Y) = (DX, DY) and
the fact that D*~*H(p,q,t) = H(p,q,s), as long as s,t > 0. This result, essentially
due to Flett, is taken from [8]. Next, we note that Young’s inequality for convolutions
readily gives H(1,2,1) C (H(1,2,1), H(1,1,2)); for a detailed proof see Lemma C of
[7]. We therefore deduce that H(1,2,1) C (H', A').



As for the other containment, we first note that, as in (g),
(H',AY) C (DH(1,1,1), H(1,1,1)) = D' 'H! = H}.

To see that we do not have equality, note that the sequence D!, corresponding to
the Koebe function z — z/(1 — z)?, is obviously in H{. However it does not lie in
(H', A, because 322, n12%" € H'\ D7'A! (see Lemma A).

Finally, we prove (i). First note that if we convolve (i.e., multiply coefficients of) a
sequence in (H', A') with one in (A', H'), we get a sequence in (H', H'). Since clearly
D' € D2H} = (A", H"), we deduce from (h) that D~'H(1,2,1) C (H', H'). We
cannot have equality because the sequence whose coefficients are all 1 lies in (H!, H?),
but not in D7'H(1,2,1) (because the Koebe function does not lie in H(1,2,1)). To
prove that (H', H') C D~'H{, we argue as in (g), (h) to first get the containment
(H',H')) C (D'H(1,1,1),D'H(1,2,1)), and finish as in (g). 1

The following result, which follows from Theorem 4.2 in [7], generalizes part (c) of
the above theorem; we shall use it later. We also state a corollary which follows by
duality, as in Corollary 2.

LEMMA C. If0< p < 1, then (AP, A%) = D3/2-2/p|2c°,
COROLLARY 4. (42,B,) C (A!, A?) = (A2, B). Thus, (A2, By) C D~1/2[2>.

Theorem 3 shows that one cannot in general hope for (AP, A?) to have a simple
description in terms of coefficients, since H? is not solid, in the sense of Anderson and
Shields [4], if p # 2 (in fact, (AP, A?) is not solid if p,q < 2 or p,q > 2; see [8]). If we
wish for conditions involving [P or [P, the best we can hope for are separate necessary
and sufficient conditions in such cases.

We already understand (A', A%) and (A2, A%) in terms of the mixed-norm se-
quences. For 1 < p < 2, (AP, A?) is, of course, solid but seems to be difficult to
determine. A result of Blasco [7] says that it contains D~/7["* where 1/r = 1/p—1/2.
We now sharpen this result. Note that ["°>* contains sequences that are not in [**
unless s =t = 00 (e.8. Y2y X525 22" 27

THEOREM 5. Let1 <p<2andi=
D1,

=22 Then D7V C (AP, A?) C

1_1
p 2 2p

To prove this theorem, we need the following result from [36] and [29].



LEMMA D. Let1 < p < oo and let Ay be the multiplier operator whose coefficients
are 1 in the kth dyadic block I}, and zero elsewhere. Then

11 ~ 322 *1Aef 1T (2)
k=0

We now give a couple of equivalent formulations of (2) that we shall use later; in
particular the second will be the key to proving Theorem 5. First, it is easy to deduce
that, for 1 < p < o0,

1A% = 22 1Ak - (3)
k=0

We state our second reformulation, which clarifies the relationship between AP and
HP? (p > 1), as a proposition; for more on the role of mixed-norm spaces in the study
of multipliers, we refer the reader to [9].

PROPOSITION 6. If 1 < p < oo, then ||f||% =~ [f(0)[P + X2, |AcD Y2 f|[5,.
Equivalently, AP = DY/?[P [HP].

Proof. Proposition 3.7 of [8] says that BV C (HP?, H?), and thus also H? C (BV, H?),
for 1 < p < oco. Applying the Closed Graph Theorem to BV multipliers from HP? to
itself, and to H? multipliers from BV to H?, we see that all of these multipliers are
bounded. Therefore by the Uniform Boundedness Principle (applied to the family
{T\ : ||M|sy < 1} of multipliers from H? to itself), it follows that ||(a,b,)|mr <
Cll(an)llsv - [|(bn)|zo-

To prove the lemma, we must show that the ratio of the quantities 2 %|| Ay f|| u»
and ||AxD~Y? f|| gz» is bounded above and below, independently of k. To change one
of these expressions to the other, we simply applied the multiplier operator 7} given
by the sequence A.(2%/Pn=1/?) or its “inverse” T} ' given by A(27%/Pn'/?). Both
of these sequences are in BV, the space of bounded variation sequences, with total
variation at most 2'71/?_ and so we are done. I

PROOF OF THEOREM 5. The fact that (AP, A2) C D~'/"|* is part of Theorem 4.7 of
[8], so it suffices to prove the other containment. We claim that D'/2=1/2]> [(H? H?)] C
(AP A?); actually, these two spaces are equal, but we omit the proof of the reverse
containment (which is not difficult with the help of the Closed Graph Theorem), as it
is of no relevance here.

By Proposition 6, A? = D'/?[? [HP]. Discarding the fractional derivatives, our
claim thus reduces to the inclusion (*° [(H?, H?)] C (I? [H?],1? [H?]). Let f € [P [H?]



and A € 1% [(H?, H?)]. Now, ||fllw iz = | (1Skf1l12)i0 1w, and

| Tafllzmy = | TSkl a2)io 2
< ISkl caze, 2y - 1Sk flle) i llie
< N[ Mllieegee, 2y - | (1SkSf 1112 )iZ0 [le2
< N[ Mleerce, a2y - | (1SkSf 1112 )0 [lev

||)\||l°°[(HP,H2)] ) ||f||lp [HP],

proving our claim.

To finish the proof, we appeal to a theorem of Hedlund which says that (™ is a
proper subset of (HP, H?), for all 1 < p < 2. Consequently, (AP, A?) properly contains
D/271/p[oo 1] = DU/T[mo%% a5 required. B

Various theorems on the Taylor coefficients of H' functions are known. To state
one that is due to Paley, let us first make a couple of definitions. A sequence of positive
integers (ny) is lacunary if there exists Q > 1 such that ng,1/nx > @, k € N, and it is
sparse if it has at most NV terms in each dyadic block, for some fixed N > 1. Clearly,
every lacunary sequence is sparse, but the reverse is false (e.g. >°°, 22" + x2"*1); in
fact, sparse sequences are precisely finite sums of lacunary sequences. We shall say
that a subset E of N (viewed as a subsequence) has the H-Paley property if for every
(an) € HY, we have Y, |an|? < o0o.

Paley’s theorem (cf. [11], p. 104, for example) says that every lacunary sequence
E C N has the H-Paley property. The theorem remains valid if £ is merely sparse,
since we can partition the terms of a sparse sequence into a finite collection of lacunary

subsequences. W. Rudin [34] proved the converse, and so we have the following result.

THEOREM E. A sequence E C N has the H-Paley property if and only if it is
sparse.

A subset E of N has the H-Paley property if and only if A\ € (H', H?), where A\g
is given by the formal power series 3¢5 2". Since || Zpeg 2|2 = supy |1 N E|Y/2,
the Paley-Rudin Theorem is thus seen to be a special case of Theorem 3(b) (or more
precisely of its equivalent form (H', H?) = [>*).

This same argument gives an A! analogue of the Paley-Rudin theorem. To be
precise, let us say that a subset £ of N has the A-Paley property if for every (a,) €
Al we have Y ,cp n ' a,|? < oo. The following result is then a special case of
Theorem 3(c).

THEOREM 7. A sequence E C N has the A-Paley property if and only if it is
sparse.



We remark that for analytic functions whose Taylor coefficients form a sparse
sequence, or a sequence monotonic on dyadic blocks, there is a characterization for
their membership in any of the spaces AP; see Propositions 2.1 and 2.4 of [8].

3 ESSENTIAL NORMS AND COMPACTNESS OF MULTIPLI-
ERS

Compact multipliers on Bergman spaces have not received much attention. This
section attempts to provide some information on this.

Recall that the essential norm ||T||. of a bounded operator 7" between the Banach
spaces X and Y, is given by

1Tl = inf{[|T — K| - K € L(X,Y)}

and provides a measure of the noncompactness of T'. Clearly, 71" is compact if and only
if ||T||e = 0. The essential norm can actually be computed explicitly in certain cases.
We begin with a simple example where this is so.

PROPOSITION 8. The essential norm of Ty € L(A}, A3) is given by

B(n+1,ﬁ+1)>1/2

Th|le = 1i An
I3l = timsup 3, (530D

In particular, Ty is a compact operator if and only if (|Aa|n(@=P72) € ¢,.

Proof. Let U, be the multiplier operator given by the sequence (B(n + 1, o+ 1)'/?).
It follows from (1) that U, is an isometry from A2 to [*. Consequently, ||T'|| 42, 4z =
|UsTU; ||12—2 for any operator T', and so it suffices to show that |7y || = limsup |\, |,
for any multiplier operator Ty € L(I%,?).

Suppose therefore that Ty € L£(I?,1?). For an arbitrary positive integer N, we
denote by T the multiplier operator corresponding to the sequence whose first N
terms are A;, A9, ..., Ay, and whose remaining terms are 0. 7T is compact since it

has finite rank. Therefore

ITAlle < 175 = T ll* = sup {( D [Aaf* lanl® = [[(an)l[2 < 1} < sup |Anf".
n>N n>N
Since N is arbitrary, we are done.
For the lower bound on ||73||, let us suppose that K € K(I?,1%) and that (\,,) is
a subsequence of (),) such that limg o |An, | = L = limsup |\,|. Let py € * be the
sequence whose nith term is 1 and all other terms are zero. Then ||Thuk|2 — L as



k — oo, but Ky, — 01in [?, since (uy) tends to zero weakly in [2. Thus ||Th—K]||2_;2 >
L. Since K is arbitrary, we conclude that ||T)|lc > L, as required.

REMARK. Recall (see Pietsch [33]) that, for two Banach spaces E and F' and a
bounded linear operator 7' € L(E, F'), the non-increasing sequence (a, (7)) of approx-
imation numbers is defined by

a,(T) = inf{||T — A,|| : A, € L(E,F), rank A, < n}.

In general, ||T|| < lima,(7T), and if E,F are both Hilbert spaces then ||T||, =
lima,(T). Also, if £, F are Hilbert spaces then T' € L(E, F') belongs to the Schatten
class S, exactly when (a, (7)) € [, and if E, F' are Banach spaces, then T € L(E, F)
is strongly nuclear (see [33]) exactly when (a, (7)) is rapidly decreasing, i.e. for each
k, limn* a,(T) = 0.

Let p, = |\ (%)1/2 and let v, = sup,,., m@#/2|\,|. By the above
proof, we have ay (7)) < sup, y tin, and thus Ty € L(A%, A3) is in S, (or is strongly
nuclear) if v € [, (resp., v is rapidly decreasing). In particular, 7 is a trace class
operator if v € 1, and is Hilbert-Schmidt if v € [,.

Proposition 3.7 of [8] says that any ()\,) € BV gives a bounded self-multiplier of

AP for any 1 < p < co. We now compute the essential norm of such an operator.

THEOREM 9. Letl <p < oo andletT € L(AP, AP) be the operator associated with
the sequence (\,) € BV, where lim, oo Ay = L. Then ||T||. = |L|. Consequently,
T € K(AP, AP) if and only if L = 0. If T is bounded, but not compact, then the

operator Th_r, 1s a closest compact approximant.

Proof. We begin by proving that ||T||, > |L|. The functions f,(z) = (np/2 + 1)'/7z"
lie on the unit sphere of A? and the sequence (f,(z)) converges to zero uniformly on
compact subsets of the disk. The Lebesgue Dominated Convergence Theorem and the
representation of linear functionals on AP for p > 1 imply that this sequence weakly
converges to zero, and so K f, — 0 for any K € (AP, AP). Therefore we obtain

IT = K| > tmsup|Tf, ~ K/,

> limsup ([T fullp — 1K fall,)

lim sup ||T fol,
n—o0

|

lim sup [\ = ||,
n—o0

which implies ||T||e > |L].
The reverse inequality is equivalent to showing that 7" is compact if L = 0, so
we assume that L = 0 below. We may also assume without loss of generality that



IT|| < 1, since the theorem is invariant under multiplication of A by a non-zero
constant.

If f € A? and f = g + h, where g is a Taylor polynomial of f whose order is a
power of 2, then Lemma D implies that || f||a» = ||g]|4» + ||2||a» (in fact, the power-
of-2 restriction is unnecessary). We denote by F,, the linear functional that takes any
f € AP to its nth Taylor coefficient; F;, is bounded by the Cauchy integral formula.

Suppose now that (f,,) is a sequence of functions in the unit ball of AP. Defining
Ay as in Lemma D, we see that the functions 7'f,, and AT f,, are in the unit ball
for all m > 1, k > 0. By finite dimensionality, each of the sequences (A;T'f,,) has
a subsequence convergent in AP. By a diagonalization argument, we can produce a
subsequence of (f;,) such that each of the associated sequences (AT f,,,) is convergent.
Let us also denote this diagonal subsequence by (f,,) (since we have no more use for the
discarded functions). By finite dimensionality (and the boundedness of every F,), the
convergence of (AT f,) in AP and in [* are (topologically) equivalent. We therefore
have a formal limit sequence (b,) such that F, (T f,) — b, (m — oo) for all n. In
fact, since each of the functions AgT f,, is tending to Ag(b,) (this last function being
defined in the obvious manner, even though we do not yet know that (b,) represents a
function), it follows from (3) by an easy limiting argument that (b,) € AP. We denote
the associated limiting function by g.

It remains to check that (7'f,) converges to g in AP. Since BV C (AP, AP),
we deduce from the Closed Graph Theorem and the Uniform Boundedness Principle
that ||T,]|ar—»a» < C||p|lpy (a formally identical argument is given in the proof of
Proposition 6).

Suppose € > 0 is given, and let k£ = k(¢) be a fixed positive integer to be specified
later. We write A = A\ + Ay, where the nth term of the sequence \; equals that of A
if n < 2%, and equals 0 otherwise. Now if k is sufficiently large, then ||\o|| sy is very
small, so we can assume that k£ was chosen so large that ||T),|| < e. Splitting g = g1+¢2
in the same manner, we see there is some C' = C(p) such that |1y, f — g2|lar < Ce
for all m. But by finite dimensionality, we obviously have ||T), fin — g1||a» < € for
sufficiently large m. Thus (7f,,) converges in AP to g, and T is compact as required.

The other statements in the theorem are immediate. I

The results above illustrate that some of the known characterizations of (bounded)
multipliers allow for an easy compactness analogue. A familiar “rule of thumb” sug-
gests that changing a “big-O” condition for boundedness to a “little-o” condition gives
rise to a compactness condition. In this section, we derive several compactness results
from the results on the boundedness, guided by this principle.

The following result of Duren [12] will be needed later.



THEOREM F. If0 < p <2< q < oo and A\, = O(n*/97Y?), then Ty € L(HP?, HY)

and the exponent is best possible.

The compactness analogue of the above result follows readily (but was not stated
in [12]). From its proof, we learn that, using Proposition 8, the rule of thumb is valid
in particular if we can factorize a bounded operator through H? (or A?%).

COROLLARY 10. Let 0 < p < 2 < ¢ < oo. If A, = o(n'/97V/P), then Ty €
KC(HP, H).

Proof. Let A = (¢, n'/9Y/?), ¢, = o(1). By Theorem F, D'/?"'/? ¢ £(H? H?) and
D'/a=1/2 ¢ £L(H? HY). One easily verifies that T, € K(H?, H?). Thus T} is compact,
since it is a composition of three bounded operators, one of which is compact. 1

We now state a Bergman space analogue of Duren’s theorem; part (a) is from [39],
and (b) is from [7]. In each case, the exponent is best possible. We follow this result
with a little-o compactness version.

THEOREM G. Suppose 0 <p<2<qg<ooandl/r=1/p—1/q.
(a) If \y = O(n=%"), then Ty € L(AP, AY).
(b) If p > 1 and (n'/"\,) € 1" then T\ € L(AP, AY).

THEOREM 11. Suppose 0 <p<2<g<ooandl/r=1/p—1/q.
(a) If A\, = o(n=2/"), then Ty € K(AP, A%).
(b)) If p> 1 and Yorcpcor+r |An|” = 0(27F) then Ty € K(AP, AY).

Proof. Part (a) follows immediately by A? factorization, so we prove only (b). We
shall write Ty = T30Ty0T), where T} € L(AP, A7), Ty € K(A? A?), and Ty € L(A?, A9).
Let I, = {n: 28 < n < 2} and py = 28 3, o [A]™. Clearly, gy = o(1). Now let
st=p1—-21 ¢t1=21_¢g 1 andsor ! =s14+¢t! Define o, = ,u,zl/s |An|7/*
and 3, = /L,Zl/t\/\n\’"/t whenever n € I (with o, = 0 = g, = 0 if yx = 0). By
Theorem G(b), (n'/*ay,) € 1% and (n'/*B3,) € %>, and so (a,,) € (AP, A?), (B,) €
(A2, A%). The sequence (sgn(A,) - 1p/") lies in ¢y = K(A2, A2). Since

)\n = 0p [Sgn ()\n) : /'L]%;/T] . ﬁna
we are done. 1

Let us also note that the study of compact operators between weighted Bergman
spaces reduces to the unweighted case. In fact if p,g > 0, o, B8 € R, u = (un) =
(n®/P=Bla),), then T) € K (AP, A%) if and only if T, € K(AP, A%). This compactness



analogue of Corollary 1.4(d) in [8] follows from part (a) of that corollary in the same
manner, since the composition of a compact and a bounded operator is compact.

We shall now obtain the compactness versions of parts (b) and (c) of Theorem 3. To
this end, we use the following elementary lemma based on J.E. McCarthy’s suggestion.

LEMMA 12. Let (c,) be a nonnegative sequence such that X_, ¢, = o(N). Then
there exists a positive sequence (pi,) such that p, — oo and SN_1 |pa|? cn = O(N).

Proof. Let v, = X7, cx/m, and define &, = sup{v,, : m > n}. Then pu, = §,/2
has the desired properties: p, > 0, p, — oo (since 7, — 0), and
N

N \ e 1 N
Zl|un| Cn:za<_zcn:N-
n=

n=1 TN n=1

THEOREM 13.
(a) Ty € K(HY, H?) & N | n?|\,|? = o(N?).
(b) Ty € K(A, A?) & N n?|\,|? = o(N).

Proof. We prove only (b); part (a) is similar.

(«): Suppose that > n?|)\,|? = o(N). Apply Lemma 12 with ¢, = |A,|? n? and
obtain the corresponding sequence (p,). By Theorem 3(c), we have Ty, € L(A', A?),
while Proposition 8 implies that T}/, € K(A?, A?). Thus, T) = T),0Ty/, € K(A', 4?).

(=): Let Ty € K(A', A%). For 0 < R < 1 consider fg(z) = (1—R)%*?(1—Rz)~"/2.
One sees that

1 pom do
L~ (11— R)2 @
T gy =
1
< o@ —R)1/2/ (1— Rr)~*2dr < C.
0

Hence, {T) fr} is a relatively compact family in A%, and any subfamily of it contains
a subsequence (T} fr,) which converges in the A%-norm. Also,

Tnfr(z) =(1—-R*?* > Ma,R"2",  a,~ An®~

One easily sees that T fg — 0 as R — 1, uniformly on compact subsets. To get
this, we use Theorem 3(c) to get the crude estimate \, = O(n~'/2). Together with



the above estimate on a,, we see that \,a, = O(n?). On each fixed compact disk
{z:]z] <p} CD,0<p<1, this yields

T\ fr| <C(1—-R>*?*n?p" -0, R—1.

A subsequence (T} fg,) converges in the A%-norm, while 0 is the only cluster point
for the normal family {7} fr}: this yields Ty fr — 0 in the norm of A? on all subse-
quences. We also have, for any 0 < R < 1,

I3 frll%e ~ C(L= RS | Aafn* R,

Taking R = 1 — 1/N, and truncating the sum at the Nth place, it follows that
N3N M\ [2n* — 0, and so 20, [M|?n? = o(N). 1

n=1

We now discuss when the bounded and compact operators between AP spaces
coincide, following a suggestion of P. Wojtaszczyk. This theorem implies, in particular,
that the (AP, A7) multipliers (p > 2 > q) described in [41] are all compact.

THEOREM 14. Suppose p > 1, ¢ > 1. Then L(AP, A?) = K(AP, A?) if and only if
q < p. In fact, there exists a non-compact multiplier operator for all p < q.

To prove this result, we shall need a couple of preliminary lemmas. The first is
due to Lindenstrauss-Petczynski [26] for p > 1, and to Shields-Williams [35] for p =1
(see also [40], Section III.A). The second is a special case of Proposition 2.4 in [8].

LEMMA H. If p > 1, then AP is topologically isomorphic to [P, i.e. there exists
a linear one-to-one correspondence between these spaces which is continuous in both

directions.

LEMMA 1. Suppose that a, > 0, 1 < p,C < 00, that (an)ner, is monotonic for
all k, and that a,, < Cay, for alln,m € Iy, k > 0. Then (a,) € AP if and only if

300 nP3a,|P < oo. In fact, ||(ay)|[he & 300 nP 3 ay, [P

Proof of Theorem 14. A theorem of Pitt (¢f. [25], pp. 208-209) states that
L(IP17) = IC(IP,19) for all 1 < ¢ < p. Thus if ¢ < p, the compactness of T € L( AP, A?)
follows by using Lemma H to factorize it through /? and /9.

It remains to construct a non-compact (AP, A7) multiplier whenever 1 < p < g.
The case p = q is easily handled, since the identity map 77 cannot be compact on an
infinite dimensional space, but obviously 77 € L(AP, AP). We may therefore assume
that p < q.

Let A = (n?772/?). It follows from Theorem 1.3(a) of [8] that Ty € L(AP, A%),
but we shall see that T, ¢ K(AP,A?). Let Ay be as in Lemma D and define



fe(2) = Zher, n?/?=1z". By Lemma I, {f;} is a bounded subset of AP. Suppose
that a subsequence of (7} fx) is norm-convergent to some g € A?. Recalling that F,,,
the linear functional that takes f to its nth Taylor coefficient, is bounded on A?, it
follows readily that all the Taylor coefficients of ¢ must be zero, and so ¢ = 0. But
this is impossible, since (T)fx)(2) = Yper, n?/¢712" is bounded away from zero in A?
by Lemma I. i

COROLLARY 15. Let 1 <p <2 and % = zl) % o

(a) DY2Ior C KC(HP, AP).
(b) D-Yreor ¢ K (AP, AP).

Proof. For (a), we suppose \, € D/2[°" and write \, = n'/?~'/P.p'/2.;;,. Theorem B
now implies that p, is a bounded (and hence compact, by our last theorem) multiplier
from A% to AP. Trivially, D'/? € (H?, A?), and Theorem F tells us that D/271/7 ¢
(H?, H?) for 1 < p < 2. The statement follows.

As for (b), Theorem 5(iii) of [18] tells us that D~'/P € (AP, HP) for all 1 < p < 2.
This and (a) imply (b). I

Zeng [42] observed that T{,n) € IC(AP, AP), for any p > 1. Our corollary implies,
for instance, that D®=2-9/2P ig in IC(AP, AP) for all 1 < p < 2,0 < ¢, which improves
the result in [42] for that range. This corollary is only one example of the type of
compactness results one can get using the compactness of Wojtaszczyk’s multipliers.
As another example, Theorem 2.12 of [8] gives a sufficient condition for membership
in the multiplier class (AP, A7) (valid for all p,¢q > 0). When ¢ < 2, this condition is
proved by factorization through A?, and so it actually guarantees compactness (and
generalizes Corollary 15(b)).
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