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We investigate optical transitions and carrier dynamics in hybrid structures containing type-I

GaAs/AlGaAs quantum wells (QWs) and type-II GaSb/AlGaAs quantum dots (QDs). We show

that the optical recombination of photocreated electrons confined in the QWs with holes in the QDs

and wetting layer can be modified according to the QW/QD spatial separation. In particular, for

low spacer thicknesses, the QW optical emission can be suppressed due to the transference of holes

from the QW to the GaSb layer, favoring the optical recombination of spatially separated carriers,

which can be useful for optical memory and solar cell applications. Time-resolved photolumines-

cence (PL) measurements reveal non-exponential recombination dynamics. We demonstrate that

the PL transients can only be quantitatively described by considering both linear and quadratic

terms of the carrier density in the bimolecular recombination approximation for type-II semicon-

ductor nanostructures. We extract long exciton lifetimes from 700 ns to 5 ls for QDs depending on

the spacer layer thickness. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4961534]

I. INTRODUCTION

Type-II self-assembled quantum dots (QDs) offer a

unique perspective for wavefunction engineering towards

device applications. By exploring carrier and spin dynamics

via control of quantum confinement properties in this type of

nanostructure, new functionalities and applications are

expected to be demonstrated, especially in fields like quan-

tum information processing.1,2 In particular, the staggered

type-II band alignment of GaSb/GaAs heterostructures also

offers new possibilities for fundamental physics research.

GaSb QDs embedded in GaAs matrixes are characterized by

the spatial separation of electrons and holes and a strong

hole localization.3,4 From the device application perspective,

GaSb/GaAs QDs have been employed in solar cell experi-

ments,5–8 laser devices,9,10 and strong hole localization has

created interesting perspectives for efficient charge-based

memory devices.11,12 From the fundamental point of view,

carrier dynamics in this system started to be investigated

around two decades ago.13–16 However, recent optical spec-

troscopy experiments17–20 have led to a deeper understand-

ing of its main features and even led to the suggestion of a

breakdown of the bimolecular recombination (BR) approxi-

mation for this system.21

The controlled type-II coupling between different nano-

structured systems offers an additional degree of freedom in

order to explore carrier dynamics in benefit of applications.

In type-I systems, the coupling between quantum wells

(QWs) and QDs has thoroughly been studied regarding its

carrier22–26 and spin properties.27 In type-II QWþQD sys-

tems, however, few optical spectroscopy studies have been

performed.17,19,28 Its interest has been renewed, especially

after the recent demonstration of solar cells based on type-II

QWþQD systems which are more efficient with respect to

those where either QWs or QDs were employed.29,30

In this work, we analyse the optical properties of GaSb

QDs coupled to GaAs QWs via a variable width AlGaAs

spacer. Using continuous wave (CW) photoluminescence

(PL) and photoluminescence excitation (PLE) measure-

ments, we demonstrate that, for barrier thicknesses below

10 nm, the optical emissions from GaSb QDs and wetting

layer (WL) dominate and the QW emission is drastically

reduced due to the escape of holes from the QW to the GaSb

layer. In contrary to what is usually assumed, time-resolved

(TR) PL measurements show that recombination rates are

not proportional to the carrier density, thus leading to non-

exponential time-transients which change with barrier

thickness and are strongly dependent on the initial carrier

concentration pumped into the system. By varying laser

power for more than two orders of magnitude, we show that

the carrier dynamics can only be satisfactorily described by

taking into account all terms in the BR approximation for

recombination rates, i.e., both linear and quadratic terms of

the photocreated carrier density. Using this model, we obtain

carrier lifetimes of up to 5 ls for GaSb QDs, which are con-

siderably longer than the reported values for GaSb/GaAs

QDs.13,15,17,19,31 Our results keep alive the discussion about

the BR approximation validity reported by Hodgson et al.21

II. EXPERIMENTAL

Our hybrid QW/QD structures were grown using a solid-

source molecular beam epitaxy reactor on semi-insulating

GaAs (100) substrates after the deposition of a 200 nm GaAs

buffer layer and a 70 nm Al0:3Ga0:7As barrier at 580 �C. The
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hybrid structure consists of a 5 nm GaAs QW, an

Al0:3Ga0:7As spacer of variable thickness (d), and a single

layer of self-assembled GaSb QDs as depicted in Figure 1(a).

Samples A, B, and C have values of d¼ 10, 5, and 2 nm,

respectively. The QDs were formed for all samples by deposi-

tion of 3.2 ML of GaSb at 490 �C with a Ga growth rate of

0.18 ML/s and a Sb/Ga beam equivalent pressure ratio of 1.2.

After QD formation, the GaSb QD layer was capped by 10 nm

Al0:3Ga0:7As at 490 �C and then 60 nm Al0:3Ga0:7As at

540 �C. Finally, 5 nm GaAs was grown on top to avoid oxida-

tion of the Al0:3Ga0:7As layer. A reference sample containing

a single layer of GaSb/AlGaAs QDs was grown under the

same conditions.

Macro-PL measurements were performed with a solid-

state laser at 532 nm and low temperatures were achieved

with a He-flux cryostat. Emission was analysed using a sin-

gle spectrometer with a photomultiplier. PLE measurements

were done with a wavelength tunable Ti:Saph CW laser and

a double monochromator equipped with a photomultiplier. In

CW l-PL measurements, excitation was performed with the

same 532 nm solid state laser and lower temperatures were

achieved with a cold-finger He cryostat. An objective lens

focused the laser down to a spot size �2 lm. Sample emis-

sion was analysed with a single spectrometer equipped with

a 1200 gr/mm optical grating and a CCD camera. TR l-PL

measurements were performed with the same cold-finger He

cryostat and objective lens. A pulsed diode laser emitting at

405 nm (0.5 ns pulse width) was used as the excitation

source. Repetition rates of 100 and 200 kHz were employed.

A streak camera was used to record the PL emission as a

function of time. All measurements were performed at 10 K.

III. RESULTS AND DISCUSSION

Figure 1(b) shows the potential profiles of the conduc-

tion band (CB) and valence band (VB) edges along the

growth direction and the 3 optical transitions due to quantum

confinement which are expected to dominate the PL spectra

of samples A, B, and C. The type-I (spatially direct) transi-

tion between electrons and holes in the GaAs QW (labeled

ED
QW) is expected be more efficient for larger values of the

AlGaAs spacer d. As spacer thickness decreases, two lower

energy type-II (spatially indirect) transitions are expected to

occur. EI
WL is the transition between an electron in the GaAs

QW and a hole in the GaSb WL, while in EI
QD the hole is

situated in the GaSb QD. EI
QD should be the lowest energy

transition.

Figures 2(a), 2(b), 2(c), and 2(d) show macro-PL and

PLE measurements for the reference sample, samples A, B,

and C, respectively. The PL spectrum of the reference sam-

ple is characterized by a broad emission band at �1.69 eV

which occurs due the recombination of electrons in the

AlGaAs barriers and holes in the GaSb WL [we label it

EI�
WL]. The QD emission peak (EI�

QD) is not visible in this mea-

surement because it is hindered by the strong emission from

the GaAs substrate and buffer layer (3 peaks between 1.45

and 1.52 eV corresponding to bound-exciton, donor-acceptor

(D-A), and its optical phonon replica transitions). EI�
QD can

FIG. 1. (a) Hybrid QW/QD system coupled by a spacer layer of thickness d.

(b) Band-alignment scheme and optical transitions expected for samples A,

B, and C.

FIG. 2. From top to bottom: macro-PL (black dotted spectra) and PLE (col-

oured lines) for the (a) reference sample (the inset shows the potential pro-

file and the optical transitions expected for this sample), (b) sample A

(d¼ 10 nm), (c) sample B (d¼ 5 nm), and (d) sample C (d¼ 2 nm). The

GaAs related peaks are saturated in all PL spectra to make the other optical

transitions more evident. Arrows indicate the positions where PLE was

detected.
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be clearly observed for temperatures above 30 K (not shown)

when GaAs-related emissions quench.

For sample A, the 10 nm separation between QDs and

QWs makes PL emission mainly dominated by the narrow

ED
QW emission at 1.63 eV. The thicker barrier makes EI

QD and

EI
WL very weak. The two well defined peaks observed for the

PLE spectra detected at different energies shown in Figure

2(b) are attributed to the heavy and light-hole free exciton

states of the QWs. The weak feature observed at �1.59 eV

slightly below the ED
QW peak is also attributed to the GaAs

QW. Its lower energy is due to the tensile strain induced by

the GaSb QDs. A similar effect was observed in previous

works using self-assembled QDs as stressors to produce

localized states in a QW.32,33 The energy shift of �50 meV

is a typical value obtained for this kind of structure. The PLE

spectrum obtained for a detection energy fixed at 1.58 eV

[cyan curve in Figure 2(b)] is similar to that obtained at

1.63 eV, which indicates the link of this emission to the QW.

The PL spectrum of sample B (d¼ 5 nm) shown in

Figure 2(c) is significantly different from sample A. Now,

the increase in the electron-hole wavefunction overlap con-

tributes to increase the efficiency of the indirect transitions

EI
QD and EI

WL. In fact, both peaks show similar intensities to

ED
QW . PLE spectra detected at EI

WL (green PLE curve) and

ED
QW (red and cyan curves) demonstrate the hole injection

from the QW into WL and QD structures. The same behavior

is observed in Figure 2(d) for sample C. In this case, how-

ever, the proximity between QWs and QDs makes hole

tunneling to the WL and QDs more efficient than recombina-

tion with electrons in the QW, thus leading to the vanishing

of the ED
QW peak. PLE spectra detected at QD emission ener-

gies on samples B and C [cyan and red PLE spectra in

Figures 2(c) and 2(d)] suggest that hole injection from the

WL into the QDs is less efficient than injection from the

QW, thus indicating that localized states contribute signifi-

cantly to WL emission. The fact that holes cannot easily

relax from the WL to QDs is the reason for a relatively high

PL intensity of the WL emission in samples B and C.

Figure 3(a) shows the l-PL spectra of sample B as a

function of the excitation power. As we observe, the indirect

PL emissions (EI
QD and EI

WL) blueshift with power while

ED
QW stays almost unchanged. This is summarized in Figure

3(b), where we see that blueshifts (DE) reach approximately

40 meV for the indirect emission at elevated powers. The

inset presents the result for EI
WL in sample C, which is very

similar. The PL blueshift in type-II GaSb/GaAs QDs has

been observed in a couple of previous experimental works.

However, its origin (including the blueshift in other type-II

QDs) is still a source of debate. In general, three main effects

related to carrier accumulation are mentioned as causes of

the large PL blueshift in type-II QDs: (i) band-bending;13–15

(ii) capacitive-charging;17,34–36 and (iii) state-filling.16 All

these effects rely on the assumption of the BR model.

However, Hodgson and his co-workers recently suggested a

possible breakdown of the BR approximation for this type of

system.21 In order to further investigate this problem, we per-

formed l-PL TR experiments in our samples.

Figure 4 summarizes the TR l-PL measurements for sam-

ple C. The dots in Figures 4(a) and 4(b) represent, respectively,

the experimental data for EI
WL and EI

QD emissions measured at

the lowest average excitation power (10 nW at 200 kHz). The

inset in Figure 4(a) presents the streak-camera image in the

spectral region of EI
WL obtained for 10 nW power. The time

transient in the main plot is obtained after integration of this

image between 790 and 810 nm approximately. Figures 4(c)

and 4(d) show transients for the same emissions at the highest

average power delivered by our diode-laser (3 lW at 200 kHz).

The major feature observed in the experimental data is the fact

that all decay profiles are clearly non-exponential (note the

logarithm vertical scales for IPL). Non-exponential decays have

already been observed experimentally for this type of struc-

ture,13,15,17,19,31 but they have usually been fitted with two

exponential curves, thus assuming that IPLðtÞ is always propor-

tional to the excess carrier density DnðtÞ created after optical

excitation. The two-exponential approach is adopted on the

assumption that the electron-hole wavefunction overlap

changes during the carrier relaxation process. In this way, a

faster decay time (s1) is associated with the regime where QDs

FIG. 3. (a) CW l-PL from sample B as a function of excitation power. (b)

Peak position of the three main emissions (ED
QW , EI

QD, and EI
WL) as a function

of the PL emission intensity extracted from the spectra in (a). The inset

shows the dependence of EI
WL with IPL for sample C.
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and WL have a high density of carriers, when a high wave-

function overlap caused by carrier accumulation immediately

after laser pulse excitation is supposed to happen. A slower

decay time (s2) is, therefore, associated with the regime where

QDs have one or less than one exciton/dot so that the wave-

function overlap is reduced and reflects simply the spatial sepa-

ration of electrons and holes.13,15,19 In Ref. 15, for example, it

is very clear how the two-exponential fit is not able to repro-

duce accurately the curved behaviour of the decay profiles. We

have also tried to fit our data with one and two exponentials,

but the results were neither consistent nor satisfactory.

In order to reproduce accurately the experimental results,

we need to take into account all terms in DnðtÞ expected from

the BR approximation, which is commonly invoked to

describe carrier dynamics in type-II quantum dots.15,21,37 In

such a model,38 also known as Langevin model,39 the carrier

recombination rate equation is given by law of mass action

R ¼ Bnp; (1)

where B is the recombination coefficient, which is deter-

mined by the electron-hole wavefunction overlap, and n and

p are the electron and hole concentrations, respectively.

Based on the PL and PLE results discussed above, we can

consider QW-WL and QW-QD recombinations as decoupled,

which allows us to write independent rate equations for them.

We also assume that electrons and holes are thermalized prior

to recombination. In this way, after a pulsed optical excitation,

in any of the two recombination channels, the electron and

hole concentrations in the system can be written as nðtÞ ¼ n0

þDnðtÞ and pðtÞ ¼ p0 þ DpðtÞ, respectively, where n0 and p0

are the equilibrium electron and hole concentrations.

Assuming that DnðtÞ ¼ DpðtÞ, Equation (1) can be written as

RðtÞ ¼ Bn0p0 þ Bðn0 þ p0ÞDnðtÞ þ BDn2ðtÞ;
RðtÞ ¼ R0 þ RexðtÞ: (2)

The first term in Equation (2) [R0 ¼ Bn0p0] is the equi-

librium carrier recombination rate associated with non-zero

temperatures. After the generation of a population of carriers

at time t¼ 0, the excess carrier recombination rate [RexðtÞ],
which is proportional to the PL intensity, is determined by

the rate equation

dDn tð Þ
dt

¼ �Rex tð Þ ¼ �B n0 þ p0ð ÞDn tð Þ � BDn2 tð Þ: (3)

FIG. 4. PL time transients for sample C. At low excitation power (10 nW): (a) WL and (b) QD emissions, respectively. At high power (3 lW): (c) WL and (d)

QD emissions, respectively. Solid lines represent fittings with Equations (4) (green), (5) (blue), and (6) (red). The orange solid line in (c) is a fit with two-

exponential time constants (s1 and s2). The inset in (a) shows the time dependence of the PL signal for EI
WL measured at 10 nW. The GaAs D-A recombination

is indicated by an arrow. The transient in (a) is obtained by integration of this image from 790 to 810 nm.
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Assuming that B does not change with time, in the low

carrier density limit [DnðtÞ � ðn0 þ p0)], the last term in

Equation (3) can be neglected, thus leading to the usual

exponential decay for carrier recombination, i.e.,

IPLðtÞ ¼ I0e�t=s; (4)

where the carrier lifetime s ¼ 1=Bðn0 þ p0Þ and I0 / Bðn0

þ p0ÞDn0, with Dn0 ¼ Dnðt ¼ 0Þ been the initial carrier con-

centration. In this way, exponential decays for carrier relaxa-

tion dynamics are expected only in cases where carrier

density is low (IPLðtÞ / DnðtÞ) and wavefunction overlap (B)

is constant, which contradicts the arguments of the usual

two-exponential approach where two decays in the form of

Equation (4) (with decays constants s1 and s2) are used to fit

the experimental data.13,15,17,19,31

If the excess carrier density is high [DnðtÞ � ðn0 þ p0)],

the first term on the right side of Equation (3) can be

neglected. This usually happens for short times immediately

after the laser pulse. In this situation, the time dependence of

the PL intensity can be approximated by

IPL tð Þ ¼ I0

1þ t

sQ

� �2
; (5)

where I0 / BDn2
0. Here, we define sQ ¼ 1=BDn0 as a phe-

nomenological decay constant since for this situation, the

decay constant changes with time.38 According to Equation

(5), PL decay is expected to be non-exponential. This high

carrier density approximation assumes that IPLðtÞ / Dn2ðtÞ.
It is only valid, however, for short times after laser excita-

tion. When the carrier density becomes low enough, the first

term in Equation (3) has to be taken into account.

The appropriate way to describe carrier dynamics is,

therefore, to solve Equation (3) considering both linear and

quadratic terms. The solution is analytical and has the form

IPL tð Þ ¼ I0

A

et=s � A
1þ A

et=s � A

� �
; (6)

where again the phenomenological decay constant is given by

s ¼ 1=Bðn0 þ p0Þ [as in Equation (4)] and I0 / Bðn0 þ p0Þ2.

The parameter A is related to the ratio between the ini-

tial carrier concentration (Dn0) and the residual carrier den-

sity (n0 þ p0) by

Dn0

n0 þ p0

¼ A

1� A
: (7)

The solid green, blue, and red lines in Figure 4(a) were

obtained by fitting the experimental data with Equations (4)

and (5) (which we call quadratic), and (6) for the WL emis-

sion in sample C, respectively. The green line fit shows that,

even for the lowest average power we could detect reason-

able PL signal, the system is not in the linear recombination

regime yet (Equation (4)). The blue curve demonstrates that

the quadratic fit alone describes carrier dynamics only during

the first 400 ns after laser pulse, overestimating the carrier

population for longer times. A very good agreement,

however, is found by fitting the experimental data with

Equation (6). The same result is obtained for the QD decay

profile shown in Figure 4(b). For this excitation power, we

estimate a carrier density of around 1010–1011 cm�2 gener-

ated in the system by the laser pulse. Self-consistent calcula-

tions considering the residual shallow donors and acceptors

show that the residual carrier density (n0 þ p0) in this system

has the same order of magnitude. We, therefore, believe that

the BR model describes accurately carrier dynamics in this

system because of the relative magnitude between the opti-

cally generated carrier density (DnðtÞ) and the intrinsic equi-

librium carrier density (n0 þ p0). In type-II optical transitions,

due to the small oscillator strength, relatively high excitation

powers are required to detect reasonable PL signals, thus gen-

erating higher relative carrier densities. In type-I systems, due

to the large oscillator strength, the PL intensity is considerably

stronger and low excitation powers are required to obtain

measurable PL intensities. In this case, n0 þ p0 is usually

larger than DnðtÞ, thus leading to an exponential carrier decay

dynamics, as described by Equation (4).

Figures 4(c) and 4(d) show that, as the excitation power

is increased, the fittings with Equations (5) and (6) agree for

the first 700 ns due to the increased relevance of the Dn2ðtÞ
term. For comparison, Figure 4(c) also shows a fit employing

the usual two-exponential approach (orange solid line). As

we observe, the addition of a second decay constant does not

yield satisfactory reproduction of the experimental data.

However, again, better fit for the whole time range is found

with Equation (6). Even varying the excitation power for

more than 2 orders of magnitude, we verified that, for all

measured powers, the values of s obtained from the fit with

Equation (6) are similar. Taking into account the results

from all measured powers, we obtain average values of sWL

¼ ð0:4060:05Þls and sQD ¼ ð0:760:1Þls for WL and QD

emissions in sample C, respectively. The fact that sQD > sWL

is a consequence of the stronger confinement for QDs as

compared to WL, which reduces average electron-hole

wavefunction overlap. Moreover, the fact that s is approxi-

mately constant for all excitation powers is consistent with

the assumption that B is a constant in the derivation of

Equation (6).

Figure 5(a) presents the values of Dn0=ðn0 þ p0Þ as a

function of the excitation power obtained with Equation (7)

after fitting the time transients of sample C with Equation

(6). As we observe, even for the highest excitation powers,

the carrier density generated by optical excitation in QDs

and WL does not exceed a factor of 10 as compared to the

residual carrier density. Since no significant variation in the

values of sQD or sWL is observed in this power range, this is

an indication that many-body effects can be neglected in our

system under these experimental conditions. Figure 5(b)

illustrates how the PL transient obtained from Equation (6),

for a fixed s ¼ 0:4 ls, changes when the initial carrier con-

centration Dn0 is increased by one order of magnitude. As

we observe, increasing the initial carrier density leads to a

faster decay (shorter transient) due to an increase in the con-

tribution of the last term in Equation (3) for times immedi-

ately after laser excitation. This is consistent with the

behavior observed for WL (Figures 4(a) and 4(c)) and QD

084305-5 Couto, Jr. et al. J. Appl. Phys. 120, 084305 (2016)



emissions (Figures 4(b) and 4(d)) where the low power tran-

sients last longer than the high power ones.

The same fitting agreement with Equation (6) is obtained

for sample B, as shown in Figures 6(a) and 6(b) for the WL

emission. Note that in Figure 6(b), the high power (4.8 lW at

100 MHz) profile of the WL emission has a fast decay compo-

nent. In this case, the fast decay appears due to the blue-shift

of EI
WL and the broadening of the ED

QW peak in sample B

which merge the two emissions as power is increased. At high

powers we, therefore, start the fit only after a delay time when

the QW emission is negligible. As power is decreased, this

fast decay component disappears and the whole time range

can be fitted with Equation (6), as demonstrated by the 25 nW

transient shown in Figure 6(a). QD transients for high and low

powers, fitted with Equation (6), are shown in the insets of

Figures 6(a) and 6(b), respectively.

The fittings with Equation (6) of the transients from

sample B provided average values of sWL ¼ ð3:360:5Þls

and sQD ¼ ð562Þls for WL and QD emissions, respectively.

In order to compare our results with others in the literature, it

is important to remember that, since we use a single time

constant, the values of s lie somewhere in between the com-

monly used s1 and s2, but are usually similar to s2. To our

knowledge, for GaSb QDs, s1 has not exceeded a few

ns,13,15,17,19,31 while the longest s2 value reported so far is

600 ns.15 In our reference sample, s � 8 ns for the WL emis-

sion. The values of s presented in Figure 6, therefore, dem-

onstrate that the lifetimes obtained in our hybrid structures

are among the longest ones reported for this system.

The effect of the electron-hole separation d is reflected

on the lifetimes obtained for the EI
WL transition in samples B

and C. As we observe, the ratio between EI
WL lifetimes in

samples B and C is � 8 because the larger value of d
decreases electron-hole wavefunction overlap and, conse-

quently, increases recombination times. In order to get a

more quantitative understanding of this result, we calculated

the electron-hole wavefunction overlap in the low power

regime for the WL emission for the QWþWL hybrid sys-

tem using envelope function approximation. We used a 5 nm

thick GaAs QW and three monolayers of the GaSb WL.

Since the recombination lifetime is proportional to the

FIG. 5. (a) Ratio Dn0=ðn0 þ p0Þ obtained from Equation (7), after fitting the

time transients of sample C with Equation (6) for different excitation powers.

(b) Plot of Equation (6) (normalized) for a fixed decay constant (s¼ 0.4 ls)

and two arbitrarily chosen carrier densities: Dn0 ¼ 1011 cm�2 and Dn0

¼ 1012 cm�2, assuming ðn0 þ p0Þ ¼ 1011 cm�2.
FIG. 6. PL intensity as a function of time from sample B for WL emission at

(a) 25 nW and (b) 4.8 lW at 100 kHz. The insets show the transients for the

QD emission. Solid lines represent fittings with Equations (4) (green), (5)

(blue), and (6) (red).
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inverse of the squared wavefunction overlap, we were able

to estimate the ratio between WL lifetimes expected for sam-

ples B and C. The calculations predict values between 7 and

25, considering an uncertainty of 1 nm in the value of d, thus

indicating that the experimental values are in reasonable

agreement with theory.

IV. CONCLUSIONS

In summary, the results shown here demonstrate that

growing a type-I GaAs QW at a chosen distance from type-II

GaSb QDs is an interesting approach to engineer carrier

wavefunction overlap and change exciton lifetimes in type-II

systems. By comparing the carrier lifetime obtained for non-

hybrid GaSb/AlxGa1�xAs QDs (our reference sample and

previous reports in the literature cited in this work) with the

ones obtained after the addition of a QW (sample B - sQD

� 5 ls), we show that carrier recombination rates can be

diminished by at least two orders of magnitude, which can be

very interesting in the design of future charge memory devi-

ces.11,12 Moreover, we demonstrated that, in our hybrid sys-

tem, the optical emission transients are quite well described

by the bimolecular recombination approximation. This model

can be applied not only to study carrier recombination in

other inorganic systems, but in organic ones as well. We,

therefore, believe that this work can motivate further investi-

gations and tests of the validity of this approximation.
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