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Resumo

No contexto de codigos corretores de erros, métricas sao utilizadas para definir
decodificadores de méaxima proximidade, uma alternativa aos decodificadores de maxima
verossimilhancga. A familia de métricas poset tem sido extensivamente estudada no con-
texto de teoria de cédigos. Considerando a estrutura do grupo de isometrias lineares,
¢ obtida uma forma candnica para matrizes geradoras de cédigos lineares. Esta forma
canonica permite obter expressoes e limitantes analiticos para alguns invariantes classicos
da teoria: raio de empacotamento e complexidade de sindrome. Ainda, substituindo a
probabilidade de erro pela perda esperada definida pelo desvio médio quadratico (entre a
informagao original e a informagao decodificada), definimos uma proposta de codificagdo
com ordem lexicografica que, em algumas situacoes é 6tima e em outras, as simulac¢oes
feitas sugerem um desempenho ao menos sub6timo. Finalmente, relacionamos a medida
de perda esperada com protecao desigual de erros, fornecendo uma construcao de codigos
com dois niveis de protecao desigual de erros e com perda esperada menor que a obtida
pelo produto de dois codigos 6timos, que separam as informacoes que sao protegidas de

modo diferenciado.

Palavras-chave: Métricas Sobre Ordens Parciais, Codigos Corretores de Er-

ros (Teoria da Informagao)



Abstract

In the context of error-correcting codes, metrics are used to define minimum
distance decoders, an alternative to maximum likelihood decoders. The family of poset
metrics has been extensively studied in the context of coding theory. Considering the
structure of the group of linear isometries, we obtain a canonical form for generator
matrices of linear codes. The canonical form allows to obtain analytics expressions and
bounds for classical invariants of the theory: packing radius and syndrome complexity.
By substituting the error probability by the expected loss defined by the mean square
deviation (between the original information and the decoded information), we propose
an encoder scheme which, in some situations is optimal, and in others the simulations
suggest a performance at least sub-optimal. Finally, we relate the expected loss measure
with unequal error protection, providing a construction of codes with two levels of unequal
error protection and expected loss smaller than the one obtained by the product of two

optimal codes, which divide the information that is protected differently.

Keywords: Poset Metrics, Error Correcting Codes (Information Theory).
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Introduction

Metrics are mathematical structures of interest in coding theory. Several works
are devoted to the study of metrics in the context of coding theory, and the best known
and investigated metric in this context is the Hamming metric. It was suggested by R.
W. Hamming in [25] when describing a geometric model of a code. Later, in (|28],1958)
and ([44],1957), the Lee metric was defined, and became an interesting alternative when
non-binary alphabets are used. Up to our knowledge, the first work considering metrics
in a general approach is a short communication of S. W. Golomb [22] in 1969. In that
work, it was described a family of additive metrics (metrics defined over an alphabet and
extended additively to a set of words with a fixed length) which are still being investigated
nowadays, as we can see in [41]. Recently, the interest on different and larger families
of metrics in coding theory has been increased, as can be seen, for example, in [6], [2],
[20] and [10]. This is partially motivated by the fact that metrics provide a decoding
scheme using minimum distance, which in some cases (when metrics and channels are
matched), is an alternative to Maximum a Posteriori (MAP) decoders. Also, minimum
distance decoders may be used to add manageability to the decoding process, what can
be achieved by the use of a Syndrome decoding algorithm, which is the most general and
efficient decoding algorithm presented in this dissertation.

One of those large families of metrics (with interest in coding theory) is the
family of poset metrics, they were introduced by Brualdi et al in ([6],1991) as a gen-
eralization of metrics obtained by Niederreiter in [35] and [36]. A poset metric on an
n-dimensional vector space is determined by the choice of a partial order on the set
{1,2,...,n}. To describe the classical parameters of coding theory for such metrics is, in
general, a difficult problem. For example, in [12], it was proved that to determining the
packing radius of an one-dimensional code is an NP-hard problem. However, as we can

see in [30], the family of hierarchical poset metrics, which is determined by the sub-family
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of hierarchical posets, is a natural generalization of the Hamming metric (which belongs
to this sub-family) and, classical coding invariants for those metrics are “easy” (as easy as
in the Hamming case) to obtain by using the canonical-systematic form for linear codes,
determined in [15].

Canonical forms are obtained by using the group of linear isometries and de-
termine a standard, and relatively clean representation of codes, see [15] and [1]. Besides
the hierarchical case, the only known attempt to generalize it was made in [1], where a
standard form for a particular case (Niederreiter-Rosenbloom-Tsfasman (NRT), or orders
consisting of multiple disjoint chains of the same order) is presented. In that work, one
can see that the standard form is not unique (in any possible sense). In a matter of fact,
as we will see later, unicity of such a decomposition is a characteristic of hierarchical
posets.

Here, considering general posets, we construct a standard form, decomposing a
code as a direct sum of smaller codes, and this form is canonical with respect to the length
and dimension of the smaller codes. The choice of a particular representation for codes
(the canonical form), is motivated by the fact that it can be used to easily determine some
code parameters. For the general case, there are no closed and general expressions for
coding invariants, but using the canonical decomposition and comparing to hierarchical
posets, we obtain bounds for two important invariants: the packing radius of a code and
the complexity of syndrome decoding.

Assuming that the minimum (poset) distance decoding is a relevant decoding
criterion, despite the fact we do not explore it, we are actually assuming some underlying
situation (possibly given by a channel model). If the specific situation of interest in the
coding-decoding process was not made explicit when studying the canonical form of poset
metrics, the model of the channel and a model for evaluating the errors is the core of the
last part of this work, where we propose some alternatives to unequal error protection.

In the classical coding theory, decoders are constructed in order to minimize
both the error and refusal probabilities. In many communications scenarios, it is more
efficient to better protect only a crucial part of the information. In order to achieve
this goal, in [32], it was proposed the framework of unequal error protection (UEP). To
evaluate the performance of a coding system with an unequal error protection, Masnik

and Wolf introduced a measure called Average Error Cost (AEC). In this context, it is
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assigned, for each information bit, a value corresponding the protection level of the bit
(information bits with equal assigned value have the same importance). Then, considering
these levels of protection, a value is assigned to each bit and this determines a cost for an
error in a specific bit. The values on each bit position define a way to measure the cost
of an error: the sum of the errors in each bit, each of those weighted by the value of the
bit position. The AEC is then defined as the average of this quantity, the average being
taken over all transmitted and received codeword.

In [17], it was presented a broader framework for AEC, considering the ex-
pected loss function (ELF) of a coding-decoding scheme. Here, to each pair of codewords
it is assigned a value, representing the value of the error occurred when one information
is exchanged by the other. In this sense, the AEC may be seen as a particular case of
measure, which occurs in the instance of a ELF that is invariant by translations.

As noted by Masnik and Wolf in [32], the main difference among the classical
coding theory and the one with unequal error protection, is that the encoder is a relevant
part of systems with UEP, while in the classical theory, for a given code, the error prob-
ability depends only on the code, not on the encoder. In this context, we explore some
possibilities for encoding and decoding separately. First of all, we propose a lexicographic
encoder that in some simple situations is proved to be optimal, with some experimental
evidences of very good performance in more general situations. We also explore a possi-
bility of choice of a code and encoding process that performs a two-levels UEP, showing
also some experimental measurements for its performance. Some relevant conjectures
concerning those proposals are left open.

This work is organized as follows:

In Chapter [1] we describe the most common decoding schemes: maximum
likelihood, maximum a posteriori probability and minimum distance decoders. We start
with a very general definition of a model for a decoder as a stochastic map. With the
goal of minimizing both the error and refusal probabilities simultaneously, we prove that
we can restrict the attention to deterministic decoders, which is one of the most common
definition of decoders found in the literature. In addition to pointing out the relevance
of metrics in coding theory, this chapter also makes a connection between the concept of
error probability and expected loss, which is introduced in the last chapter.

In Chapter 2] the basics of coding theory are introduced: linear codes, code
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equivalence, packing radius and group of linear isometries. We also introduce the basic
concepts, definitions and properties concerning posets and poset metrics.

The original contributions are concentrated in the last two chapters.

Chapter [3] is devoted to the canonical form for a generator matrix of poset
codes. The decomposition of a code according to the poset metric and its canonical form
are defined and constructed. Using the maximal decomposition, we obtain bounds for the
packing radius and the complexity of syndrome decoding.

Chapter [ starts exploring the framework of expected loss in the same gener-
ality used in the first chapter to introduce the error and refusal probabilities. We show
that, considering the expected loss, it is possible to exchange a probabilistic decoder by
a deterministic one and, on the encoding side, the problem of minimizing the ELF may
be translated into a problem of minimizing the trace of some matrices. The ELF of an
average encoder is determined as the ELF concerning an equal valued system of informa-
tion (the most usual instance in coding theory) and comparison to this average encoder
can be used as a performance measure of an encoding scheme. The last two sections are
devoted to particular cases, one regarding encoders and the other regarding decoders. In

these sections, some conjectures are presented and a practical example is described.
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Chapter 1

Metrics in Coding Theory

This chapter is a brief introduction on decoders and the role of metrics in
coding theory. As a complementary reading we cite the recent survey of Gabidulin [20].
Even though we introduce the concepts of information theory in a slightly different way
from Gabidulin’s survey, the survey can also be used as a supplementary reading.

The stochastic map notation will be used in order to define channels and
decoders. The stochastic maps approach simplifies the notations of channels and allows
us to justify the usual definition for decoder. Thus, before we discuss information and
coding theory, we shall define the two basic mathematical concepts that underlie this

work:

Definition 1. (Stochastic Map) Let Py be the set of all probability distributions over a
finite set V. A stochastic map P : X — Py is a map from a finite set X to a probability

distribution over .

Given z € X and y € Y, the expression y ~ P(z) means that the element
y was sampled from the probability distribution P(z). We will write P(y|z) = Pr(y =
Y|y’ ~ P(x)) to express the conditional probability for the occurrence of the event y given

that = has occurred.

Definition 2. (Metric) A metric d over X is a function d : X x X — R satisfying the

following conditions:

(a) d(z,y) >0 and d(x,y) = 0 if, and only if, z = y;

(b) d(x,y) = d(y, x);

(c) d(z,y) < d(z,z)+d(z,y) forall x,y,z € X.
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1.1 Decoders over Discrete Channels

The first geometric model of a code was suggested by R. W. Hamming in (|25,
1950). This model gave rise to the well-known Hamming metric, the most investigated
metric in coding theory. Just after this Hamming contribution, motivated by the cyclic
structure of non-binary alphabets, the Lee model was introduced in ([44], 1957) and
(128], 1958). The Hamming metric is important for two reasons: it matches with one of
the most studied channels in information theory, the Binary Symmetric Channel (BSC);
and it is simple enough to allow the design of “good” decoding algorithms for specific
types of codes. New geometric models of codes have been studied in coding theory and,
consequently, new families of metrics fitting these models have been proposed, see [40],
[6], [2] and |10]. In order to establish the precise relation between metrics and coding
theory, we will first give a brief description of a communication system.

The Shannon model of a point-to-point communication system, as shown in
figure breaks the process of communication down into a handful of components. It is
a minimalist abstraction of the reality; actually, in the “real world”, most of the communi-
cation systems are much more complex. Each component of the model has its importance

in the transmission process which may vary according to the system application.

Channel

Encoder Decoder Receiver

Message Source

\
\

1
1
/

T =T Tk C=2C1"""Cp
message codeword

T

I

I

1 1
I

I \
1

T
1
1
1
\ 1
1
1

\
y=c+e 7

I
I
1
I
1
1
1
1 received word
1

estimate of message

e=ep ey
error from noise

Figure 1.1: Communication System

Basically, the functioning of this communication system is as follows: The
Message Source generates messages with length k in order to send them to the Receiver.
This generator is modeled by a random variable and in most of the cases it is assumed to
be uniformly distributed. The Encoder adds redundancy in each message following math-
ematical rules, increasing the block of data from length k to length n. This redundancy
will provide structure in the ambient space in order to allow the Decoder to detect and
correct some errors that eventually occur when a noisy channel is used. Each component

described here will be formally defined since they are necessary to the comprehension of
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the main objects of this work: the decoders.

Definition 1.1.1. Let X and ) be finite sets. A discrete channel is a stochastic map
W : X — Py where X is called the input alphabet and ) the output alphabet of the

channel.

We would like to stress that for a given channel W, the expression W (y|z)
denotes the probability to receive y given that x was sent. The transition probabilities
(or conditional probabilities) of a channel are in general obtained from experimental data.
If no information is known, the worst-case scenario, or an approximation to it, is assumed.

Given an alphabet X, denote by A" the set of all words with length n over this
alphabet. A block channel with input alphabet X and output alphabet ) is a discrete
channel W,, : X" — Pyn. Note that block channels deal with words with a fixed length
while the channels defined in deal with alphabets. Given a block channel W, if
there is a channel W such that for every y = (y1,...,y,) € Y* and z = (xq,...,2,) € X"
with y; € V and z; € X we have that

n

Wa(ylz) = [T W (yilz:),

i=1

the discrete block channel W,, will be denoted by W™ and called memoryless. We remark
that W™ is obtained by extending the channel W to arrays. Due to this, it is often called
the n-th extension of W. Only discrete channels are considered in this work, therefore
the word discrete will be omitted. For simplicity, if x = (z1,...,z,) € X", sometimes the
parenthesis or the commas of x will be suppressed. Also, if no confusion may arise, the

index n is going to be omitted in the block channel notation.

Example 1.1.2. (Binary Symmetric Channel) A Binary Symmetric Channel W : Fy —
Pr, is a channel with input and output alphabets Fo (finite field with 2 elements) and
conditional probabilities W(1]1) = 1 —p = W(0[|0) and W (1]|0) = p = W(0|1) where
0 < p < 1/2. This channel and its n-th extension are the most studied channels in
information theory. They are called symmetric because W (z|y) = W (y|z) for all z,y € F,.
It is usual to represent this channel by the diagram in Figure [1.2]

Example 1.1.3. (Binary Erasure Channel) A Binary Erasure Channel W : Fy — P,
is a channel with conditional probabilities W (1|1) =1 —p = W(0[0) and W (?]0) =p =
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Figure 1.2: Binary Symmetric Channel

W(?|1) where 0 < p < 1/2. The symbol ? means that the bit sent was erased. This
channel is frequently used in information theory because it is one of the simplest channels
to analyze: whenever an error occurs, it tells you about the existence and position of the

error in the array. It is represented by the diagram [I.3]

1

Figure 1.3: Binary Erasure Channel

Example 1.1.4. (g-ary Symmetric Channels) A memoryless symmetric channel with
input and output alphabets X with ¢ = |X|, and crossover probability p, where 0 < p <
1/2 is a channel defined by the following conditional probabilities: W (yly) = 1 — p and
W(y|lx) =p/(qg—1) if x #y. A particular case of these channels is the binary symmetric
channel defined in Example [1.1.2]

Definition 1.1.5. Consider the set X" of all words with length n over the alphabet X.

A code C is any subset of X™. The elements of the code C are called codewords.

An (n, M, q)-code is a code C C X™ where |C|= M and |X|= ¢. From now on,
for the sake of simplicity, we will assume that the input alphabet X" is contained in the
output alphabet ). This restriction ensures that C C X™ C Y™ for every code C over X™.
It facilitates the definition of the next structures (decoders and encoders).

An information set is any set with cardinality ¢* where ¢ and k are positive

integers. We remark that the set of all messages can be identified with the set of all
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words with length k over a finite alphabet X with ¢ elements, which is denoted by X*.
Therefore, the notation (n, M, q) is going to be exchanged by (n, k), since M = ¢.

Definition 1.1.6. Given an information set X* and an integer n > k, an encoder is an

injective map f: X* — X", its image is an (n, k),-code C.

Definition 1.1.7. Let C C X" be an (n, k),-code. A decoder of C is a decision criteria for
each y € Y™ modeled by a stochastic map D : Y" — Peyee} such that D(ooly) € {0,1}
for every y € Y™ and D(c|c) = 1 for every ¢ € C. The set of all decoders of C will be
denoted by Dy(C).

We remark that if D € Dy(C), each y € Y™ determines a (probabilistic)
decision criteria given by the probability distribution D(y). Given x € C U {oo} and
y € V", the value D(z|y) denotes the probability to the decoder outputs x given that the
word y was received. If a codeword ¢ € C is received, the assumption D(c|c) = 1 ensures
that the decoder will assume the codeword ¢ was sent. The symbol oo denotes that an
error has occurred and the decoder could not solve the decision problem, refusing the
received word. This means that the information must be sent again (or forgotten). Since
D(ooly) € {0,1}, to decide when the received word y € Y" is going to be refused or not
it is a deterministic criteria.

Given a decoder D and an encoder f for the code C, a full decoder is a stochastic
map D' : V" — Puryiaey defined by D'(cly) = D(f(c)|y) and D'(ooly) = D(ooly). Note
that f~! : C — X* is a bijection, thus the stochastic map D’ is well defined. The difference
between full decoders and decoders is that a decoder outputs an error oo or an element

c € C, and a full decoder outputs an error or an information f~*(c) € X*.

Definition 1.1.8. A (C, f, D) encoding-decoding scheme for the channel W : X™ — Pyn

consists of
1 - An information set X* with cardinality ¢* where ¢ = |X| and k < n;
2 - An encoder f: X* — X" where f(X*) =C is an (n, k),-code;
3 - A decoder (stochastic map) D : V" = Peufoo}-

The main purpose of coding theory is to ensure reliable transmission of infor-

mation through a noisy channel, reliability being determined by an appropriate measure.
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Among the most important measures, there are the error probability and the refusal
probability of a code. They express the amount of expected errors and refusals.

Given a decoder D € Dy(C) and a channel W, the refusal probability for a
codeword ¢ € C is the probability that the decoder refuses a vector given that ¢ was sent,
ie.,

Pi(e) = > W(yle)D(ooly).

yeyn
We remark that the probabilities W (y|c) and D(y|c) are determined by the channel and

the decoder respectively. The refusal probability of the code C is the mean

PR/(C) = Y- P2(0)P(c)

ceC

where P(c) is the probability of the codeword ¢ € C to be sent through the channel. The
error probability can be defined similarly to the refusal probability. The error probability
of a codeword ¢ € C is defined by

PP(c):= > W(yle)(1 = D(ooly) — D(cly))

yeY™

where 1—D(oo|y)—D(c|y) is the probability that the decoder outputs a codeword different
to the sent one c¢. The error probability of the code is defined by

PP(C) :=>" PP(c)P(c). (1.1)

ceC

It is clear that the error and refusal probabilities do not depend on the encoder.
This is not true when considering error value functions and unequal error protection, as we
can see in [16]. Assuming those probabilities as measures of reliability, we define optimal

decoder:

Definition 1.1.9. For a given code C, an optimal decoder D* is a decoder satisfying

D* D*(py o D D
PR €)+ PP(€) = min (P2,(C)+ P(C)).
Proposition 1.1.10. Given a decoder D € Dy(C), there exists a decoder D € Dy(C)
such that
PP(C) < P2y(0) + PP (C)
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and P2;(C) = 0.

Proof. Given a decoder D € Dy(C), suppose there exists yo € V" such that D(colyy) = 1.
Define a new decoder D* € Dy(C) satistying D*(y) = D(y) for all y # yo but D*(yp) is
a new distribution which does not refuse yy, so D*(oo|yy) = 0. Our goal here is to show
that

P2(C)+ PP (C) < P2, (C)+ PP(C). (1.2)

Initially, note that since D*(ocolyg) = 0 and D*(ooly) = D(ooly) for all y # yo, hence

P(C) =3 > Wl(yle)D(coly)P(c).

ceC yeY™\{yo}

Therefore,

Py (C) = Py(C) + > W(yole) P(c) (1.3)

ceC
because D(oco|yp) = 1. On the other hand, since D(c|yg) = 0 for all ¢ € C, by definition
of D*,
PPO=Y X Wil - D'(coly) - D'(ely)Ple),

ceCyeY™\{yo}
thus
P (C) = PP(C) +>_ W(yole)(1 — D*(clyo)) P(c). (1.4)

ceC

It is straightforward that

> Wyole)(X = D*(clyo))P(c) < 3 W (yole) Ple),

ceC ceC

therefore,

Pp(C) + PP(C) + 3 Plyole)(1 = D*(clyo)) Pc) < Pp(C) + PP (C) + 3 W (yole) P(c).

ceC ceC

Together with Identities 1} and 1} we obtain the Inequality 1} The decoder D

is constructed by following this procedure until we run out of refused elements. O

Corollary 1.1.11. Given a code C, there exists an optimal decoder D* € Dy,(C) satisfying
PDI(C) = 0.

Since we are not concerned with specific applications, and in this level of
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generality we are assuming only the error and refusal measures, Corollary ensures
that we do not lose generality by assuming the refusal probability to be zero. Therefore,
we will restrict ourselves to the goal in minimizing the error probability. Thus, from now
on, the decoder model will be considered as stochastic maps D : Y" — P¢ (instead of

D:Yy"— PCu{oo})-

1.2 Decoding Schemes

As seen in the previous section, we can consider only complete decoders: de-
coders with no refusal option. In this situation, optimal decoders are the ones minimizing
the error probability. We can basically divide the problem of searching good decoders
using two criteria, the usefulness and the manageability of the decoder. Due to the
generality of this work, we will not deal with the manageability criteria of the decoders
when dealing with metrics decoders, the manageability of metric decoders will be justified
later by the possibility to use syndrome decoding, a general procedure for decoding linear
codes. Therefore, from our point of view, good decoders are not necessarily practical,
since they can be hard to deal with. We will now define a series of abstract decoders
and add some mathematical structures on X", structures that are, in most of the cases,
sufficient conditions to add manageability to the decoder.

Given a channel W, by the Bayes’ rule, W (y|c)P(c) = W (c|y)P(y), where P(c)
denotes the probability of the codeword ¢ € C to be sent and P(y) is the probability that
y € Y™ is received. We remark that we are assuming complete decoders, so if D € Dy(C),

the error probability can be alternatively written in the following way:

PP(C) =% > Wlyle)(1 - D(cly)) P(c)

ceC yeyn
= Zé Zy: W (cly) (1 = D(cly)) P(y)
=1- ZC > W(cly)P(y)D(cly). (1.5)
ceC yeym

Definition 1.2.1. Given a channel W, a Maximum a Posteriori Probability (MAP) de-
coder is a decoder D : Y* — P such that D(y) is a conditional distribution over C
satisfying

W(e ~ Dy)ly) = max{W(cly) : c & C}



22

for every y € Y.

As one should expect, decoders that minimize error probability are those that

maximize the conditional probabilities W (c|y), as explained below.

Lemma 1.2.2. Given a sequence of n non-negative integers a; > --- > a, such that
>ya; = 1. Suppose a; = ... = ap > agy; for some 1 < k < n — 1. Consider the

maximization problem

n n
D ab; = max > ab
i1 i—1

{b1,....bn } —
where the maximum is over the sets {by, ..., b, } satisfying >, b; = 1. Then every sequence
of non-negative integers ¥}, ..., b} satisfying >-¥ , b/ = 1 is a solution for this problem.

Proof. Note that
Zaibi = a1 (bl +a2b2+—|—anbn> .
aq aq

i=1

Since a; > a; for every i, it follows that b; + byt 4 2by < 1, therefore,
a ,
a (b1+2b2+"'+bn> < ay.
ay ay

Then by = 1 and b; = 0 for all ¢ > 1 is a solution for the maximization problem. Because
ay = ... = ag, every sequence of non-negative integers by, ..., by satisfying >F b, = 1 is

also a solution. O
Theorem 1.2.3. If D is a MAP decoder, then D is optimal.

Proof. By Equation [I.5] for any code C,

PPC)=1- Y (Z W<c1y>D<c|y>) Py)

yeY™ \ceC

Note that to minimize the error probability is equivalent to maximize the

expression

> W(cly)D(cly)

ceC

for each choice of y € Y. Note that if ¢ ~ D(y) and ¢ ~ D(y), by the definition of
a MAP decoder, W (c|y) = W(|y). Also, if ¢ cannot be sampled from D(y), it means
that D(cly) = 0. Thus, the conditional probabilities D(c|y) satisfy the conditions of
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Lemma and are solutions for that maximization problem. Therefore, MAP decoders

minimizes the error probability. O

A decoder D € Dy(C) is said to be deterministidl]if for every y € Y™, there is
an element ¢ € C such that D(c|y) = 1. Therefore, a deterministic decoder is a surjective
map D : Y" — C. These decoders will be denoted by g. The next proposition ensures
that we lose no generality if we consider only deterministic decoders. The proof follows

directly from the definition of a MAP decoder and from Lemma [1.2.2]

Proposition 1.2.4. Given a channel W there is a deterministic decoder g : V" — C

which is a MAP decoder.

Due to Proposition [1.2.4] from now on we will consider only deterministic

decoders. We can reformulate the definition of MAP decoder as follows:

Definition 1.2.5. (MAP Decoders - Revisited) A Mazimum a Posteriori Probability
(MAP) decoder is a decoder g : Y™ — C satisfying the condition

W(g(y)ly) = max{W(cly) : c € C}.

Consequently, the error probability of a code C can be rewritten as

PIC) =3 > Wilyle)P(o).

ceCydg=1(c)

Instead of defining a decoder according to a posteriori probabilities W (c|y), we can define

it by using a priori probabilities W (y|c): the probability to receive y if ¢ is sent.

Definition 1.2.6. A Mazimum Likelihood (ML) decoder is a decoder g : Y™ — C satis-
fying the condition
Wylg(y)) = max{W(ylc) : ¢ € C}.

The proof of the next well-known proposition follows straight from the Bayes’

rule.

Proposition 1.2.7. If the distribution of the code P(c) (the probability to send c) is

uniform, then a decoder is an ML decoder if and only if it is a MAP decoder.

!The word “deterministic” is used since for those decoders, given a particular received array, the
decoder will always produce the same output.
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From now on we will assume that P(c) is uniformly distributed. It is clear that
when dealing with decoders, we are playing with a sort of measure. One of the mathe-
matical measures that can be used in order to decrease the computational complexity for
the decoding algorithms are metrics. In order to use metrics, we will use the assumption

that the input and output alphabets of a channel are the same, i.e., X = ).

Definition 1.2.8. Given a metric d over X", a Minimum Distance (MD) decoder is a

decoder g : X™ — C satisfying the condition

d(y, g(y)) = min{d(y,c) : c € C}.

If g is a MD decoder according to d, we will say that ¢ is a d-MD decoder.

The Hamming metric was constructed in [25] when exploring the geometric
representation (Hamming cube) of a code and it is the most studied metric in coding

theory.

Example 1.2.9. (Hamming Distance) The function dg : X" x X™ — R, defined by

du(z,y) = [{i: 2 # yi}|

where © = (z1,...,2,) and y = (y1, .. .,ys) is called Hamming distance.

Proposition 1.2.10. For any memoryless symmetric channel with crossover probability

p < 1/2, the MD decoder determined by the Hamming metric is also an ML decoder.

Proof. Let X be the alphabet of the channel. Given z = (21,...,2,) € &A™ and ¢ =
(c1,...,¢n) €C, then

W(yle) = W(yler) - ... - Wiyn|cn)

{iyi#ei}|
— (1 — p)fEvi=e] [ P
(1-p) pa—

dH(yvc)
— =yt ()

qg—1

S (e ) B
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Since p/[(1 —p)(¢ —1)] <1,

W(y|c) > W(y|d) if, and only if dg(y,c) < dg(y,c)

for every ¢, € C. O

We remark that we are considering P(c) to be uniformly distributed. Thus,

from Propositions [1.2.7] and [1.2.10] we have the following result.

Theorem 1.2.11. In a g-ary symmetric channel with crossover probability p < 1/2, MAP
decoders, ML decoders and MD decoders according to the Hamming metric are optimal

decoders.

We now add some mathematical structure to X and X™ in order to develop
tools that can be helpful in handling the problems that may arise when dealing with large
finite sets. The most common ones are the structures of finite fields and vector spaces.
We consider the alphabet X' to be a finite field F, where ¢ = p” (p prime), so that, X™ is

an n-dimensional vector space, namely Fy.

Definition 1.2.12. A metric d : F} x Fj — R is said to be invariant by translations if

dx + z,y+ 2) =d(z,y)

for every z,y, 2 € .
Metrics can be defined by using norm and weight functions.
Definition 1.2.13. A function w : Fy — R is a weight if it satisfies the following axioms:
o w(z) >0, for every z;
o w(z) =0 if, and only if, z = 0;

It is clear that if we define the function d by d(z,y) = w(x — y), then d is
a semimetric (it has all properties of a metric but the triangular inequality). Moreover,
given a semmimetric d, the function w(z) = d(x,0) is a weight.

The family of weight functions that we are interested in are the ones preserving

the support. A particular but important family (the poset metrics) may be obtained by



26

generalizing the Hamming metric. This particular family will be introduced in the next
chapter and will be the main object of this work. The support of an element z € Fy is

the set
supp(x) ={i : z; # 0}.

Definition 1.2.14. A weight function w : Fy — R is said to preserve the support if

supp(x) C supp(y) = w(x) < w(y).

Example 1.2.15. (Combinatorial Metrics, |21]) Let [n] := {1,...,n}. Consider T' =
{To = 0,T1,...,Ts} to be a family of subsets covering [n], i.e., Ui T; = [n]. The T-
weight is defined by

o wr(z) =0 < supp(z) = 0;
e wr(z) =1 <= supp(z) C T; for some i;

e wr(z)=Fk <

supp(xz) C {a union of exactly k subsets from T}
but

supp(x) ¢ {a union of k —1 or less subsets from T}.

The Combinatorial Metric dr is obtained by taking

dr(z,y) = wr(z —y).

It is well-known [20] that dr is a metric and that preserves support. Several particular
cases of those metrics are well-studied in the context of coding theory, see [20] for more

details.

Since dr is also semimetric, it follows that wr is a weight. Moreover, it is a

norm in the following sense:

Definition 1.2.16. A function N : F} — R is a norm if it is a weight and satisfies

N(x+y) < N(z)+ N(y) for all 2,y € F}.
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Concerning metrics and semimetrics invariant by translations, we have the

following;:

(1) If d is a metric invariant by translations, then the function N4(x) = d(z,0) is a
norm. Moreover, if N is a norm, the function dy defined by dy(z,y) = N(z —y) is

a metric invariant by translations.

(2) If d is a semimetric invariant by translations, then the function wy(z) = d(x,0) is a
weight. Moreover, if w is a weight, the function d,, defined by d,(z,y) = w(x — y)

is a semimetric invariant by translations.

Example 1.2.17. Not every weight preserving support is a norm. Indeed, define the
weight w over F3 by setting w(00) = 0, w(01) = w(10) = 1 and w(11) = 3. This is
a weight that preserves the support but does not satisfies the third condition of norms
(triangular inequality) because 3 = w(11) > w(10) + w(01) = 2. Then the function
d(x,y) := w(x—y) is a semimetric (satisfies all the properties of metrics but the triangular

inequality).

The example below provides a norm which does not preserve support. This

extension of the Lee metrics are induced by the ¢, metric in Z", as we can see in [7].

Example 1.2.18. The Lee weight over Z; is defined by
wy(x) = min{z (mod [), —x (mod 1)}.

The p extension of this norm is the p-Lee norm over Z]' where if © = (z1,...,2,) € Z}',

then

i) = (S untar) "

Take [ > 3, then if supp(x) =1 = supp(y) with 1 = 1 and 2o = 2, thus w¥(z) = 1 and
wh (y) = 2. If p-Lee weights preserve support, then we should have wf (x) = w (y) since

supp(x) = supp(y).

It is clear that if we define the function d by d(z,y) = N(z — y), then d is a
metric. Norm and weight functions are also related by their induced metric and semimet-
ric. Indeed, if the semimetric satisfies the triangular inequality, then the weight function

is a norm. We will see that regarding matching metrics and channels, the triangular
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inequality can be easily obtained by using semimetrics. The next two propositions are

well-known results that we will not proof here.

Proposition 1.2.19. If a metric d is invariant by translations, then d is induced by a

norm.

There is another family of weight functions with interest in coding theory, the
invariant weights, which are weight functions satisfying w(tz) = w(z) for every ¢t € F,\{0}
and v € F}. In [23], a characterization of invariant weights satisfying MacWilliams
Extension property was given. The invariant weights and the weights preserving sup-
port are related by the next proposition, which proof follows directly from the fact that
supp(tz) = supp(z) for all t # 0.

Proposition 1.2.20. A weight preserving support is an invariant weight.

Even though the metrics are induced by norms, we will use the weight notation
since it is commonly used in coding theory. In the next section we will present the
syndrome decoding algorithm, an algorithm that works only with invariant by translations

metrics (or semimetrics).

1.2.1 Syndrome Decoding

We are interested in MD decoding according to a metric (or semimetric). As-
suming the metric is invariant by translations, we can use the well-known Syndrome
Decoding algorithm as an alternative to MD decoding. This is the most powerful and
general decoder presented in this thesis, justifying the use of metrics in coding theory.
Our main goal is to prove that in the invariant by translation case, syndrome decoding is
a minimum distance decoder.

Let C be a linear code over Fy (C is a subspace of Fy'). Then, C is the kernel of
some linear transformation, therefore there is an (n — k) x n matrix H, the parity check
matriz, satisfying

C={zeF; : Hi" =0}.

The vector Hz! € F'g is called the syndrome of x, therefore it will be denoted by Syn(x).
Two elements belong to the same coset of C if, and only if, they have the same syndrome,
i.e.,

r+C=y+C < Syn(z) = Syn(y).
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Syndrome Decoding Algorithm.

Precomputation: For each coset x + C, we choose a coset leader T such that

w(Z) = min{w(z) : z € x+C}.

Input: y € Fy
1. Find the coset leader T such that Syn(z) = Syn(y).

Output: y — 7.

Given that y was received, all the possible errors have the same syndrome
of y, hence it is obvious that the error to be found is an element of a particular coset,
the one having the syndrome of y. In order to conclude that syndrome decoding is a
minimum distance decoding, we need to proof that the coset leader with smaller weight
is the appropriate choice. The next example shows that the hypothesis that d is invariant

by translations is essential.

Example 1.2.21. Let d : F3 x F3 — R, be a metric defined by the distance table below:

d(x,y) [ 00 | 01| 10 | 11
00 [0]2]|2]3
01 | 20|24
10 | 2201
11 | 3[4]1]0

It is clear that d is indeed a metric over F3, furthermore, d is not invariant by translation
since

2 = d(01,10), 3 =d(00,11) and d(01+ 01,10+ 01) = d(00,11).

Let C = {00,01} be an 1-dimensional linear code and suppose we want to decode y = 11.
If the decoder used is a d-MD, then the closest codeword to y is 00 since 3 = d(00, 11) <
d(01,11) = 4. Suppose now we will use syndrome decoding according to d. The parity
check matrix of C is given by H = [1 0]. Note that Syn(10) = Syn(11) = 1 and that
Syn(00) = Syn(01) = 0. Since Syn(y) = 1, the possible errors are 10 and 11. Note
that 2 = d(10,00) < d(11,00) = 3. Due to this, syndrome decoding assumes 10 as being
the error, so it outputs y — 10 = 01, but as we saw, MD decoders output 00, therefore

syndrome is not an MD decoder.
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Theorem 1.2.22. If d is invariant by translations, then syndrome decoding is an MD

decoder.

Proof. Suppose y is the vector to be decoded and that ¢ was obtained by decoding y
using syndrome, then y = e+ ¢ with Syn(e) = Syn(y). This representation is not unique
since y = eg+ (' — ¢;) for every ¢; € C' where e5 = e+c¢;. Assume that e is a coset leader.

Because y — ¢ = eand y — (¢ — ¢1) = e,
d(y7 C,) = d(y - cla 0) = d(e7 0) < d(627 O) = d(y - (Cl - Cl)7 O) = d(ya d - cl)a

therefore,

AN .
d(y, ') = mind(y, ).
0

Since the algorithm for syndrome decoding allows precomputations to choose
the coset leader in advance, during the decoding process, we only need to find the right
coset, so the search ambient is reduced from ¢* elements (the number of codewords) to
q" " elements (the number of cosets). We remark that good codes are expected to have
high rates, so n — k tends to be smaller than k. Therefore, syndrome decoding provide,
in many cases, an improvement in the performance of an MD decoder. It is not true in

general that every MD decoder is obtained by the syndrome decoding algorithm, but any

metric (or semimetric) determines some MD decoder that admits a syndrome algorithm.

Example 1.2.23. Let C be the unidimensional code in F3 generated by 11, so C =
{00,11}. The parity check matrix of C is H = [1 1]. The vectors 00 and 11 have
syndrome equal to 0 and the others have syndrome equal to 1. Let g : F3 — C be a
dp-MD decoder defined by ¢(00) = 00, g(11) = 11, g(10) = 11 and g(01) = 11. There are
only two syndrome decoders, one is given by electing 10 as a coset leader and the other

is defined by electing 01. These decoders are as follows:
g1(00) =00 ¢;(11) =11 and g¢;(10) =00 ¢;(01) =11

and

g5(00) = 00 g4(11) =11 ¢4(10) =11 and g4(01) = 00.
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Neither g} nor ¢} coincides with g.

1.3 Matching Metrics and Channels

There are many ways to define a matching between channels and metrics, as
we can see in [20], but their purpose are all the same: to give characterizations of metrics
which are as close as possible to (optimal) MAP decoders. As seen in Proposition ,
a decoder determined by the Hamming metric dy and an ML decoder determined by a

g-ary symmetric channel W are matched in the sense that
du(z,y) < du(z,z) <= W(ylr) = W(z|z).

Unfortunately, cases like this do not always occur, and even when it is possible to match
channels and metrics, the metric constructed may be so complex that it is useless for
practical purposes.

One of the first papers relating metrics and channels is actually a course note
given by Massey [33] apud [28]. Later, Séguin in [42], obtained necessary and sufficient
conditions for a discrete memoryless channel to admit an additive metric (metrics deter-
mined over the alphabet which are additively extended to vectors) matching to it. The
relations between metrics and channels (including the matching problem) were set aside
for many years, until renewed interest arose due to new applications, as we can see in [43],
[40] and [20]. Since the 1990s, many different families of metrics started to be studied in
the context of coding theory, despite the fact that their role, in connection to a channel
(or a general communication scheme), is not properly understood. A particular family of
such metrics will be explored later. The definition of matching we will adopt is the one

given by Séguin in [42].

Definition 1.3.1. Given a discrete channel W : Fy — Prr and a metric d : Fy X Fy — R,

we say that W and d are matched if, for every code C C Fy and every vector = € Fy,

arg max W (z|y) = arg mind(z,y),
yeC yeC

or equivalently,

d(z,y) < d(z, z) if and only if W (z|y) > W (z|z).
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for every z,y, 2 € Fy.

To say that W and d are matched, it means there is a decoder that is si-
multaneously an MD and an ML decoder, i.e., both the probabilistic and metric criteria
coincide.

In [19], Firer and Walker proved that the Z channe, which is a particular case
of an asymmetric channel, also has a metric matched to it, however this is a completely
theoretical metric and a priori does not provide a better (less complex) model of decoding.
Firer and Walker conjectured the possibility to find metrics matching to every asymmetric
channel, but for this general case, the matching problem remains unsolved until now. The

reciprocal is always true, as we can see in the next proposition.
Proposition 1.3.2. Given a metric d, there is a discrete channel matching to d.

Proof. Given a metric d, for every z,y € Fy, define a channel W : Fy — Pgn by setting

B 1/d(z,y)
Wizly) = 37+ S ye 1/d(2,y)
if © # y and
W(z|z) := =

B M + Ey;ﬁx 1/d(l’, y)
where M is any constant satisfying M > 1/d(z,y) for every z,y € Fy. It is straightforward
to conclude that d and W are matched. O

The matching relation is not bijective since it is possible to construct channels
which do not admit metrics matching to them. Indeed, if W is a channel such that
W(zly) < W(x|z), W(z|lz) < W(z|y) and W (y|z) < W(y|z) for some z,y,z € Fy, then
if d is a metric matching to W, due to the symmetry of d, it should satisfy the following

relations:
d(z,y) > d(z,z) = d(z,2) > d(z,y) = d(y, z) > d(y, ) = d(z,y),

which is a contradiction. We stress that if x,y and z are distinct elements, W (x), W (y)

and W (z) are probability distributions which are independently defined.

2The asymmetric metric is commonly used as an MD decoder for the Z channel. Despite the fact that
it is not matched to the Z channel, it is used to perform decoding due to its simplicity, details in [9].
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For channels that do not admit a metric matching to them, Gabidulin in
[20] presented a series of definitions by weakening the definition of matched metrics and
channel. One of them introduces an asymptotic definition which characterizes minimum
distance decoders that are asymptotically as good as maximum likelihood decoders. Since
our goal concerning matching metrics and channels is only to explain the relevance of
metrics in this field, we will not go deeper into this subject. To prove the existence of

metrics matching to some channels, semimetrics can be used, see [10].

Proposition 1.3.3. [19] If a channel W and a semimetric d’ are matched, then, there is

a metric d such that d and W are matched.



34

Chapter 2

Metrics Induced by Partially
Ordered Sets

In this chapter, we present the main object of this dissertation: the family of
poset metrics. Because these metrics are defined by partially ordered sets, some basic
properties of partially ordered sets will be explored in order to state some notations.
The first section will be devoted to linear codes and properties, which were superficially
sketched in the first chapter when describing the syndrome decoding algorithm. In the
following, all metrics will be considered to be defined by a norm and hence to be invariant
by translations. As supplementary readings we suggest the books [27] and [34] and the
papers [6], [39] and [12].

2.1 Linear Codes

Linear codes over F, (finite field with ¢ elements) are the most common and

studied type of code in the literature.

Definition 2.1.1. An [n, k], linear code C over F, is a k-dimensional linear subspace

CC IF’;. The elements of C will be called codewords.

From here on, we will consider only linear codes, except when otherwise stated.
For simplicity in the notations, from now on we will assume that metrics take only natural
values, i.e., d(z,y) € N. Since the space Fy will always be endowed with a metric d, codes

may be called d-codes in order to avoid confusion.
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Definition 2.1.2. Given a metric d over Fy, the minimum distance of an [n, k], code C
is

0 = min{d(z,y) : x,y € C and z # y}.
We say that C is an [n, k, §], code.

Since d is invariant by translations, by Proposition [1.2.19] the minimum dis-

tance may be alternatively written as
d =min{w(z) : x€C\{0}}

where w(z) := d(z,0) is a norm function and 0 is the null vector.

An [n,k, 0], linear code C can be represented as the image of an injective
linear map T': Fy — IE"; or the kernel of a surjective map S : Fy — IFZ"“. Considering the
canonical basis, we will name G7 and H as the matrices of T' and S, respectively. Then,
G and H are known respectively as the generator matriz and the parity check matriz of

C. In other words:

Definition 2.1.3. A generator matriz G of an [n, k, 0] code C is a k x n matrix, of which

the k rows form a basis of C, then
C={aG : a€F:}.

Definition 2.1.4. A parity check matriz H of an [n, k, §] code C is an (n — k) X n matrix,
satisfying

ceC < Hc =07,

where 0 represents the null vector and z7 is the transpose of the vector .

Example 2.1.5. (Hamming Code) Given k and n = (¢* —1)/(q — 1), the [n,n — k, 3]
Hamming code over F, is a code defined by the parity check matrix that has columns
that are pairwise linearly independent (over IF,), i.e., the set of columns is a maximal set

of pairwise linearly independent vectors in IFZ"“.

The kernel of an (n — k) x n parity check matrix is a k-dimensional subspace,
therefore the rank of H is (n — k) and all its rows are linearly independent, so it can be

seen as a generator matrix of a code.
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Definition 2.1.6. If C is an [n, k, d] code with parity check matrix H, the [n,n — k, ds]
code generated by H is denoted by Ct and called the dual code of C. If C = C*, C is said
to be a self-dual code.

The rate of an [n, k,d] linear code is the quotient k/n, and it represents the
amount of information contained in each symbol (coordinate). Considering the Hamming
metric (Definition [1.2.9)), the fundamental problem of coding theory as suggested by Hall
in [24], is

Fundamental Problem: find practical codes with reasonable large rate and minimum

distance.

For a general metric over F,, the fundamental problem needs to be reformulated
by substituting “minimum distance” by “packing radius”, the true object to be maximized,
as we will see. Given a metric d, the (closed) d-ball centered at x with radius r is the set

of all elements with a distance of at most r from =,
By(w,r) = {y € B! : d(w,y) <r}.

Definition 2.1.7. Given a metric d, the packing radius of a linear code C is the maximal

integer R4(C) satisfying
Bd<01, Rd<C)) N Bd(CQ, Rd(C)) = (Z)

for every ¢y, co € C with ¢ # ¢9. For simplicity, we may suppress the explicit dependence

on d in the notation R4(C).
The following is a well-known standard result in coding theory.

Proposition 2.1.8. Let dy be the Hamming metric. The packing radius of a linear code
C is given by

o= 5!

where |a] denotes the integer part of the real number a and ¢ is the minimum distance

of C.

The importance of the packing radius in coding theory is due to the fact that

it determines the code error-correcting capability, indeed, considering that a codeword c
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is sent over a noisy channel and y is received. If d(c,y) < Rq4(C), then the received vector
y will still be closer to ¢ than to any other codeword, therefore a minimum distance
decoder will output ¢. On the other hand, if d(c,y) > R4(C) it is not guaranteed that a
minimum distance decoder will output ¢. For the Hamming metric, the packing radius of
a code is determined by its minimum distance (Proposition , therefore the minimum
distance also determines the code error-correcting capability, justifying the description of
the fundamental problem of coding given before. As we will see later, there are metrics
for which the minimum distance of a code does not determine its packing radius. In order

to include this kind of metric, the fundamental problem is restated as follows:

General Fundamental Problem: find practical codes with reasonable large rate and

packing radius.

The error-detection capability of an [n, k, §] code is §—1 since for every received
element y, if d(c,y) < § — 1, by definition of the minimum distance, y will never be a
codeword different from ¢. On the other hand, if d(c,y) > § — 1 it may happen that y € C
and is undetectable. Even when the minimum distance of a code does not determine its
packing radius, it is relevant in coding theory since it always determines the code error-
detection capability and it provides bounds for the packing radius, as we will see in the

next proposition.
Proposition 2.1.9. Let C be an [n, k, §] d-code over F,, then

F;lJ < R4C) <5 1.

Proof. The minimum distance definition ensures that R4(C) < § — 1. Denote t =
(6 —1)/2], we just need to prove that Bg(u,t) N By(v,t) = 0 for all u,v € C with

u # v. Suppose = € By(u,t) N By(v,t). By the triangular inequality,
d(u,v) < d(u,z) +d(z,v) <2t <6 —1,

a contradiction since d(u,v) > 6. O

As we will see in the poset metrics section, it is possible to construct metrics

and codes such that their packing radius reaches the extremal values of the bounds ob-



38

tained in Proposition Furthermore, in some cases, those bounds may be attained
by codes with the same minimum distance.

The packing radius R4(c) of a non-null codeword ¢ € C is defined by being the
packing radius of the (not necessary linear) code {0, c}. The packing radius of a code C

can be alternatively defined as the minimal packing radius of its non-null codewords, i.e.,

Ra4(C) = min Ry(c), (2.1)

ceC*
where C* = C\ {0}. A codeword with minimum packing radius is called a packing vector.
We stress that the problem to find the packing radius of a single codeword for general

metrics is an NP-hard problem, see [12].

2.1.1 Code Equivalence

In order to investigate the fundamental problem of coding, codes can be gath-
ered in classes such that elements in the same class are “geometrically equivalent” In
particular, we are interested in classes of codes having the same error-correcting capabil-
ity. A simple way to construct these classes is by using linear isometries. As an example,
in the binary Hamming case, two codes belong to the same class if one is a permutation

of the other, see [26].

Definition 2.1.10. If F} is a metric space endowed with the metric d, a linear isometry
(or d-linear isometry) 7' is a linear transformation 7" : [y, — I} preserving distance, i.e.,

for every z,y € Fy,

d(T(x), T(y)) = d(z,y).

Since we are assuming d is invariant by translations, d(z,y) = w(z — y), then
a linear transformation 7' is an isometry if, and only if, w(7'(z)) = w(z) for every x € Fy.

We denote by G'Lq(F7) the group of all linear isometries of Fy.

Example 2.1.11. [31] The linear isometry group of [y, when Fy is endowed with the

Hamming metric dy is the group of all monomial maps, i.e.,
GLqy, (F7) ~TF." % S,

where:
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« [F7" is isomorphic to the the group of all n x n invertible diagonal matrices. It acts

on [Fj by multiplying each coordinate by a non-zero constant.

o &, is isomorphic to the group of all permutation matrices and corresponds to the

permutations of coordinates in the space.
e the product is semi-direct.

Definition 2.1.12. Two linear codes C; and Cy are said to be equivalent if there is a

linear isometry 7" : Fy — Fp such that T'(C;) = Cy. We denote by C; ~y Cs.

With this definition, considering Example we obtain, for the Hamming
metric case, the usual definition of code equivalence. Equivalence of codes defines an
equivalence relation which gather linear codes in classes of codes having same geometrical
properties, in particular having the same error-correction capability, however it is not true
that codes with the same weight distribution (same number of codewords having weight

i, for every i) belong to the same class.

Example 2.1.13. [27] Let C; and Cy be binary codes with generator matrices

110000 110000
Gi=|{001100| and Go=[1 0100 0]/,
000O0T1°1 111111

respectively. Suppose Fy is endowed with the Hamming metric. If 4;(C;) is the number of
codewords in C; with weight 7, we have that Ay(C;) = Ae(C;) = 1 and A(C;) = A4(C;) =3
for 7 € {1,2}. Thus, the codes C; and Cy have the same weight distribution consequently,
the same minimum distance 0 = 2 and the same packing radius Ry, (C1) = Ra, (Ca) = 0.
Since the basis elements of C; are also elements of Ci- and these two codes have same
dimension, C; is self-dual. But C; is not self-dual since the vector 000011 is a codeword of
C3 but not of Cy. If C; and Cy were equivalent, there should exist a permutation matrix
P satisfying C; P = Cy, but this would imply that C{- P = C5- and since C; = Ci-, Cy would

be self-dual. Therefore, C; and Cy are not equivalent.

Given a linear code C, we denote by G'Lq (C) its orbit under G'Lq(F7). Since
G L4(Fy) is a group, their orbits are equivalence classes, hence C ~,4 C' if, and only if,

GL;(C) = GL4(C'). The representatives of each class may be chosen according to codes
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having a generator matrix with a particular form, which is, in general, as simple as possible

in order to provide some information about the code.

Proposition 2.1.14. Every [n, k,d] linear dy-code C is equivalent to a linear dy-code
with the same parameters having a generator matrix of the form G = [I; | A], where I

is the identity matrix with order k£ and A is a k x (n — k) matrix.

This form is possible since permutations and non-null scalar multiplications in
the columns of the generator matrix are performed by linear isometries of the Hamming
metric. Due to Proposition [2.1.14] it is common to find in the literature the assumption
that every code has a generator matrix in the standard form G = [I; | A]. As consequence

of the standard form, we get an easy way to obtain the parity check matrix of a dg-code.

Theorem 2.1.15. If G = [I;, | A] is a generator matrix for an [n,k,d] code C, then

H =[-AT | I,_4] is a parity check matrix for C.

2.2 Partially Ordered Sets

Partial orders will be the main mathematical structures used in this work to
define poset metrics. The definitions in this section are mainly to fix notations for the
development of the next sections. As complementary readings, the book [34] and the
papers [5] and [14] are indicated. Let X and Y be finite non-empty sets. A binary
relation over X and Y is any subset R of the product X x Y. If (z,y) € R, we write x Ry.
If X =Y, we say that R is a binary relation over X.

Definition 2.2.1. A partial order relation in a set X is a binary relation, usually denoted

by <, satisfying, for every z,y, z € X, the following conditions:
(a) = < z (reflexivity);
(b) If z < y and y < z, then x = y (anti-symmetry);
(c) f z <yandy < z, then z < z (transitivity).
If < is a partial order relation over X, the pair P = (X, <) is called poset.

Eventually, the binary relation < of the poset P = (X, <) is denoted by <p.

By an abuse of notation, the poset P will be identified with X. Therefore, elements of
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X will be considered to be also elements of P and the order relation over X will also be
regarded to be an order relation over P.

If any two elements of a partial order are comparable, the order is named total
and the poset is called a chain. An anti-chain is a poset where distinct elements are
never comparable. We say that y covers z if x < y and there is no extra element z such
that z < z and z < y. If y covers z, the pair (x,y) is said a covering pair. In order to

geometrically describe a poset, the Hasse diagram is used.

Definition 2.2.2. The Hasse diagram of a poset P = (X, <) is the directed graph in

which the vertex set is X and whose arcs are the covering pairs (x,y) in the poset.

We usually draw the Hasse diagram of a poset in the plane in such a way
that, if y covers x, then the point representing y is higher than the point representing
x. No arrows are required in the drawing, since the directions of the arrows are implicit

downward.

Example 2.2.3. Let X = {1,2,3,4,5,6,7} and consider the following partial order re-
lation: 1 <2,1<3,4<3,3<6andb < 6. The Hasse diagram of P = (X, <) is given
by

\)
w

-Je
—_
W
(@)}

Definition 2.2.4. An ideal in a poset P is a nonempty subset I C X such that, for¢ €
and j € X, if 7 <pithen j € [.

Given A C X, we denote by (A)p the smaller ideal of P containing A. If
A = {i}, we denote by (i)p the ideal ({i})p. The set Maxp(A) is the set of all maximal

elements of A in P, equivalently,

Maxp(A)={i€ A : igpjloral je A\ {i}}.

The rank of an element j € X, denoted by hp(j), is the maximal cardinality of a chain
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contained in (j),
hp(j) = max{|C|: C C (j)p and C is a chain}.

The height h(P) of P is the maximal rank among the elements of X. The i-level of P is
the set of all elements with rank i, I's := {j € X : hp(j) = i}. The level distribution of
a poset P is the vector (T'k, ... ,FZ(P)). This distribution defines a partition of X in the
sense that X = [|T'%. Also, since the levels are disjoint, if |X|= n and |[['L|= n;, then

n=mny+---+nyp). The level enumerator of a poset is the array (|I'p|, ..., ]FZ(P)D.

Example 2.2.5. The level distribution of the poset defined in Example is the vector

with length 3 whose coordinates are given by
Iy ={1,4,57}, T3 ={2,3} and I'} = {6}.

Furthermore, (6) = {6,3,1,4,5} and ({2,7}) = {2,7,1}.

In coding theory, an important family of posets is the family of Hierarchical
posets, as we shall see, the metrics obtained by these posets can be considered as a “true”

generalization of the Hamming metric, see [30] for more details concerning this relation.

Definition 2.2.6. Given a poset P, if x <p y for every x € I', and y € Fﬂ; with 7 < j,

then P is called a hierarchical poset.

Example 2.2.7. The poset P constructed in Example is not hierarchical since 7
and 2 belong to different levels and are not comparable to each other. By suitably adding
relations until we can obtain a hierarchical poset. The resulting poset has the following

Hasse diagram:

Posets can be characterized by their Hasse diagrams. This characterization

is obtained by using the equivalence relation defined by isomorphism of posets. This
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relation ensures that posets with the same unlabeled Hasse diagram are essentially the

same poset.

Definition 2.2.8. Let P = (X, <p) and Q = (Y, <g) be two partially ordered sets. A

map f: X — Y is called order-preserving if x <p y implies f(z) <¢ f(y).

Definition 2.2.9. Let P = (X, <p) and Q = (Y, <g) be two posets such that Y C X.

The set () is a subposet of P if the identity map I : Y — X is an order-preserving map.

The example below shows that a bijective and order-preserving map not always

has an inverse which also preserve order.

Example 2.2.10. Let P be an anti-chain over [n| and @) any other poset over [n]. Then,
any bijective map from P to () is an order-preserving map with an inverse that does not

preserve order.

Definition 2.2.11. A one-to-one order-preserving map f from a poset (X,<p) onto
a poset (Y,<g) is called an isomorphism if the inverse f~! is also an order-preserving

mapping. An isomorphism from a poset to itself is called an automorphism.

Whenever two posets are order isomorphic, they can be considered to be es-
sentially the same in the sense that one of the orders can be obtained from the other just

by renaming of elements.

Proposition 2.2.12. [34] Two hierarchical posets are isomorphic if, and only if, they

have the same level enumerator.

Due to Proposition , if P is hierarchical, it will be denoted by (n :
ni,...,ns) where n; = || and s = h(P). The set of all automorphisms of a poset P is
a group which will be denoted by Aut(P).

Let P! the set of all posets over [n]. The set P’ has a natural partial order:
given two posets P, € P, we say that P is finer (or smaller) than @ (and write P < Q)
if + <p j implies ¢ < j. Equivalently, P < () if, and only if, the identity map is an order-
preserving map from P to ). With this relation, the set P! is itself a partially ordered
set. The trivial order (anti-chain: i < j <= i = j) is the (unique) minimal element in
P* and the linear order (chain: 1 < 2 < --- < n), as much as its n! permutations, are the

maximal elements in P;.
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A poset P € P is said to be naturally labeled if for every i € I'p and j € I'}
with r; < ro, then ¢ < j (where < is the natural order over N). Therefore, if the set P,

denote the set of all naturally labeled posets,

P, ={P € P: : P isnaturally labeled}

P, has a unique maximal element, the linear order defined by 1 <2 < --- < n.

1 8 9 7 8 9
4 2 6 4 5 6
3 5 7 1 2 3
non-natural labelling natural labelling

Since given a poset P € P’ there is always a poset () € P,, order isomorphic

to P, from now on, assume all the posets to be naturally labeled.

2.3 Poset Metrics

Classical coding theory may be considered as the study of F when it is en-
dowed with the Hamming metric. To generalize the classical problems in coding theory,
Niederreiter made the initial progress in [37], [35] and [36] by introducing non-Hamming
metrics in Fy. Generalizing the metric introduced by Niederreiter, in [6], Brualdi et al.
introduced a new large family of metrics, the so-called poset metrics. In the following,

consider P to be a poset over [n].

Definition 2.3.1. The P-weight of a vector x € Fy is defined as the cardinality of the

smallest ideal of P containing supp(x), i.e.,

wp(x) = |[(supp(x))pl

It is clear that wp(z) > 0 for every x € Fy and wp(x) = 0 if and only if z = 0.
Also, the relations supp(z +y) C supp(x) U supp(y) and (AU B)p = (A)p U (B)p imply

that wp(z +y) < wp(x) +wp(y). Therefore, wp is a norm function over Fy.
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The support of a set X C [y is the union of the supports of the elements of
X,
supp(X) = {i : i € supp(z) for some z € X}.

Definition 2.3.2. The P-distance in F}; is the (invariant by translation) metric induced
by wp,
dp(z,y) = wp(x —y).

Example 2.3.3 (Niederreiter-Rosenbloom-Tsfasman metric - NRT'). Given two integers
n and r such that r divides n, an (n,r)-NRT metric is a poset metric induced by a poset
formed by n/r disjoint chains, each chain having length r. Suppose n = 12 and r = 3.
Consider the NRT weight wxgrr defined by the following Hasse diagram:

9 10 11 12

1 2 3 4

In particular, the (n,n)-NRT and the (n,1)-NRT metrics are the chain and

the anti-chain (or the Hamming) metrics.

2.3.1 Group of Linear Isometries for Poset Metrics

As seen in section [2.1.1] two linear codes are equivalent if, and only if, there
is a linear isometry mapping one into the other. For a poset metric, the group of linear
isometries was first determined for the Rosenbloom-Tsfasman space in [8] and for the
crown space in [29]. The description of this group for a general poset metric was presented
in [39]. We will describe it in some details since both the result and the approach used
in the proof will be used in Chapter 3. The proof presented here is slightly different but
follows the same idea of the proof given in [39]. Let M, (FF,) be the set of all n x n matrices

over [F, and
Gp:={A=(a;) € M,(F,) : a;; =01ifi £ jand a; # 0}. (2.2)

Considering the usual basis 8 = {ey, ..., e,} where supp(e;) = {i} and the i-th

entry is 1. Each matrix A € Gp defines a linear map T4. The set of such maps will be
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denoted by Gp. By definition, T' € Gp if, and only if, T'(e;) = ¥« ,; aije; with aj; # 0 for
every j € [n].

Note initially that an automorphism ¢ € Aut(P) induces an isometry T, €
G Lp(F}), acting on Fy by permutation of the coordinates: Ty(z1, ..., 7,) = (Tg1), - - - Ton))-

The set of these isometries will be denoted by Aut(P).

Theorem 2.3.4. The group of isometries of [} is the semi-direct product GLp(F}) =
Gp x Aut(P).

The next two lemmas will be used in order to produce maximal decompositions
in Chapter 3, a generalization of the canonical decomposition obtained in [15]. They are

also used to prove Theorem [2.3.4] their proofs can be found in [39].

Lemma 2.3.5. If T" € GLp(Fy), then the map ¢r : P — P given by

¢r(i) = maz(supp(T'(e;)) p

is an automorphism of P.

Lemma 2.3.6. The linear transformation 7' is an element of GLp(Fy) if, and only if,

T(ej) = Y Tijeor(i), (2.3)

i<pj

where ¢r is the automorphism associated with 7" as in Lemma and z;; are constants
with z;; # 0 for all j € [n].

Proof of Theorem [2.3.4. 1t is clear that Aut(P) is a subgroup of GLp(FF}) and the char-
acterization of Gp together with Lemma [2.3.6] ensures that Gp is also a subgroup of
GLp(Fy). Given T' € GLp(Fy), by Lemma [2.3.6, T'(e;) = X;<; Tijer) and xj; # 0.
Consider T" defined by T"(e;) = ep(:), by Lemma T" € GLp(Fy). Define T" by
setting 7" (e;) = Y;<; Tijes, thus T'(e;) = T"oT"(e;). Since T" is obtained by the automor-
phism ¢7, it follows that 77 € Aut(P), furthermore, by construction, 7” € Gp. Therefore,
GLp(F;) = Gp - Aut(P). In order to prove that Gp is a normal subgroup of GLp(F7),
it is enough to show that 7" o T o T""! € Gp for every T € Gp and T' € GLp(Fy).
Since T" = T" o Ty, where T" € Gp and Ty € Aut(P), it is sufficient to prove that
TyoToTy' € Gp for every Ty € Aut(P). First, note that Ty = T for some ¢ € Aut(P)
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and that qul = Ty-1, thus

TyoT oTy-1(ej) =TsoT(eg1(5y) =Ty ( > %1(3’)62‘) = D Tig-1(5)Cei)-
()

i<¢! i<¢-1(j)

Since i < ¢~ '(j) implies (i) < 7, denoting by(); = Tig-1(;), it follows that

TyoToTyr(e) = 3 bowicst:
it oi)<j
Therefore Ty, o T o Ty-1 € Gp and Gp is a normal subgroup of GLp(Fy). By using the
characterizations of Gp and Aut(P), it is straightforward to conclude that Gp N Aut(P) =
{I} where I is the identity map, therefore G Lp(F7) is isomorphic to the semidirect product
Gp »x Aut(P). O

Example 2.3.7. (Hierarchical Case) We remark that if T € Aut(P), then T is induced
by a permutation ¢ : P — P and denoted by Ty. If P is an (n : ny,...,n) hierarchical
poset, the image by ¢ of an element in the i-th level must also belong to this level. For each
i, we denote the group Aut(T'%) by the group of all linear maps induced by permutations
¢; that permutes only elements of the i-th level of P, ie., ¢; : P — P is a bijection
satisfying ¢;(j) = j if j € I'. Since P is hierarchical, Aut(I'%) C Aut(P). Hence, each
¢; induces an isometry Ty, thus ¢ = ¢10...0 ¢, ie., T, =Ty, o...0T, . Therefore, the
group Aut(P) is isomorphic to the product Aut(T'p) X ... x Aut(I') and T € Aut(P) if,

and only if,
T¢(ZL’1, cee ,ZEn) = ({E¢1(1), s ,I’¢1(n1)) X X (x¢s(nl+~--+ns—1+l)7 s ’x¢5(n1+-~~+ns—1+ns))
where ¢; € Aut(T'%) for every ¢ € {1,...,s}.

2.3.2 Packing Radius of Poset Codes

Since poset metrics are defined by weights, they are invariant by translations
and the packing radius of a poset code can be equivalently defined as being the largest

integer Rp(C) satisfying

BP(O,RP(C)) N BP(C, RP(C)) == @
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for every c € C.
In order to simplify the notation, the set of maximal elements in the support

of a codeword ¢, which is denoted by Mazp(supp(c)), will be denoted by Maxp(c).

Proposition 2.3.8. Given an [n, k, §], poset code C such that |Mazp(c)|= 1 for every
c € C\ {0}, then
Rp(C) =06 —1.

Proof. Suppose Mazp(c) = {i}, note that if z € Bp(c,wp(c) — 1) then z; = ¢;. Since
i € suppp(x), it follows that = & Bp(0,wp(c) — 1). Hence, Rp(c) = wp(c) — 1. Taking ¢
with minimum weight 0, the packing radius of this codeword is § — 1, by characterization

, ¢ is a packing vector, therefore, Rp(C) = 4§ — 1. ]

The proof of the next corollary follows straight from the fact that in a chain,

every non-null vector has only one maximal element in its support.

Corollary 2.3.9. Let P be a chain. If C is an [n, k, §], P-code, then
Rp(C)=0—1.

Corollary and Proposition [2.1.8 ensure that the bounds given in Proposi-
tion [2.1.9| are tight. The extremal values for the bound are obtained by extremal posets,
one with no relations (anti-chain) and the other with the maximum number of relations
(total order - chain). Both are hierarchical posets and the metrics induced by these posets
are very well understood, as can be seen in [30]. A hierarchical poset can be obtained by

summing up anti-chains, as follows:

Definition 2.3.10. Let P = (X, <p) and Q = (Y, <g) be two posets with X NY = (.
The ordinal sum of P and @ is the poset P ® () with order relation given by

r<pyY when z,y € X
T SpaQly r<gy when z,y €Y .

reXandyeyY

Proposition 2.3.11. A hierarchical poset (n : ny,...,n;) is an ordinal sum of [ anti-

chains.
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It is straightforward to conclude that the Hamming metric is a poset metric
induced by an anti-chain. According to Proposition [2.3.11], hierarchical posets are charac-
terized as ordinal sums of anti-chains, therefore, hierarchical metrics are closely related to
the Hamming metric. We are particularly interested in the characterization of poset met-
rics for which the error-correction capability of a code is determined by its error-detection
capability, i.e., poset metrics for which the packing radius of a code is determined by its

minimum distance.

Proposition 2.3.12. If C is an [n, k, §], P-code such that (supp(C))p is a hierarchical
subposet of P, then

5—(n1+---+nT_1)—1
2

RP(C):n1+-~+nr,1+

where 7 is the smallest level of P such that there exists ¢ € C with Mazp(c) C I'p and

ns = [(supp(C))p N T'p|.

Proof. Set sy = 0 and s; = ny + -+ +mn;_y for all i € {2,... h(P)}. Consider h =
s+ [ (6 — s. —1)/2]| where

r=min{i : Maxp(c) C I} for some ¢ € C}.

Suppose there exists z € Bp(0,h) N Bp(c, h) for some ¢ € C. Since (supp(C))p is hierar-
chical, Maxzp(c) C T’ for some level jo and by the minimality of r, it follows that jo > r.
The weight of ¢ is of the form wp(c) = s;, +t where t = |[Maxp(c)|. It is straightforward
that Mazp(z — ¢) C I%. Thus, if

|Maxp(z — ¢)|> V;lJ ,

then
t—1
d(z,c) = sj, + |[Maxp(z — c)|> s, + {QJ > h,

i.e., 2 & Bp(c,h). On the other hand, if

|Maxp(z — ¢)|< V;lJ ,
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then
2|Mazxp(z — c)|< t = |Max(c)|.

Therefore, |Maxp(2)|> |Mazp(c)|, hence
d(z,0) = s, + |Maxp(z)|> sj, + |Maxp(c)|> h,

i.e., z ¢ Bp(0,h). To conclude, we just need to prove that there exists ¢ € C such that
Bp(0,h+ 1) N Bp(c,h + 1) # (). Suppose wp(c) = §, note that |Mazp(c)|= 3§ — s,, take
aset A C Maxp(c) such that [A[= [(d — s, —1)/2] + 1, define z € F} by the rule z; = ¢

for every i € A and z; = 0 otherwise, then
dp(z,0) = |A|+s, = h+ 1.
Since |[Maxp(c)\A|< |A|, we also have that
dp(z,¢) = s, + [Maxp(c)\A|< s, + |A|=h + 1.

Thus, z € Bp(0,h+ 1) N Bp(c, h + 1), therefore, Rp(C) = h.
[

We stress that P is hierarchical if, and only if, every ideal of P is also hierar-

chical and Proposition [2.3.12 holds for every code.

Theorem 2.3.13. The poset P is a hierarchical poset if and only if any two P-codes

with same minimum distance also have the same packing radius.

Proof. Proposition ensures that if P is hierarchical any two codes having the same
minimum distance also have the same packing radius. Conversely, suppose P is not
hierarchical, then there exist i € I'» and jo € I such that iy £ jo. Let 7 be minimal
with this property. Consider the one-dimensional code C; generated by the vector e;, and
the one-dimensional code Cy generated by the vector v where vy =11if s € A, v;;, = 1 and
vs =0 forall s € [n]\ (AU {ip}) where A = I', N (jo). By construction, C; and Cy have
the same minimum distance § = |(jo)p|. By Proposition 2.3.8) Rp(C1) = 6 — 1 and by
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Proposition [2.3.12]
Rp(Cy) =ny + -+ npq + V — (it éJrnr_l) - IJ ,
but
Rp(Ci)=6—1=m+--+n_1+5—(mi+---+n1)—1 (2.4)
Shy et g+ V —(ut- '; nro1) = 1J = Rp(Cy). (2.5)
0

Example 2.3.14. Consider the non-hierarchical poset P over [3] with an order relation

given by 1 < 3. Its Hasse diagram is as follows:

3

Let C; and C3 be two one-dimensional linear codes over Fy generated by ez and e; + e,
respectively. It is straightforward to conclude that both codes have minimum distance

(0 = 2) and that their packing radius are different, namely, Rp(C;) = 1 and Rp(Cs) = 0.

We conclude that among the poset metrics, hierarchical metrics are the only
ones where the error-correcting capability of a code is determined by its error-detection
capability. We remark that, as proved in [12], to determine the error-correction capability
of a single pair of codewords is an NP-hard problem, so bounds for these invariants are

very welcome.
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Chapter 3

Canonical Form

It is well known that representation of a code by generator matrices is not
unique. It depends on the choice of the code basis. The election of a particular represen-
tation is motivated by the fact that it can be useful for determining some code parameters.
For example, the standard form for a dy-code provides an easy way to obtain the parity
check matrix of this code and allows the characterization of MDS codes and the singleton
defect in general, see [45]. The form is called standard because every code has, up to
equivalence, a unique such representation.

Analogous representations of the standard form were presented in 1] and [15]
for codes over vector spaces endowed with NRT and hierarchical metrics, respectively. A
standard form is obtained by the choice of an appropriate basis of the code and eventually
by reordering the columns. The choice of a basis is obtained operating with the rows of a
generating matrix. When considering poset metrics, it may be permitted to perform some
operations (other than permutations) with the columns. Those permitted operations are
determined by the group of linear isometries. In the referred cases of NRT and hierarchical
posets, by operating with the columns we can get a generating matrix (or equivalently,
a basis) that in many senses may be called canonical. The canonical matrix determines
a canonical decomposition of a code into a direct sum of sub-codes with dimension and
support uniquely prescribed by the code weight hierarchy. For a general poset, there is
no such canonical decomposition, but there is a decomposition that is maximal in the
number of components. In the sequence we will first present the canonical form originally
presented in [15] and then proceed to define and determine what we call by a maximal

P-decomposition. This decomposition is what allows to produce bounds for invariants
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that cannot be related or produced by explicit expressions.

3.1 Canonical Form for Hierarchical Metrics

In [15], it was proposed a canonical-systematic form for codes over spaces
endowed with a hierarchical poset metric. In this section, we will present an alternative
way to obtain the canonical-systematic form emphasizing the role of the basis of the
code instead of the generating matrix. When using the generator matrix, the focus is on
the form of the matrix, here, an particular form may be obtained in some cases by the
choice of an appropriate basis which is determined by a decomposition. Consequently,
a particular form for the matrix is not the main goal, the goal is to obtain a generator
matrix as simple as possible.

Let P be a hierarchical poset over [n]. Given w € F}, the P-clean of w
is the vector w with the same value of w in the coordinates that are maximal in the
support of w and zero in the remaining coordinates, namely: w; = w; if i € Maz(w) and
w; = 0 otherwise. Note that the P-clean of w has the same P-weight of w. The j-th
projection of w is the vector w®) € [, obtained by the projection of w into the coordinates
corresponding to the j-th level of P, i.e., w); = w; if i € F{g and w%; = 0, otherwise.
In the following lemma and theorem, if w € Fy, (w) denotes the one-dimensional space

generated by w (not to be confused with the ideal generated by the support of w).

Lemma 3.1.1. Let P be a hierarchical poset with s levels over [n] and C be a [-dimensional
code satisfying supp(C) C I'g for some i € {1,..., s}. Givenw € F? such that Maz(w) C
"9 and @ ¢ C, there exists a linear code C’ such that C' ~p C @ (w) and supp(C') C T'S.

Proof. Let {v!,...,v'} be a basis of C. Given w as in the statements of the lemma, since
w ¢ C, the set B = {w,v!,...,v'} is linearly independent. So, 3 is a basis for the linear

code C ® (w). Let

- !
B = {w,vl,...,v €ty € 1}

be a basis of Fj obtained by extending the basis 5 using vectors of the canonical basis.

Because w = @ + Y77/ ayej, for suitable scalars oy, the set

!
By = {w,vl,...,v €1y € 1}
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generates Fy. Furthermore, note that (3, contains a basis of C @ (w). Define the linear
map T by setting T'(w) = w, T(v") = v for all i € {1,...,1} and T(e;.) = e;, for all
r € {1,...,n—I—1}. Denoting by C’ the code generated by 3, we have that supp(C’) C I"'3
and T(C & (w)) = C'. To conclude, we just need to prove that T is an isometry. Writing

a canonical vector e; € [y according to 8, where j & {j1,...,jni1-1}, We get that

n—I{—1

—ozw—i-Z%v + > by,

= =1

where o, 7;,0; € F,. Since w = w + 77 - laieji and o; = 0 if j; € 'y, with r > 4y (w is
the P-clean of w), then

n—I{—1

T(e])—auH—Z'ym + > by,

=1 =1

n—Il—1 n—[-1 n—Il—1
—a(w— Z ozzejl> +Z%v + Z Oiej, =ej — Y awej,.
i=1

Due to the fact that P is hierarchical and a; = 0 for every 7 such that j; € I, with r > 4,

the characterization given in Lemma [2.3.6| ensures that 7" is a linear isometry. O

Observation 3.1.2. The linear isometry T constructed in the previous lemma coincides
with the identity map when restricted to elements whose support does not intercept the

level ig, i.e., T(z) = z if supp(z) C [n] \ I''S.

Theorem 3.1.3. Let P be an (n : nq,...,ns) hierarchical poset. If C is a linear P-code,
there exists C such that C ~p C,

C=C®Cd - -dC,

and supp(C;) C T'% for every i € [s].

Proof. If C is an one-dimensional code, then C = (v) for a suitable v € Fy. Considering

= {0} to be the null vector space, since v ¢ C’, Lemma3.1.1]ensures that C is equivalent
to the code generated by the P-clean of v. Suppose C is a k-dimensional code and k > 1.
Then C = (w) & C' for some w € C and a (k — 1)-dimensional code C" C C. By induction,
there is a linear isometry 7" such that T'(C’') = ®3_,B; and supp(B;) C T'%. Since T"
is injective, we get that 7'(w) & T'(C'). Consider the code T'(C) = (T"(w)) & T'(C).
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Therefore, there exists a level i of P such that the projection of T'(w) in this level does
not belong to B;, i.e, T"(w)¥) ¢ B;. Let iy be the maximal level with this property.
Define the vector v € F? as follows: v = T"(w)® if i < iy and v® = 0 if i > 4. Since
v =T'(w)—c for some ¢ € T'(C") we get that T"(C) = (v) ®T"(C’). By Lemmal[3.1.1] there
is a linear isometry 7" such that T(B;) = B; if i # ig (ensured by the Observation
and supp(T(B;, ® (v))) = supp(T(By,) © (¥)) C I'S where T'(v) = ©. Therefore, denoting
C; = B; for every i # iy and C;, = T(B;,) ® (0), we have that C = TT"(C) = ®_,C; and
supp(C;) C T for every i € {1,...,s}. O

Given a linear code C, Theorem states that there exists a code C. , equiva-
lent to C, such that C = C;®. ..®C, and supp(C;) C I's for every i € {1,...,s}. Assuming

P to be naturally labeled, the direct sum can be seen as a product of codes, namely,

—

évZClEB---@Cs:(aa"'?CS))

where the codes C; were obtained from C; just by deleting the coordinates that do not
belong to the level i of the poset (this is known as the punctured code construction, see

127]). Therefore, while C; is a sub-code of Fy, C; is a sub-code of F?# where n; = [I'p|.

Corollary 3.1.4. If C is a P-code where P is a naturally labeled (n : ny,...,ns) hierar-

chical poset, there is a code C’, equivalent to C, with generator matrix GG in the form

(0 0 0 G, |
0 0 0

G = )
0 G» 0 0
Gi 0 0 0

where G; is the generator matrix of (?l

The representation given by Corollary can be standardized even more.
Indeed, by operating in the rows of G we can assume that G; is in reduced row echelon
form, note that this operations only perform changing of basis in the code. If T' € Aut(P),
according to Example [2.3.7, T is a composition of permutations according to each level

of the poset. In terms of matrices, assuming that the generator matrix G of a code C is
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in the form given by Corollary and that each G, is in reduced row echelon form, the
description of Aut(P) ensures that any two rows of G can be permuted if, and only if, the
coordinates corresponding to these rows belong to the same level of the poset. Therefore,

if P; are n; X n; permutation matrices, the code generated by

0 0 O G P
0 0 0
G =
0 Gy, O --- O
G, 0 0 --- O

is equivalent to C. With the previous arguments, the following representation holds.

Corollary 3.1.5. If C is a P-code where P is a naturally labeled (n : nq,...,ns) hierar-

chical poset, there is a code C’, equivalent to C with generator matrix G given by

0 0 0 - [In|A]
0 0 0
G —
0 [l 0 -~ 0
(L4 0 0 - 0 |

where k; is the dimension of C; and A; are k; X (n; — k;) matrices. This representation is

called the canonical-systematic form.

As may be seen in [15], the constants kq, ..., ks are determined by the weight

enumerator of the code and, in this sense, the decomposition is canonical.

3.2 Partitions and Decompositions

A partition of a subset J C [n] is a family of subsets {Ji, ..., J.} such that

where J;NJ; = 0 if i # j and each J; # (). We will denote such a partition by J = (J;)i_;.
If we write Jo = [n]\J = {i € [n] : i ¢ J}, the triple T* = (J; Jo; J;);_, is called pointed
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partition, since J is the union of the subsets J;, it may be omitted in the notation, therefore
the pointed partition J* will also be denoted by (Jo; J;);_,. Note that J, = 0 if, and only
if, J = [n]. We stress that Jy has a special role, since it is the only part we allow to be
empty. From now on, we consider only pointed partitions, so we will omit the symbol *
and the adjective “pointed”. A partition J can be refined in two ways, either by increasing
the number of parts or by enlarging the distinguished part Jy. Except for the pointer Jy,

the order of the other parts is irrelevant, for example,

(JO; {17 2} ) {37 47 5}) = (JO; {57 47 3} ) {17 2}> .

Definition 3.2.1. An [-split of a partition J = (Jo; Ji)}_, is a partition J' = (Jo; J)) 5]
where J; = J] for each i # [ and J; = J; U J],, with both J; and J;,, non-empty. This
means that J; is split into two components and the others are unchanged. An [-aggregate
of a partition J = (Jo; J;);_, is a partition J' = (J{; J!);_, where J! = J; if ¢ & {I,0},

Jy = J U Jfand J§ = Jy U J; for some ) # J* & J, ie., some elements of .J; were

aggregated into the distinguished part Jj.

Definition 3.2.2. We say that a partition [J' is a 1-step refinement of J if J' is obtained
from J by performing a single [-split or a single [-aggregate operation, for some | < |7|.
The partition J' is a refinement of J if J' can be obtained from [J by a successive
number of 1-step refinements. We use the notation J > J’ to denote a refinement and
J > J' to denote that J' is a 1-step refinement of J performed by an [-split or [-
aggregate. When the kind of operation (splitting or aggregation) is relevant, we will use

the notation J >7 J’ and J >{ J' for an l-split or an l-aggregate, respectively.

Example 3.2.3. The partition ([4];0; {1,2,3,4}) can be refined in order to get the par-
tition ([4]; {1,3}; {2}, {4}) by using the following 1-step refinements:

(0:{1,2,3,4}) =7 ({3};{1,2,4})
=1 ({1.3}:{2,4}) =7 ({1,3}:{2}.{4}).

By using the set partition previously defined, decompositions of linear codes
can be constructed. Each set partition over [n] induces a decomposition of linear odes, as

explained below. Such decompositions are the algebraic equivalent of the set partitions
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over [n].

Definition 3.2.4. We say that € = (C;Cy;C;);_, is a decomposition of an [n,k,d], code

1

C if each C; is a subspace of Fy such that:
(a) C = &!_,C; with dim(C;) > 0 for every i € {1,...,r};
(b) Co={(x1,22,...,2,) : x;=0ifi € supp(C)};
(c) (supp (Co); supp (C;));_, is a pointed partition over [n].

Definition 3.2.5. An [-split, [-aggregate, 1-step refinement and a refinement ¢’ =
(C; Ci; C'l'):/:1 of a decomposition ¢ = (C;Cy;C;);_, are defined according to

r!

(supp (Cy) 3 supp (C}))i_,

being an [-split, l-aggregate, 1-step refinement or a refinement of (supp (Co) ; supp (C;));_; -

Example 3.2.6. Let P be a poset over [4]. Consider the [4,2,dp]s code C given by
C = {0000, 1100, 0010, 1110}.

Then,
(C; (e4);C) =7 (C: (ea): Ci)iy

where

C, = {0000, 1100} and C = {0000, 0010}.

Definition 3.2.7. A decomposition € = (C;Cy;C;)i_; is said to be mazimal if it does not

admit a refinement.

Let 8 = {e1,...,e,} be the canonical basis of Fj. Given I C [n], the I-

coordinate subspace Vi is defined by

Vi={{e; : ie[}):{inei : a:ieIFq}.

iel
Given a decomposition ¢ = (C; Cp;C;)I_, of a linear code C, we say that

V= V:eupp(Ci) - <{€z D1 € supp (Cz)}>
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is the support-space of (the component) C;. We consider [n], = supp(C) and [n)¢ =
[n]\[n].. In the case where (n) # 0, we write Vy = e and denote Co = Vp. We
say that the decomposition (C;Cy;C;)i_; is supported by the environment decomposition
(Vo:; Vi)r_,. In the case where [n]° = 0, we have V = Cy = {0}.

Until now, the metric dp has not played role in the decomposition of a code.
We introduce now a decomposition that depends of the metric and consequently of the

poset P.

Definition 3.2.8. A P-decomposition of C is a decomposition ¢ = (C';C(;C});_, of C' (as
in Definition [3.2.4)) where C' ~p C. Each C! is called a component of the decomposition. A
trivial P-decomposition of C is either the decomposition (C;Cy;C) or any P-decomposition

with a unique factor (C'; Cjj; C') where |supp (C)| = |supp (C)| and |supp (C§)| = |supp (Co)].

Definition 3.2.9. A code C is said to be P-irreducible if it does not admit a non-trivial

P-decomposition.

Example 3.2.10. Consider the [4,2,dp|, code C given by
C = {0000, 1110,0111, 1001 }.

Let P, be the (4 : 2,2) hierarchical poset, P; be the anti-chain poset and Ps be the poset

determined by 2 <p, 3 and 2 <p, 4. Their Hasse diagrams are as follows:

3 4 3 4
[ ] [ ] [ ] [ ]
1 2 3 4
[ ]
1 2 1 2
Py Py Py

It is straightforward that C does not admit a non-trivial P»-decomposition, then C is

Ps-irreducible. If we consider the dp,-isometry given by

(21, 2, T3, T4) — (21, T2 + X3, T3, T4a),

then
— ({0000, 1010,0011,1001}; (e2); {0000, 1010,0011, 1001}).
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is a P3-decomposition of C. Note that the previous isometry is also a dp,-isometry, hence

¢ is also a P;-decomposition of C. Considering the dp,-isometry given by
(71, 22, T3, 74) > (T1 + T3 + T4, T, T3, Ty),
we get that
¢" = ({0000, 0010, 0011,0001}; (€1, e2); {0000,0010} & {0000, 0001})

is also a P;-decomposition for C.

Given a P-decomposition ¢ = (C; C(; C;);_, of C, we have that [n] = Uj_qsupp (V;).
Also, if C/ = {0}, then ¢ = 0. If each C] is P-irreducible, denoting n; = dim(V;) and
k; = dim(C!), then
zr:ni =n = dim(F;) and XT: k; =k = dim(C).

i=0 i=1

Consider two P-decompositions 4" = (C';C}; C)r, and 6" = (C";Cl:Cl)i,
of a code C. Associated to those P-decompositions there are two partitions of [n],
namely: (supp (C}) ; supp (C1))i_, and (supp (CY); supp (C;’)):;l By the definition of a
P-decomposition, there are isometries 7",7" € GLp(Fy) such that 7"(C) = C" and
T"(C) = C". Denote T = T" o (T")"". Then T is a linear isometry and T(C') = C".
By Lemma[2.3.5, T induces an automorphism of order ¢ : [n] — [n]. The automorphism

¢7 induces a map on the partition of [n| determined by the P-decomposition ¢”, namely,

or((supp (Cy) ; supp (C)))il1] = (o (supp (CY)) ; o7 (supp (C)))ir, -

Using the previous notations, we can define the analogous of the operations

over decompositions to P-decompositions.

Definition 3.2.11. Let C C F} be a linear code and P be a poset over [n]. Let ¢’ =
(C;Ch;Ci and € = (C";CY; CH)Y L be two P-decompositions of C. We say that € is a

P-refinement (1-step P-refinement) of 6" if ¢r[(supp (C}) ; supp (CL));.,] is a refinement

(1-step refinement) of the partition (supp (C{); supp (C!'));_,.

Similar to what was done with set partitions in Definition [3.2.2} the symbols



61

P P
>7 and >{ specify when the refinement was obtained by an [-split or an [-aggregation,

respectively.

Example 3.2.12. Let C = {0000, 1100,0011,1111} be a 2-dimensional code over F3 and
P be the chain poset determined by 1 < 2 < 3 < 4. Then, starting with the trivial

P-decomposition, we have the following refinements:

P
(C;0;C) > ({0000, 1100, 0001, 1101} ; {0000, 0010} ; {0000, 1100, 0001, 1101})
P
>4 ({0000, 0100, 0001,0101} ; {0000, 0010, 1000, 1010} ; {0000, 0100, 0001,0101})

P
>1 ({0000, 0100, 0001, 0101} ; {0000, 0010, 1000, 1010} ; {0000, 0100} , {0000, 0001 })
where the first two refinements were obtained by considering the linear P-isometries
(xla Xo, T3, 1'4) — (xly Lo, T3 — X4, $4)

and

(xl,l’27$3,374) — (331 - 352,9527353,454),

respectively. The third refinement is just a splitting
{0000, 0100, 0001,0101} = {0000,0100} & {0000, 0001} .

Definition 3.2.13. A P-decomposition ¢ = (C;Co;C;);_, is said to be mazimal if each

C; is P-irreducible for every ¢ € {1,...,7}.

Let us consider the Hamming metric dg over F5. It is well-known that the
group of linear isometries of this metric space is isomorphic to the permutation group S,,.
Given a code C, let € = (C;Cy;C;)i_, be a maximal decomposition of C. If a code C’ is
dy-equivalent to C, then there is T' € G'Lg,, (F}) ~ S, such that T'(C) = C'. Note that the
decomposition €' = (C';T(Co); T'(C;))i_, is a maximal decomposition of C’, otherwise, €
would not be a maximal decomposition of C. Therefore, when considering the Hamming
metric, a maximal decomposition is also a maximal H-decomposition (H is the anti-chain

poset over [n]). This is not the general case, as we can see in the following example.

Example 3.2.14. Consider C to be the 1-dimensional binary code of length n generated
by (1,1,...,1) € Fy. Let P be a poset defined by the chain order: 1 <2 < --- < n; and
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H be the anti-chain order poset. It follows that C is H-irreducible but not P-irreducible.
Indeed, by Lemma [2.3.6, the map

T(xla s 7xn—17$n) = (xl + Ty Tpot +$naxn)

is a P-isometry because T'(e;) = e; for every i # nand T'(e,) = Y1 e;. Also, T'(C) = (e,)

is the code generated by the vector e,, hence

€' = ((en); ({e1,-- -, en1}); (en))

is a maximal P-decomposition of C. Therefore, C is not P-irreducible. Since C is a
one-dimensional code, we only can perform aggregations, but since supp(11...1) = [n],

aggregations change the Hamming weight, so that C is H-irreducible.

Definition 3.2.15. Let ¢ = (C';Co;C;);_, be a P-decomposition of an [n, k,é]q code C.
The profile of € is the array

profile (') := [(no, ko) , (N1, k1) , .., (0, Kr)]

where

n; = |supp (C;)| and k; = dim (C;) .

Observe that |supp(C;)|= dim(V;), then n =ng +ny +---+n, and k = k; +
ko+---+k,. The following theorem states that the profile of a maximal P-decomposition

% of a code C depends (essentially) exclusively on C, not on %.
Theorem 3.2.16. Let C be an [n, k, ], code and let P be a poset over [n]. Let ¢” and
%" be two maximal P-decompositions of C with

profile (¢") = [(ng, k), (ny, k1) ..., (nl, k)]

T

and

profile (¢") = [(ng, kg) , (nY, kY) ..., (n2, KD)].

s$7°7s

Then, r = s and, up to a permutation, profile (¢”) = profile (¢”), i.e., there is ¢ € S,
such that (nj, ki) = (ng). kyqy) and (ng, k) = (ng, ky).

1"
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Proof. Let €' = (C';Cy; Cl);_, and €” = (C”; C{/;C!');_, be two maximal P-decompositions
of C. Suppose, without loss of generality, r < s. If T' € GLp(F7) is an isometry satisfying
T (C") = C”, there is a component C! of €’ such that T (C!) is not contained in any
component C; of ¢, otherwise r > s. Hence, there are components C; of 4" and
Ci,Ch,...,Ci of € such that

T(C,)cclac) e --ac)

and T’ (CZ(O) NCy # 0 for any [ € {1,...,t}. Therefore,

t
T(c,)=@r(c,)ncy,

m=0

is a non-trivial P-decomposition for C; , contradicting the fact that each component of
a maximal P-decomposition is P-irreducible. It follows that » = s. Moreover, for every

i € {1,...,r} there is j; such that T'(C;) C Cj. Hence, n; < nj and k; < k7. Applying

the same reasoning to T~ € GLp(F}), we get that n < n and k] < k), hence nj = n/}

and k; = k7, so that, up to a permutation, profile (¢”) = profile (¢"). ]
The next Corollary follows straight from Theorem [3.2.16|

Corollary 3.2.17. Let 4" = (C';C};C});_, and € = (C";C{/;C/');_, be two maximal P-
decompositions of C and let T" € GLp(Fy) be a linear isometry such that T'(C') = C".
Then, there is a permutation o € S, such that T'(C;) = C ;).

To express the amount of operations (splitting and aggregations) performed in
a decomposition, we will define the complexity of a decomposition (do not confuse with

the computational complexity of problems).

Definition 3.2.18. Given a P-decomposition ¢ = (C';Cy; C;)i_, of C, its complexity is
defined by
1 '
OP(%) = ; + znz - kia
i=1

where n; = dim(V;) (the dimension of the support-space of C;) and k; = dim(C;) for
every 1 < i < r. A P-decomposition with minimum complexity is called primary P-

decomposition.
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Note that the complexity of a P-decomposition is completely determined by
its profile. Each aggregation decreases the complexity since some of the parcels n; — k; in
the summation decrease. A splitting also decreases the complexity since it increases the
number of components (the number r). By Theorem [3.2.16] maximal P-decompositions
have the same complexity. Thus, the minimum complexity of a decomposition of a code
C will be denoted by O(C) instead of O(%). It is straightforward that aggregations and
splittings decrease the complexity of a P-decomposition; actually, if €” is a refinement of

€, then Op(¢’) < Op(%). Therefore, we have the following proposition.

Proposition 3.2.19. A P-decomposition of a code C is maximal if, and only if, it is a

primary P-decomposition.

The permutation part Aut(P) of GLp(F}) does not alter the complexity of a

decomposition, hence it is irrelevant regarding maximality of P-decompositions.

Lemma 3.2.20. Let € = (C';Cy;C;);_, be a maximal P-decomposition of C. Let ¢ €

)

Aut (P) and T}, € Aut(P) be the isometry induced by ¢. Then,
€' = (T, (C"); T (Co): Ty (Ci))iy

is also a maximal P-decomposition of C.

Proof. Because ¢ is a permutation, for every i € {0,1,...,r},

j € supp(Ci) <= ¢(j) € supp(T4(Cs)).

Hence, ¢’ is a P-decomposition of C. Since its profile coincides with the profile of €, ¢’

is also a maximal P-decomposition of C. O

We recall that the set P, of all posets over [n] is itself a partially ordered set.

Maximal P-decompositions “behaves well” according to this order in the following way:

Theorem 3.2.21. Let P,QQ € P, with P < (). Given a code C, there is a maximal

P-decomposition of C which is also a ()-decomposition of C.

Proof. Assume P,QQ € P, and P < Q. Let 4 = (C';Cy;C;)._, be a maximal P-
decomposition of C and T" € GLp(Fy) such that T'(C) = C'. By the characterization
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of GLp(F}), T = Ao Ty where A € Gp and Ty € Aut(P). From Lemma |3.2.20, we have
that
" = (Ty-1 (C'); Ty (Co) : Ty (Ca));

i=1

is also a maximal P-decomposition of C. However T,-1 (C') = T-1 o T'(C), hence
Tqﬁfl (CI) = T¢71 oAo T¢(C)

We stress that Gp C Gg always that P < (). Because Gp is a normal subgroup of
GLp(Fy), it follows that T-1 0 Ao T, € Gp, hence Ty-1 0 Ao Ty € Gg. Therefore, € is
a ()-decomposition of C. O]

As a direct consequence of the previous theorem, we obtain a relation among

primary decompositions of posets and the natural order over P,,.

Corollary 3.2.22. Let P,() € P, with P < Q. Then, Og(C) < Op(C) for every linear
code C.

Concerning primary P-decompositions, there is always a code that it is differ-

ently decomposed depending on the poset, indeed:

Proposition 3.2.23. Let P,Q € P, with P < (). Then, there is a code C such that
Oq(C) < Op(C).

Proof. Let us suppose P < P; < @ and that P; covers P. Then, there are ig, jo € [n]
such that

io £p jo and i <p, Jo-

Let C be the one-dimensional code generated by e;, +¢;, and let C' be the one-dimensional
code generated by e;,. The linear map 7" defined by T'(e;) = e; for every j € [n]\ {io, jo},
T(e;,) = e, and T'(ej,) = ej, — €4, is a Pj-linear isometry by the characterization of
G Lp(F}) given in Lemma Therefore, the Pj-decomposition € = (C'; Cj; (ej,)) of C
is a primary Pj-decomposition. We note that C; =Ty \ (ej,) and therefore, Op, (C) = 1.

On the other hand, we claim that ¢’ = (C;Cy;C), where Cy = @iy, Vi, 18

a P-primary decomposition of C. Indeed, suppose, for a contradiction that %’ is not
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a P-primary decomposition, the only way to refine it would be by constructing a 1-
dimensional code C"” with |[supp (C")| = 1 and C" ~p C. Hence, C"” would be generated by
a canonical vector eq for some d € [n]. However, each T' € GLp(F;) determines an order
automorphism ¢ € Aut (P) as in Lemma Suppose T' € GLp(Fy) and T(C) = C”,
therefore T'(e;, + €j,) = eq for some d € [n]. Considering S = T, it follows that
Max((supp(S(eq)))p) = {i0,Jo}, which is a contradiction since S does not determine an
order automorphism as in Lemma Thus, such isometry does not exist. Therefore,

¢’ is a primary P-decomposition for C and
1=0p(C) <Op(C) =2. (3.1)

Since P; < @, Corollary [3.2.22] ensures that
Og(C) < Op(C). (3.2)

Inequalities [3.1{ and [3.2 imply Oq(C) < Op(C). O

We remark that Corollary together with Proposition implies that
primary decomposition is a characterization of posets, in the sense that a given poset
P may be reconstructed from the profile of codes according to P. Moreover, looking at
the proof of Proposition [3.2.23] one may notice that the reconstruction can be done by

considering only the n(n — 1)/2 pairs of vectors (e;, €;).

3.2.1 Hierarchical Bounds

Hierarchical poset metrics are well understood. In particular, if P is a hier-
archical poset, the profile of a primary P-decomposition of a code C is uniquely (and
easily) determined by the weight hierarchy of the code. Moreover, as we can see in [30],
this property is exclusive of hierarchical posets. For this reason, when considering a
general poset P, we aim to establish bounds for Op(C) considering the easy-to-compute
primary P-decompositions relatively to hierarchical posets. In the next section, we will
characterize the generator matrices that determine maximal P-decompositions providing
an algorithm to obtain these matrices. But the complexity to determine these matrices

will not be discussed.
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We say that a poset P is hierarchical at level i if levels Iy and I} relate
hierarchically for every j € {1,...,i — 1}, i.e., if @ € T'%, for some j € {1,...,7 — 1} and
b € T then a < b. Let

H(P)={i€[r] : P is hierarchical at i} .

It is clear that P is hierarchical if, and only if, H (P) = [r].

We stress that for every integers a and b with a < b, the notation [a, b] denotes
the set {a,a+1,...,b}. Given a poset P with height r, then:
(1) Consider

sy =min{i € [r] : P is not hierarchical at level i 4 1}

and

sy =min{i € [r] : i > s; and P is hierarchical at level i + 1}.

Denote

Ji=[n+ - +ni+1,n 4+ ny

for every 1 < i < s; and
Joy =1+ F+ng+1n 4+ +ngl
(2) Consider
s3 =min{i € [r] : i > so and P is not hierarchical at level i 4 1}

and

sy =min{i € [r] : i > s3 and P is hierarchical at level i 4 1}.

Thus, denote
Jsiri = [+ g+ 1m0+ F Ny

for every ¢ > 1 satisfying s + 4 < s3 and

Jsl+(83—82) - [nl + te + n8371 + 17 ny + s + n54]'
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(3) Consider
ss =min{i € [r] : i > s, and P is not hierarchical at level ¢ + 1}

and

s¢ = min{i € [r] : i > s; and P is hierarchical at level i + 1}.

Therefore,

o t(ss—so)ri = [P0+ F g1+ Lmg 4 4 1, 4]

for every ¢ > 1 satistying s4 + 1 < s5 and
J81+(83—82)+(55—54) = [nl +o g+ lLm 4+ nse]'

Proceeding in this way, we construct a partition of [n] given by J; U ... U J), for some
h. An arbitrary iteration of the process can be described as follows. (General Case)

Consider ¢ to be an odd integer, then

sg =min{i € [r] : i > s,_1 and P is not hierarchical at level i + 1}

and,

St41 = min{i € [r] : i > s; and P is hierarchical at level i 4 1}.
Furthermore,

J51+(33—32)+”'+(52t71_52t—2) = [nl S ol (PSR s Ling+---+ th]
and

Tsit(sa—sa) ot (sa1—sai—o)+i = [+ F Mggei1 + 1y + -+ nggg]-

Therefore, out of P we can define two hierarchical posets:

Upper neighbor: Let PT be the poset over [n| with the same level decom-
position of P and for every a € 'y, and b € 1“3; with a # b, define a <p+ b if, and only if,
1< 7.

Lower neighbor: Let P~ be the poset over [n] with level hierarchy [n] =
JiUJyU...UJyand fora € T% and b € I’}; with a # b, we have a <p- b if, and only if,
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1< ].
In order to clarify the definitions of the upper and lower neighbors, we shall

present an illustrative example.

Example 3.2.24. Let P be a poset with 4 levels. Suppose H(P) = {1,2,4}. Consider
the simplified Hasse diagram representing whether the poset is hierarchical at a particular
level or not: if two consecutive levels are joined by a dotted line, then the poset is not
hierarchical at the level above the other; if two consecutive levels are joined by a line,
then the poset is hierarchical at the level above. Therefore, the diagrams of P~, P and

PT are as follows:

reC— 1 rp— 1

I2 I3 4
P P P
| | | IS N e S N —
IS E— % e R Y E—
-
S s S O e—
P pt
We stress that T'%4_ = I'% UT% UT'} since the smallest level where P is hierarchical at this

level is the third one. Hence, in order to construct P~, all levels of P above the level 2

are gathered in the second level of P~.

It is easy to see that:

(a) P™ and P~ are hierarchical posets and P is hierarchical if, and only if, P = Pt =

P—.

Y

(b) Considering the natural order < on P,, we have that P~ < P < P*. Moreover,
P™ =max{Q € P, : Q < P and @ is hierarchical}

and

Pt =min{Q € P, : P <Q and Q is hierarchical} .

The next proposition follows directly from Corollary |3.2.22]
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Proposition 3.2.25. For any linear code C,

Op+ (C) < O0p(C) < Op- (C).

Example 3.2.26. Consider the posets of Example |3.2.10| and denote P = Pj, then
Pt = Py and P~ = P,. Furthermore, using the decompositions in that example (which

are maximal), we conclude that

Op+(C) = 1/2, Op(C) = 2 and Op-(C) = 3.

If P is not hierarchical, both inequalities are strict for some code C. Moreover,
the bounds are tight, in the sense that, given a poset P, there are codes C; and C
such that Op+ (C1) = Op (Cy) and Op- (C2) = Op (Cs) (just consider any code C with
supp(C) C T'p).

3.2.2 Packing Radius Bounds

Maximal P-decompositions may be useful to determine bounds for the packing
radius of a code. We remark that the packing radius of codes according to hierarchical
metrics was completely characterized in Proposition and it depends essentially on
the minimum distance of the code, see [30]. We also remark that for non-hierarchical
metrics, the complexity to determine the packing radius of a single vector is NP-hard (see

[12]) and the packing vector is not necessarily a vector with minimum distance.

Proposition 3.2.27. Let ¢ = (C';Cy;C;)i_; be a P-decomposition for C. Then,

Rp(C)S min RP(CI)

i€{1,...,r}

Proof. Note that Rp(C) = Rp(C'). Furthermore, since each C; is a subcode of C', it
follows that Rp(C) < Rp(C;) for every i € {1,...,7}. O

Proposition 3.2.28. If P < @, then Rp(C) < Rg(C) for every linear code C.

Proof. If follows directly from the fact that

Bg(r,c) N Bg(r,0) C Bp(r,c) N Bp(r,0)
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for every ¢ € C and any integer r > 0. O

Consider the projections m; : Fy — Fy* (note that n; = |supp(C;)|) defined by

(T, ) = (T, - o, T4,)

where i < -+ <'ig and {iy,...,is} = supp(C;). Consider on Fyi the metric d,, induced

by m; in the sense that m; : V; — Fy7 is an isometry. Then, by the definition of d,,
Rp(C) = Ra,, (7i(Ci)). (3.3)

Using Proposition [3.2.28| and the upper and lower neighbors P* and P~ defined in the
previous section, bounds for the packing radius of codes according to hierarchical posets

may be obtained.

Proposition 3.2.29. Given a maximal P-decomposition € = (C’;Cy;C;)!_, for C,
Rp-(Ci) <Rp(Ci) < Rp+(Ci)

for every i € {1,...,7r}.

Propositions and [3.2.29| yield the following upper and lower bounds for
the packing radius:
RP(C) < min RP+(CZ) (34)

Tl r}
for every i € {1,...,r}.
Since PT and P~ are hierarchical, these bounds are obtained just by finding

the minimum distance of each code C;. If P is hierarchical, the bounds obtained in

Proposition [3.2.29| and in Inequality (3.4]) are tight.

3.2.3 Construction of Maximal P-Decompositions

In order to find maximal P-decompositions of a code C, we need to find codes
that are equivalent to C and verify if one of theirs maximal decompositions is a refinement
of the given maximal decomposition of C. To do so, we will provide a construction
that outputs a generator matrix of a code C' ~p C, which determines a maximal P-

decomposition of C.
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Given a poset P over [n] and an [n,k,d], code C, let G = (g;;) be a k x n
generating matrix of C. As we have already noted, we lose no generality by assuming that
G is in a reduced row echelon form, obtained by elementary operations on rows. In order
to obtain a maximal P-decomposition, we need to change the classical definition of the

reduced row echelon form. For each i, let

J(i) =max{j : g # 0}

be the right-most non-zero column of the i-th row of G. Performing elementary row

operations on (G, we may assume that

§(1) > 5(2) > -~ > j(k) and gy =0 if i #L. (3.5)

We say that G is in reduced row echelon form if the entries of G satisfy [3.5 From now on,
we assumed that generator matrices have this form. In order to clarify the difference of

the proposed reduced row echelon form and the classical one, we present the next example.

Example 3.2.30. Let

10110
G=]11011
01011

be a generator matrix for a [5,3, 1]y dg-code C. Then,

1 0000 01101
Gi=|01011|andGe={00 110
00110 10000

where (G; was obtained by the classical construction of reduced row echelon form and G

was obtained by the proposed form. Note that

(a) if j'(2) = min{j : g;; # 0}. Considering G; we get that

7'(1) =1, '(2) = 2 and j(3) = 3, hence j'(1) < j'(2) < j'(3);
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(b) on the other hand, considering Ga,

j(1) =5, j(2) = 4 and j(3) = 1, hence j(1) > j(2) > j(3).

A generator matrix GG determines a unique decomposition of C in the following
sense:

Construction of ¥:

Suppose 51 = {v1,..., v} is the set of all rows of G and I C [n] is the index
set of the null columns of G. Then, define

Co={velF, 1 v= inei}.
el

Take wy € By and let v1 = {wvy,..., v, } C f1 be the set of all rows of G such that, if

v € 1, then supp(wy) N supp(v) # (). Denote
Ch={ceC : c= Z%‘Uz’j}-
j=1

Take 5y = 1\ 71, if it is empty, the matrix G has determined the decomposition (C; Co; Cy).
If By # 0, take wy € By and 75 = {v;,,...,v;, } C By defined by the elements of S5 whose

support intercepts the support of wy and define

Cy, = {CEC : c:invij}.
=1

Proceeding this way, at some point, 8,1 = 0 and ., # 0 for some r. Then, € =
(C; Co; C;)i_y determines a decomposition of C. It is clear that the choice of w; does not in-
terfere in the construction of the decomposition, therefore, the decomposition constructed

is unique, up to a permutation of its components.

Example 3.2.31. Considering the generator matrix GG given in Example|3.2.30] it follows
that the decomposition determined by G is the trivial one (C;(;C) since every two rows
of G have intersection in their supports. On the other hand, the decomposition obtained

by the matrix G5 is not trivial, indeed, the third row has disjoint support from the first
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and second rows, therefore, if
C; = {00000,01101,00110,01011}

and

C, = {00000, 10000}.
The decomposition (C;(;C;)?2_, is the one determined by Gs.

A generator matrix G is said to be in the generalized reduced row echelon form
if there is a permutation in the rows of G such that the resultant matrix is in a reduced

row echelon form.

Proposition 3.2.32. Let C be an [n, k, d], code. If G is a generator matrix for C in a

generalized reduced row echelon form, then G determines a maximal decomposition for

C.

Proof. Let G be a generator matrix for C in a generalized reduced row echelon form.
Without loss of generality, we will assume that the decomposition determined by G (as
in the construction previously presented) has only one component, i.e., € = (C;Co;C).
Suppose, for contradiction, there is a refinement for % .

Claim 1: Aggregations are not allowed: if iy € supp(C), every basis of C would have an
element v such that ig € supp(v) but supp(Cy) is the set of null columns of G.

Claim 2: Splittings are not allowed: Suppose there is a splitting for €', in other words,
suppose there is a decomposition ¢’ = (C;Cy;C;)%,. Thus, C = C; & Cy with supp(C;) N
supp(Cy) = 0. Let wy,...,wg, be a basis for C; and wy, 41,...,w, be a basis for C,.
The k£ x n matrix G; having wy, ..., wy as its rows, is a generator matrix for C and its
decomposition coincides with ¢”. Then, AG = G, for some k x k matrix A, i.e., each
row of (1 is a linear combination of rows of GG. Let 31 be the minimum set of rows of G

generating wy, ..., Wg,, i.e., for every 1 <7 < ky,

w; =Y xhv

vEPL

where 2 € F, and there is no ¢ such that z!, = 0 for every v € ;. Let 82 be the minimum



75

set of rows of G generating wy, 41, ..., ws, i.e.,

w; =Y zv
vEPB2
for every k; +1 <4 < k and there is no 4 such that ! = 0 for every v € 35. Suppose
vy € 1 N Pa. Since G is in a reduced row form, there is a coordinate 7y of vy such that
it is the only non-null entry of the ip-th column of GG. Then, there exist 1 < j; < ky and
k1 +1 < jo < k such that the coordinate ¢y of both w;, and wj;, are non-null, which is a
contradiction, therefore 8; N B = (). By construction, supp(S1) N supp(Ps) # B, otherwise
the decomposition defined by G would be not trivial. Let iqg € supp(f1) N supp(Fa),
then ig & supp(Cy) and, supposing iy € supp(Cs), it follows that ig & supp(Cy). Since
ip € supp(f), there exists a row w of G such that its coordinate ¢ is non-null. Therefore,
ip € supp(Cy), which is a contradiction. Hence, the decomposition determined by G does

not admits refinements, therefore, it is maximal. m

The previous proposition ensures that each maximal decomposition is obtained
by taking a generator matrix in a generalized reduced row echelon form. In the follow-
ing, we will consider the triangular subgroup of isometries Gp € GLp(F7). By Lemma
these are the only isometries that matter when we are looking for maximal P-
decompositions. By definition of Gp, the following two operations over a generator matrix

G will provide matrices generating equivalent codes to the one generated by G:

(OP 1) If gij, # 0, gij, = 0 for every i # iy (gipj, is the only non-zero entry on the jo-th

column) and r < jo (1 # jo), we may assume g;,, = 0;

This is equivalent to choosing the isometry 7' € Gp such that T'(e;) = e; for every
J # jo and

_ —1
T(ej,) = €5, — GiorYig o Er-

(OP 2) More generally, if r < ji, ja, ..., Js (r # j; for every i) and there two rows i; and iz
of G such that g;,, = > 216i,5, and gi,r = .11 217i,j, for some choice of x4, ..., 2,
and g;;, = 0 for every i # 11,42 (gi,;, and g;,;, are the only non-zero entry on the
Ji-th column for every k € {1,...,s}), we may assume ¢;,, = gi,r = 0. Even more
generally, the procedure can be performed simultaneously to many lines, all those

entries may be considered to be 0. If the column 7 is a linear combination of columns
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J1,---,Js, then one may exchange the column r by the null column. Let {g1,..., 9.}

be the set of columns of G and suppose

gr = Z LiGj,-
i=1

Then, in order to perform the exchange of the r-th column of G by a null column we
have to consider the isometry 7" € Gp defined by T'(e;) = e; for every i & {j1,...,js}
and

T(eji) = €j; — Lir
for every ¢ € {1,...,s}.

Definition 3.2.33. Let G be a generator matrix for an [n,k,d], code C. If G is in a
generalized reduced row echelon form and no operations as defined in (1) and (2) can be

performed over GG, we say that G is in a P-canonical form.

Example 3.2.34. Let C be the [6, 3]s code with generator matrix given by

001101
G=|101110
110000

Consider the poset P; with order relations 1 < 2 and 3 < 4. By using operations (OP 1)

and (OP 2) we get the following matrix in a Pj-canonical form:

000101
G=|100110
010000

Furthermore, if we consider P, a poset such that P, C P, and 4 < 5, then using operation
(OP 1) we get
000101
G'"=1100010
01 00O0O0

It is clear that G” is in a P,-canonical form. It is also clear that it determines a maximum

P>-decomposition for C.



77

In the following, given " € Gp, denote by Ar = (a;;) € Gp its matrix according

to the canonical basis.

Theorem 3.2.35. Let G be a generator matrix of a code C and let €’ = (C; Co; C;)!_; be the
decomposition determined by G. Then, if G is in a P-canonical form, the decomposition

% is a maximum P-decomposition of C.

Proof. We will first show that 4 does not admit aggregations. Suppose there is a P-
decomposition &’ determined by the linear isometry T € Gp such that this decomposition
is obtained by an aggregation from ¥, ie., €' = (T(C);Cy;Cl)i_, and ¢ (supp(Cy)) C
supp(Cy). Since T' € Gp, the map ¢r coincides with the identity map, therefore supp(Cy) C
supp(Cy). Consider the matrix Gy = (g;;) which i-th row is obtained by the action of T
in the i-th row of G. Hence, G generates T'(C). We remark that Ay = (a;;) € Gp is the
matrix obtained by T If iy € supp(C}) \ supp(Cyp), then iy is a null column of G obtained

by the aggregation. The characterization of Gp ensures that

0= gy = D GiojGij
J

i0<J

for every [ € {1,...,k}. Since a;y;, # 0, it follows that

Qo i
Gio = D <— ,°7>glj (3.6)
J 20?0
i<, i0 AT

for every [ € {1,...,k}. Since G is in a P-canonical form, iy can not be a column j(7)
for every i € {1,...,k}. Equation together with Operation (2) ensures that the ig-th
column of G is already null, so iy € supp(Cy). Therefore, supp(C) C supp(Cy), so €’ can
not be obtained by aggregations from %.

We now prove that % does not admit a splitting. To do so, we will assume,
without loss of generality, 4 = (C;Co;C) is the decomposition determined by G. Let
T € Gp be the isometry determining the splitting for 4 and consider GG as in the first
part of the proof. Hence, the rows of G; can be split into two sets with disjoint support,
i.e., there exist two disjoint sets I; and I, formed by rows of Gy such that |[;|= ki,
|I;]= ko and ki + ko = k. Therefore, I; and I generate C; and Cs respectively, and
€' = (T(C);Co;C;)2; is the maximum decomposition determined by G;. Since the rows

of G cannot be split in this form, let ig be the right-most column of G such that iy belongs
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to the support of the first k; and also of the last ks rows of GG. Since the support of the
subspaces generated by the first k; and the last ko rows of (G respectively are disjoint
and iy & supp(Cy) since ig & supp(Cy), then ig or belongs to the support of the first k; or
of the last ko rows of G;. Without loss of generality, suppose 7o belongs to the support of

the last ks rows of G;. Therefore, if [ is an integer such that 0 <[ < kq, then

0= gy = D Giij-
J

i9<J

Thus,

(079
= 3 (— 0f>g,j (37)
j Qigig
i0<J,i0#d

for every [ € {1,...,k}.

Therefore, 7o is not the last column of G such that g;, # 0 for every [ €
{1,...,k1}. Each column contributing to the summation has support either in the
first k; or in the last ks rows of G, therefore, Operation (OP 2) ensures that every vector
in the first k; rows of G has zero in the coordinate i5. Hence, ig is not in the support
of the first k; rows of G. Therefore, C = C; & Cy where C; and C, are generated by the
first k1 and the last ko rows of G respectively. We conclude that ¢ and %’ have the same
profile, since iy is also in a reduced row form and by Proposition [3.2.32, 4" is a maximal

decomposition of C’, therefore, % is a maximal P-decomposition. n

Each time we can exchange a column by a null column, we exchange a code
C with P-decomposition ¢ = (C,Cy,C;);_, by a P-equivalent code with P-decomposition
¢ = (C',Cy,Cl);_, where dim(Cj)) = dim(Cy) + 1. If the Operation (OP 2) is performed
in a proper subset of the k-lines of G, we do not increase dim/(Cy) but, we may split some
of the C; into C; = C[, @ C;, with supp(C],) N supp(C,,) = 0.

Note that the role of P in such operations rests solely on the condition j <
J1,72s -y Jn,- For the two extremal posets, namely, the anti-chain and the chain poset,
the picture is absolutely clear: If P is an anti-chain (hence we are considering the Ham-
ming metric), no such operation may be performed (since ¢ < j <= i = j). Hence,
maximal P-decompositions coincide with maximal decompositions (see the paragraph af-

ter Definition |3.2.13|) and the P-canonical form presented in Proposition [2.1.14] provides

it; if P is a chain with 1 < 2 < --- < n, then the first operation may be performed to
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every j (i) in the reduced row echelon matrix G, i.e., we have that C is equivalent to a
code that has a generating matrix G = (g;;) such that g;;;) = 1 and g;; = 0 if j # j (4)
(already known from [38]).

The other case that can be easily described is the case of hierarchical posets.
The algorithm to find P-decompositions according to the levels of the poset was first
proposed in |15]. In that work, the basis of the code providing such decomposition was
also constructed. We explicit the matrix of this basis in Corollary [3.1.5 Its form is called
canonical-systematic and provides a maximal P-decomposition for C. Furthermore, the
canonical-systematic form is a standard representation in the sense that every code has
such decomposition. In [30], it was proved that for every non-hierarchical poset, it is
not possible to give a standard representation like the one obtained in Corollary [3.1.5
Actually, this was the main motivation to define a canonical form as we did in Definition

[5.2.50)

3.2.4 Complexity of Syndrome Decoding Algorithm

As seen in section [1.2.1] considering a metric determined by a weight, hence
invariant by translations, a syndrome algorithm, which depends on the choice of the coset
leaders, is an implementation of an MD-decoder. This is the case for poset metrics. Given
an [n, k, 0], code C, a look-up table for syndrome decoding of C (the table composed by the
coset leaders) has ¢"* elements. This is an algebraic invariant and does not depend on
the metric. Nevertheless, we can use refinements of decompositions in order to minimize
the search space (number of cosets) by isometrically immersing the code into a smaller
dimension space or by performing syndrome in each component of the decomposition. In
this section we describe the cases for which such improvements are possible.

Let € = (C;Co;C;);_, be a maximal P-decomposition of an [n, k,d], code C.
Initially, note that in order to perform decoding, we can ignore the component V; (recall
that V; is the support-space of C;) since we know that any codeword ¢ = (¢4,...,¢,) € C
should have ¢; = 0 for every j € [n]°. Consider the projection 7 : Fp — Fpit+m (recall

that n; = |supp(C;)|) defined by

(X1, @) = (Tig, -+ -5 T,
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where i1 < -+ <ig and {i,...,%} = supp(C). The map m__, = 7T|€B{:1Vm the restriction
of m to the space ®]_,V;, is a bijection. Therefore, by pushing forward the metric in the

restriction, we obtain the metric dj in Fj1**" defined by

dp(z,y) == dp(m; " (z), 7", (y))

for every x,y € Ty +"r. The metric df, turns the restriction 7, into a linear isometry.
Because C is a subspace of V; @...@®V,, the proof of the proposition below follows straight

from these observations.
Proposition 3.2.36. The metric-decoding criteria of Fy for C is equivalent to the metric-
decoding criteria of Fy1*+" for 7(C), i.e.,

dp(c,y) = mindp(c,y) < dp(n(c),(y)) = iy dp(c, (y)).

By Proposition [3.2.36 to perform syndrome decoding, instead of using a look-
up table with [F7/C|= ¢"~* elements, we can reduce the number of cosets to [Fy++ /7 (C)|=

", q" % elements. Note that
,
qno % anlfkl — q’nfk‘.
i=1

Therefore, P-decompositions having the maximum possible number of elements in the
support of Cy are the best ones in order to perform syndrome decoding.

Besides this possible (and a-posteriori irrelevant) gain in the cardinality of the
syndrome look-up table obtained considering aggregations, there is a more significant gain

that can be obtained through the splitting operation.

Proposition 3.2.37. If
(supp(Ci))p N (supp(C;))p =0

for all 7 # j and ¢, j # 0, then given y € Fy,

g dr(ey) = 2 mp () m ()
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Proof. Note that if ¢ € C, then ¢ = ¢; + - - - + ¢, with ¢; € C; and for every y; € Fye,

supp(y; — ¢;) C (supp(C;)) = supp(V;).

Then,
d(y,c) = d(yr,c1) + -+ d(yr, ¢;),

where y = y; +--- +y, and y; € Fy¢ for all i € [r]. O

Due to Proposition [3.2.37, if the ideals generated by each component are dis-
joint, syndrome decoding can be done independently in each component C;. Therefore,
the number of cosets can be reduced from ¢"* elements to 37_, ¢"i % elements, where
the last one is the sum of the cosets in each quotient Fy:/m;(C;). More generally, if r is a

disjoint union of subsets [;, i.e., [r] = I U...U I, and

(supp(®icr,Cs)) p N (supp(©ier,Ci))p = 0,

for every j # [, then decoding can be separately done in each projection of ®;c;,C; into
IF(]]V where N = 3 icp n.

Until now, in order to obtain the reductions, it was not necessary to change
the syndrome decoding algorithm; we just performed it in a different (smaller) space. The
hierarchical relation among elements of the poset will provide us a “quasi-independent”
syndrome decoding algorithm that is performed by choosing first coordinates that hi-
erarchically dominate others, therefore we will call this algorithm a Leveled Syndrome
Decoding.

If I,J C [n], we say that I and J are hierarchically related if every element
in [ is smaller than every element in J. Suppose [r] is an ordered disjoint union of sets,
[r] = L1U...UI, such that supp(®icz,C;) is hierarchically related with supp(Dicy,,,Cs) for
every j € {1,...,s — 1}, so if iy € supp(Dier,,Ci), then iy < i for every i € supp(Dicr,Ci)
with [ > jo. By using the syndrome decoding algorithm described in Section [1.2.1] the

leveled syndrome decoding algorithm is as follows:

Leveled Syndrome Decoding Algorithm 1.

Input: y =y +--- +ys € Fy where y; € ®jer,Vj

For each i € {1,...,s} do
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Z]‘eli n Tiel

Decode mjer, (y;) € Fy ’ using syndrome (dp""") outputting ¢; € mjer, (P;er,Cj)

Output: ¢ = m;; (c1) + - + ) (cs).

As a particular case of a syndrome algorithm, we can order the levels to be

decoded and do the following:

Leveled Syndrome Decoding Algorithm 2.

Input: y =y +--- +ys € Fy where y; € ®jer,Vj

Fori=sto 1, do
If mier, (vi) € ®jer,C; do
¢i = Tjer, (¥i);
else do
Decode mjer, (y;) € qujeji " using syndrome (dp=") outputting ¢; € micr, (®;er,C));
Go to Output;
end if;

end For;

Output: ¢ = 7Tj_€11i(ci) + 7Tj_€1]i+l(ci+1) +-+ W{ells(cs).

The first algorithm was described in [15] for the hierarchical poset case. The
second one is also a minimum distance algorithm according to the poset metric dp (see
the next proposition), but if there is an error in a particular level, the decoder outputs

the null vector in the levels covered by the one where the error happened.

Proposition 3.2.38. Algorithm 2 determines a minimum distance decoder according to

the metric dp.

Proof. Given y € Fy and ¢ € C, then
dP(yv C) = dgEIi (ﬂ-jéfi (y)’ Wjéfi(c))
where ¢ is the largest integer such that mjcy, (y) # mjer,(c). Therefore, if ¢ € C satisfies
dP(y> C/) = I?E%l dP(y7 C)?

then " =, +¢,_; +---+ ¢, also attains the minimum and this is the codeword returned
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by algorithm 2. O]

Both the algorithms are needed to store the look-up tables of each quotient

FY /7mjer,(®;e1,Cj) where 3¢, nj. The total number of elements we need to store is

S e (3.8)

i=1jeI;

The difference between Algorithm 1 and 2 is that while the search in the algorithm 1 is
performed over all elements of the look-up table, the search in Algorithm 2 is restricted
to the first level where an error has occurred, i.e., if this happens in the level iy, then the

search is performed only over the look-up table of mjcr, (Djer, C;) Which has

IT ¢~ " (3.9)

JE€L

elements. Note that if the poset has only one level, the values of Expressions (3.8]) and
(13.9) coincide.
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Chapter 4

Expected Loss

In this chapter we explore the framework of expected loss introduced in [1§]
and [16]. This concept allows us to give different treatments for distinct kind of errors.
As showed in [18], that seems important when dealing with image transmission. In this
context, we express the mean of the expected losses according to a given decoder and, in
a particular case, we show that the lexicographic encoder is better than the mean. Due
to experimental results we conjcture that the lexicographic encoder is a Bayes encoder in
the analized case. In the last section, we relate the theory of expected loss with unequal
error protection presenting some conjectures and coding constructions to achieve unequal
error protection.

Given an [n, k, 0], linear code C C [y, the error probability of C (Equation

may be rewritten in the following way

cdec
c/#e

PP(C) = qlz - W0l9 X D).

where D is a decoder (stochastic map) and W is a channel conditional probability. Let

R, be the set of non-negative real numbers. Consider the well-known indicator function
Mo-1 - CxC— R+
given by

0 if c=¢

1 if c#/d

Ho-1 (Cv Cl) -
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Therefore, the error probability may be expressed as

PP(C) = ;zz Wle) 3 oate D). (1.1)
The function pg.; detects decoding errors but does not distinguish such errors. In some
cases, depending on the nature of the information, we may assign for each pair (¢, ) €
C x C, a real value representing the amount of loss obtained provided that c is transmitted
but is decoded as ¢ by the receiver. Such loss measures will be used to define the expected

loss of an encoding-decoding scheme.

4.1 Expected Loss

The extension of the error probability definition to expected loss was explained
in [18]. The motivation of this extension arises from the fact that in many real-world
situations, such as the transmission of digital images, it is reasonable to attribute different
values to different errors, contrasting with the indicator function that appears in the error
probability definition. To attribute different values for each exchange of information, we
shall replace the indicator function g1 by a value function that may assume any (non-
negative) real value.

Until now, the information set was identified with IF’;. From now on, we will
assume that the information set is any set Z with ¢ elements. This is important since
the identification with F’; may raise some confusion, because the measures that will be
defined in this chapter are determined according to the nature of the information.

An error value function for the information set Z is a map p that associates

to each pair of information (element of Z) a non-negative real number
pw:IxT—R,

where g (11, t9) is the cost of exchanging s by ¢1. If C is a code and f : Z — C is an
encoder, we denote by

pr:CxC— Ry
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the error value function induced by the encoder f, i.e., given 11,19 € Z,

1253 (f (Ll) f (L2>> = M(h, L2) .

We shall refer to p and py as just an error value function. By considering
such value function, we are interested in evaluating the errors that may occur during the
process consisting of coding, transmitting and decoding. Therefore, it is reasonable to

assume that p has the following properties:
(a) p is symmetric, i.e., pu(tq,t2) = (i, t1);
(b) u(e,e) =0 for all v € Z.

Given an encoding-decoding scheme (C, f, D) and an error value function g,

let us denote by E(C, ps, D) the expected loss of (C, f, D) with respect to pu, i.e.,

E(C,uy, D)= 5 LS S Wle) X e D). (4.2)

ceC yeFy ceC

The only difference from this equation to Equation is the exchanging of po.1 by py.
As noticed in the first chapter, the error probability of C does not depend on the choice of
the encoder f. In other words, given a decoder and a channel, the error probability of C
is invariant under permutations of the encoder f (which is a bijection between Z and C).
Since p is defined using the nature of the information set and the decoder uses only the
characteristics of the code, for a given code C, the expected loss is not invariant according
to the choice of an encoder for C. Therefore, a new variable (the encoder) is introduced
when dealing with expected loss. In this case, the problem of minimizing both the error
and refusal probabilities can be generalized to the problem of minimizing the expected

loss and the refusal probability.

Definition 4.1.1. Given an information set Z and a error value function p, an encoding-

decoding scheme (C*, f*, D*) is an (n, k),~Bayes scheme according to p if it satisfies
E(C", s, D) + Py(€7) = min (E(C, iy, D) + P2(C)).

Note that we are not chosing previously the code C as in Definition [1.1.9,

Unequal error protection uses basically two techniques in order to unequally protect errors:
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adding more redundancy in some coordinates than others, or; increasing the decision
region for some codewords; such strategies are respectively called bit-wise and message-
wise unequal error protection; see [4] for more details. In [13], for a given code, it was
noticed that protection against different kinds of errors depends not only on the decoder,
but also upon the encoder. In that work, optimal decoders were characterized (optimal
according to a concept called separation). Our concept of optimal decoders and encoders
are going to be defined by decoders and encoders minimizing the expected loss according
to a given error value function.

Similarly to what was done in the first chapter for error probability, considering
a normalized error value function (p(e1,t2) <1 for all ¢y, 15 € 7), we can assume that the
refusal probability is zero and that decoders are deterministic maps. Therefore, from this

point forward, if x is a loss function, then p:Z x Z — [0, 1] where [0,1] C R.

Proposition 4.1.2. Given a code C, for every decoder D € Dy, (C) and encoder f, there
exists a decoder D € Dy ,(C) such that

E(C, s, D) < Py(C) + E(C, iy, D)

and PTef(C) 0.

Proof. Given a decoder D € Dr, (C), suppose there exists yo € ;' such that D(oo|yo) = 1.
Define a new decoder D* € Dy, (C) satisfying D*(y) = D(y) for all y # yo but D*(yo) is

a new distribution which does not refuse yg, so D*(o0|yp) = 0. Using the same reasoning

of the Proposition we get that

Pref(c> Pref( + ZW ?Jo

ceC

and

1
E(C, pg, D) = E(C, pg, D*) — qu ¢) Y psle,d)D*(|yo).

ceC cdeC

Therefore,

E(Cnufv D*)+P£;<C) = P£f<c)+E(Cauf7 k ZW 3/0 (Z /JJf ¢, C |y0) - 1)

ceC cdeC
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Since pg(c, ') <1 for every ¢, ¢ € C, then for every ¢ € C,

> ke, d)D*(clyo) =1 < 0.

cdeC

Thus,
E(C, s, D) + P25(C) < P24(C) + E(C. iy, D).

Therefore, if P2;(C) = 0, then D = D*, otherwise, applying the same arguments for D*

until we run out of refused elements, D may be constructed. O]

Proposition 4.1.3. Let C be an [n, k, 6], linear code, D € Dr,(C) be a decoder satisfying
P2:(C) = 0and f be an encoder for C. Then, there exists a deterministic decoder g such

r

that
E(C, uy,9) <E(C, s, D).

Proof. 1f D is a stochastic map modeling a decoder for C with no refusals, then by

yeFy \c'eC LeeC

E(C, py, D 7 Z (Z [ZW(MC)M(C, C’)] D(C’Iy))

where [ is an encoder and p is an error value function. For each y € Fy, choose ¢, € C

such that
Ay =Y W(ylous(e, ) <Y W (yle)us(e, )

ceC ceC

for every ¢ € C. Note that Y. D(c|y) = 1, then

kZA—kZAZD dly) = ZZAD (4.3)

IS yEF” ceC yEF"c:GC

< Z YD Wyloug(e,d)D(cly) = E(C, py, D). (4.4)

yEF”(:GCCGC

Denote by ¢ the map defined by g(y) = ¢,, then g is a deterministic decoder for C.

Furthermore,

1 1
E(C, s 9) = 5 > > WHlouse,g(y) = = > Ay <E(C,py, D).
9" yeFn cec 4" yerr

In order to minimize the sum of the expected loss and the refusal probability,
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similarly to what was done in the first chapter, Propositions [4.1.2]and [4.1.3| ensure we can

assume that decoders are deterministic maps and their refusal probabilities are zero (note
that error value functions are considered to be normalized). Therefore, the expected loss

can be rewritten as follows

E(C.i.9) = — 3 S W(ylohur(e. a(v).

y€eFn ceC
In a general setting, we consider the following data to be given:
(1) The error value function p, determined by the nature of the information;
(2) The size of the code C, determined by the size of the information set: |Z|= ¢*;
(3) The information rate, determined by cost constraints;

(4) The channel model W, determined by physical conditions.

In such a setting, we say that the triple (C*, f*, ¢*) is an (n, k),-Bayes coding-

decoding scheme if

E(C*, g, g") = min E (C, ur,
(C* ppe9") i (C,ur,9)

where the minimum is taken over all encoding-decoding schemes for Z over W.

We may consider each of the variables C, f and g independently.

Definition 4.1.4. A decoder g* is a Bayes decoder of the pair (C, f) if
]E(Ca Hfs g*) = mglnE(Cv Hfs g)
Definition 4.1.5. An encoder f* is a Bayes encoder of the pair (C, g) if

E(C7N’f*ag) = mflnE(C,/Lf,g)

mn

It is clear that a decoder g is a Bayes decoder if, and only if, for any y € Fy,

X Wleiste.g(s) = min { Wiy (e.e) = ¢ ecj.
ceC ceC
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Note that if g is a Bayes decoder and p is the indicator function .1, then

Y Wiyle) = > W(ylo)poale, 9(y)) < D Wlyle)uoale,d) = > W(yle)
e ceC ceC g

for every ¢ € C. Therefore,

Wi(ylg(y)) = W(ylc)

for every ¢ € C, i.e.,

W(ylg(y)) = max{W(y|c) : c€C}.

In other words, g is an ML decoder.

4.2 Bayes Encoders

Even considering the situation when the code and the decoder are previously
chosen, finding Bayes encoders may still be a difficult problem that, up to our knowl-
edge, has not been explored in the literature. A characterization of Bayes encoders in a
general setting depends on the loss function. We stress that for an [n, k, 6], code C, the
“complexity” to find a Bayes encoder is ¢*! (the number of encoders for C). To estimate
a qualitative measure of a proposed encoder without running over all possible encoders,

the average expected loss may be used.

Lemma 4.2.1. Let g be a decoder of an [n, k,d], linear code C and p an error value

function. Considering the function pi,eqn Where finean(c, ¢) = 0 for every ¢ € C and

Zf,uf(cl,@)

Hmean (Cl ) CQ)
q"!

for every ¢; # ¢o. Then, the average of the expected losses is the expected loss given by

Mmean’ i'e'7
EC, iy,
E(Cylﬁmeamg> = Ef (qklluf g)'

Proof. Tt follows straight from the fact that

2 BC.n9) _ 33 WP X ms(alw). ) (4.5)

k|
qr: " ceC yeFy f
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With the same statements of the previous Lemma, we have the following propo-

sition:

Proposition 4.2.2. For every c;, co € C with ¢; # ¢,

1 t
m s = - A ]
M ean(cl 02) qk(qk _ 1) S§:1| j5|]s

where {j1,...,J:} is the set of all possible real values assumed by p and A;, = {(1,¢2) €

IxT : p(r,te) = ji} for every k € [t].
Proof. For every cy,cy € C with ¢ # ca,
t t

Zf:uf(cl,@) :Z:l zf: js = Z(qk_z)"AJs

s=1

Js

Hf(zvy>:js

-S4,

Js»
s=1
where A;. = {(11,t2) €T X I : p(e1,t2) = js}. Therefore,
Sphg(er,ez) 1 ¢ .
= A s
¢! ¢*(¢* — 1) ;I

]

An information set, as any finite set, may be endowed with an additive group
structure. Despite that, the group operation does not, in general, translate the significance
of the information. When the information set may naturally be endowed with an additive
group structure and the error value function is invariant by this operation, i.e., if p satisfies
p(ty + s, b0+ 13) = p(ey, o) for all vy, 19,13 € Z, in |17], it was presented a characterization
of the linear-Bayes encoders (the linear encoders minimizing among all linear encoders,
the expected loss). If g is a decoder for C, the decision regions for each ¢ € C, i.e., g~ !(c),

determine a partition of Fy, i.e.,

Fr=1]g"(c).

ceC

Then,
ECag) =Y X urled)W ).

ceC c'eCyeg—1(c))
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Therefore,
ECupg) = Y Gyled)usled) (4.6)
9" (¢,eyecxe
where
Gyle,d)= > Wiyle). (4.7)

yeg—H(c)
If p is invariant by translations and f is a linear encoder, then p is also
invariant by translations. Therefore,
1 / /
= 2 Gyle,d)pus(c—c.0).

E(C,us9) =
q (c,c')eCxC

Thus, writing u = ¢ — ¢/,

E(C,ps,9) = kZZG w) py (u,0) = kZ(ZG )Mf(uo)

ceC uel ueC \ceC

Proposition 4.2.3. [17] Let C = {c¢1,..., ¢z} be an [n, k, 0], linear code, g a decoder and

w1 an error value function invariant by translations. Suppose, without loss of generality,

Y Gyle,e—cr) > > Gyle,c

ceC ceC

Then, f is a linear-Bayes encoder if, and only if,

Mf(cla()) <0< Mf(cq’ﬁo)'

Even though the characterization obtained by Proposition [4.2.3| provides a
simple way to construct linear-Bayes encoders, invariance by translation is an artificial
condition for the majority of the applications. As we shall see, the general case is much
harder.

Suppose C = {c1,..., ¢y}, then

1 &
=

C,upg) =
E(C, pus Ry

q
PICHERAIENE) (4.8)

where G, is as in (4.7). Using Equation (4.8), if A9 = (a;;) and B = (b;;) are matrices
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defined by
aij = Gy(ci, cj) and by = pg(ci, ¢j),

then
1
]E(Ca Hfs g) = qikT’r(AgBJv

where T'r(.) is the matrix trace function.

Given an encoder f, if P is a permutation matrix (P is obtained by permuting
the rows or columns of the identity matrix), then H = PB/PT is a matrix constructed
by using an encoder h, i.e., H = B". In addition, if f and h are two encoders, there
is a permutation matrix P such that B* = PB/PT. Therefore, we have the following

theorem.

Theorem 4.2.4. Given a decoder ¢/, an encoder f’ and the corresponding matrices A9
and BY', then
]_ ! /
. A . g f t
m]}nE(C,,uf,g) =7 min Tr(A?Y PB’ P*),

where the minimum on the left side is over all permutation matrices.

The previous characterization brings the Bayes encoder problem into a class
of well-studied problems, “minimize the trace of matrices” Let f be an encoder. If
o : [¢*] — [¢¥] is a permutation (bijection) and B/ is the matrix with entries Bzfj’g =
tef(Co(i)s Coj)), then the problem of finding a Bayes encoder is equivalent to the problem
of finding a permutation o of the codewords such that A9B/ minimizes the trace (note
that B/* = PB/ P! for some permutation matrix P). It is clear that the search space has
¢! elements (the number of permutations in a set with ¢* elements). In the next section

we will work with a particular (the simplest in terms of codes) case.

4.3 A particular Case

From now on, we will assume that the channel is a binary DSMC channel with

conditional probabilities given by

dg (y,c)
Wiyle) = (1 - p)" (p) |
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where y and ¢ are words with length n, 0 < p < 1/2 is the error probability of each
symbol and dgy is the Hamming distance. Let us consider the unusual case of a code
with no redundancy at all, i.e., let C be an [n,n]s code. In such a case, to find a Bayes
encoder-decoder pair is equivalent to find a Bayes encoder, since there is a unique decision
to be made: accept as true whatever the message you receive. Codes like those (without
redundancy) are rare but still may be used, as we can see in the recent use, for image
transmission, in the satellite CBERS-2 (http://www.cbers.inpe.br/ingles/). However,
more than looking for possible applications, we believe that understanding this instance
may be a key for the general case (where C has redundancy).

We stress that a permutation o € S,, acts on Fy by permuting the coordinates.

Proposition 4.3.1. If C = F} is a code without redundancy over a DSMC channel, then

the expected loss is invariant over permutations of the coordinates.

Proof. Let f : T — C be an encoder minimizing the expected loss, without loss of
generality, suppose f(i;) = ¢;. Let o be a permutation within the code and denote
f = (c;'-(l), . ,cg-(")). It is clear that there is a permutation 7 over ¢" such that c.(;) = ¢J.
Define h : C — C such that h(c;) = c;¢), as du(ci, ¢;) = du(cri), Cr(;)) then ho f is an
encoder satisfying

E(C,Mf,g) = E<C"uh°f’g)

As an immediate consequency,
Corollary 4.3.2. When C = [y, there are at least n! Bayes encoders.

Suppose Z = {ig, i1, ..., 41} for some integer n, so that |Z|= 2". Motivated
by applications in image transmission, there is a natural normalized error value function

i in Z, namely:

1

Let C = F% and consider C = {c',...,c¢®"} where the codewords are lexico-

graphically ordered, i.e., if ¢ = (¢!,...,c.) and ¢ = (¢],...,cl), then

)

n n
i<j = Y g2t <y g2
=1 =1
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Setting j, = (s/(2" —1))? for every s € {0,1,...,2" — 1}, the set {Jjo, j1, .-, jan_1} is the

image of p. Thus,

|4j,]=2(2" = 5)

for every s € [2"—1] and |Aj,|= 2", where A;, was defined in Proposition [4.2.2] Therefore,

n 9gn n
122 212 8)82

(C /Lmean:g 2nZZ on— 1 1)3 W(CJ|C)

=1 j#i
Jj=1
nii 2= 1 3)52< P )dH(Civcj)
i—1 g 2” 1 — 1) L—p
J=1
 (1-p ii 2n1(2n+1)< p )dHW,cJ)
2 n_ 22 1 j#i 3 1_p ’

Jj=1
and the last equality holds because

1 2" —1
g22"—2(2" —DE"+1) = (2" —s)s%
s=1

An encoder f defined by f(i;) = ¢! is called a lexicographic encoder. For such an encoder

we have that

n on  on dp(ct,cd)
B(C.11:9) = 51y 20 30— ) ( p) . (4.10)

i=1 J#l
j=1

It is intuitive and quite obvious that E(C, y1f, ¢) is independent on the encoder and decoder.
For p=0and p=1/2,
E(C, s, 9) = E(C, timean; 9)- (4.11)

Based on experimentations and the knowledge that the result is true in small dimensions

(the Example describe the 8-dimensional case), we have the following conjecture:
Conjecture 4.3.3.

on gn dr(ccd)  n 9 onid i (che)
B p 22"+ ([ p
2, 2.=d) ( p) <22 3 (1 —p> '

i=1 j#i 1=1 j#i
j=1 j=1

for every positive integer n and every 0 < p < 1/2.

If the previous conjecture is true, then for every 0 < p < 1/2 the expected loss
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according to f is smaller than the mean of the expected losses, i.e.,

E(C, L, g) < ]E(C7 Hmean g)

In the following, we shall describe a particular case (with n = 8), based on the
256 gray levels of the RGB color model, which fits well with the expected loss p described
in (4.9), in [18] two others error value functions were used in this context. In this case,
we manage to conclude that the expected loss obtained by the lexicographic encoder is

better than the mean of the expected losses.

Example 4.3.4. Suppose n = 8 and that Z = {0,1,...,255} is the set of all gray colors
in the RGB color model (black is represented by 0 and white by 255). Then,

o 1 o
(i, i) = 2552| —iy|?= 2552\3—t| Vs, ip €T,
Suppose C = {c!,...,c*%} and f(i;) = &' a lexicographic encoder, for every j € [28]. Tt

follows that

dg(c,e?)
(1 2 232896 [ p
C mean
B(C, tmean: 9) = 1664640();; 1—p

~ (1—p)® [67371008r N 23579852872 N 47159705613 N 58949632074
16646400 3 3 3 3
47159705615 2357985287 6737100877 842137618
3 + 3 * 3 + 3

where 7 = p/(1 — p). On the other hand,

( 28 98 D dp(c',c?)
E(C - _
(C.1r9) 166464.00 Z 2_(i=3) < p>

= 1J7ﬁ1

_ (1-pp
16646400
+1939320327° + 1156252167° 4 3836697617 4 5462272r° ) .

(6379776r + 4098841672 + 11929523273 + 19576704074

Therefore,
E(C, uy, 9)
T = - =
( ) E(Ca,umeanag)

3(24921 + 1601117 + 465997r% + 76471513 + 757547r* + 45166175 + 149871r°% + 21337r7)

32896(8 + 28 + 5612 4 70r3 4 561+ 4 287> + 8r6 + 17)
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for every 0 < r < 1. Since the derivative

62475(1 + 7)%(28 + 567 + 701 + 561° + 281" 4 8r° 4 r6)

/
a(r) = 32896(8 + 287 + 5612 + 7073 + 5611 + 2875 + &6 4 17)2

is positive in the interval (0, 1), ¢ is strictly increasing in this interval. If » = 1, then
p = 1/2, therefore, by (£.11)), ¢(1) = 1. Hence, 0 < ¢(r) < 1 for all » € (0, 1), thus for
every p € (0,1/2),

E(C, s, 9) < E(C, ttmean, 9)-

As we will see below, we have reasons to believe that the encoder f as con-
structed is a Bayes encoder for the n-dimensional case. The graphic [£.1] represents, for
the 8-dimensional case, the expected losses for p varying from 0 to 1/2. The lexicographic
encoder is represented by the red line. The blue dots correspond to encoders randomly
sampled from each p in the set {0,0.005,0.01,...,0.5}. This picture not only suggests that
lexicographic encoders are optimal, but they are rare and there is a large concentration

close to the mean encoder performance (the green line).

0.15

0.10

0.05

0.1 0.2 0.3 0.4 0.5

Figure 4.1: p in the interval [0, 1/2].

The construction we did for the 8-dimensional case is similar for other dimen-
sions, but proving that lexicographic encoders are optimal for general n and p is still an

open problem.
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4.4 Expected Loss and Unequal Error Protection

Given a decoder g, an encoder f and an error value function p, in this section
we propose a construction of codes with unequal error protection. The goal is to improve
the expected loss of the code obtained by the direct product of two codes, each one
“optimal” for the given parameters. Even though this construction may not be an optimal
construction, we will see that in some cases the performance of this code, according to
expected loss, is improved when compared to the product code.

Let Z = F§ be the information set. Consider the following data to be given:

W is a binary DSMC;

f is a lexicographic encoder;

¢ is a minimum distance decoder determined by the Hamming metric dg;

One of the existing formulations of unequal error protection (UEP) is the bit-
wise UEP, in this formulation, the coordinates (bits) of the information set are partitioned
into subsets and the decoding errors in different parts of bits are viewed as different kind
of errors. Since Z = F}, we will assume that k is a positive even integer and that the
first k/2 coordinates are less important than the last k/2 coordinates. In other words, the
last k/2 coordinates need more protection against errors than the first k/2 coordinates.
One usual approach [4] is to encode each space IFI;/ 2 separately and take the Cartesian
product of the codes. Suppose the low-priority bits (the fist k/2 coordinates) are encoded
using an [ny, k/2,d1]s linear code C; and that the high-priority bits are encoded with
an [ng, k/2,ds)s linear code Cy with ny > ny. Therefore, the code C = C; x Cy has the
unequal error protection property with more protection devoted to the more significant
information. We will call such a code of a 2-levels product code (in order to recall that
the code was constructed using two levels of UEP).

There is a natural error value function associated with the 2-levels product
code, the one expressing the difference between errors that may occur in the two distinct

levels. Given v = (vy,...,vx) € F§ and v/ = (v],...,v},) € F%, let r € R, with 7 < 1 and
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let 1" be an error value function defined by

0 if v="1
/'I’T(U7 v/) = r if Zle (Uz' _ Ug)Qi—l < 9k/2+1

1 otherwise

This function outputs 1 if an error occurs in the high-priority bits and r < 1 for errors
occurred in the low-priority bits. We recall that the number r is an invariant depending
on the difference among errors occurred in the high-priority and low-priority bits.

In the information theory literature, it is common to reject a message if the
errors are above some threshold. Since we are assuming decoders with refusal probability
zero, it is more important to concentrate the errors in the less important information
coordinates (where the error value is low), and this is achieved by protecting more the
high-priority bits (where the error value is high). By using the concept of expected loss
in this ambient, we may allow more errors provided that they are concentrated in the
low-priority bits, therefore, in general, expected loss does not minimize the number of
expected errors.

The Plotkin’s construction is a well-known method to construct codes. In
particular, the Reed-Muller family of codes are obtained using this construction, see [3].
Basically, given an [ny, k1, d1]2 code Cy and an [ng, ko, d2]2 code Cy and suppose ny = na,

the Plotkin construction is the code C given by
C=Ci+Co={(u+v,v) : uel and v € Cy}.

Here we generalize this construction. Suppose ny < no, then consider an ns X n; matrix

A = (a;5) such that a;; € Fo. Hence, the A-generalized Plotkin’s construction is given by
C=C*x4C={(u+vAv) : ueCC and v € Cy}.

When n; = ny and A is the identity matrix, the generalized construction coincides with
the classical Plotkin’s construction. When A is the null matrix, we have the Cartesian
product of two codes which is denoted by C; x Cs.

Suppose k; = kg and n; < ng (the information encoded in Cy is more pro-

tected). Note that the error value function p” is defined in such a way that errors oc-
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curred simultaneously in the high-priority and low-priority bits have the same error value
of the errors occurred only in the high priority bits. In other words, the high-priority bits
dominate the low-priority bits in terms of errors. Therefore, a good choice of a matrix A
would be the matrix A having a maximal number of v € Cy such that vA & C;. To do
so, we will describe the construction of A used in our simulations which, we believe, due
to the previous observations, it is a reasonable construction. Let 5 = {c1,...,cx, } be a

basis for C; and consider

ﬂ/ = {Cla--~7Ck1avla'--7vn1*k1}

a basis for F5* extended from S. If k; > n; — k1, choose A having v; as its i-th row and
for every j > n; — k; the j-th row of A is null. Therefore, the image of C, by A is the
space generated by {v1, ..., vn 1, }- If k1 < ny — ky take v; as the i-th row of A for every
t < k1 and consider the remaining rows to be null. In this case, the image of Cy by A is
the subspace generated by {vy,..., vy, }. Using the A-generalized Plotkin’s construction

according to the matrix A previously constructed, we have the following conjecture:

Conjecture 4.4.1. Let 0 < p < 1/2 be the error probability of the binary DSMC. For
every 0 <r <1,
]E(Cl *A 627 M;’a g,) S E(Cl X CQa M;”a g”)

where " and f” are lexicographic encoders and ¢’ and ¢” are syndrome decoders according

to the Hamming metric.

The Best Known linear code C, is the code with length n and dimension &

minimizing the error probability, among all known codes with the same parameters.

Conjecture 4.4.2. If 0 < p < 1/2 is the error probability of the binary DSMC, then

there exists 0 < ro(p) < 1 such that for every r < ro(p),
E(Cl *A 627 N;H g/> S E(Cb, /’l’;”7 g”)'

Also, if p — 0 then ro(p) — 0.

Besides the simulations suggesting the truthfulness of the two previous con-

jectures, the fact that the A-generalized Plotkin’s construction uses the coordinates of C;
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as redundancy for the code Cy suggests that the code Cy is even more protected. One of
the experiments that strengthen the truthfulness of such conjectures will be described in

the rest of this section as an example.

Example 4.4.3. Let C; be a [6,3,3]y code and Cy be a [10,3,5]2 code with generator

matrices
100101 1001011001
Gi=1010110landGy=]0101101010
001111 0011111100

respectively. Let C3 be the best known linear code with parameters [16, 6, 6],. By using the

Magma Computational Algebra System version 2.21-10, this code has generator matrix

100000001001 T1T1T10
01 00000O0OO0O1O0O0T1T1T11
Gy — 001000O01O0O0O0O1T1O0T11
00010001101 1CO0O00O01
06000010011 110O01O0O0
' 0000010011 1100T1 0]

Consider the 10 x 6 matrix A given by

00 0 100]
00 0 010
00 0 001

O7x6

where 074 is a null submatrix with order 7 x 6. Then, the code C; x4 Cy has generator

matrix ) -
10010100O0O0O0OO0OO0O0O0O
06101100O0O0O0O0OO0CO0OO0OO®O0
G, — 06011110000O0O0O0O0O0®O0
0001001 O0O01O0O1T1O0QO071
coo000100101101O010

' 0000010011111 10 0]
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In this scenario, considering the error probability p of the binary DSMC to be

0.001, 0.01, 0.1 and 0.2 and considering r (r is the parameter given by the error value

function u") as a variable, we have the following graphics:

Expected Loss

0.00008 -

0.00006 -

0.00004 -

0.00002 -

Expected Loss
3.2

3.0

2.8

2.6

24

22

0.00

0.08

0.10

Expected Loss

0.012 -

0.010 -

0.008 -

0.006 -

0.004 -

0.002

Expected Loss

15.0

1451

14.0

13.5F

0.04 0.06
p=0.01
‘ ‘ L,
0.02 0.04 0.06 0.08 0.10
p=0.2

Note that the previous graphs were plotted using r € (0,0.1), since the for small error

probability p, the lines are so close that we cannot distinguish them if we would plot for

every 7 in the interval (0, 1). Due to the characterization of u", it is possible to prove that

E(C, u}, g) is linear in r. Hence, by analyzing the inclination of these straight lines (what

was done using Magma), we get that for every p € {0.001,0.01,0.1,0.2} and 0 < r < 1,

E(Cy *4 Co, iy, g") < E(Cy % Co, i, g")

as expected. Furthermore, comparing the A-generalized Plotkin’s construction with the

best known linear code, using the same values of p, we get the following graphics:

— Direct Product — A-Generalized Plotkin's Construction
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Expected Loss Expected Loss
0.00008 0.04 -
0.00006 0.03 -
0.00004 0.02
0.00002 0‘01/
0.02 0.04 0.06 0.08 0.10 0.1 0.2 0.3 0.4 0.5

Expected Loss Expected Loss

9r 30+

25+

20

) ) ) ) ) I I I I I
0.2 04 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

p=0.1 p=0.2
— Best Known — A-Generalized Plotkin's Construction

In order to make visible the intersection points of lines in the graphs, the
interval plotted for both the first and second graphs were reduced. Note that the 4
graphs suggest that the intersection point converges to zero if p — 0. We stress that in
this case we can find the exact point of intersection of the two straight lines since the

dimension is small and can be computationally calculated.
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FUTURE PERSPECTIVES

Extended Poset Metrics

By characterizing a big family of metrics, the description of all possible de-
coders with some characteristics can be solved, this would be very impressive if this family
of metrics respect some particular construction, as in the poset metrics. Motivated by
this characterization problem, we will propose an even more general family of metrics
than the poset one.

Given a set Y, remark that any subset X C P(Y) of the powerset of Y is
a poset with the inclusion relation. In the following, consider X C P(Y') such that
Y C UpexA. Remark that if A, B € X and A C B, B is said a covering of A if there is
no C' € X such that A ¢ C ¢ B. Given a poset P = (X, <) over X, if BC Y and [ is an
ideal in P such that B C Ux¢rA, I is a cover ideal of B if there is no ideal J in P such
that B C Uge A and |J|< |I]. Denote by Np(B) the cardinality of the ideal covering B,

Np(B) = min{|I| : I covers B}.

If I and J are cover ideals of B, then |I|= |J|, therefore the function Np is well defined.
Proposition 4.4.4. Np(AU B) < Np(A) + Np(B)

Proof. If I and J are ideals covering A and B respectively, then /U .J is an ideal satisfying
AUB C I'UJ, then there is an ideal U covering AU B such that AUB Cc U C T U J,
therefore Np(AU B) < Np(A) + Np(B). O

Definition 4.4.5. With the notations above, supposing Y = [n], if z € [y, the extended
poset P-weight is defined by being the smallest cardinality of the ideals covering the

support of z,

wp(z) = Np(supp(z)).
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Proposition 4.4.6. Extended poset weights preserve support.

Proof. If wp is an extended poset weight and z,y € Fy are vectors such that supp(x)

C
supp(y), then every ideal covering supp(y) is an ideal containing supp(z), then wp(x) <

O

wp(y).

The weight function w is clearly non-negative, furthermore, w(z) = 0 if, and

only if, z = 0 since [n] C UaexA. Given z,y € F}, because supp(z +y) C supp(x) U

supp(y), by Propositions|4.4.4/and 4.4.6}, it follows that w(z+y) < w(z)+w(y). Therefore,

the extended poset weight wp is a norm function and metrics can be defined according to

these norms.

Definition 4.4.7. Given an extended poset weight wp, the extended metric (or extended

P-metric) is the metric induced by wp, i.e.,

dp(z,y) = wp(x —y)

for every z,y € Fy.

Despite the definition of these metrics is quite broad, these metrics possess a
nice structure, indeed, they are invariant by translations since are defined by norms, and
these norms preserve support, as stated in Proposition 4.4.6,

In [11], it was showed that, up to a decoding equivalence, any metric space
may be embedded into a hypercube with the Hamming metric. Therefore, for decoding
purposes, the Hamming metric can be always used, but the decoding complexity may in-
clease since the embedding immerse the code into a higher dimensional space. A natural
question rises when working in this level of generality, among the metrics preserving sup-
port, does the family of extended poset metrics characterizes, up to decoding equivalence,
any minimum distance decoder? We do not have the answer for this question but seems

to be a fruitful line of research.

Better Hierarchical Bounds

The set P, of all posets over [n] is, by itself, a poset, as we saw in Chapter .

If we consider the graph that has P,, as the set of vertices and an edge connects P to @ if,
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and only if, P covers ) or () covers P, then we have a natural distance defined between
two elements P, Q) € P,: d (P, Q) is the minimal length of a path in the graph connecting
P to Q. We remark that given the upper and lower neighbors P~ and P, in general,
there may be a hierarchical poset Q with d (P,Q) < d(P,P~) and d(P,Q) < d(P,P").
It is possible that this finer notion of proximity of posets allow us to determine better

bounds than the ones obtained by the upper and lower neighbors P* and P~.
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