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Numerical Analysis for Two—dimensional Heat Transfer of
Superfluid Helium with Phase Transition

Ryo Akasaka?, Takafumi Noda®, Kenji Fukuda® and Hisayasu Kobayashi®

Abstract

The purpose of this paper is to confirm the validity of the numerical model proposed in our
previous paper for a two-dimensional analysis. The model can be applied to a wide range
of temperatures from superfluid helium to normal fluid helium at vapor state. Two-dimen-
sional numerical analysis for the horizontal channel with the heated bottom was performed,
and the results were compared with experimental results. For low heat flux, the tempera-
ture profiles at steady state obtained from the analysis showed quantitative agreements with
those from the experiment. For higher heat flux, the numerical results were able to
represent the experimental temperature profiles qualitatively. In the transient analysis, the
model was able to simulate the change of the velocity field caused by the phase transition.
It was concluded that the validity of the proposed model in the temperature range including
the phase transition was partially verified.
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1 Introduction

To discuss the stability of superconducting magnets, a numerical model to represent both
the A-transition and the boiling of helium is needed. However, since there were only a few
analytical studies of superfulid helium in tha past, a model applicable to a wide temperature
range has not been developed. Gorbounov et al. [1] performed a transient analysis of the
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superconducting material of 45 T hybrid-magnet. In their analysis, the Navier-Stokes
equation was employed as the momentum equation of superfluid helium without any
modifications, and no term to represent the thermomechanical effect was introduced. We
pointed out that since the thermomechanical effect greatly affects thermal behaviors of
helium flow, the, the governing equations should have terms to represent the effect [2],
Furthermore, we proposed the new numerical model applicable to a wide temperature range
[3]. This model, which is referred to as “the simplified model” hereafter, validity of the
model for one-dimensional systems was verified in our previous study [3]. In the present
study, the analysis of a two-dimensional system using the proposed model is performed, and

the results are compared with those obtained from experiment.

2 Numerical model

2.1 Governing Equations

The two-fluid model [4, 5] based on the theory of Khalatnicov is the most proper model
to represent the thermal behaviors of superfluid helium. However, multi-dimensional
analyses using original two-fluid model have been scarcely reported in the past. The reason
for this is that in the momentum equation for superfluid component, the thermomechanical
effect term and Gorter-Mellink mutual friction term become extremely larger than the other
terms. The mathematical manipulation to solve such equations is very complex. The
simplified model based on the equations for homogeneous flow has asimpler form than the
original two-fluid model. Some additional terms have been added to the homogeneous flow
equations to represent the heat transfer characteristics of each phase.

The simplified model consists of the following three conservation equations:

mass equation

2.4 V(ou)=0 1)

momentum equation
p%ltl-l-(u . V)u=—Vp—AM+/1[V2u+%V(V cu)—A V} 2)

energy equation

p%ﬂ)(u WVh=K (3)

where p is the total density, u the mean velocity of total fluid, # the time, p the pressure, u
the viscosity and 7% the specific enthalpy. The two-dimensional forms of these equations are

as follows.

mass equation
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where # and v are the velocity in the x-direction and z-direction, respectively.
The density p is determined according to the state of helium.
Os+ On (superfluid)
=10 (normal fluid) (10)
aog+(1—a)p: (two-phase)
where « is the void fraction. The subscripts s and # indicate the superfluid component and
the normal fluid component, respectively, and g and / denote the vapor phase and the liquid
phase, respectively. The u is defined using the momentum flux of total fluid.
OsUs T Oalln (superfluid)
ou=1{ pu (normal fluid) a
apgug+(1—a)pm; (two-phase)

AM in Eq.(2) represents the difference between the homogeneous momentum flux and the
real momentum flux. K in Eq. (3) corresponds to the heat transfer caused by internal
convection in the superfluid region and heat conduction in the normal fluid region. As shown
below, both AM and K have different forms depending upon the regions.

2.2 Momentum difference
Superfluid region In the superfluid region, the real momentum flux Mye.; and the homogene-

ous momentum flux Mpomogeneous €an be expressed as follows:

MreaI:V(Psus * Ust onlly * un) (12)
Mhomogeneouszv<pu * ll) (13)
Therefore,

AM :Mreal - Mhomogeneous

=V(0sUs * Us+ Onlln * Un) —V(pu * u)=V ‘0‘?“;" (us—u,)? 19

Based on the fact that the thermomechanical effect term has almost the same magnitude as
the Gorter-Mellink mutual friction term [6] , it is possible to assume the following relation.
sVT = _AGMpn| Us— Uz IZ(US_Un) (15)
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where Acy is the Gorter-Mellink coefficient. Strictly speaking, Eq. (15) is valid only for a
steady state. However, for the system studied in the present study, Eq. (15)makes a good
approximation, since the relaxation time of the tmperature is considerably longer than that
of the velocity of the superfluid component. From Egs. (14) and (15), the expression of A

M in the superfluid region is

_ o[ oson( 2/3 }
AM v[ ; \AGManle) XVTVT (1)
The two—-dimensional forms of AM are as follows.
9[0T\ [ 0T\ 0T
AM.= ox N< or > }+ 0z N( ox )( 0z )] )
0 oT A 0T\ oT
AM.=5~ 0z N( 0z ) }{_ ox N< oxr >( 02 )] 19
where
_0s0n | s 2
N 0 lAchn[(ﬁT/ax)2+(8T/8z)2]} 1
Aecw is calculated using the following relation.
3 .4 3
Aa=E5 LR (T) )

where F(T) is the heat conductivity function, and is evaluated from Eq. (25) as shown later.
Normal fluid region Since the normal fluid helium behaves like a conventional singlephase
fluid, AM in this region is zero.

Two-phase flow region AM in the two-phase flow region is zero, since the homogenous

model is applied in the present study.

2.3 Heat conduction
Superfulid region The heat flux caused by the internal convection of superfluid helium q.c

can be written in the form:

Qic= "pssT(us—un) (Zl)
Thus, K in this region is
=V(—qq) 22)
From Egs. (15) and (21),
1 1/3
Qic=— [W} vT 29)
where .
F(T)=425 o

Generally, the form of this function is determined from experimental data. In the present
study, the following form determined using the data collected by Srinivasan et al. [7] is

incorporated.

F(T)=— 7% 7 4T3 {z(D—o(D]? )

( T)=< Tgc) ' o)
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where s; and T, are 1.560 kJ/kg-K and 2.168 K, respectively. Ac and ¢ are pressuredepen-
dent parameters. At 0.1 Mpa, Ac=1297m+s/kg and ¢ = 0.01K.
The two-dimensional form of Eq. (22) is as follows.

k=5 rtry @) Vo Ry %) “

Normal fluid region The heat flux caused by the heat conduction of normal fluid q. can be

written in the form:

q.=—kVT 28
where % is the thermal conductivity. Thus, K in this region is
K=V +(—qo)=V - (kVT) 29
and the two dimensional form of this equation is
_ 0 (, 0T\, o/(,0T
K_8x< 8x>+ az< 8,2) 3

Two-phase region The heat conduction in the two-phase region should be quite small.
Thus,
K=0 (31

2.4 Phase transition or phase change between two grid nodes
In the case that the phase transition or phase change occurs between two grid nodes, the

heat flux at phase interface is evaluated using the following procedures.

Phase transition Figure 1(a) illustrates the phase transition occurring between two grid
nodes. At the phase interface, it is assumed that the heat flux caused by the internal
convection in the superfluid region q, is equal to that caused by the heat conduction in the
normal fluid region q,. From Egs. (23) and (28), q; and q,. are

=—[ 1 6T }1/3:_[ 1 Ti—Th :l1/3 )
e F(T) oz I F(T)  bAza
— QL — Tm+l”‘ T/l
N R (B 3
Therefore,
[ 1 Ti— Thn ]1/3: s Tmi— Ty 64
F(T) bAxn “(A—b)Azn

Equation (34) is the cubic equation for 5. The heat flux at the phase interface is obtained

from the real root of this equation.

Phase change Figure 1(b) depicts a change from liquid normal fluid to two-phase occurring
between two grid nodes. It is assumed that the temperature in the two-phase region is
saturation temperature Ts.. The heat flux at the interface q. is evaluated using heat
conductivity of saturated liquid Zsa:,:.

Qc—— ksat, ljﬂsaAtT*mY‘m (35)

If a change from two-phase to vapor occurs between two grid nodes, heat conductivity of

saturated vaporsat,» is used to evaluate qc.



88 Ryo Akasaka, Takafumi Noda, Kenji Fukuda and Hisayasu Kobayashi

Ax,,

(b) Phase change

Fig. 1: Phase transition and phase change occuring between two grid nodes
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3 Numerical analysis

Kobayashi et al. [9] examined the temperature profiles in the horizontal channel shown in
Fig. 2. The channel was initially filled with superfluid helium. The temperature in the
channel was homogeneous, and it was measured as 1.95 K. The bottom of the channel was
heated by locally heating section. The heat flux in the vertical direction was kept constant.
The temperature in the heating section was measured using Ge thermometer, and the
temperatures of helium near the bottom surface were measured using RuO, thermometer.
Small circles in Fig. 2 indicate the positions of thermometers installed. The gaps between
the thermometers and the bottom surface were fixed to 0.5 £ 0.05 mm.

In the present study, two-dimensional numerical analysis is performed on the system shown
in Fig. 3. In order to avoid numerical instability at the edge of heating section, the channel
length is extended but the length of the heating section is the same as the experimental

system.

The finite difference method is used in the analysis. The upwind scheme of first order is
applied to the convection term, while the central difference scheme of second order is
employed to the other terms. Time integration is carried out implicitly using the SIMPLER

method [10] with a time step of 10~¢ sec. For numerical stability, the non-linear filter
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Fig. 2. Experimental system-Small circles are positions of
thernometers installed.

adiabatic wall

x heating section
Fig. 3: Analyzed system

method [11] isused. The temperature and pressure in the channel are initially set to 1.95
K and 1 atm, respectively. The following boundary conditions are given.

® Top and bottom boundaries (except the surface of heating section):

0p_o OT _ _
gr =0 gy 0 =0 9
® Surface of heating section:
7”3
F(T)q (superfluid)
%—g: qk (normal fluid) (39
0 (two-phase)

® Left and right boundaries:
p=p, T=To uz=0 39
where ¢” and u. are heat flux and velocity in the x-direction, respectively.

4 Results and Discussions

4.1 Steady-state temperature profiles

The temperature profiles on a steady state obtained from the numerical analysis were
compared with those from the experiment. Figure 4(a) shows the comparisons for the lower
heat flux, with the fluid in the channel being kept in a superfulid state. The temperature
profiles tend to be peak at the center of the channel since the heat input from the heated
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section is transported to the whole fluid immediately. For the heat fluxes of 0.6, 0.639 or
0.7 W/cm?, the analytical profiles show quantitative agreement with the experimental
profiles. For the heat flux of 0.739 W/cm? however, the analytical profile has poor
agreement with the experimental profile. The main reason for this is that in the experiment
the heat transport might be partially prevented by the A-transition occurring at the center.

Figure 4 (b) shows the comparisons for higher heat flux. The A-transition occurring at the
center causes an extreme temperature increase. For the heat flux of 0.836 W/cm? an
asymmetrical temperature profile appears in both the analysis and the experiment. The
analysis has a slight numerical instability that can be explained as the appearance of
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Fig. 4: Steady-state temperature profiles obtained from
the analysis and experiment
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disordered convection cells on the natural convection of normal fluid.

4.2 Trasient temperature profiles and velocity fields

Figure 5 shows temperature profiles and velocity fields obtained from the transient
analysis. The heat flux is fixed to 0.81 W/cm? Each vector in the velocity fields repre-
sents the directions of velocity.

As shown in Fig. 5(a), after 0.9 sec from the start of heating, no temperature gradient in
a vertical direction appears, since the whole fluid in the channel is beging kept in a superfulid
helium state. The velocity vectors in the middle level have the direction from the center to
the edge, while the vectors in the lower and higher level have opposite direction. This
observation is due to the internal convection of superfluid components. The normal fluid
components heated at the center flow to the edge, while the superfluid components flow to
the center by the mass conservation. Since the normal fluid components flow faster in the

g 1]

194 2.62 2.10 2.18 2.26 2.34 2.42K

a8 —‘44 7 v 1
M A A h == .
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P4 » S~ \ f\_: lL. L R Nt -
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Velocity field

(a) after 0.9 s from the start of heating
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R

-y ~ - >
A" kN \R ‘ﬂl'// LSS

"Vélocity field
(b) after 1.5s

Fig. 5: Transient temperature profiles and velocity fields



92 Ryo Akasaka, Takafumi Noda, Kenji Fukuda and Hisayasu Kobayashi

middle level, the superfluid components tend to flow in the lower and higher level by
Gorter-Mellink mutual friction. After 1.5 sec, as shown in Figure 5(b), a slight change in
the velocity field appears since the A-transition occurs at the center of the lower level.

5 Conclusion

A two-dimensional analysis of the horizontal channel filled with superfluid helium was
performed using the numerical model proposed in the previous paper. The model is appli-
cable to the wide temperature range from superfluid helium to normal fluid helium at vapor
state. For low heat flux, the steady-state temperature profiles obtained from the analysis
showed quantitative agreement with those from the experiment. For higher heat flux, the
analytical results were able to simulate experimental temperature profiles reasonably well
but not as accurately. The changes in velocity fields caused by the phase transition were
observed in the transient analysis The validity of the proposed model in the temperature

range including the phase transition was partially verified.
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