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Here we study multiplayer linear games, a natural generalization of XOR games to multiple out-
comes. We generalize a recently proposed efficiently computable bound, in terms of the norm of a
game matrix, on the quantum value of 2-player games to linear games with n players. As an example,
we bound the quantum value of a generalization of the well-known CHSH game to n players and d
outcomes. We also apply the bound to show in a simple manner that any nontrivial functional box,
that could lead to trivialization of communication complexity in a multiparty scenario, cannot be re-
alized in quantum mechanics. We then present a systematic method to derive device-independent
witnesses of genuine tripartite entanglement.

I. INTRODUCTION

A nonlocal game is a cooperative task where the play-
ers receive questions from a referee and have to give an-
swers in order to satisfy some previously defined win-
ning condition [1]. After the game starts the players are
not allowed to communicate, so all they can do is to pre-
viously agree on a joint strategy. In general the possi-
bility of using a quantum strategy, i.e. when the play-
ers share an entangled quantum state and perform local
measurements on it, leads to a better performance in the
game compared to purely classical strategies i.e. those
that can be described under the paradigm of local hid-
den variables involving the use of shared randomness
as a resource [2].

Nonlocal games have a wide range of applications.
They play an important role in the study of commu-
nication complexity [3, 4] (and vice-versa) and in the
formulation of device-independent cryptographic pro-
tocols [5, 6]. Nonlocal games also constitute a natu-
ral framework for studying quantum nonlocality, stress-
ing the tasks where quantum resources outperform their
classical alternatives.

An important class of nonlocal games comes from the
most commonly studied Bell inequalities, namely the
correlation Bell inequalities for binary outcomes other-
wise known as XOR games. This is in fact a subclass
of the set of bipartite linear games [7–9], defined for
an arbitrary number of outputs. In a linear game [7–
9], the parties output answers that are elements of a fi-
nite Abelian group and the winning constraint depends
upon the group operation acting on the outputs. Linear
games are the paradigmatic example of nonlocal games
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with two or more outcomes, and a study of their classi-
cal and quantum values is crucial, especially in light of
applications such as the cryptographic primitive task of
Bit Commitment [10].

For bipartite XOR games, Tsirelson’s theorem [11]
guarantees that the best performance of quantum play-
ers can be calculated exactly and efficiently using a
semidefinite program [1, 12]. The study of XOR games
was in part driven by the fact that many of the quan-
tum information-processing protocols were developed
for qubits, for which binary outcome games appear nat-
urally. Bounds in XOR games using game matrices were
studied in [13, 14]. Recently, there has been much in-
terest in developing applications of higher-dimensional
entanglement [15–18] for which Bell inequalities with
more than two outcomes are naturally suited. Therefore,
both for fundamental reasons as well as for these ap-
plications, the study of Bell inequalities with more out-
comes is crucial.

Despite its importance, very few results are known
for games with more outputs and/or more parties. A
general result concerning hardness of calculating a tight
bound for the probability of success of quantum strate-
gies for such games was derived in Ref. [19]. For the spe-
cial case of unique games, a method of approximating
this quantum bound is known [20], however the approx-
imation is good only when the quantum probability of
success is close to one. Recently [7], an efficiently com-
putable bound for bipartite linear games was derived
in terms of the norm of certain game matrices. These
bounds are suitable also when the quantum value is far
from unity and they lead to the derivation of many in-
teresting results like a generalization of the principle of
no-advantage for nonlocal computation [21] to functions
with d > 2 outcomes.

As important as the contrast between the performance
of classical and quantum players is the fact that in some
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cases quantum strategies cannot achieve the limiting
value imposed by the no-signaling principle. For exam-
ple, for the class of linear games there always exists a
no-signaling strategy that wins the game with certainty
and this is not always the case for quantum strategies.
The best known case is the CHSH game [22], with two
players and two binary questions per player. In this
game, classical strategies give a maximal probability of

success of 3
4 , quantum strategies reach 2+

√
2

4 , but the so
called Popescu-Rohrlich boxes [23] are no-signaling de-
vices which allow success with probability 1. A cele-
brated result is that such hypothetical boxes would lead
to trivialization of communication complexity [24]. This
result was generalized for the so called functional boxes,
which can be understood as perfect no-signalling strate-
gies for some linear games with classical bounds strictly
smaller than one [25].

Here we study the performance of quantum strategies
in multiplayer linear games. We generalize the meth-
ods of Ref. [7] and present an efficiently computable
bound to the quantum value of n-player linear games,
and we explore several interesting applications where
the bounds lead to nontrivial results. The text is struc-
tured as follows: in Section II we introduce the main
concepts and definitions that will be used in the text.
Section III contains our main result: an efficiently com-
putable bound to the quantum value of n-player linear
games. Sections IV and V present applications of our
bound. As a paradigmatic example, we derive an up-
per bound to the quantum value of a n-player general-
ization of the CHSH-d game. We also show that uni-
formly distributed functional boxes (that trivialize mul-
tiparty communication complexity) cannot be realized
in quantum theory. In Section VI we present a system-
atic method to design device-independent witnesses of
genuine tripartite entanglement for d-dimensional sys-
tems. As an example of the method, in Section VII, we
analyze a generalization of the Mermin GHZ paradox
[26], showing that one can detect genuine tripartite en-
tanglement in a noisy GHZ state of local dimension 3
using only 9 expectation values. Finally in Section VIII
we discuss our results and present future directions. The
more technical proofs of the results presented here will
be deferred to the Supplemental Material [27].

II. PRELIMINARIES

In this section we introduce some concepts and defi-
nitions that will be used in the remaining text.

Definition 1. A n-player nonlocal game gn(V, p) is a co-
operative task where n players A1, . . . , An, who are not al-
lowed to communicate after the game starts, receive respec-
tively questions x1, . . . , xn, where xi ∈ [Qi] ([X] denotes
a set with X elements), chosen from a probability distribu-
tion p(x1, . . . , xn) by a referee. Upon receiving question
xi player Ai is supposed to answer ai ∈ [Oi]. The win-

ning condition of the game is defined by a predicate function
V(a1, . . . , an|x1, . . . , xn) which assumes value 1 to indicate
when the players win and value 0 to indicate when they lose.

The probability of success of the players for a particular
strategy is given by

ω(gn) = ∑
~a∈~O,~x∈~Q

p(~x)V(~a|~x)P(~a|~x) (1)

where ~x = (x1, . . . , xn) denotes the input string, ~Q =
[Q1]× . . . × [Qn] and analogously for the other vectors.

The classical (quantum) value of the game is the maxi-
mum probability of success optimizing over all possible
classical (quantum) strategies. We will denote the clas-
sical value by ωc(gn) and the quantum value by ωq(gn).
Another important quantity is the no-signaling value of
the game, ωNS(gn), which is defined in an analogous
way with the players being allowed to apply any no-
signaling strategy.

Definition 2 (Classical value of a nonlocal game). The
classical value of a nonlocal game, ωc(gn), is the maximum
probability with which the players can win the game when
they are restricted to classical strategies. The classical value
of the game is always obtained by a deterministic strategy

ωc(gn) = max
{D(ai|xi)}

∑
~a,~x

p(~x)V(~a|~x)D(a1|x1) . . . D(an|xn)

(2)

where {D(ai|xi)} represents a deterministic probability dis-
tribution.

Definition 3 (Quantum value of a nonlocal game). The
quantum value of a nonlocal game, ωq(gn), is the maximum
probability of success when the players can apply quantum
strategies. A general quantum strategy can be described by
the players sharing an n-partite pure state |ψ〉 of arbitrary

dimension and performing local measurements
{

M
ai
xi

}

on it.
The quantum value of the game can be written as

ωq(gn) = sup
|ψ〉,{M

ai
xi
}
∑
~a,~x

p(~x)V(~a|~x)〈ψ|Ma1
x1
⊗ . . . ⊗ Man

xn
|ψ〉.

(3)

Note that in order to calculate the quantum value one
has to optimize over quantum states, measurements and
also over the dimension of these operators, so that in
principle it is not even known if such a quantity can be
evaluated.

Bipartite linear games are a particular class of non-
local games where the outputs a, b are elements of an
Abelian group and the winning condition of the game
is defined by a + b = f (x, y) (i.e. V(a, b|x, y) = 1 if
a + b = f (x, y) and V(a, b|x, y) = 0 otherwise) where
+ is the associated group operation. Here we study lin-
ear games with n-players which are defined as follows:



Definition 4. A n-player linear game gℓn(G, f , p) is a non-
local game where the players answer with elements of an
Abelian group a1, . . . , an ∈ G, where (G,+) is an Abelian
group with associated operation +, and the predicate function
V only depends on the sum of the players outputs:

V(~a|~x) =
{

1 , if a1 + . . . + an = f (x1, . . . , xn)

0 , otherwise
(4)

and then the probability of success of a particular strategy is
given by

ω(gℓn) = ∑
~x∈~Q

p(~x)P(a1 + . . . + an = f (~x)|~x), (5)

with ωc(gℓn), ωq(gℓn), and ωNS(gℓn) as defined before.

III. AN EFFICIENTLY COMPUTABLE BOUND ON THE
QUANTUM VALUE OF MULTIPLAYER LINEAR GAMES

For the sake of clarity, we will sometimes restrict the
presentation of the results to 3-player games. However
most of the results are straightforwardly generalized to
n players and we will state it whenever this is the case.

The success probability of a general strategy for a 3-
player linear game is given by

ω(gℓ3) = ∑
x,y,z

p(x, y, z)P(a + b + c = f (x, y, z)|x, y, z).

(6)

By making use of the Fourier transform of Abelian
groups [28], we can rewrite the success probability as

ω(gℓ3) =
1

|G|



1 + ∑
x,y,z

∑
k∈G\{e}

p(x, y, z)χk( f (x, y, z))〈Ak
xBk

yCk
z〉



 , (7)

where 〈Ak
xBk

yCk
z〉 are generalized correlators defined as the

Fourier transform of the probabilities

〈Ai
xB

j
yCk

z〉 = ∑
a,b,c∈G

χ̄i(a)χ̄j(b)χ̄k(c)P(a, b, c|x, y, z), (8)

and χi are the characters of the Abelian group associ-
ated with the game. These are complex numbers sat-
isfying natural relations: reflexivity χ̄i(a) = χi(−a),
orthogonality ∑

a∈G

χi(a)χ̄j(a) = |G| δi,j, and homomor-

phism χi(a)χi(b) = χi(a + b) ∀a, b ∈ G.
Quantum strategies can be described by projective

measurements being performed on pure quantum states
in a Hilbert space of arbitrary dimension. Consider that
a particular strategy is given by the set of projective

measurements {Ma
x}, {Mb

y}, {Mc
z} performed on the tri-

partite quantum state |ψ〉. In this case we have the asso-
ciation

〈Ai
xB

j
yCk

z〉 = 〈ψ|Ai
x ⊗ B

j
y ⊗ Ck

z |ψ〉, (9)

where the usually non-Hermitian operators Ai
x are de-

fined as

Ai
x = ∑

a

χ̄i(a)Ma
x, (10)

and analogously for B
j
y and Ck

z .
Motivated by expression (7) we can associate to the

game gℓ3 a set of |G| matrices Φk for k ∈ G, which
carry information about the probability distribution

with which the referee picks questions and also the win-
ning condition:

Φk = ∑
(x,y,z)∈~Q

p(x, y, z)χk( f (x, y, z)) |x〉〈yz| . (11)

Now we are ready to state an upper bound on the
quantum value of tripartite linear games.

Theorem 1. The quantum value of a tripartite linear game,

gℓ3(G, f , p), where players A, B, and C receive questions
(x, y, z) ∈ [Q1] × [Q2] × [Q3] and answer with elements
of an Abelian group (G,+), is upper bounded by

ωq(gℓ3) ≤
1

|G|



1 +
√

Q1Q2Q3 ∑
k∈G\{e}

||Φk||



 , (12)

where || · || denotes the maximum singular value of the matrix,
e is the identity element of the group G, and Φk are the game
matrices.

The bound can be generalized for n-player games in
the following way

Theorem 2. Consider an n-player linear game, gℓn(G, f , p).
Let S be a subset of the parties, S ⊂ {A1, ..., An}. The quan-

tum value of an n-player linear game, gℓn(G, f , p), is upper
bounded by

ωq(gℓn) ≤ min
S

1

|G|



1 +
√

Q1 . . . Qn ∑
k∈G\{e}

||ΦS
k ||



 ,

(13)



where ||ΦS
k || denotes the maximum singular value of matrix

ΦS
k , and the game matrices are defined as

ΦS
k = ∑

~x∈~QS,~y∈~QSc

p(~x,~y)χk( f (~x,~y)) |~x〉〈~y| . (14)

~x ∈ ~QS denotes the vector of inputs to the players that belong
to set S, and Sc is the complement of S.

In Theorem 2 each partition S of the set of parties pro-
vides an upper bound to the quantum value, the mini-
mum in Eq. (13) selects the most restrictive one. Note
that for the 3-player game we can also chose to write the
game matrices with S = {B} or S = {C}, which can
lead to tighter bounds than the one derived from Eq.
(11). Proofs of Theorems 1 and 2 can be found in the
Supplemental Material [27].

A particular class of linear games are the XOR-d
games, g⊕n , where the outputs belong to the group Zd
with associated operation ⊕d (sum modulo d). The
probability of success is then given by

ω(g⊕n ) = ∑
~x∈~Q

p(~x)P(a1 ⊕d . . . ⊕d an = f (~x)|~x). (15)

In the case of a tripartite XOR-d game with m possible
inputs per player, the expression (12) reduces to

ωq(g⊕3 ) ≤
1

d

(

1 +
√

m3
d−1

∑
k=1

||Φk||
)

, (16)

where ||Φk|| denotes the maximum singular value of ma-
trix Φk, and

Φk =
m

∑
x,y,z=1

p(x, y, z)ζk. f (x,y,z) |x〉〈yz| (17)

where ζ = e2πi/d is a d-th root of unity.

IV. n-PARTY CHSH-d GAME

The generalization of the CHSH game for d outputs,
where d is a prime or power of prime, was considered in
Refs. [29–31]. Recently a bound for the quantum value
of the CHSH-d game was derived in Ref. [9], using infor-
mation theoretic arguments, and re-derived in a simple
manner in Ref. [7] using the bounds based on norms of
game matrices for the bipartite case.

Here we consider a generalization of the CHSH-d
game for n-players based on an expression first consid-
ered by Svetlichny [32] in the context of detecting gen-
uine multipartite nonlocality.

Definition 5. The CHSHn-d game, for d prime or a power of
prime, is a linear game with the winning condition given as

a1 + . . . + an = ∑
i<j

xi · xj (18)

where addition and multiplication are operations defined over
the finite field Fd.

An explanation of the operations defining the game
together with an example for the case of ternary inputs
and outputs is provided in the Supplemental Material
[27].

Using Theorem 2, we derive upper bounds for the
performance of quantum players in the CHSHn-d game.

Theorem 3. The quantum value of the CHSHn-d game, for
d a prime or a power of a prime, obeys

ωq(CHSHn-d) ≤ 1

d
+

d − 1

d
√

d
. (19)

Sketch of the proof. The proof follows from direct calcula-

tion of ΦkΦ†
k with the partition S = {A1} and using the

character relations. We obtain

ΦkΦ†
k =

1

dn+1
Id (20)

which implies ||Φk|| = 1√
dn+1

. Then by applying Theo-

rem 2 we obtain the bound. The detailed proof can be
found in the Supplemental Material [27]. ⊓⊔

Interestingly the bounds are independent of the num-
ber of parties showing that by increasing the number of
players the performance is still limited. Analysis of Ref.
[31] indicates that the bound (19) is not tight and for the
bipartite case it may correspond to the value obtained
for the first level of the SDP hierarchy introduced in Ref.
[33].

V. NO QUANTUM REALIZATION OF FUNCTIONAL
NONLOCAL BOXES

In Ref. [24] it was shown that the possibility of ex-
istence of strong correlations known as PR-boxes [23]
would lead to the trivialization of communication com-
plexity, since by sharing sufficient number of PR-boxes,
Alice and Bob would be able to compute any distributed
Boolean function with only one bit of communication.
Therefore, the conviction that communication complex-
ity is not trivial (i.e. , there are some communication
complexity problems that are hard) is viewed as a par-
tial characterization of the nonlocal correlations that can
be obtained by local measurements on entangled quan-
tum particles.

Later this result was generalized [25] to functional
boxes, i.e. a generalization of PR-boxes for d outputs,
where the outputs satisfy a ⊕d b = f (x, y), with d
prime and any additively inseparable function f (x, y)
(i.e. f (x, y) 6= f1(x) + f2(y)). Any functional box which
cannot be simulated classically would also lead to a triv-
ialization of communication complexity [25]. Further-
more, a generalization to binary outcome multiparty
communication complexity scenarios was also consid-
ered in Ref. [34]. In the multiparty problem, n parties



are each given an input xi and must compute a func-
tion f (~x) of their joint inputs with as little communica-
tion as possible. In Ref. [34], it was shown that if the
parties shared a sufficient number of the full correlation
(binary outcome) box with input-output relation given
by
⊕

i ai = x1 · . . . · xn, then any n-party communication
complexity problem can be solved with only n− 1 bits of
communication (from n− 1 parties to the first party who
then computes the function), thus leading to a trivializa-
tion. Analogous results for d output n-party functional
boxes can also be derived, as we prove in Supplemental
Material.

We now use our bounds to prove that any uniformly
distributed total function n-party XOR-d game, i.e. a
game where all n-tuples of inputs appear with proba-
bility greater than zero, cannot be won with probabil-
ity 1 by a quantum strategy unless the game is triv-
ial, i.e. the classical value is 1. The boxes that win
some of these games with probability one correspond
to nontrivial functional boxes, hence our result excludes
in a simple manner the possibility of quantum realiza-
tion of functional boxes that trivialize communication
complexity in the multiparty scenario (see Supplemen-
tal Material).

Theorem 4. For a n-player d outcome XOR game g⊕n with m
questions per player and uniform input distribution p(~x) =
1/mn, ωq(g⊕n ) = 1 iff ωc(g⊕n ) = 1.

The proof of Theorem 4 can be found in Supplemental
Material [27].

We also note that a more general result was derived in
Ref. [35], showing that no nonlocal extremal box of gen-
eral no-signaling theories can be realized within quan-
tum theory. It remains an open question whether all
such nonlocal extremal boxes can lead to a trivializa-
tion of the communication complexity problem, and
whether a simple proof (as for XOR-d games above) can
be provided for these general boxes as well.

VI. DEVICE INDEPENDENT WITNESSES OF GENUINE
TRIPARTITE ENTANGLEMENT

As another application of our central result, we
now present a systematic way to derive device-
independent witnesses for genuine multipartite entan-
glement (DIEW) for tripartite systems.

Characterizing entanglement is a very challenging
task. For bipartite systems positive maps that are not
completely positive constitute a powerful tool for gen-
erating simple operational criteria for detecting entan-
glement in mixed states [36]. The most celebrated exam-
ple is the Peres-Horodecki criterion, also known as PPT
(positive under partial transposition) criterion. On the
other hand the characterization of multipartite entangle-
ment is even more challenging since inequivalent forms
of entanglement appear. For the detection of genuine

multipartite entanglement there is no such direct crite-
ria like the PPT-criteria, however a connexion between
positive maps and witnesses of genuine multipartite en-
tanglement was established in Ref. [37], where a frame-
work to construct witnesses of genuine multipartite en-
tanglement from positive maps is derived. Other cri-
teria to detect genuine multipartite entanglement were
proposed in Refs. [38, 39]. The development of device-
independent witnesses brings together with all the ad-
vantage of detecting entanglement the possibility of per-
forming this task in a scenario where we do not have
full trust in our devices, which has many applications in
cryptographic tasks.

DIEWs were introduced in reference [40] where the
authors present a tripartite 3-input 2-output Bell in-
equality which is able to detect genuine tripartite en-
tanglement in a noisy three qubit GHZ state, ρ(V) =
V |GHZ〉〈GHZ|+ (1 − V) I

8 , for parameter V > 2/3. In
Ref. [41], Pál and Vértesi present multisetting Bell in-
equalities that in the limit of infinitely many inputs are
able to detect genuine tripartite entanglement for pa-
rameter as low as 2/π, which is the limit value for which
there exist a local model for the noisy GHZ state for full-
correlation Bell inequalities. Other examples of DIEWs
with binary outcomes can be found in Ref. [42].

A biseparable state of three parties is a state that can
be decomposed into the form

ρB = p1ρA ⊗ ρBC + p2ρB ⊗ ρAC + p3ρC ⊗ ρAB, (21)

where ~p = (p1, p2, p3) is a probability vector, ρX is a
one-party density operator and ρYZ a two-party density
operador. If a tripartite quantum state cannot be decom-
posed in the form (21) it is said to be genuinely tripartite
entangled.

Let us consider that Alice, Bob and Charlie share a
biseparable state of the form |ψB〉 = |ψ〉AB ⊗ |ψ〉C in a
tripartite Bell scenario. In that case Alice and Bob can
apply a quantum strategy using their shared entangled
state but the best Charlie can do is to apply a classical
(deterministic) strategy. For this case their probability
of success will be reduced to

ω(gℓ3) ≤
1

|G|

(

1 + ∑
x,y,z

∑
k∈G\{e}

p(x, y, z) (22)

× χk( f (x, y, z))χk(−cz)〈ψ|Ak
x ⊗ Bk

y|ψ〉
)

,

where {cz}, cz ∈ G, represents the outputs of the deter-
ministic strategy performed by Charlie.

Now by making use of the norm bounds we can
bound the performance of the players sharing state |ψB〉
in a linear game gℓ3:

ωC
B(gℓ3) ≤ max

{cz}
1

|G|



1 +
√

Q1Q2 ∑
k∈G\{e}

||ΦB
k (cz)||



 ,

(23)



where

ΦB
k (cz) = ∑

x,y

(

∑
z

p(x, y, z)χk( f (x, y, z)− cz)

)

|x〉〈y| .

(24)

In Eq. (23) we have derived an upper bound for the

performance of the players in a game gℓ3 when the play-
ers share a quantum state which is biseparable in the
partition AB|C. In the case of Bell inequalities invariant
under permutation of the parties it is sufficient to con-
sider Eq. (23). For general Bell inequalities, the bisep-
arable bound that holds for any state of the form given
by Eq. (21) can be obtained by taking the maximum over
the partitions:

ωB ≤ max
X

ωX
B , (25)

where X ∈ {A, B, C}.
In general we have

ωc ≤ ωB ≤ ωq (26)

and then, for games where ωB < ωq, by violating the
biseparable bound ωB we can certify in a device inde-
pendent way that Alice, Bob and Charlie share a gen-
uine tripartite entangled quantum state.

It is important to note that here we are not witnessing
genuine multipartite nonlocality. DIEWs are a weaker
condition than Svetilichny inequalities [32]. Svetlichny
inequalities were introduced in multipartite Bell scenar-
ios in order to detect the existence of genuine multipar-
tite nonlocality. The violation of a Svetlichny inequality
guarantees that even if some parties are allowed to per-
form a joint strategy they are not able to simulate the
exhibited multipartite correlations. The violation of the
bound ωB guarantees that the parties share a genuinely
tripartite entangled state but not necessarily that they
have genuine tripartite nonlocality.

VII. EXPLICIT EXAMPLE AND NUMERICAL RESULTS

Now we exemplify our method deriving a DIEW from
a 3-input 3-output tripartite Bell inequality.

Inspired by the Mermin inequality [26] for the GHZ
paradox, we can consider the following game: A referee
picks question x, y, z ∈ {0, 1, 2} with the promise that
x ⊕3 y ⊕3 z = 0. The players are supposed to give an-
swers a, b, c ∈ {0, 1, 2} in order to satisfy

a ⊕3 b ⊕3 c = x · y · z s.t. x ⊕3 y ⊕3 z = 0 (27)

where the operations ⊕3, · represent, respectively, sum
and multiplication modulo 3.

Using the method explained in Section VI we can de-
rive the bound

ωB ≤ 0.896 (28)

(with rhs approximated up to the third decimal). On the
other hand, the GHZ3 state defined as

|GHZ3〉 =
|000〉+ |111〉+ |222〉√

3
(29)

can win the game with probability 1. Hence we have a
device-independent witness of genuine tripartite entan-
glement, since the bi-separable bound is strictly smaller
than the quantum bound. The projective measurements
that lead to the maximum value 1 are explicitly written
in the Supplemental Material [27].

This example also stresses the difference between gen-
uine multipartite entanglement and genuine multipar-
tite nonlocality, since the Svetlichny bound [32] for this
game is 1, i.e. this game cannot be used as a witness of
genuine tripartite nonlocality, despite being a good wit-
ness for genuine tripartite entanglement.

Now we consider the noisy GHZ3 state

ρ3(V) = V |GHZ3〉〈GHZ3|+ (1 − V)
I

27
. (30)

By using the optimal measurements for the GHZ3 state
we are able to witness genuine multipartite entangle-
ment for V > 0.85.

The 3-input 2-output witness presented in Ref. [40]
is able to detect genuine multipartite entanglement in
ρ3(V) for V > 0.81, however the two-outcome DIEW
involves the calculation of 18 expected values whereas
here only 9 expected values are involved.

It is important to stress that the method presented
here is very general and provide an easy and direct
way to find bi-separable bounds for any 3-player lin-
ear game. This opens the possibility for the search of
good witnesses of genuine multipartite entanglement
for high-dimensional systems.

VIII. DISCUSSIONS

We have presented an efficiently computable bound
on the quantum value of an n-player linear game. This
bound leads to nontrivial results and enables proofs of
several interesting properties of these games. As an ap-
plication we have proved an upper bound on the quan-
tum value of a multipartite generalization of the CHSH-
d game, analogous to the well-known expression intro-
duced by Svetlichny. We have also used the bound to
show that quantum mechanics cannot realize multipar-
tite functional boxes that win nontrivial linear games
and lead to a trivialization of communication complex-
ity. Finally, we have presented a systematic way to de-
rive device independent witnesses of genuine multipar-
tite entanglement. The method is very general and can
be applied to any tripartite linear game in order to de-
rive tripartite DIEWs with many outcomes. We exhib-
ited an example were a DIEW involving only 9 expected
values is able to detect genuine tripartite entanglement



in a noisy GHZ3 state. It remains an open point whether
these DIEWs with d outcomes are optimal in terms of
number of inputs to detect genuine tripartite entangle-
ment of systems of dimension d. The search for optimal
witnesses with few inputs per player would lead to fea-
sible applications in experiments.

An interesting question for further research is to in-
vestigate the class of functions where the bound on lin-
ear games proposed here is saturated by a quantum
strategy. It would also be important to use the bound to
identify classes of functions where the optimal quantum
strategy does not outperform the optimal classical strat-
egy for a linear game, these functions such as those cor-
responding to a distributed nonlocal computation [21]
can be used to partially characterize the set of quantum
correlations. The use of methods based on Fourier trans-
forms on finite Abelian groups is ubiquitous in commu-
nication complexity theory, an important question is to
investigate the relation between the bounds on linear

games derived here and the communication complexity
of the associated functions. Finally, the bounds derived
in Theorem 2 involves the norm of a matrix which is an
object with an intrinsic bipartite structure. A possible
future direction would be to explore the use of tensors
which have a natural multipartite structure in order to
describe the game.
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Supplemental Material: Quantum bounds on multiplayer linear games and device-independent witness of genuine
tripartite entanglement

Appendix A: An efficiently computable bound on the
quantum value of multiplayer linear games

We have stated that we can associate to the game gℓ3
a set of |G| matrices Φk for k ∈ G, which carry all the
information necessary to describe the game: the proba-
bility distribution with which the referee picks questions
and also the winning condition. The game matrices are
defined as

Φk = ∑
(x,y,z)∈~Q

p(x, y, z)χk( f (x, y, z)) |x〉〈yz| . (A1)

And we make use of these matrices to state our main
result

Theorem 5. The quantum value of a tripartite linear game,

gℓ3(G, f , p), where players A, B and C receive questions
(x, y, z) ∈ [Q1] × [Q2] × [Q3] and answer with elements
of an Abelian group (G,+), is upper bounded by

ωq(gℓ3) ≤
1

|G|



1 +
√

Q1Q2Q3 ∑
k∈G\{e}

||Φk||



 , (A2)

where || · || denotes the maximum singular value of the matrix,
e is the identity element of the group G, and Φk are the game
matrices.

Proof. In order to prove the theorem we first define the generalized correlators via the Fourier transform of the
probabilities

〈Ai
xB

j
yCk

z〉 = ∑
a,b,c∈G

χ̄i(a)χ̄j(b)χ̄k(c)P(a, b, c|x, y, z) (A3)

where χj are the characters of the abelian group (G,+).

A straightforward calculation of P(a + b + c = f (x, y, z)|x, y, z), using the characters relations χ̄i(a) = χi(−a),

∑
a∈G

χi(a)χ̄j(a) = |G| δi,j, and χi(a)χi(b) = χi(a + b), gives us

ω(gℓ3) =
1

|G|



1 + ∑
x,y,z

∑
k∈G\{e}

p(x, y, z)χk( f (x, y, z))〈Ak
xBk

yCk
z〉



 (A4)
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and for a quantum strategy where measurements {Ma
x}, {Mb

y}, {Mc
z} are performed on the tripartite quantum state

|ψ〉 we have

ω(gℓ3) =
1

|G|



1 + ∑
x,y,z

∑
k∈G\{e}

p(x, y, z)χk( f (x, y, z))〈ψ|Ak
x ⊗ Bk

y ⊗ Ck
z |ψ〉



 . (A5)

Since the generalized correlators are unitary operators we can define the following normalized vectors

|αk〉 = 1√
Q1

∑
x∈[Q1]

Ak
x ⊗ IBC ⊗ IQ1

|ψ〉|x〉 (A6a)

|βk〉 = 1√
Q2Q3

∑
x,y∈[Q2]×[Q3]

IA ⊗ Bk
y ⊗ Ck

z ⊗ IQ1,Q2
|ψ〉|y, z〉. (A6b)

Now using the game matrices defined in the text

Φk = ∑
(x,y,z)∈~Q

p(x, y, z)χk( f (x, y, z)) |x〉〈yz| . (A7)

One have that

ω(gℓ3) =
1

|G|



1 +
√

Q1Q2Q3 ∑
k∈G\{e}

〈αk|IABC ⊗ Φk|βk〉





≤ 1

|G|



1 +
√

Q1Q2Q3 ∑
k∈G\{e}

||IABC ⊗ Φk||



 (A8)

=
1

|G|



1 +
√

Q1Q2Q3 ∑
k∈G\{e}

||Φk||



 ,

where || · || denotes the maximum singular value of the matrix. ⊓⊔

The bound can be generalized for n-players game.

Theorem 6. Consider an n-player linear game, gℓn(G, f , p).
Let S be a subset of the parties, S ⊂ {A1, ..., An}. The quan-

tum value of an n-player linear game, gℓn(G, f , p), is upper
bounded by

ωq(gℓn) ≤ min
S

1

|G|



1 +
√

Q1 . . . Qn ∑
k∈G\{e}

||ΦS
k ||



 ,

(A9)

where ||ΦS
k || denotes the maximum singular value of matrix

ΦS
k , and the game matrices are defined as

ΦS
k = ∑

~x∈~QS,~y∈~QSc

p(~x,~y)χk( f (~x,~y)) |~x〉〈~y| . (A10)

~x ∈ ~QS denotes the vector of inputs to the players that belong
to set S, and Sc is the complement of S.

Proof. The proof is a straightforward generalization of the tripartite case. Considering a n-player linear game

gℓn(G, f , p), where player Ai receive one among Qi inputs and outputs ai ∈ G, we can define the generalized correla-
tors as the Fourier transform of the probabilities

〈A1
i1
x1

. . . An
in
xn
〉 = ∑

a1,...,an∈G

χ̄i1(a1) . . . χ̄in(an)P(a1, . . . , an|x1, . . . , nn). (A11)

Then analogously to the tripartite case, the probability of success can be written as:

ω(gℓn) =
1

|G|



1 + ∑
x1,...,xn

∑
k∈G\{e}

p(x1, . . . , xn)χk( f (x1, . . . , xn))〈A1
k
x1

. . . An
k
xn
〉



 . (A12)



Now let us consider S a subset of the parties S ⊂ {A1, ..., An}. Then by using the matrices

ΦS
k = ∑

~x∈~QS,~y∈~QSc

p(~x,~y)χk( f (~x,~y)) |~x〉〈~y| (A13)

and defining the vectors

|αk〉 = 1√
QS

∑
~x∈~QS

(

⊗i∈SAk
xi

)

⊗ ISc ⊗ IQS
|ψ〉|~x〉 (A14a)

|βk〉 = 1√
QSc

∑
~y∈~QSc

IS ⊗
(

⊗i∈Sc Ak
xi

)

⊗ IQSc |ψ〉|~y〉, (A14b)

where QS = ∏i Qji , and ~QS = [Qj1 ]× . . . × [Qjk ] for Aji ∈ S.
Now analogously to the tripartite case one has

ω(gℓn) =
1

|G|



1 +
√

Q1 . . . Qn ∑
k∈G\{e}

〈αk|IA1...An ⊗ ΦS
k |βk〉





≤ 1

|G|



1 +
√

Q1 . . . Qn ∑
k∈G\{e}

||IA1...An ⊗ ΦS
k ||



 (A15)

=
1

|G|



1 +
√

Q1 . . . Qn ∑
k∈G\{e}

||ΦS
k ||



 .

By the construction of the proof we see that for all subset S we have a valid upper bound to the quantum value. ⊓⊔

Appendix B: Finite Fields

The generalization of the CHSH game that we con-
sider, the CHSHn-d game, is defined for elements of a
finite field. Hence, for completeness, in this Section we
present the definition and properties of the operations
in a finite field.

Definition 6 (Finite Field). A finite field Fd is a set of d
elements with the operations sum + and multiplication · such
that

(i) a + b, a · b ∈ Fd, ∀a, b ∈ Fd,

(ii) ∃ 0 s.t. a + 0 = a, ∀a ∈ Fd,

(iii) ∃ 1 s.t. a · 1 = a, ∀a ∈ Fd,

(iv) ∀ a, ∃ − a s.t. a + (−a) = 0,

(v) ∀ b 6= 0, ∃ b−1 s.t. b · b−1 = 1,

(vi) Associativity: ∀a, b, c ∈ Fd

a + (b + c) = (a + b) + c

a · (b · c) = (a · b) · c

(vii) Commutativity: ∀a, b ∈ Fd

a + b = b + a

a · b = b · a

(viii) Distributivity: ∀a, b, c ∈ Fd

a · (b + c) = a · b + a · c.

For d prime all the conditions (i)-(viii) can be satis-
fied by arithmetic modulo d. For d = pr the arithmetic
operations are defined by addition and multiplication
of polynomials of degree < r over Zp, Zp [X]. In order
to construct a field Fpr one starts by choosing an irre-
ducible polynomial of degree r over Zp, this polynomial
will define the zero of the field by the so called quotient.

As an example for the field Fd with d = 23 we can
pick the polynomial X3 + X + 1 ∈ Z2 [X] from which
we can obtain the relation

X3 + X + 1 = 0 ⇒ X3 = X + 1. (B1)

Now the elements of the field can be represented by
strings (a, b, c), with a, b, c ∈ {0, 1}, and we can associate
each string with the polynomial aX2 + bX + c. Given
that, addition and multiplication will be taken as ad-
dition and multiplication of the polynomial reduced by
the relation (B1).



Appendix C: n-party CHSH-d game.

The CHSH-d game, for d prime or power of prime, is a
generalization of the most remarkable Bell scenario, the
CHSH inequality [22]. In the CHSH-d game, Alice and
Bob receive questions x and y chosen uniformly random
from a finite field Fd, and they are supposed to given
answers a and b also from field Fd in order to satisfy

a + b = x · y. (C1)

Definition 7. The n-party CHSH-d game, CHSHn-d, for d
prime or a power of prime, is a linear game with winning
condition

a1 + . . . + an = ∑
i,j>i

xi · xj (C2)

where addition and multiplication are operations defined over
the field Fd.

As an example we consider the CHSH3-3, where the
inputs and outputs are elements of Z3, a, b, c, x, y, z ∈
{0, 1, 2}, and as we have seen in Section B +, · are sum
and multiplication modulo 3. The characters of the

group (Z3,+) are χj = ζ j, where ζ = e2πi/3 is the 3rd

root of unity.

The game matrix Φ1 for the CHSH3-3 game will be
defined as

Φ1 =
2

∑
x,y,z=0

1

27
ζx·y+x·z+y·z |x〉〈yz| (C3)

which is explicitly given by

Φ1 =
1

27





1 1 1 1 ζ ζ2 1 ζ2 ζ
1 ζ ζ2 ζ 1 ζ2 ζ2 ζ2 ζ2

1 ζ2 ζ ζ2 ζ2 ζ2 ζ ζ2 1



 . (C4)

Now we prove an upper bound to the quantum value
of the CHSHn-d for all n and all d prime or power of
prime.

Theorem 7. The quantum value of the CHSHn-d game, for
d a prime or a power of a prime, obeys

ωq(CHSHn-d) ≤ 1

d
+

d − 1

d
√

d
. (C5)

Proof. The proof follows from direct calculation of ΦkΦ†
k with the partition S = A1.

For the CHSHn-d game the game matrices are the following:

Φk = ∑
x1,...,xn

1

dn
χk(∑

j>i

xi · xj) |x1〉〈x2 . . . xn| . (C6)

By making use of the characters relations χ̄i(a) = χi(−a), ∑
a∈G

χi(a)χ̄j(a) = |G| δi,j and χi(a)χi(b) = χ(a + b) we

have:

ΦkΦ†
k =

1

d2n ∑
x1,...,xn

∑
x′1,...,x′n

χk(∑
j>i

xi · xj)χ̄k(∑
j>i

x′i · x′j)|x1〉〈x2 . . . xn|x′2 . . . x′n〉|x′1〉

=
1

d2n ∑
x1,...,xn

∑
x′1

∏
j>1

χk(x1 · xj)χ̄k(x′1 · xj)
∣

∣x1

〉〈

x′1
∣

∣ (C7)

= ∑
x1

1

dn+1
|x1〉〈x1|

=
1

dn+1
Id,

which implies ||Φk|| = 1√
dn+1

for all k. Then by applying Theorem 6 we obtain

ωq(CHSHn-d) ≤ 1

d
+

d − 1

d
√

d
. (C8)

⊓⊔

Appendix D: Trivialization of multipartite communication
complexity with nontrivial functional boxes

In Ref. [24] it was shown that the possibility of ex-
istence of strong correlations known as PR-boxes [23]

would lead to the trivialization of communication com-



plexity, since by sharing sufficient number of PR-boxes,
Alice and Bob would be able to compute any distributed
boolean function with only one bit of communication.
Later this result was generalized to functional boxes
[25], i.e. a generalization of PR-boxes for d outputs,
where the outputs satisfy a ⊕d b = f (x, y), with d prime
and any additively inseparable function f (x, y). Any
functional box which cannot be simulated classically
would also lead to a trivialization of communication
complexity [25]. Furthermore, a generalization to bi-
nary outcome multi-party communication complexity
scenarios was also considered in Ref. [34]. In the multi-
party problem, n parties are each given an input xi and
their goal is to compute a function f (~x) of their joint in-
puts with as little communication as possible. In Ref.
[34], it was shown that if the parties shared a sufficient
number of n-party PR boxes, with input-output relation
given by

⊕

i ai = x1 · . . . · xn, then any n-party commu-
nication complexity problem can be solved with only
n − 1 bits of communication (from n − 1 parties to the
first party who then computes the function), thus lead-
ing to a trivialization.

Here we formally derive an analogous result for
prime d output multipartite functional boxes, showing
that any box which maximally saturate an XOR-d game
with n players lead to trivialization of computation of a
multi-party function where only n − 1 dits of communi-
cation are necessary. We start by defining PRn-d boxes,
a generalization of PR boxes [23] for n parties and prime
d outputs.

Definition 8.

PRn-d(~a|~x) =
{

1
dn , if a1 + . . . + an = x1 · . . . · xn

0, otherwise

(D1)

where d is prime and sum + and multiplication · are opera-
tions modulo d.

Theorem 8. If n parties are allowed to share an arbitrary
number of PRn-d boxes, any n-partite communication com-
plexity problem can be solved with only n − 1 dits of commu-
nication.

Proof. Our proof is a straightforward generalization of
Ref. [25]. We prove for the case n = 3. The proof for
general n follows directly.

We start by observing that any function F(~x,~y,~z), F :

Z
m1
d × Z

m2
d × Z

m3
d → Zd, can be written as a multivari-

ate polynomial with degree at most d − 1 in each xi, yj
and zk

F(~x,~y,~z) = ∑
~α,~β,~γ

µ
~α,~β,~γ

~x~α~y
~β
~z~γ, (D2)

where ~x~α = ∏
m1
i=1 x

αi
i , ~y

~β = ∏
m2
j=1 y

β j

j , ~z~γ = ∏
m3
k=1 z

γk
k ,

µ
~α,~β,~γ

∈ Zd, ~α = (α1, . . . , αm1) ∈ Z
m1
d and analo-

gously for ~β and ~γ. Now if the players have access to

r = dm1m2m3 PR3-d boxes they can execute the following
protocol in order to compute F(~x,~y,~z):

1. For each (~α,~β,~γ) the players picks one PR3-d,

2. Alice inputs ~x~α = ∏
m1
i=1 x

αi
i . Bob inputs ~y

~β =

∏
m2
j=1 y

β j

j . Charlie inputs~z~γ = ∏
m3
k=1 z

γk
k . And they

get respectively the outputs a~α, b~β and c~γ.

3. Bob sets b = ∑~α ∑~β ∑~γ µ
~α,~β,~γ

b~β and send b to Alice.

Charlie sets c = ∑~α ∑~β ∑~γ µ
~α,~β,~γ

c~γ and send c to

Alice.

4. Alice sets a = ∑~α ∑~β ∑~γ µ
~α,~β,~γ

a~α and she computes

F(~x,~y,~z) = a + b + c.

where only 2 dits were communicated in order to com-
pute the function.

The generalization for n-party function follows in
analogous way, where any function F : Z

m1
d × . . . ×

Z
mn
d → Zd will be written as a multivariate polynomial

with degree at most d − 1 in each variable and using an
analogous protocol, with n − 1 parties communicating
only one dit to the first party, the computation of func-
tion F will be performed. ⊓⊔

The natural generalization of bipartite functional
boxes [25] to the multipartite case is the following

Definition 9. For any function f : Zd × . . . × Zd → Zd,
the multipartite functional box corresponding to f is defined
as

P
f

n (~a|~x) =
{

1
dn , if a1 + . . . + an = f (x1, . . . , xn)

0, otherwise

(D3)

Now we argue that all n-partite functional box with
f non-additively separable ( f is additively separable if
f (x1, . . . , xn) = f1(x1) + f2(x2) + . . . + fn(xn)) would
lead to some kind of trivialization of communication
complexity.

Theorem 9. All P
f

3 with f (x, y, z) such that there exists a
partial derivative of some order equals to λ · x · y · z + g(x) +
h(y) + s(z) can be used to simulate a PR3-d, and then can be
used to solve any 3-partite communication complexity prob-
lem with only 2 dits of communication.

Proof. First let us consider

f (x, y, z) = λ · x · y · z + g(x) + h(y) + s(z). (D4)

So by using box P
f

3 Alice, Bob and Charlie can input x, y
and z respectively and get outputs a, b and c. Now fol-

lowing Ref. [25] Alice sets a′ = λ−1(a − g(x)), Bob sets

b′ = λ−1(b − h(y)) and Charlie sets c′ = λ−1(c − s(z)),
so that we have

a′ + b′ + c′ = x · y · z . (D5)



In order to randomize the results they can randomly
chose k ∈ Zd and output a f = a′ + k, b f = b′ + k and

c f = c′ − 2k, so that they perfectly simulate a PR3-d box.
Now for other functions f we can use the method of

Ref. [25] of applying partial derivatives to the function.
The partial derivative of f with respect to x is defined as

fx(x, y, z) ≡ f (x + 1, y, z)− f (x, y, z) (D6)

and it generates a polynomial with the degree in x re-
duced by 1, while the degree in y and z remains the same

or is smaller. And note that with two boxes P
f

3 we can
simulate the box fx(x, y, z).

Then if by partial derivatives we can reduce function
f to the form (D4) we have a protocol using a finite num-

ber of boxes P
f

3 to simulate PR3-d. By the result of The-

orem 8, with an arbitrary finite number of P
f

3 , we can
solve any 3-partite communication complexity problem
with only 2 dits of communication. ⊓⊔

If a function f (x, y, z) is not additively separable it

will contain at least one term involving product of two
variables, for example xrys and this box can be reduced,
by derivatives, into a box of the form λ · x · y + g(x) +
h(y) + s(z). Now using the results for the bipartite case
[25], if Charlie always inputs z = 1, with only 2 dits of
communication they can compute any function of two
variables f (x, y).

Appendix E: No quantum realization of functional nonlocal
boxes

We now show that using our bounds we can exclude
the existence of functional boxes that would lead to the
trivialization of communication complexity in a multi-
partite scenario.

Theorem 10. For a n-player d outcome XOR games g⊕n
with m questions per player and uniform input distribution
p(~x) = 1/mn, ωq(g⊕n ) = 1 iff ωc(g⊕n ) = 1.

Proof. We start by proving the result for 3 players. We first chose the partition S = {A} to write the game matrices.

The constraint that the input distribution is p(x, y, z) = 1/m3 for all x, y, z implies ||ΦA
k || ≤ 1/

√
m3 since ΦA

k ΦA
k

†

is an m × m matrix with the absolute value of all elements equal to 1/m4 (and then ||ΦA
k ΦA

k

†|| ≤ 1/m3). Now
considering the bound

ωq(g⊕n ) ≤
1

d

[

1 +
√

m3
d−1

∑
k=1

||ΦA
k ||
]

(E1)

we see that ωq(g⊕) = 1 requires ||ΦA
k || = 1/

√
m3 for all k.

Let |λA〉 = (λA
1 , . . . , λA

m) be the maximum eigenvector corresponding to eigenvalue 1/m3 of ΦA
1 ΦA

1
†
. Consider

λA
j = |λA

j |ζ
θA

j and assume |λA
1 | ≥ |λA

2 | ≥ . . . ≥ |λA
m|.

Now we have

ΦA
1 = ∑

x,y,z

1

m3
ζ f (x,y,z) |x〉〈yz| (E2)

and then

ΦA
1 ΦA

1
†
=

1

m6 ∑
x,y,z

∑
x′,y′,z′

ζ f (x,y,z)− f (x′,y′,z′)|x〉〈yz|y′z′〉〈x′| (E3)

=
1

m6 ∑
x,x′,y,z

ζ f (x,y,z)− f (x′,y,z)
∣

∣x
〉〈

x′
∣

∣

and

ΦA
1 ΦA†

1|λ〉 =
1

m6 ∑
x,x′,y,z,i

ζ f (x,y,z)− f (x′,y,z)+θA
i |λA

i ||x〉〈x′|i〉 (E4)

=
1

m6 ∑
x,y,z,i

ζ f (x,y,z)− f (i,y,z)+θA
i |λA

i ||x〉.

Analyzing the first component of the eigenvalue equation ΦA
1ΦA†

1|λA〉 = 1/m3|λA〉 we have
[

ΦA
1 ΦA†

1 |λA〉
]

1
=

1

m6 ∑
y,z,i

ζ f (1,y,z)− f (i,y,z)+θA
i |λA

i | =
1

m3
|λA

1 |ζθA
1 . (E5)



In order to satisfy this equation we need to have

|λA
i | = |λA

1 | ∀ i (E6a)

and

ζ f (1,y,z)− f (i,y,z)+θA
i = ζθA

1 ∀ i, y, z. (E6b)

The equations for the other components of the eigenvalue equation imply:

f (x, y, z)− f (x′, y, z) = θA
x − θA

x′ ∀ y, z, (E7a)

where the operations are modulo d.
We can do the same argument for the other partitions S = {B} and S = {C}, and the hypothesis of ωq(g⊕n ) = 1

implies by the same arguments above that rank(ΦS
1 ) = 1 for all S and then we have the relations:

f (x, y, z)− f (x, y′, z) = θB
y − θB

y′ ∀ x, z (E7b)

f (x, y, z)− f (x, y, z′) = θC
z − θC

z′ ∀ x, y. (E7c)

By relations (E7a), (E7b) and (E7c) we can deduce that

f (x, y, z) = (θA
x − θA

0 ) + f (0, y, z)

= (θA
x − θA

0 ) + (θB
y − θB

0 ) + f (0, 0, z) (E8)

= (θA
x − θA

0 ) + (θB
y − θB

0 ) + (θC
z − θC

0 ) + f (0, 0, 0)

and then consider a0, b0, c0 such that a0 ⊕d b0 ⊕d c0 = f (0, 0, 0), the classical strategy

a = a0 + (θA
x − θA

0 )

b = b0 + (θB
y − θB

0 ) (E9)

c = c0 + (θC
z − θC

0 )

win the game with probability 1.

The proof for a n-player game follows in the same way. Considering the partition S = {A1}. The constraint of

equally distributed inputs implies ΦS
k ΦS†

k is an m ×m matrix with the absolute value of all elements equal to 1/mn+1

(and then ||ΦkΦ†
k || ≤ 1/mn). Now considering the bound

ωq ≤
1

d

[

1 +
√

mn
d−1

∑
k=1

||ΦS
k ||
]

(E10)

we see that ωq(g⊕) = 1 requires ||ΦS
k || = 1/

√
mn for all k.

Analogously for the 3-player game, we conclude that in order to satisfy ||ΦS
k || = 1/

√
mn all the rows of the game

matrix has to be proportional to each other and then

f (x1, x2, . . . , xn)− f (x′1, x2, . . . , xn) = θ
A1
x1

− θ
A1
x′1

∀ x2, . . . xn. (E11)

Running the analysis over the partitions S = Ai for i = {2, . . . , n} we can specify a classical strategy that wins the
game with probability 1. ⊓⊔

Appendix F: Device independent witnesses of genuine
tripartite entanglement: Explicit example and numerical

results

Based on the Mermin inequality [26] for the GHZ-
paradox, we have considered the game:

a ⊕3 b ⊕3 c = x · y · z s.t. x ⊕3 y ⊕3 z = 0 (F1)

where x, y, z, a, b, c ∈ {0, 1, 2}, and ⊕3, · are sum and
multiplication modulo 3.

Bellow we present the projective measurements

{Ma
x} = {|Aa

x〉〈Aa
x|}, {Mb

y} =
{∣

∣

∣Bb
y

〉〈

Bb
y

∣

∣

∣

}

, {Mc
z} =



{|Cc
z〉〈Cc

z|} that allow the players to win game (F1) with probability 1 when they share the GHZ3 state:

|A0
0〉 = |B0

0〉 =
1√
3

(

1 , ζ4/3, 1
)

, |A1
0〉 = |B1

0〉 =
1√
3

(

ζ2, ζ7/3, 1
)

, |A2
0〉 = |B2

0〉 =
1√
3

(

ζ, ζ1/3, 1
)

(F2a)

|A0
1〉 = |B0

1〉 =
1√
3

(

ζ1/3, 1 , 1
)

, |A1
1〉 = |B1

1〉 =
1√
3

(

ζ7/3, ζ, 1
)

, |A2
1〉 = |B2

1〉 =
1√
3

(

ζ4/3, ζ2, 1
)

(F2b)

|A0
2〉 = |B0

2〉 =
1√
3

(

ζ8/3, ζ8/3, 1
)

, |A1
2〉 = |B1

2〉 =
1√
3

(

ζ5/3, ζ2/3, 1
)

, |A2
2〉 = |B2

2〉 =
1√
3

(

ζ2/3, ζ5/3, 1
)

(F2c)

|C0
0〉 =

1√
3

(

1 , ζ1/3, 1
)

, |C1
0〉 =

1√
3

(

ζ2, ζ4/3, 1
)

, |C2
0〉 =

1√
3

(

ζ, ζ7/3, 1
)

(F2d)

|C0
1〉 =

1√
3

(

ζ1/3, ζ2, , 1
)

, |C1
1〉 =

1√
3

(

ζ7/3, 1 , 1
)

, |C2
1〉 =

1√
3

(

ζ4/3, ζ, 1
)

(F2e)

|C0
2〉 =

1√
3

(

ζ8/3, ζ5/3, 1
)

, |C1
2〉 =

1√
3

(

ζ5/3, ζ8/3, 1
)

, |C2
2〉 =

1√
3

(

ζ2/3, ζ2/3, 1
)

(F2f)

where ζ = e2πi/3.

Note that the “observable” defined as Ai
x =

∑a χ̄i(a)Ma
x, has trace zero for the projective measure-

ments specified above, and analogously for B
j
y and Ck

z ,
then we have that

Tr
(

I(Ai
x ⊗ B

j
y ⊗ Ck

z)
)

= 0. (F3)

Hence we can easily calculate the success probability
for the noisy GHZ3 state when the players perform the
local measurements given in (F2):

ω(ρ(V)) =
1

3

(

1 + ∑
x,y,z

2

∑
k=1

p(x, y, z)ζk· f (x,y,z) Tr
(

ρ(V)(Ak
x ⊗ Bk

y ⊗ Ck
z)
)

)

=
1

3

(

1 + ∑
x,y,z

2

∑
k=1

p(x, y, z)ζk· f (x,y,z)V Tr
(

|GHZ3〉〈GHZ3| (Ak
x ⊗ Bk

y ⊗ Ck
z)
)

)

(F4)

=
1 − V

3
+ Vω(GHZ3)

=
1 + 2V

3
.


