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Abstract. We describe the functional graph of the multiplication-by-n map in a cycle group
and use this to obtain the structure of the functional graph associated with a Rédei function over
a nonbinary finite field Fq. In particular, we obtain two descriptions of the tree attached to the
cyclic nodes in these graphs and provide period and preperiod estimates for Rédei functions. We
also extend characterizations of Rédei permutations by describing their decomposition into disjoint
cycles. Finally, we obtain some results on the length of the cycles related to Rédei permutations and
we give an algorithm to construct Rédei permutations with prescribed length cycles in a geometric
progression.
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1. Introduction. The dynamics of iterations of polynomials and rational func-
tions over finite fields have attracted much attention in recent years. This is in part
due to their applications in cryptography and integer factorization methods like the
Pollard rho algorithm; see, for example, [5, 9, 22] for some applications in elliptic
curve cryptography

In general, let Fn be the set of functions or mappings from the set [1..n] to itself.
With any ϕ ∈ Fn there is associated a functional graph on n nodes with a directed
edge from vertex u to vertex v if and only if ϕ(u) = v. Functional graphs of mappings
are sets of connected components; the components are directed cycles of nodes and
each of those nodes is the root of a tree.

We are interested here in functions over finite fields. Iterations of functions over
finite fields have centered on studies such as

• period and preperiod of an element;
• (average) “rho length” (number of iterations until we cycle back);
• number of connected components;
• length of cycles (largest, smallest, average);
• number of fixed points and conditions to have a permutation;
• isomorphism of graphs; and so on.

Iterations of some functions over finite fields have strong symmetries that can be math-
ematically explained. In that sense, previous results for several quadratic functions
are in [15, 17, 21]; iterations of x + x−1 have been dealt with in [20] and iterations
of Chebyshev polynomials over finite fields have been treated in [6]. An estimate
for the number of nonisomorphic graphs of degree d polynomials is given in [11]; in
[12] some results on the asymptotic behavior for the tail and cycle length of random
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RÉDEI ACTIONS ON FINITE FIELDS 1487

mappings with restricted preimages are provided. Algebraic dynamical systems gen-
erated by several rational functions on many variables over finite fields have also been
considered; see section 10.5 of [10].

In this paper we study the action of Rédei functions over nonbinary finite fields
via the action of the multiplication-by-n map over a cyclic group. These functional
graphs present a strong type of symmetries. The cyclic decomposition and some prop-
erties related to the trees attached to cyclic nodes were studied in [19]. We extend the
description of these functional graphs giving two different characterizations for its as-
sociated trees. In section 2 we introduce some important concepts for this paper, such
as ν-series and their associated trees, which play an important role in the description
of the nonperiodic part of some functional graphs that are studied in the following
sections. In section 3 we focus our attention in the action of the multiplication-by-n
map over the cyclic group Zm, describing its functional graph and relating its trees
to the trees associated with ν-series. We also give in this section an alternative de-
scription of these trees. In section 4 we apply the previous results to the case of Rédei
functions. We start this section with a review of Rédei functions over finite fields
and we briefly comment on their main properties and applications. Next, we give the
structure of the functional graph associated with a Rédei function, providing period
and preperiod studies. As corollaries of our main structural theorem, we extend the
characterization of Rédei permutations by describing their decomposition into dis-
joint cycles and use this to obtain a method for constructing Rédei functions with
prescribed length cycles in certain geometric progression. Finally, in section 5 we list
further interesting research problems related to map iterations over finite fields and
in particular to Rédei iterations.

2. Preliminaries, definitions, and notation. In this section we introduce the
concept of ν-series and a special type of tree associated with them that plays a crucial
role in our results.

2.1. The ν-series.
Definition 2.1. Let ν > 1 be an integer. A ν-series is a finite sequence of

positive integers V = (ν1, ν2, . . . , νD) such that
(i) νi+1 | νi for 1 ≤ i ≤ D − 1;
(ii) νD > 1;

(iii) ν =
∏D

i=1 νi.
By convention, for ν = 1 we have only one ν-series that is denoted by (1). The
numbers νi for 1 ≤ i ≤ D are the components of V . For V �= (1) the number D is the
depth of V and is denoted by depth(V ) and for V = (1) we define depth(V ) = 0.

Example 2.2. V = (24, 24, 6, 2, 2) is a 13824-series with depth(V ) = 5.
The radical of a positive integer n is the product of the distinct prime divisors of

n and is denoted by rad(n); by convention rad(1) = 1. If ν and n are positive integers
with rad(ν) | rad(n), we have a particular way, to be given next, to construct ν-series
in which each component is a divisor of n.

Definition 2.3. If ν > 1 and n are positive integers with rad(ν) | rad(n) the
ν-series generated by n, denoted by ν(n), is defined as{

ν1 = gcd(ν, n),

νi+1 = gcd
(

ν
ν1ν2...νi

, n
)

for i ≥ 1.

If D = max{i ≥ 1 : νi > 1}, we define ν(n) = (ν1, ν2, . . . , νD). By convention,
for ν = 1 we define ν(n) = (1) for all n.

D
ow

nl
oa

de
d 

05
/0

4/
16

 to
 1

43
.1

06
.1

08
.1

63
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1488 CLAUDIO QURESHI AND DANIEL PANARIO

Proposition 2.4. The ν-series generated by n with rad(ν) | rad(n) is well
defined. Moreover, if D = max {�ep(ν)/ep(n)� : p | n, p prime}, where ep(n) denotes
the exponent of the prime p in n, then D is the depth of ν(n).

Proof. We observe first that if p is a prime number that does not divide n,
then ep(νi) = 0 for all i ≥ 1. On the other hand, if p is a prime divisor of n and
ep(ν) = qep(n) + r with 0 ≤ r < ep(n), one can prove by induction that

ep(νi) =

⎧⎨⎩
ep(n) if 1 ≤ i ≤ q,
r if i = q + 1,
0 if i > q + 1.

From this, we have that ν(n) is a ν′-series with depth D = max {�ep(ν)/ep(n)� : p | n,
p prime}, where

ν′ =
D∏
i=1

νi =
∏
p|n

pep(ν).

Now, as rad(ν) | rad(n) the last equation implies ν′ = ν.
We observe that with the notation as above

D = min{λ ∈ Z+ : ν | nλ}.

Example 2.5. If we take ν = 360, n = 30, the 360-series V associated with
n = 30 is ⎧⎨⎩

ν1 = gcd(360, 30) = 30, ν/ν1 = 360/30 = 12;
ν2 = gcd(12, 30) = 6, ν/(ν1ν2) = 12/6 = 2;
ν3 = gcd(2, 30) = 2, ν/(ν1ν2ν3) = 2/2 = 1.

Therefore V = 360(30) = (30, 6, 2). The depth of this 360-series is 3.

2.2. Trees associated with ν-series. Let G = (V,E) be a directed graph and
Gi = (Vi, Ei) be subgraphs of G for 1 ≤ i ≤ m. The notation G =

⊕m
i=1 Gi means

that V =
⊎m

i=1 Vi, the disjoint union of the sets Vi, and E =
⊎m

i=1 Ei, the disjoint
union of the edges in Ei. We denote by • any graph consisting of a unique vertex and
by � the isomorphism relation. If H denotes a directed graph (or the isomorphism
class of some directed graph) and n ∈ Z+, then G � n×H means G =

⊕n
i=1 Gi with

each Gi � H . We also consider the graph ∅ as a graph without vertices and edges.
As our goal is to describe some functional graph, it is convenient to introduce the
following definition.

Definition 2.6. Let T be a rooted tree and f ∈ Z+. We denote by Cyc(f, T ) a
directed graph with a unique cycle of length f such that each node in that cycle is the
root of a tree isomorphic to T . When T = •, that is, it consists of only one vertex,
we denote Cyc(f, •) by Cyc(f).

Functional graphs associated with Rédei function have special symmetries: each
connected component is of the form Cyc(f, T ) for some f ∈ Z+ and some rooted tree
T (the same T for all connected components). Describing the trees T requires a bit
of work, so we start by introducing some operations and notation on trees.

Notation 2.7. If T is a rooted tree and x is a vertex (or node) in T , we denote
by ρT (x) the set of directed predecessors of x in T . In this way, #ρT (x) = indeg(x)
is the in-degree of x. By definition each vertex in T has out-degree equal to 1 except
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RÉDEI ACTIONS ON FINITE FIELDS 1489

for the root which has out-degree equal to 0. The vertices x with ρT (x) = ∅ are called
leaves; the set of all leaves in T is denoted by HT . We consider the empty graph ∅ as
a rooted tree.

Definition 2.8. Let T1, T2, . . . , Tk be rooted trees with roots t1, t2, . . . , tk, respec-
tively. If G =

⊕k
i=1 Ti is the graph whose connected components are the rooted trees

Ti for 1 ≤ i ≤ k, then 〈G〉 denotes a rooted tree where its root has directed predecessors
t1, t2, . . . , tk. The empty graph verifies G⊕∅ = G for every graph G and 〈∅〉 = • (the
tree consisting of a unique point).

Now, we define a special type of trees associated with ν-series. These trees play
an important role in the description of the Rédei functional graphs.

Definition 2.9. If V = (ν1, ν2, . . . , νD) is a ν-series, we define recursively the
tree TV associated with V as follows:

(2.1)

{
T 0
V = •,

T k
V = 〈νk × T k−1

V ⊕⊕k−1
i=1 (νi − νi+1)× T i−1

V 〉 for 1 ≤ i ≤ D,

and

(2.2) TV =

〈
(νD − 1)× TD−1

V ⊕
D−1⊕
i=1

(νi − νi+1)× T i−1
V

〉
.

For V = (1) we define TV = •.
Example 2.10. In Figure 1 we show the inductive construction of TV when the

ν-series V = (ν1, ν2, ν3, ν4) has four components.

Fig. 1. Inductive definition of TV for V = (ν1, ν2, ν3, ν4).
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1490 CLAUDIO QURESHI AND DANIEL PANARIO

Fig. 2. The tree associate with the 360-series V = 360(30).

Example 2.11. We consider the 360-series associated with 30, that is, V =
360(30) = (30, 6, 2). In Figure 2 we show the inductive construction of TV for this
360-series.

Proposition 2.12. If rad(ν) | rad(n) the tree associated with the ν-series gen-
erated by n has exactly ν vertices.

Proof. If we denote by nk the number of vertices of T k
ν(n) for 0 ≤ k ≤ D, the

number of vertices of Tν(n) is nD − nD−1, where the sequence (nk)0≤k≤D verifies{
n0 = 1,

nk = νknk−1 +
∑k−1

i=1 (νi − νi+1)ni−1 + 1 for 1 ≤ k ≤ D.

We can rewrite this last recurrence relation as

nk =
k∑

i=2

(ni−1 − ni−2)νi + ν1n0 + 1 for 1 ≤ k ≤ D.

Clearly, nk − nk−1 = νk(nk−1 − nk−2) for 2 ≤ k ≤ D, which implies that the number

of vertices of Tν(n) is nD − nD−1 =
∏D

j=1 νj = ν.
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RÉDEI ACTIONS ON FINITE FIELDS 1491

The proof of the following lemma is immediate.
Lemma 2.13. If T = 〈T1 ⊕ T2 ⊕ . . .⊕ Tk〉, then

depth(T ) = max
1≤i≤k

depth(Ti) + 1.

Proposition 2.14. If Tν(n) is the tree associated with ν(n), then

depth(Tν(n)) = depth(ν(n))

Proof. Let D = depth(ν(n)). Using (2.1) and Lemma 2.13, we can prove by
induction that depth(T k

ν(n)) = k. Using again Lemma 2.13 and (2.2) we have

depth(Tν(n)) = depth(TD−1
ν(n) ) + 1 = (D − 1) + 1 = D = depth(ν(n)).

Definition 2.15. Let n ≥ 2 and f ≥ 1 be integers and λ ∈ R such that nλ =
ν ∈ Z+. We define

Hn(f, λ) = Cyc(f, Tν(n)).

Remark 2.16. The following are some properties of the parameter λ that are not
difficult to check:

• Hn(f, λ) is a cycle if and only if λ = 0.
• When λ ∈ N this parameter represents the depth of the tree attached to the
cyclic points in Hn(f, λ).

• In general, the depth of the tree is given by the number of components of the
ν-series ν(n) which is the least integer D such that ν | nD.

• Hn(f, λ) has exactly fnλ vertices.

3. Functional graph associated with the n-map. If m and n are posi-
tive integers we can consider the factorization m = νω with rad(ν) | rad(n) and
gcd(n, ω) = 1. The n-map in Zm is the application x → nx, which we also denote
by n. The main goal of this section is to describe the functional graph of this map.
Part of this was done in [19], where it is proved that each connected component is of
the form Cyc(f, T ); see also [4]. An explicit expression for the periodic part (that is,
the length of the cycles and how many of them) and properties of the tree T are also
given in [19]. In this section we give another characterization of T (and therefore of
the functional graph) in terms of trees associated with ν-series and in terms of certain
operators cr that are defined below. We start by introducing some general notation
and definitions.

Definition 3.1. Let g : A → A be a function defined over a finite set A. If
π ≥ 1 and ρ ≥ 0 are the least integers such that gπ+ρ(u) = gρ(u), then u has period
π = per(u) and preperiod ρ = pper(u) (with respect to g). Moreover, u is a periodic
point when pper(u) = 0 and strictly preperiodic otherwise.

Notation 3.2. If g : A → A is a function defined over some finite set A and
B ⊆ A is such that g(B) ⊆ B, we denote by G(g/B) the functional graph of the restric-
tion g|B : B → B. We also denote by Per(g/B) = {x ∈ B : x is a periodic point}. In
particular, when B = Per(g/A) we denote by Gper(g/A) = G(g/B). If x ∈ Per(g/A)
we denote by Tx(g/A) the tree attached to x in the functional graph G(g/A). Some-
times when Per(g/A) = {x} or the isomorphism class of Tx(g/A) does not depend
on x we denote Tx(g/A) by T (g/A). As usual, we denote by on(d) the order of d
modulo n.

Lemma 3.3. Let d be a divisor of ω. If x ∈ νZνω with gcd(ω, x) = ω/d, then x
is a periodic point in G(n/Zνω) and per(x) = on(d).
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Proof. If x ∈ νZνω with gcd(ω, x) = ω/d we have

nπx ≡ x (mod νω) ⇔ nπx ≡ x (mod ω) ⇔ nπ ≡ 1 (mod d) ⇔ π ≡ 0 (mod on(d)).

Then x is a periodic point in G(n/Zνω) and per(x) = on(d).
Proposition 3.4. We have that Per(n/Zνω) = νZνω and the following isomor-

phism holds:

Gper(n/Zνω) �
⊕
d|ω

{
ϕ(d)

od(n)
× Cyc(od(n))

}
.

Proof. By Lemma 3.3 we have Per(n/Zνω) ⊇ νZνω . For the other inclusion we
observe that if there exists π ≥ 1 such that nπx ≡ x (mod νω), then (nπ − 1)x ≡ 0
(mod ν). Therefore x ≡ 0 (mod ν) since gcd(nπ−1, ν) = 1 (because rad(ν) | rad(n)).
This proves the first part.

For the second part we consider the partition νZνω =
⊎

d|ω A(d), where A(d) =

{x ∈ νZνω : gcd(ω, x) = ω/d}. As gcd(ω, n) = 1 we have nA(d) = A(d), and therefore

(3.1) Gper(n/Zνω) = G(n/νZνω) =
⊕
d|ω

G(n/A(d)).

By Lemma 3.3, all points in A(d) have period on(d). Hence, the graph G(n/A(d))
is the union of #A(d)/on(d) cycles of length on(d).

Finally we observe that x ∈ A(d) if and only if x ≡ ν · ω
d · u with gcd(u, d) = 1,

and for different choices of u we have different values of x. Then #A(d) = ϕ(d) and

G(n/A(d)) � ϕ(d)

on(d)
× Cyc(on(d)).

Substituting this equation into (3.1) we have the desired isomorphism.
Notation 3.5. For x ∈ Z we denote by η(x) = min{k ≥ 0 : nkx ≡ 0 (mod ν)}.
Remark 3.6. We observe that η(x) = depth(ν(x)), the depth of the ν-series gene-

rated by x.
Proposition 3.7. If Ta(n/Zνω) denotes the tree attached to the periodic point a

in G(n/Zνω), we have the following:

(i) The vertices of Ta(n/Zνω) are the elements b ∈ Zνω such that b ≡ w
η(b)
0 a

(mod ω), where nw0 ≡ 1 (mod ω).
(ii) We have the isomorphism

Ta(n/Zνω) � T0(n/Zν),

where T0(n/Zν) denotes the tree attached to 0 in G(n/Zν).
Proof. (i) If b ∈ Ta(n/Zνω), then a = nkb, where k is the least exponent such that

nkb is a periodic point. By Proposition 3.4, this least exponent has to be equal to η(b),

therefore nη(b)b = a. In particular nη(b)b ≡ a (mod ω), and so b ≡ w
η(b)
0 a (mod ω).

(ii) For a periodic point a ∈ Zνω we consider

Va = {b ∈ Zνω : b ≡ w
η(b)
0 a (mod ω)}

and the function g : Va → Va defined by

g(x) =

{
nx if x �= a,
a if x = a.
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We observe that the graph G(g/Va) is composed of the tree Ta(n/Zνω) together with a
loop in a. On the other hand, using Proposition 3.4 we have that the graph G(n/Zν) is
composed of the tree T0(n/Zν) and a loop in 0. Therefore, it is sufficient to prove that
G(g/Va) � G(n/Zν). To prove this last assertion suffices to prove that the function
π : Va → Zν is a bijection and π ◦ g = n ◦ π.

The equation π ◦ g = n ◦ π can be directly checked. To prove that π is a bijection
we observe that for each α ∈ Zν , by the Chinese remainder theorem, there exists a

unique b ∈ Zνω such that b ≡ α (mod ν) and b ≡ w
η(α)
0 a (mod ω).

Corollary 3.8. There exists a tree T = T (n/Zνω) such that

G(n/Zνω) �
⊕
d|ω

{
ϕ(d)

od(n)
× Cyc(od(n), T )

}
.

Moreover, this tree T can be obtained from the graph G(n/Zν) by deleting the loop
in 0.

Corollary 3.9. Let T0(n/Zν) be the tree attached to 0 in G(n/Zν). The iso-
morphism class of T (n/Zνω) does not depend on ω and T0(n/Zν) is a representative
for this isomorphism class.

The next objective is to prove that T0(n/Zν) = Tν(n). This requires a new
operator on trees that we define next.

Definition 3.10. Let d and m be positive integers such that d | m and T a
rooted tree with vertices Zm and root 0. We denote by HT the set of leaves (vertices
of in-degree 0) except for the root in the case that the tree consists only of one vertex.
We say that T is a (d,m)-tree if it verifies the following conditions:

(i) indeg(0) ∈ {0, d− 1},
(ii) indeg(x) = d if x �∈ HT , x �= 0,
(iii) #HT = m− m

d .
We denote by Tree(d,m) the set of all (d,m)-trees.

Definition 3.11. Let d,m ∈ Z+ with d | m and r = sd with s ∈ Z+. We define
an operator

cr : Tree(d,m) → Tree(sd, rm)

as follows. For T ∈ Tree(d,m) we consider a pair (P , f), where P is a partition of
Zrm of the form P = {Dx : x ∈ Zm}∪{Hx : x ∈ HT }, where #Dx = s and #Hx = sd
(we observe that s ·#Zm + sd ·#HT = sm+ sd(m− m

d ) = rm). The set Dx is called
the set of duplicates of x and the set Hx is the set of new predecessors of x. The
function f : Zm → Zrm satisfies f(0) = 0 and f(x) ∈ Dx for all x ∈ Zm.

If ρT (x) denotes the set of predecessors of x in T , we define the rooted tree cr(T ) =

T̃ whose vertices are Zrm, the root is 0, the set of leaves is H
˜T = Zrm \ Im(f), and

for the other vertices we have

ρ
˜T (0)=

⊎
y∈ρT (0) Dy � (D0 \ {0}),

ρ
˜T (f(x)) =

⊎
y∈ρT (x) Dy if x �∈ HT , x �= 0,

ρ
˜T (f(x)) = Hx if x ∈ HT , x �= 0.

Remark 3.12. Informally, if T ∈ Tree(d,m) and r = sd we obtain cr(T ) attaching
d(s − 1) new directed predecessors to each nonleaf vertex of T and attaching r new
directed predecessors to each leaf of T .

Proposition 3.13. If T ∈ Tree(d,m) with d | m and T̃ = cr(T ), where r = sd
with s ∈ Z+ (for some choice of pair (P , f) as in Definition 3.11), we have
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1494 CLAUDIO QURESHI AND DANIEL PANARIO

(i) T̃ ∈ Tree(sd, rm);
(ii) the function f : Zm → Zrm induce an injective homomorphism between T

and T̃ ;
(iii) the isomorphism class of cr(t) = T̃ does not depend on the choice of the pair

(P , f).
Proof. i) If m = 1, then d = 1 and r = s ∈ Z+. In this case, by construction,

we have H
˜T = Zr \ {0}, which implies indeg(0) = r − 1 and #H

˜T = r − 1 = r − r
s ,

therefore T̃ ∈ Tree(s, r).
For m > 1 we have

indeg(0) = #ρ
˜T (0) = s ·#ρT (0) + s− 1 = s(d− 1) + s− 1 = sd− 1.

For x �∈ HT , x �= 0 we have

indeg(f(x)) = #ρ
˜T (f(x)) = s ·#ρT (x) = sd.

For x ∈ HT , x �= 0 we have

indeg(f(x)) = #Hx = sd.

With respect to the leaves, #H
˜T = rm − #Im(f) = rm − m = rm − rm

sd , and

therefore T̃ ∈ Tree(s, r).
(ii) The fact that f is injective follows from the fact that P is a partition. On

the other hand, by construction we have Dy ⊆ ρ
˜T (f(x)) for all y ∈ ρT (x). Hence,

y ∈ ρT (x) implies f(y) ∈ Dy ⊆ ρ
˜T (f(x)), which proves that f is a homomorphism

between T and T̃ .
(iii) We consider T̃1 and T̃2 two constructions of cr(T ), using the pairs (P1, f1)

and (P2, f2), respectively. The partitions are of the form

Pi = {Di
x : x ∈ Zm} ∪ {Hi

x : x ∈ HT } for i = 1, 2.

Let F : Zrm → Zrm be a bijection that satisfies
(1) F (f1(x)) = f2(x) for all x ∈ Zm,
(2) F (D1

x) = D2
x for all x ∈ Zm,

(3) F (H1
x) = H2

x for all x ∈ HT .

We prove next that F is an isomorphism between T̃1 and T̃2.
First, we observe that F (H

˜T1
) = Zrm \ F (Im(f1)) = Zrm \ Im(f2) = H

˜T2
,

that is, F maps leaves into leaves. Moreover, it follows from (1), (2), and (3) that
F (ρ

˜T1
(f1(x))) = ρ

˜T2
(F (f1(x))) for all x ∈ Zm, which prove that F is an isomorphism,

and then T̃1 and T̃2 are isomorphic.
Now, we can obtain a new characterization of the trees TV , where V is a ν-series.
Lemma 3.14. If V = (ν1, ν2, . . . , νD) is a ν-series, then

TV = cν1 ◦ cν2 ◦ · · · ◦ cνD (•),
where • denotes the tree with one vertex 0 ∈ Z1.

Proof (sketch of the proof). If T is a tree, the defoliate of T is another tree T ′

obtained from T by removing all its leaves. Since T1 � T2 implies that T ′
1 � T ′

2, the
defoliate is well defined on isomorphism classes of trees. Other important properties
of the defoliate are (T1 ⊕ T2)

′ = T ′
1 ⊕ T ′

2, (n × T )′ = n × T ′, and 〈T1, T2, . . . , Tk〉′ =
〈T ′

1, T
′
2, . . . , T

′
k〉 if at least one of the Ti is nonempty (by convention ∅′ = ∅). Using
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the recursive definition of TV we have that T ′
V � TV ′ , where V ′ = (ν2, . . . , νD) is a

ν′-series, where ν′ = ν
ν1
.

As above, ρT (x) denotes the set of predecessors of x in T , HT denotes the set of
leaves in T , and we define ρhT (x) = ρT (x) ∩HT and indegh(x) = #ρhT (x).

We can choose T a representative of TV and T0 a representative of TV ′ with
vertices Zν and Zν′ , respectively, and root 0 ∈ Zν and 0 ∈ Zν′ , respectively. Since
T ′
V = TV ′ we can define an injective homomorphism of trees f : T0 → T . Counting

predecessors in T , we obtain indeg(0) = ν1
ν2

· indegh(0) + ν1
ν2

− 1 and

• indeg(f(x)) = ν1
ν2

· indegh(f(x)) for x �∈ HT0 , x �= 0,
• indeg(f(x)) = ν1 for x ∈ HT0 , x �= 0.

This property allows us to define a partition P as in Definition 3.11 and we obtain
that T = cν1(T0). Applying this several times we obtain the equivalence between both
definitions of TV .

Lemma 3.15. Let n and ν be integers such that rad(ν) | rad(n). We denote by
ν1 = gcd(n, ν) and by ν′ = ν

ν1
. We have that T0(n/Zν) ∈ Tree(ν1, ν) and T0(n/Zν) =

cν1(T0(n/Zν′)).
Proof. For ν = 1 we have T0(n/Zν) = • the tree with only one vertex and it is clear

that this tree belongs to Tree(1, 1). If ν > 1, then ν′ < ν (because rad(ν) | rad(n)),
and by Proposition 3.13 it is sufficient to prove that T0(n/Zν) = cν1(T0(n/Zν′))
assuming T0(n/Zν′) ∈ Tree(ν2, ν

′), where ν2 = gcd(n, ν′).
Hence, we can assume ν > 1 and if we denote by T = T0(n/Zν) and T ′ =

T0(n/Zν′) we prove that T = Cν1(T
′) from some adequate choice of (P , f).

We define the function f : Zν′ → Zν as f(x) = ν1x (mod ν). This function is
well defined because ν/ν1 = ν′. We also define the partition P = {Dt : t ∈ Zν′}∪
{Ht : t ∈ HT ′}, where

Dt =

{
ν1t+ kν′ : 0 ≤ k <

ν1
ν2

}
for t ∈ Zν′ ,

Ht = {ω0t+ kν′ : 0 ≤ k < ν1} for t ∈ HT ′ ,

and where ω0 is such that ω0 · ( n
ν1
) ≡ 1 (mod ν′).

To prove that the sets Dt are disjoint and #Dt = ν1/ν2 suffices to prove that
for t1, t2 ∈ Zν′ and 0 ≤ k1, k2 < ν1/ν2, the congruence ν1t1 + k1ν

′ ≡ ν1t2 + k2ν
′

(mod ν) implies k1 = k2 and t1 = t2. We have that ν1t1 + k1ν
′ ≡ ν1t2 + k2ν

′ (mod ν)
implies k1ν

′ ≡ k2ν
′ (mod ν1), that is, k1 ≡ k2 (mod ν1

ν2
) (since gcd(ν1, ν

′) = ν2) and
so k1 = k2. Now, ν1t1 ≡ ν1t2 (mod ν) implies t1 ≡ t2 (mod ν′), and so t1 = t2.

To prove that the sets Ht are disjoint and #Ht = ν1 suffices to prove that for
t1, t2 ∈ HT ′ and 0 ≤ k1, k2 < ν1, the congruence ω0t1 + k1ν

′ ≡ ω0t2 + k2ν
′ (mod ν)

implies t1 = t2 and k1 = k2. We have that ω0t1 + k1ν
′ ≡ ω0t2 + k2ν

′ (mod ν) implies
t1 ≡ t2 (mod ν′) (because gcd(ω0, ν

′) = 1) and so t1 = t2. Now, k1ν
′ ≡ k2ν

′ (mod ν)
implies k1 ≡ k2 (mod ν1), and so k1 = k2.

As Dt ⊂ ν2Zν for all t ∈ Zν′ and Ht ∩ ν2Zν = ∅ for all t ∈ HT ′ (because
t ∈ HT ′ implies t �≡ 0 (mod ν2)) we have that the sets in P are disjoint. Computing
cardinalities we can conclude that P is a partition. It is immediate to check that
f(t) = ν1t ∈ Dt for all t ∈ Zν′ and so we have T = cν1(T

′).
Theorem 3.16. Let n and ν be integers such that rad(ν) | rad(n); then

T (n/Zν) = Tν(n).
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Proof. If ν(n) = (ν1, ν2, . . . , νD), applying several times Lemma 3.15 we have

T (n/Zν) = cν1(T (n/Z ν
ν1
) = cν1 ◦ cν2(T (n/Z ν

ν1ν2
)) = · · ·

= cν1 ◦ cν2 ◦ · · · ◦ cνD (T (n/Z1)) = Tν(n),

where in the last equation we use T (n/Z1) = • and Lemma 3.14.

4. Application to Rédei functions. In this section we show how to translate
dynamic properties of the n-map to the case of Rédei functions. Using results of
the previous section we can obtain a complete description of the functional graph of
Rédei function and a formula for the period and preperiod of points. We obtain a
more explicit description for a special case and use it to obtain Rédei functions with
prescribed cycles with length in a geometric progression that extends results obtained
in [18].

We start this section by introducing some preliminaries about Rédei functions.

4.1. Background on Rédei functions. There are several equivalent defini-
tions for Rédei function. The classical definition considers the binomial expansion
(x +

√
y)n = N(x, y) + D(x, y)

√
y. Then, the Rédei function Rn(x, a) defined over

P1(Fq) := Fq ∪ {∞} for a ∈ Fq is Rn(x, a) =
N(x,a)
D(x,a) . Table 1 gives the first few Rédei

functions for a ∈ Fq.

Table 1

First few Rédei functions Rn(x, a) for a ∈ Fq.

R1(x, a) = x
R2(x, a) = (x2 + a)/2x
R3(x, a) = (x3 + 3ax)/(3x2 + a)
R4(x, a) = (x4 + 6ax2 + a2)/(4x3 + 4ax)
R5(x, a) = (x5 + 10ax3 + 5a2x)/(5x4 + 10ax2 + a2)
R6(x, a) = (x6 + 15ax4 + 15a2x2 + a3)/(6x5 + 20ax3 + 6a2x)
R7(x, a) = (x7 + 21ax5 + 35a2x3 + 7a3x)/(7x6 + 35ax4 + 21a2x2 + a3)

The most convenient way of writing Rédei functions for us is due to Carlitz [3].
For a fixed a ∈ F∗

q we define

Rn(x, a) =
√
a
(x+

√
a)n + (x−√

a)n

(x+
√
a)n − (x−√

a)n
if char(Fq) �= 2.

In this section, we consider the Möbius function over finite fields defined as γ(u) =
u+

√
a

u−√
a
for u ∈ P1(Fq), with γ(u) = ∞ if u =

√
a. Then we can write

(4.1) Rn(x, a) =
√
a
γ(x)n + 1

γ(x)n − 1
,

where we use the standard rules when γ(x) = ∞, that is, ∞n = ∞, ∞
∞ = 1, and

∞ ± 1 = ∞. If we define Rn(x, a) = ∞ when the denominator vanishes, we have a
mapping Rn : P1(Fq) → P1(Fq). We are interested in understanding the functional
graph of this mapping.

One important property of Rédei functions that we use in this section is that
Rn ◦Rm = Rnm for fixed a ∈ F∗

q and n,m positive integers; see [16].D
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Another classical result that we use is that the Rédei function Rn(x, a) induces
a permutation function on P1(Fq) if and only if gcd(n, q − χ(a)) = 1, where χ is the
quadratic character in F∗

q (that is, χ(a) = 1 if a is a square in F∗
q , and −1 otherwise).

This is a well-known fact about Rédei functions; see, for example, [3, 16]. Partial
results giving the description in disjoint cycles of Rédei functions are presented in [18].

Rédei functions have been applied in many areas such as in pseudorandom number
generators [7, 8, 13], in cryptography [14], to solve Pell equations [1], for interleavers
in turbo codes [18], and to solve a conjecture about permutation trinomials [23].

4.2. The functional graph of Rédei functions.

Lemma 4.1. Let a ∈ F∗
q be a nonsquare element in a nonbinary finite field; then

we have γ(P1(Fq)) = U , the multiplicative subgroup of order q + 1 of Fq2 .

Proof. Since χ(a) = −1 we have γ(P1(Fq)) ⊆ Fq2 . Let x, y ∈ P1(Fq). We need
to prove that γ(x)γ(y) ∈ γ(P1(Fq)). If x = ∞ or y = ∞, the assertion is clear.
Otherwise we have

γ(x)γ(y) =
x+

√
a

x−√
a
· y +

√
a

y −√
a
=

xy + a+ (x+ y)
√
a

xy + a− (x+ y)
√
a

=

{
1 = γ(∞) if x+ y = 0,
γ(xy+a

x+y ) if x+ y �= 0.

In both cases we have γ(x)γ(y) ∈ γ(P1(Fq)).

When a is a square over F∗
q we restrict the domain of Rn(x, a) to the set Dq =

P1(Fq)\{±√
a}. Since in this case

√
a and −√

a are isolated fixed point, the functional
graphs of the Rédei function over P1(Fq) and Dq are essentially the same. When a ∈ F∗

q

is a nonsquare element we define Dq = P1(Fq).

From here we denote G(n, a, q) by G(Rn(x, a)/Dq) and we denote Gper(n, a, q) by
Gper(Rn(x, a)/Dq). The function γ is injective and γ(Dq) = Uq+1 the multiplicative
subgroup of order q + 1 of Fq2 when χ(a) = −1 (Lemma 4.1) or γ(Dq) = F∗

q when
χ(a) = 1. If Rn(x) = Rn(x, a) we have by direct calculation that in both cases
γ ◦Rn(x) = xn ◦ γ(x) for all x ∈ Dq and therefore the following diagram commutes:

if χ(a) = −1: Dq
Rn ��

γ

��

Dq

γ

��
Uq+1

xn
�� Uq+1

if χ(a) = 1: Dq
Rn ��

γ

��

Dq

γ

��
F∗
q

xn
�� F∗

q

We observe that if G is a multiplicative cyclic group of order m, then xn : G → G
is conjugate to n : Zm → Zm (multiplication by m) via any isomorphism ϕ : G → Zm

and so G(xn/G) � G(n/Zm). Since both Uq+1 and F∗
q are multiplicative cyclic groups

we have the following proposition.

Proposition 4.2. Let n ∈ Z+ and Fq be a finite field and a ∈ F∗
q. We have

• G(n, a, q) � G(xn/Uq+1) � G(n/Zq+1) if χ(a) = −1,
• G(n, a, q) � G(xn/F∗

q) � G(n/Zq−1) if χ(a) = 1.

D
ow

nl
oa

de
d 

05
/0

4/
16

 to
 1

43
.1

06
.1

08
.1

63
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1498 CLAUDIO QURESHI AND DANIEL PANARIO

If q − χ(a) = νω with rad(ν)|rad(n) and gcd(ω, n) = 1, we have in both cases
G(n, a, q) � G(n/Zνω) � G(n/Zν ×Zω), where the last isomorphism is via the remain-
der Chinese theorem since gcd(ν, ω) = 1.

We denote by {•} any graph consisting of a unique vertex v with a loop (v, v). If
we apply the above observations together Definition 2.15, Corollary 3.8, and Theorem
3.16 we obtain the following proposition.

Theorem 4.3. Let n ∈ Z+, a ∈ F∗
q and G(n, a, q) the functional graph of the

Rédei function Rn(x, a) as a map over P1(Fq). We express q − χ(a) = νω with
rad(ν) | rad(n) and gcd(n, ω) = 1. If λ ∈ R is such that nλ = ν, then

G(n, a, q) �
⊕
d|ω

{
ϕ(d)

od(n)
×Hn(od(n), λ)

}
⊕ (1 + χ(a))× {•}.

Example 4.4. Let us describe the structure of the functional graph associated

with R3(x, 1) =
x3+3x
3x2+1 over P 1(F37). First, we have q − χ(a) = 36 = 32 · 22, and so

n = 3, λ = 2, and ω = 4. Using Theorem 4.3 we get (see Figure 3)

G(3, 1, 37) �
⊕
d|4

{
ϕ(d)

od(3)
×H3(od(3), 2)

}
⊕ {•, •}

� 2×H3(1, 2)⊕H3(2, 2)⊕ {•, •}.

Fig. 3. Structure of the functional graph associated with R3(x, 1) =
x3+3x
3x2+1

over P 1(F37).

An important consequence of Theorem 4.3 is that it allows us to obtain a formula
for the period and preperiod of Rédei functions.

Proposition 4.5. Let G(n, a, q) be the functional graph of the Rédei function
Rn(x, a) as a map over P1(Fq) and q−χ(a) = νω with rad(ν) | rad(n) and gcd(n, ω) =
1. If u ∈ P1(Fq) and we express the multiplicative order over Fq2 as ord(γ(u)) = νud
with rad(νu) | rad(n) and gcd(n, d) = 1 (by convention ord(∞) = ord(0) = 1) we have
that νu | ν, d | ω and

• per(u) = ordd(n),
• pper(u) = depth(νu(n)) = min{t ∈ Z+ : νu | nt}.

There is a special case of interest when ω = pα or ω = 2pα, where p is an odd
prime and α is a positive integer. In this case it is possible to obtain a more explicit
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representation of the functional graph. We recall that ω is such that q − χ(a) = νω
with rad(ν) | rad(n) and gcd(n, ω) = 1.

Theorem 4.6. Let n, a, q, λ, and ω be as in Theorem 4.3 with the additional
condition ω = pα if n is even or ω = 2pα if n is odd, where p is an odd prime. Let

η = ϕ(ω)
oω(n) = phκ with p � κ and f = p−1

κ . We have the following isomorphism for the

functional graph associated with the Rédei function Rn(x, a) over P1(Fq).
For n even,

G(n, a, q) � Hn(1, λ)⊕ ph+1 − 1

f
×Hn(f, λ)

⊕
α⊕

i=h+2

{κph ×Hn(fp
i−h−1, λ)} ⊕ (1 + χ(a)) × {•},

and for n odd,

G(n, a, q) � 2×Hn(1, λ)⊕ 2(ph+1 − 1)

f
×Hn(f, λ)

⊕
α⊕

i=h+2

{2κph ×Hn(fp
i−h−1, λ)} ⊕ (1 + χ(a))× {•}.

Proof. We observe first that

(4.2) η =
ϕ(ω)

oω(n)
=

pα−1(p− 1)

oω(n)
= phκ

with 0 ≤ h ≤ α− 1 and κ | p− 1.
Let r be a primitive root modulo ω (and therefore a primitive root modulo d, for

all d | ω). As gcd(n, ω) = 1, then n ≡ rt (mod ω) for some integer t, 1 ≤ t ≤ ϕ(ω).
Changing r for another primitive root if it is necessary, we can suppose that t | ϕ(ω)
and in this case we have

oω(n) = oω(r
t) =

oω(r)

gcd(t, ϕ(ω))
=

ϕ(ω)

t
.

Comparing with (4.2) we conclude that t = η and n ≡ rη (mod ω).
For d | ω of the form d = pi or d = 2pi with 1 ≤ i ≤ α we have

od(n) = od(r
η) =

od(r)

gcd(od(r), η)
=

ϕ(d)

gcd(ϕ(d), η)
=

pi−1(p− 1)

gcd(pi−1(p− 1), phκ)

=
pi−1(p− 1)

pmin(i−1,h)κ
= pmax(i−1−h,0)f =

{
f if i ≤ h+ 1,
pi−h−1f if h+ 1 < i ≤ α.

Then, we can rewrite Theorem 4.3 in the following way. For n even,

G(n, a, q) = ϕ(1)

o1(n)
×Hn(1, λ)⊕

(
h+1∑
i=1

ϕ(pi)

opi(n)

)
×Hn(f, λ)

⊕
α⊕

i=h+2

{
ϕ(pi)

opi(n)
×Hn(fp

i−h−1, λ)

}
⊕ (1 + χ(a)) × {•}.D
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For n odd,

G(n, a, q) =
(

ϕ(1)

o1(n)
+

ϕ(2)

o2(n)

)
×Hn(1, λ)⊕

(
h+1∑
i=1

ϕ(pi)

opi(n)
+

ϕ(2pi)

o2pi(n)

)
×Hn(f, λ)

⊕
α⊕

i=h+2

{(
ϕ(pi)

opi(n)
+

ϕ(2pi)

o2pi(n)

)
×Hn(fp

i−h−1, λ)

}
⊕ (1 + χ(a))× {•}.

Note that for n odd and i ≥ 1 we have ϕ(pi) = ϕ(2pi) and opi(n) = o2pi(n),

therefore ϕ(pi)
opi (n)

+ ϕ(2pi)
o2pi (n)

= 2 ϕ(pi)
opi (n)

.

We conclude the proof observing that in both cases we have

h+1∑
i=1

ϕ(pi)

opi(n)
=

h+1∑
i=1

pi−1(p− 1)

f
= κ

h+1∑
i=1

pi−1 = κ · p
h+1 − 1

p− 1
=

ph+1 − 1

f
,

and for h+ 1 < i ≤ α, we have

ϕ(pi)

opi(n)
=

pi−1(p− 1)

pi−1−hf
= κph.

4.3. Rédei permutations and their cycle decomposition. Here we give
other corollaries than can be obtained from Theorem 4.3 related to the cycle decom-
position. In particular we give a way to construct Rédei functions whose length cycles
are in arithmetic progression that extend results obtained in [18].

Corollary 4.7. The Rédei function Rn(x, a) induces a permutation of P1(Fq)
if and only if gcd(n, q − χ(a)) = 1. In this case we have the following decomposition
in disjoint cycles:

G(n, a, q) �
⊕

d|q−χ(a)

{
ϕ(d)

od(n)
× Cyc(od(n))

}
⊕ (1 + χ(a))× {•},

where Cyc(c) denotes a directed cycle of length c.
Proof. As a consequence of Theorem 4.3 it is easy to conclude that Rn(x, a)

induces a permutation if and only if λ = 0 (Remark 2.16). This is equivalent to
gcd(n, q − χ(a)) = 1. In this case each Hn (od(n), λ) = Cyc (od(n)), and so it is a
directed cycle of length od(n).

Corollary 4.8. The number of fixed points of Rn(x, a) over P1(Fq) is given by
the formula

gcd (n− 1, q − χ(a)) + (1 + χ(a)) .

This corollary can be seen as a consequence of the following more general result
(by taking k = 1).

Corollary 4.9. Let k be a positive integer. The number of points of Rn(x, a)
over P1(Fq) whose period divide k is given by the formula

gcd
(
nk − 1, q − χ(a)

)
+ (1 + χ(a)) .

Proof. We consider the set Pk = {x ∈ P1(Fq) : per(x) | k}. If x ∈ Pk, x belongs
to a connected component Hn(od(n), λ) with od(n) | k. Now, od(n) | k if and only if
nk ≡ 1 (mod d) if and only if d | nk − 1.
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On the other hand, each component Hn(od(n), λ) with d | nk − 1 has exactly
od(n) points in Pk, so

#Pk =
∑

d|ω,d|nk−1

{
ϕ(d)

od(n)
· od(n)

}
+ (1 + χ(a))

=
∑

d|gcd(nk−1,ω)

ϕ(d) + (1 + χ(a)) = gcd(nk − 1, ω) + (1 + χ(a))

= gcd(nk − 1, q − χ(a)) + (1 + χ(a)).

Remark 4.10. Corollary 4.9 gives an alternative way to prove Theorem 3.14 of
[18]. If we denote by Nj the number of cycles of length j, we obtain

jNj +
∑

i|j,i<j

iNi = gcd(nj − 1, q − χ(a)) + (1 + χ(a)).

In particular, when χ(a) = −1 the ∞ point is an isolated fixed point and we can
consider Rn(x, a) : Fq → Fq. In this case we have

jNj +
∑

i|j,i<j

iNi = gcd(nj − 1, q − χ(a))− 1

as stated in Theorem 3.14 of [4].
The following corollary that characterizes Rédei permutations with cycles of

length 1 and j (where j is an integer greater than 1) appears in [18] and can be
seen as a direct consequence of Theorem 4.3.

Corollary 4.11 (Theorem 3.15 of [18]). If gcd(n, q + 1) = 1 and χ(a) = −1,
then the Rédei permutation Rn(x, a) has all its cycles of length 1 or j if and only if
for every divisor d of q + 1 we have n ≡ 1 (mod d) or j = ordd(n).

Proof. The length of the cycles is given by od(n) = ordd(n), where d runs over
the divisors of q + 1 and ordd(n) = 1 if and only if n ≡ 1 (mod d).

A naive generalization of the above corollary is given next. It can be proved in
the same way as above.

Corollary 4.12. If gcd(n, q+1) = 1 and χ(a) = −1, then the Rédei permutation
Rn(x, a) has all its cycles of length belonging to a set S = {1, j1, . . . , jt} if and only
if for every divisor d of q + 1 we have ordd(n) ∈ S.

Corollary 4.13. The length of the largest cycle in G(n, a, q) is m = ordω(n),
where q − χ(a) = nλω and n � ω as in Theorem 4.3.

Proof. The lengths of the cycles are given by od(n), where d runs over the divisors
of ω. If d is a divisor of ω we have nm ≡ 1 (mod ω) if and only if nm ≡ 1 (mod d) if
and only if od(n) | m and thus m ≥ od(n).

Theorem 4.6 allows us to construct special types of Rédei functions.
Despite the fact that we have the above characterizations, it is not clear how

to construct Rédei functions where all the nontrivial cycles (that is, cycles of length
greater than one) have length j. We show next a method to construct such Rédei
functions. Moreover, given an integer j ≥ 2 and an integer t ≥ 1, the method allows us
to construct Rédei functions whose nontrivial cycles have length j, jp, jp2, . . . , jpt−1

for some prime number p (when t = 1 we obtain a Rédei function whose nontrivial
cycles have length j).

Remark 4.14. Let j and t be positive integers with j ≥ 2 and p be a prime number
such that p ≡ 1 (mod j). Let us suppose that we want to construct a Rédei function
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Rn(x, a) defined over a finite field Fq with exactly t different lengths for the nontrivial
cycles following the geometric progression j, jp, jp2, . . . , jpt−1. We can apply the next
steps:

1. Pick a number α ≥ t such that 2pα − 1 = q is a power of prime.
2. Pick a nonsquare element in Zq+1.
3. Choose a primitive root r modulo Zq+1.

4. Compute n ≡ rp
α−t( p−1

j ) (mod q + 1).
Then, the Rédei function Rn(x, a) defined over Fq has nontrivial cycles of length
j, jp, jp2, . . . , jpt−1 as required. Indeed, we have that χ(a) = −1 and gcd(n, q+1) = 1.
With the notation used in Theorem 4.6, ω = q + 1, ν = 1, oω(n) = j = f , and n is
odd (because q + 1 is even). We obtain that ν = phκ, where h = α− t and κ = p−1

j .

By Theorem 4.6 we have, the largest cycle in G(n, a, q) has length fpα−h−1 = jpt−1,

which appear exactly κph = (p−1)ph

j times. The other length cycles are 1, j, . . . , jpt−2

and their multiplicities can be obtained from Theorem 4.6.

5. Conclusion. In this paper we characterize the functional graph of Rédei
functions, using the dynamics of the n-map over cyclic groups. We derive results
about the cycle decomposition of Rédei permutations and give estimates for the period
and preperiod of points. We also propose a method to construct Rédei function with
prescribed cycles.

Next, we comment on potential further problems related to this work. In [2]
a generalization of the Rédei function is given. It may be possible to explain the
dynamics of such generalization. In particular one could characterize when they give a
permutation and in this case describe its decomposition into disjoint cycles. One could
also attempt to extend the characterization of the functional graph associated with
the n-map in cyclic groups to more general endomorphism over finite abelian groups.
Another natural question is to understand when two functional graphs associated with
Rédei functions are isomorphic. A partial answer can be obtained using the results
in [4] and our observations in section 4.2 for the case when the second parameters
of the Rédei functions are congruent modulo a square. It could be interesting to
obtain conditions when the functional graphs associated with Rn(x, a) and Rm(x, b)
are isomorphic for the case χ(a) �= χ(b) (over the domain P1(Fq)).

Finally, as in [6], we could define tower of field extensions related to Rédei func-
tions to then study how primes decompose in such tower of field extensions.

Acknowledgments. Parts of this paper were written during a pleasant stay by
the first author at Carleton University. He wishes to thank Carleton University for
its hospitality. We thank an anonymous referee for several helpful comments.
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RÉDEI ACTIONS ON FINITE FIELDS 1503

[6] T. Gassert, Chebyshev action on finite fields, Discrete Math., 315 (2014) pp. 83–94.
[7] D. Gomez and A. Winterhof, Multiplicative character sums of recurring sequences with
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