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ABSTRACT. We prove the global existence of a helical weak solution of the 3D Euler equations, in

full space, for an initial velocity with helical symmetry, without swirl and whose initial vorticity

is compactly supported in the axial plane and belongs to LP, for some p > %. This result

is an extension of the existence part of the work of B. Ettinger and E. Titi, [9], who studied
well-posedness of the Euler equations with helical symmetry without swirl, with bounded initial
vorticity, in a helical pipe.

1. INTRODUCTION

Consider the 3D incompressible Euler equations, describing the motion of an ideal incompressible
fluid in R3 with initial velocity u® = u°(x),

ou+ (u-Vu+Vp=0
(1.1) divu=20
u(x,0) = u’(x).

Above, u = u(t,z) € R? is the velocity field, p = p(t,x) € R is the scalar pressure and (t,z) €
R x R3.

Another physically relevant dynamic variable for incompressible flows is w = w(t, z) = curl u(¢, ),
the vorticity, which satisfies the evolution equation:

(1.2) Ow+ (u-Vw=(w-V)u.

Existence of global smooth solutions for the incompressible 3D Euler equations with smooth
initial data is an important open problem, with a large associated literature. Local (in time)
existence with smooth initial data is known, see [14]. Global existence of a weak solution has only
recently been established by E. Wiedemann in [22] in the context of wild solutions, see also [5],
for arbitrary initial divergence-free velocity in L2?. The vorticity associated with wild solutions
does not, in principle, satisfy equation (1.2), so that another important open problem is the global
existence of a weak solution of equation (1.1) whose vorticity is also a weak solution of equation
(1.2); we will refer to such solutions as tame weak solutions.

In contrast, in dimension two, the Euler equations are globally well-posed for smooth initial data,
see [18]. This distinction is usually attributed to the term (w-V)u, in equation (1.2), responsible for
vortex stretching; this term vanishes identically for 2D flows. One way to explore the gap between
2D and 3D flows is to consider flows with more complicated symmetries, such as axial symmetry
and also helical symmetry. There is a large literature devoted to axisymmetric Euler flows, which
naturally breaks down into two cases: axisymmetric flows without swirl, and the general case,
with swirl. For axisymmetric flows without swirl, global well-posedness of smooth solutions is due
to A. Majda and to X. St. Raymond, see [17, 19, 12]. Global existence of tame weak solutions
was first proved by D. Chae and N. Kim for initial vorticity in LP, p > 6/5 in [4]. This result
was later improved to "near-vortex-sheet” data in [3]. For vortex sheet initial data the problem of

existence remains open, but in [7], J.-M. Delort showed that the argument used to obtain existence
for vortex sheet initial data in 2D could not be extended to axisymmetric flows without swirl, and
further analysis of concentrations was performed in [13]. For axisymmetric flows with swirl, and
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for general flows without any particular symmetry, the focus has been on criteria and scenarios for
blow-up, see [1, 2] and references therein.

Helical flows are flows invariant under a one-dimensional group of rigid motions of Euclidean
space generated by a simultaneous rotation around an axis and a translation along the same
axis. Although as common in practice as axisymmetric flows, helical flows have received a great
deal less mathematical attention. The literature specific to inviscid flows with helical symmetry
reduces to two articles, namely [8], where A. Dutrifoy proved global well-posedness for smooth

initial data and [9], where B. Ettinger and E. Titi established global existence and uniqueness
of weak solutions with bounded initial vorticity; in both papers a geometric condition, analogous
to the no swirl hypothesis for axisymmetric flows, is assumed. In general, helical flows have a
more decided 2D nature than axisymmetric flows; for example, global existence for helical Navier-
Stokes is known, see [16], whereas this same problem is open for axisymmetric Navier-Stokes. One
reason that helical flows have received less attention might be that the helical symmetry reduction
is algebraically more complicated. The present article is part of a research programme aimed at
investigating incompressible helical flows with a view towards both the inviscid singularity problem,
and the mathematical treatment of weak solutions. Specifically, our main result in this article is an
analogue of the L? axisymmetric existence result of Chae and Kim; we obtain the critical exponent
4/3 for helical flows in the full space. Previous work on helical flow has focused on bounded
helical domains; we choose to carry out our analysis in the full space. Although this choice creates
technical complications which we are forced to address here, the full space case is conceptually
simpler, and can be connected in a more physically natural way with small viscosity flows.

This article is organized as follows. In Section 2 we fix notation, introduce basic definitions and
we state some well-known results. In Section 3 we develop basic tools to treat full space helical
flows. More precisely, in Section 3.1 we derive a formula for the Green’s function for the Laplacian
in R3, periodic in the z3-direction, which is used to write explicitly the relevant Biot-Savart law.
In Section 3.2 we introduce the definition of weak solution and in Section 3.3 we state and prove
a local well-posedness result for smooth solutions to problem (1.1). Finally, in sections 4 and 5
we prove two versions of the main theorem, first assuming the integral of the third component of
vorticity vanishes, which implies velocity vanishes at infinity and greatly simplifies the analysis,
and then, second, without this hypothesis.

2. PRELIMINARIES

Our purpose in this section is to fix notation, introduce the basic definitions and to recall some
known results, taken mainly from [9], for convenience of the reader.

Let k be a positive constant and define Q := R? x (—7k,7x). We denote by Z the first two
components of z € R?, i.e., if 2 = (21,22, 23) then Z = (21, 22). Let L, (Q) and H}’, () denote
the spaces of functions f = f(z), 2 € R3, which are periodic in the x3-direction with period 2k
and which belong, respectively, to LP(O) and H™(O), for all open sets of the form O = R? x I,
with I C R a bounded open interval. Let V., () be the space of all vector-valued functions in
Hp.,.(2) which are divergence free and let L? . (€2) denote the space of functions in L}, (Q2) which
are compactly supported in Z, i.e. such that, for almost all 3 € R, the support of f(-,z3) is a
compact subset of R2.

We write Ry for the rotation around the x3-axis by the angle 6,

cosf) sinf 0

Ry=| —sinf cosf 0 |,
0 0 1
and we denote by Sy the superposition of Ry and a translation along the x3-direction of size k@,
0
So(z) = Ry(x) + 0
K0

Definition 2.1. A wvector field u : R?* — R3 is said to be helical if and only if

(2.1) u(Spx) = Rou(z) for all € R and x € R3.
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Observe that, if a vector field u is helical, then it is periodic in the z3-direction with period 2xm.
Definition 2.2. Set
§=¢(x) = (22, —11, K).
Given a vector field v : R® — R3, we define the helical swirl n as
n(z) = u(x) - £(x) for all x € R,
If n =0 then we say that u has vanishing helical swirl.
Next, we state some properties of helical flows. The proofs can be found in [9].

Lemma 2.1. A smooth vector field u : R® — R3 is helical if and only if (£(z) - V)u(z) =
(u2(2), —u1(x), 0).

Lemma 2.2. Let u = u(x,t) be a smooth solution of (1.1), helical and with vanishing helical swirl
and let w = curl u. Then w(z,t) = w(z,t)é(x)/k, where w(x,t) = O1us(x,t) — daus(x,t), and w
satisfies the following equation:

(2.2) B + (u- V)w — %Ru =0,
010
where R = -1 0 0
0 00
Remark 2.1. The third equation in system (2.2) is a transport equation for w, given by

(2.3) Ow + (u-V)w = 0.

Observe that, if u € LI(R3;R3), for some 1 < ¢ < oo, then Definitions (2.1) and (2.2) still make
sense if we ask the equalities to hold for almost every € R3. Furthermore, in this case we have a
result analogous to Lemma 2.1, which is stated below, and can be proved in the same fashion.

Lemma 2.3. Let u € L] (R3;R®) for some 1 < q < co. Then, u is helical if and only if u is

2mk-periodic with respect to the third component, in the sense of distributions, and if

(2.4) / (DU ()& (x) - u(a)dz = / (R(x)) - u(x)de,

Q

for all ¥ € C, (Q;R?).

c,per

3. VORTICITY FORMULATION

In this section we state and prove some basic results concerning full-space helical flows which
we will use in the proof of the existence theorems 4.1 and 5.1. We require an explicit vorticity
formulation, and an appropriate Biot-Savart law. We begin with the following system

curl u = w

divu=0

|u(z)| — 0 as |Z| = oo
u periodic in x3.

(3.1)

In order to obtain a solution for the system above we will derive an explicit form of the Green’s
function for the Laplacian in R?, periodic in the x3-direction. In addition, we introduce a definition
of weak solution for the vorticity equation (2.3) and, finally, we construct a smooth approximating
sequence for weak solutions of the vorticity equation (2.3).
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3.1. Biot-Savart law. We will being by deriving the Green’s function for the Laplacian in R?
with periodic boundary conditions in the x3-direction. Using this Green’s function we will write
an expression for the Biot-Savart kernel and prove some estimates for this kernel. We will also
provide a necessary and sufficient condition for a velocity field, associated with a given vorticity,
to be helical and to have vanishing helical swirl (see Proposition 3.3).

Proposition 3.1. The Green’s function for the Laplacian in R with 2wk-periodic boundary con-
dition in the xs-direction is given by

1 |Z|n nrs 1 ~
-t S () (2) e
) 2mK2 — O( K )COS K 2mK2 og |7|

for all z € R3, ¥ # 0, where Ky is the modified Bessel function of the second kind and order zero.
In particular, if w : R* — R?® belongs to L2.,(Q) and if [, w(z)dx =0, then the solution of the
Poisson system

(3.2)

AV = w
(3.3) ()] = 0 as |Z] = o0
U periodic in x3.

is given by

= 4F2/Gac— (y)dy, for all x € Q.

This result can be proved using a standard approach by means of Fourier analysis. We omit the
proof, and we refer the reader to [11].

Definition 3.1. Let G be the Green’s function given by (3.2). Set

1
(3.4) K=K(z):= 4—7T2VG(:U), for all x € (R?\ {0}) x (—7k, k).
We refer to the function KC as the Biot-Savart kernel.

In the following result we obtain an estimate for the Biot-Savart kernel.

Lemma 3.1. The kernel K, defined by (3.4), satisfies the following estimate

(3.5) K(2)| gc<|xl|2 E |> for all € (R2\ {0}) x (=, 7k).

Proof. Fix x € (R?\ {0}) x (—7k, k). First, we observe that

(S () e ()

In order to estimate the series involving the Bessel function we use the following expansion in
Schloeminch series (see [15]),

(3.6) i[(o (|i|n> cos (%n) = % (ln (ﬁ) +In \:i|) + ;T;+

1 1
8mok2 ||’

K(x)

< 87r‘3 K2

2 VIZEP + @rem —x3)2 2mEm

m=1

2 VIEZ 4+ @rem +x3)2  2mEm |

m=1

To obtain the desired estimate (3.5) for the kernel X we need to estimate the gradient of the
series in (3.6). It is not hard to see that the m-th term in each of the two series on the right-
hand-side of (3.6) is bounded by a multiple of |z|/m(27km + x3) and, hence, both series converge
pointwise. Furthermore, for each of these two series we have that the derivative of the m-th term is
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bounded by 1/(27k(m —1/2))?, so that both series of derivatives are uniformly convergent. Thus,
we can differentiate both series in (3.6) term by term and obtain that

\4 <i Ko ('in) cos (f’n))
- 2|glz\2(”5’0) 2|x|3 ) <Z Fon(@) + if%(@) ,

+ 1
fnl@) = (|22 + (2mrm 4 x3)2)3/2

Next, let us estimate the series > °_, and >_°_, f+. The idea is to compare the series

1
with their corresponding integrals. In order to do so, define h*(t) = (TP T @rnt £ 23)2)3° and
TR X3

observe that h* is decreasing for all ¢ > 1 and h*(t) > h*(1), for all 0 < ¢ < 1. Thus, we can
estimate each series by its corresponding integral as follows:

where

(—z1, —x9, F2rkm — T3)).

m

o0

1
A (1212 + 2mrm £ 23))3/2 —
/ _ 1 Qi — 1~ |x|im3S 1~ .
o (|22 + 2mkt £ 23)2)3/2 2nR|Z]2 |z mK|Z|?
We obtain the following estimate for the series involving each of the first two components of f::

e 1 || .

3.7 )il < | < fori=1,2.
( ) mZ:l(fm(x)) = |I |mZ:1 (|i‘|2 T (27mm:|:x3)2)3/2 = 7Tli|$|2 or 1

The last component of f is more delicate since the terms ()3 do not have the same sign and
2wkt £ x3

(|Z|? + (2wkt & x3)2)3/2

gt (t) <0if t < Fa3/(2nk) and g*(t) > 0 if t > Fas/(27k). Furthermore,
(5) (1) = 2k (|22 — 2(27kt £ 23)?)

9= TER + @rnt £ 29257

do not form a decreasing sequence in m. Set gT(t) = and observe that

1

Thus, (¢%)'(t) < 0 if and only if ¢ > E— (u F .Z‘g). We will divide our analysis in two cases.
T

|z

— F a3 | > 1 and we split the series as follows:
\/5 + 3) = P

Z 27mm:|:x3 o
(|12]2 + (2mkm £ x3)2)3/2

1
First we assume that —— <
21K

- i 2rkm £ x3 + Z 2rkm £ x3
7m < (|Z* + (2mrm + 23)?) )3/2 T (|Z|? + (2mrm £ x3)2)3/2°

1 -
where d = [2 <|$2 3)] (here, [y] denotes the greatest integer less than y). Therefore we
™

BN

have:
o0

Z 2wkn + x3 <
= (12 + (2mrn £ 23)2)3/2 —

2nkd £ 23 /°° 2kt £+ X3 g —
(|22 + (27rd £ 23)2)3/2 a (Z2+ @rst £23)2)3/27
2nkd £ x3 1 1

(P + @rrd £ 3222 2mn VIE[2 + (2mkd £ 23)?

< 1 |z 1 . 1 1 <
=2 \V2 T %) VRER | 2nnEl
5



< 1 /2|7 1 . 11 11
T2 \ V2 ) V2|E2 2mk|E|  wk|E|
For the last inequality observe that, since 1 ( 7] F xg) > 1 we get u Fas < %
2m5 \ V2 V2 V2
Hence,
- 2mkn £ x5 11
3.8 < -
(38) 1; (|22 + (2mrn 4+ 23)2)3/2 — 7k |Z]
Next that L 2] < 1. Then it is clear that
ext assume that — [ —= F . Then it is clear tha
Imn \/§$ 3=
i 2mkm £ x3
2 T+ (2w = 3277
2mk £ 3 Jr/OO 2mkt £ 13 gt
T (EP 4 @rr £ as)?)32 Sy (122 + (2nkt £ 23)2)3/2

_ 21k + x3 n 1 1
(122 4 (2mr £ 23)2)3/2 21k /]F]2 + (27K £ 23)2

1 ( 1 n 1 )< 3
\/|;z:|2 + (2nk £ x3)2 \2rh a3 27K T 27k|Z]

Therefore, combining the last two estimates, we obtain that

oo > 27k & x: 3
£00). :§ : 3 <
(3.9) mzzl(fm(f”))ﬁ = (|22 + (2mrn £ x3)2)3/2 ~ 27k|Z|

Finally, combining (3.7) and (3.9) we find

S hn@+ 3 @)

m=1 m=1

1 1 3 1 5 1
2(|z1| + \x2|) PFE + < —

Next, we provide a decay property for a convolution-type operator associated with the Biot-
Savart kernel.

Lemma 3.2. Let ® € C°.,. (4 R?) be a vector field such that [ ®(x)dz = 0. Let I = I(x) be
given by

ok &) = 7wk |2

Consequently,

O

I(x) := / K(z —y) x ®(y)dy, for all z € Q.
Q
Then, |I1(x)| = O(|z|72) as || — oo.

Proof. Let R > 0 be such that supp ® C B(0, R) x R, where B(0, R) is the ball in R? centered at
the origin, with radius R. Consider any x € €2 such that |Z| > 2R. Using (3.4) and the fact that
K{j = —K; we obtain that

K(x) = 873,%2 (ZK0< |n> (n:3)> _8?1)%2#(5:,0)
o (3 (0 () o (2) 200 () 0 (2) )

n=1
L1 Go)y=Ki() - Kalo).

- 8m3k2 |2
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To estimate K7 we recall that Bessel function of the second kind K, is positive and decreasing
for all v > 0, [ tKo(t)dt =1 and fooo tK;(t)dt = w/2. Thus,

ool e 2 (o (22) e (2)
<L /O“t (Xl ("t) LKy (||t)) dt =

1 * sk K C
= — K K —ds < .
8w3n3/o o] (F1(6) + Kols)) 7 < 1

Thus,

(3.10)

Ko —y) x @(y)dy\ — O(#~) as [¢] - oc.
Q

Next, we observe that, for || > 2R and || < R, we have that
|z — g7 = 2|7 + 012 7),

so that
Koz — P y,0) x ®(y)d
/ 2 x X ( 87T31€2 / |$*y|2 - Y, ) X (y) Y
- #i@ 0) x / B(y)dy -+ O(J7~%) = (1] ?)
© 8m3k2 |z2 Q i N '
In view of the estimates obtained we find: |I(z)| = O(|#|72) for |Z| > 2R. O

Corollary 3.1. Let ® € C
by

2 er (4 R?) and assume that [, ®(x)dx = 0. Then the function I given

I=1I(x):= A K(x —y) x ®(y)dy

belongs to L"(S;R3), for any r > 1.

Proof. Let R > 0 be such that supp ® C B(0, R) x R. It follows from the proof of Lemma 3.2 that
|I(z)] = O(|#|~?) for |Z| > 2R. Thus, for all » > 1, u € L"(Q N (B(0,2R)¢ x R)). On the other
hand, using that K € L7 (), for 1 < s < 3/2, ® € LP(Q), for 1 < p < oo, and the Generalized
Young inequality on U = QN (B(0,3R) x R), we obtain that

1K+ @l Lm0y <

s 1@l e @),

where 1/r = 1/p+1/s—1. We conclude by observing that we can cover all r in the interval (1, o0]
by choosing, for instance, s =1 and p = r. O

We are now ready to provide a characterization of the velocity field in terms of vorticity, i.e.,
the so called Biot-Savart law.

Proposition 3.2. Let ® € C°_.(Q;R?) be a vector field such that div ® = 0 and / &dx = 0.

Q

c,per

Then there exists a unique smooth solution of

curl u =@

divu=20

|u(z)| = 0 as |Z| — o0
u pertodic in T3

(3.11)

and it is given by

(3.12) u=u(x) = /QIC(x —y) x O(y)dy.



Proof. We start by proving that the vector field given by (3.12) is indeed a solution of (3.11). Since

P € C,. (G R?), it is clear that u € Cpg,.(Q;R?), ie., u is smooth and periodic in x3. Moreover,
using Lemma 3.2, we have that u(z) = O(|Z|~2), and, hence, |u(z)| — 0 as |Z| — co. Next, recall

that KC(z) = 1/(47%)VG (), for all 2 € Q, & # 0, where G is given by (3.2). Since ® € C2%,,.(Q;R?)
a straightforward calculation yields

u(z) = —curl (- / Gla - dy)

Hence, div u = 0. Define ¥(z) = —1/(47?) [, G(x — y)®(y)dy, for all z € Q, and observe that, by
Proposition 3.1, AV = ®. Thus, using that —curl curl ¥ = AV — Vdiv ¥, we obtain

(3.13) curl u = & — Vdiv 0.

To conclude the proof that u is a solution of (3.11) it remains only to show that Vdiv ¥ = 0. To
see this, introduce the vector fields f := Vdiv ¥ and g := curl u. Since ¥, ® € CSZT(Q;RS), we
obtain the following identities

ﬂ@:fAK@fwm¢@@

= / K(x —y) x curl ®(y)dy,
Q

so that, by Lemma 3.2, we have that f = O(|#|72) and g = O(|Z|~2). Therefore, f and g belong
to L?(Q). Taking the L2-inner product between f and identity (3.13) we obtain that

(f7f)2:(¢)’f)2_(gaf)2-

We have that f is the gradient of div ¥, div ¢ = 0 and, by hypothesis, div ® = 0. Thus, we
have that (®, f)2 = (g, f)2 = 0. Therefore, (f, f)2 = 0, which, in turn, implies that Vdiv ¥ = 0.

Finally, let us prove that the system (3.11) has a unique solution. Suppose that we have two
solutions of (3.11), namely u; and ug. Of course, U := uy — us is a solution of (3.11), with & =0,
that is,

curl U =0

divU =0

|U(z)] = 0 as |Z]| — o0
U periodic in z3.

Using the identity curl curl U = —AU + Vdiv U and the fact that U is a solution of (3.14) it
follows that AU = 0. Observe that U can be regarded as a harmonic function in the full-space,
which is 2wk-periodic with respect to the third component, and which decays to zero as |Z| goes
to infinity, so that U is bounded in R3. It follows from Liouville’s theorem (see e.g. [10]) that
U=0. ]

(3.14)

3.2. Weak solution. We begin by giving the definition of a weak solution; this formulation is
inspired on Schochet’s weak vorticity formulation for the 2D incompressible Euler equations, see
[20].

Definition 3.2. Letw® € L? . (€ R) for some p > 4/3. We say that a scalar function w = w(t, x)
is a weak solution of
(3.15) Ow+ (u-V)w =
in the time interval (0, T) with initial data W°, if
(i) w e L0, T; L1, (% R)),

(ii) the associated velocity field
u(t, ) / Kz —y) x Qw(t y)dy

belongs to L>°(0,T; L2,,.(Q;R?))

per

(iii) for all test functions ¥ € C22 ([O,T) x Q;R) the following identity holds true:

8
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(3.16) /OT/th(t,x)w(Lx)dxdt—k/OT/Q/QHw(t,x,y)w(t,y)w(t,x)dydxdt

0 dr =
Jr/ﬂl/)(:c,O)w (z)dz =0,
where

Hy(t,2,y) = i’C(x —y) - (&(y) x (Vi(t,2) = V(t,y) — (§(x) — &(y) x V(t,y)) .

Remark 3.1. We note in passing that the integrals in Definition 3.2 are convergent. Indeed, using
Holder’s inequality we have that

/()T/§2¢t(t7x)w(t’z)d$dt+/Qi/’(iv,())wo(:z:)d:c

< el pa oy llwll oo ooy + (0, )| zallw®]| 2o < o0,
where 1/p+1/q = 1. It remains to prove that the following integral is bounded:

/OT/Q/QHw(ta%y)w(t,y)w(t,x)dyd:cdt.

To see that this integral is finite we divide the domain  x Q x (0,T) into subdomains as follows.
Fiz § >0 and R >0 and let Ry = {(z,y) € Qx Q: |z —y| <}, Re={(z,9) € AxQ: |z —y| >
3, || < R} and Rz = {(z,y) € A x Q: |z —y| > 0,|z| > R}. Performing estimates in each region
yields the desired result; the proof follows the same steps as in the proof of Theorem 4.1, so we
omit the details here.

Our next proposition consists in basic properties relating the velocity field and the corresponding
vorticity.

Proposition 3.3. Let w € L2 . (O R?) and let u(x) = (K * w)(x), for all x € Q. Then, u is
helical and has vanishing helical swirl if and only if w = (O1us — Goup)E/k in D'(Q;R3).

Proof. First observe that, since w =curl u in D', for all ¥ € C°(Q;R?) we have that (w, V) =
(curl u, Uy = (u,curl ). Suppose that u is helical and has vanishing swirl, that is, n = v - & = 0,
then ug(z) = (—xou1 () + x1u2(x))/k. Using this fact and Lemma 2.3 we obtain the following

1 RU1
(w,T) = — < KU ,curl \I'> =
K

—ToU1 + T1Uz

1 RU1
= — <cur1 Ko 7\I/>
R —ZToU1 + T1U2
1 f VUQ — U1
wf ) ; &- VU1 — U2 v

1 1 U1 —\IIQ 1 U1 —\:[12
= —(w&, V) + — Uz uy |\R ¥ =
R U3 K
w§ ).

Therefore, for all ¥ € C°(Q;R?) we have that (w,¥) = (W¢/K, ).
Conversely, suppose that w = wé/k, where w = dyug — uq. First observe that (curl w) - & =
—2w. Indeed, for all ¢ € C°(Q;R) we have that

{(curl w) - &,¢) = (ourl w, €p) = (w, curl () = (w, ¢ curl & + Vip x €)

1
= (w, —2¢pe3 + Vo x &) = </€Wf’—2<ﬁ€3 + Vi x €> =

9



= <’1€w,§ - (—2¢pe3 + Vo x £)> = (2w, p).

Since w = curl v and div v = 0 in D’ we also have that curl w = —Awu in D’. Furthermore,
since A(u-&) = Au-&+u- AL+ 22?21 Vu; - V& and A = 0 we obtain that

3
A(u~§):fcurlw~§+QZVui~V§i:2w72w:0

i=1
in D’. Thus, using Lemma 3.2, u - £ solves the following equation in the sense of distributions:

{ Au-€) =0 in Q

lu(z) - &(x)] — 0 as || — oo

Therefore, u - £ = 0, i.e., u has vanishing helical swirl.
Finally we prove that w is helical. To do so, we note that, in view of Lemma 2.3, it is enough
to establish that, for all ¥ € C°(Q;R3),

(3.17) /Qu(x) ((€(x) - V)T (x))dx = / u(z) - (RY(x))dx.

Q
To prove (3.17) we begin by showing that, for all ¥ € C°(£; R?),

(3.18) / s (@) (E(x) - V) Uy (2)da = 0.
Q
Indeed, since curl ©u = w = w/k, we have
(u, curl ((z1,x2,0)¥3)) = (curl u, (x1,x2,0)¥3) = (w - (x1,22,0), ¥3) = 0.

As u- £ =0 a.e., we also have that

7%283‘1’3
(u, curl ((z1,x2,0)¥3)) = <u7 1103¥3 >
2201¥3 — 210,53

= (—xauy + T1u2, B3V3) + (u3, 2201 V3 — 2102 ¥3)

= (kus, 03¥3) + (ug, 2201 V3 — 102¥3) = (us, (§ - V)U3).

Therefore, (us, (£ - V)¥3) =0, which proves (3.18).
To conclude the proof that w is helical it remains to prove that the right-hand-side of (3.17)
also vanishes. To this end it is enough to show that

(3.19) (u1, (§ - V1)) + (ug, (§- V¥2)) = (u1, ¥2) + (uz, —¥1).
Let ® € C°(Q;R?) and use that w = (G1uz — au1)é/k in D’ to obtain

(3.20) (w, ®) = %«am ~ Ooun)E, @) = —% (9, € - 1D — Do) — (w1, € - Do® + B1))

= (i, @) — (2, B2) — {1, € 0a) + (01 )

Next, we observe that since w = curl u and u- £ = 0 in D’, we also get that
1
(3.21) (w, @) = (u, curl D) = —((Kkuy, Kug, —Tau1 + T1u2), curl ®).
K
Now, combining (3.20) and (3.21) we obtain that

(u, (§- V(=®2))) + (uz, (£ - V1)) = (ur, @1) + (ugz, Pa).

Choosing ® = (U3, —¥4,0) in the last expression yields (3.19). Finally, combining (3.19) and
(3.18) we obtain (3.17). O
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3.3. Smooth solutions. Our next results consists in local well-posedness of the 3D Euler equa-
tions with helical symmetry and vanishing helical swirl in the full space for smooth initial data.

Recall the notation used in [18] where V() stands for the set of all vector-valued functions in
the Sobolev space H*(Q) which are divergence free.

Theorem 3.1. For any initial velocity u® € V¥(Q), with k > 3, there exists Ty = To(||u®|| ) > 0
such that, for any T < Ty there exists a um’que solution u € C([0,T); V*(2)) nCL([0, T); VE=1(Q))
of the 3D Euler equations. Moreover, if u® is helical and has vanishing helical swirl, then u(-,t)
also is helical and has vanishing helical swirl, for any fized time t € [0,T).

The first part of the assertion of the previous theorem can be proved in the same fashion as the
classical result in R3. The second part can be prove using Dutrifoy’s argument (see [8]). We omit
the proof.

Next, we will construct a sequence of smooth solutions, using Theorem 3.1 above, which is
uniformly bounded in a suitable function space.

Theorem 3.2. Letw’ € L? . (4 R), for some 1 < p < occ. For eachn €N, define wl) := p, xw°,
where py, is the standard mollifier in R® which is periodic with respect to the third component.

Then,

(i) for each n € N, there exists a smooth solution wy, € L>(0,00; LY . (€4 R)) of (8.15) with
initial data w9 ;
(ii) {wn}tn is uniformly bounded in L°°(0,00; L1,.(S4R)), for all 1 < q < p;
(iil) {wn}n possesses a subsequence which converges weak-+ in L (0, 00; L
w, foralll < q<p;

(iv) HW(L‘, e < C, for some constant C > 0.

Q;R)) to a limit

per(

Proof. For each n € N define u)(z) = [, K(z —y) x (1/5)&(y)wd(y)dy. Then ul € VF (see
Corollary 3.1) for all k € N, so We can use Theorem 3.1 to obtain, for each n, a time T™ > 0 such
that, for any 7" < T" there exists a unique solution u,, € C*([0,T]; V*~!) of the Euler equations.
Moreover, for each n, u,, is helical and has vanishing helical swirl. Thus, for each n, w, = curl u,,
solves (2.2) and, therefore wy, solves (2.3), whence wy (¢, X, (o, 1)) = w ( ), where X, (a,t) is the
particle trajectory, starting at a € 2, such that

dX,(t, a)
{ )
Xn(a,t) =0 = .

It follows that
[ lonttaipds = [ fua)Pda, forall 1 <p < oo, and ()~ = 68l
Note that, since wg € L? .,.(2), we have wo € LZ,,.(Q2) for all 1 < g < p. Therefore,

llwn () Loy = llwnllza) < lw°llza@) < C, forall 1 < g <p,
which implies that {wy,}, is uniformly bounded in L*°(0, 00; LI, (Q2;R)), for all 1 < g < p.

per
Observe also that [|wd||p=) < C(n)||w’||Le), hence |lwy(t, )| o) < C(n). Now, since
wy(t,z) = wy(t, z)(xz)/Kk we obtain that

lwn ()L = = swp lwn(@)€(Xn(t, )] < Cllwp L= <H+ sup Xn(tﬂ)) :

a€ supp wl o€ supp w9

It remains to estimate SUp,e supp o [ Xn(t, @)|. To do so, define R,(t) = sup |X,(t,a)| and

OéEn

K,, = supp w°. Observe that for all o’ € K,, we have

Lt )

LX) < sup 1%, (10)] < sup | %

acK, dt aeK,

IK(Xn(t, ) = I |lwn(y)|dy

11

<o |
a€Kn J| X, (t,a)—y|<2R, (t)
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1 1
< sup / < + —= -
a€Ky J| X, (t,a)—y|<4rT ‘X’n(t7 O[) - y)|2 |Xn(t; Oé) - y)|

@) llwn (y)ldy

(Xa(ta)) | E(Xa(ta) )d
< llwnllz= sup /|Xn<t,a>_y|g4m <|Xn<t,a> T T X —wE T Rha) -9

+CR,(t)|wnllr < Cllwnllzee + |lwnllp) (Ba(t) +1) < C(n)(Ry(t) + 1),
where we used Lemma 3.1 to estimate the kernel .
Hence,

) (1= @) HE (X (1 ) o ()

+C sup/
a€Ky J4rm<| X, (t,a) —y|<2R, (t)

SIXa(t,01)] < Cln) (Ralt) +1),
which implies, | X, (¢,a/)| < |X,(0,a")| + C(n)/ (Rn(s) + 1)ds.

0
Taking the supremum in o’ € K,, of the last identity we obtain
t
Ru(t) < C +C(n) / (Ro(s) + 1)ds.
0

By Gronwall’s lemma we have that R, (t) < (C + C(n)t)e¢™?!. Thus, ||wn(t, )|z~ < (C +
C(n)t) o || L™,
We have, hence,

t ¢
lwn(s, )lLeds < ||wg |- / (C+ C(n)s)ec(")sds < N|lwd L= (Ct + C(n)tz)ec(")t.
0 0

Therefore, by the Beale-Kato-Majda theorem we conclude that, for each n € N, wu, can be
continued, within its class, for all T > 0. Therefore, w, is a global smooth solution of (3.15), for
each n € N.

Since {wy,} is uniformly bounded in L®(0,00; L?(Q)), for all 1 < ¢ < p, then there exists a
subsequence, that we still denote by {w,, }, that converges weak-star in L>°(0, co; L?(2)) to a limit
w, for all 1 < g < p. Since the total variation of a measure is weak-star lower semicontinuous and
as |lwn(t,-)||z1(q) < C, we find that [|w(t,-)||L1 ) < C. O

4. FIRST EXISTENCE THEOREM: BALANCED VORTICITY

In this section we prove existence of a weak solution to the helical vorticity equation for initial
data with vanishing integral. This condition is needed since we are going to make use of the
Biot-Savart law (3.12), which requires this hypothesis.

Theorem 4.1. Let wy € L? .. (4 R), for some p > 4/3, such that [, wo(x)dx = 0. Then, there
exists a weak solution w = w(t,x) of (3.15), in the sense of Definition 3.2, wzth initial data wy.

Proof. We use Theorem 3.2 to obtain a sequence of smooth solutions {w, } of the vorticity equation
satisfying the following properties
(i) wp € L®(0,00; L2 . (€ R)), for all n;

c,per
(ii) {wn}22, is unlformly bounded in LOO(O 00, L1, (4 R)), for all 1 < ¢ < p;

per

(i) the velocity field u,(z) := [, K(z — y) x (£(y)/x)wn(t,y)dy is helical and has vanishing
helical swirl for all n, and {un},F1 is uniformly bounded in L>(0, 00; L2, (€; R?)),
(iv) there exists a subsequence, still denoted {wy,}, which converges weak-star in L>°(0, oo;

L, (S R)), for all 1 < ¢ < p, to a limit w.

We claim that w is a weak solution of the vorticity equation To see this, we observe that w,
satisfies (3.16), for all n € N, and, up to a subsequence, w, — w in L>(0, co; s Lo, (€ R)). Clearly,
the linear terms of (3.16) converge, as n — oo. Hence, to obtain that w satisfies (3.16) it is enough
to prove that the nonlinear term of (3.16) converges, as n — oo, and that the following identity

holds true

lim/ //H¢(t,x,y)wn(t,y)wn(t,x)dydxdt:/ //”Hw(t,m,y)w(t,y)w(t,x)dydmdt.
n—ooJo  JaJa o JaJo
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The remainder of the proof consists in showing that we can pass to the limit in the nonlinear
term, in order to establish this identity. Let 1 € C25.,.([0,00) x Q;R) and fix p > 0 such that
supp ¢ C C,, where C, = {z € R3: |Z| < p and |z3| < 7x}. Define

1 1
= 1o 53 /cp wp (t, 2)03¢(x)dr and o := T /Cp w(t, )05 (x)dx

and observe that lim,,_, . o, = a.
Fix 0 < 0 < 1 and R > 2max{p, 27k} and let s : [0,00) — [0,1] and (r : @ — [0,1] be
smooth cutoff functions, so that

es(r) =1, r <4,
(4.1) 0<ps(r) <1, d<r<2§
ws(r) =0, r > 26;
Cr(z) =1, lz| <R,
(4.2) 0<(r(z)<1, R<|z|<2R,
Cr(xz) =0, |z| > 2R.

Using this notation we have the following decomposition:

/Q [ ot y)on( g (. 2) g = /S /Q Ho(t, 2,905 (|7 — yl)eon (£, 9 (¢, 2)dyda

+ /Q/QHw(t,x, Y)(1 — @s(|lz — y|))wn (&, y)wn (¢, )dydz = IT + 15

Using the definition of #, and the Generalized Young Inequality with 1/s+1/p=1+1/p’, we
obtain that

< /Q /Q o (1, 2 9)) 05 (1 — D)l (t,9) loom (2, 2) [dyda

1 1
<€ [ (o ) sl = bttt
1 1
(||+||“> s( D] lewnt pllwn(E, llp-

LS
If s < 2 then we find that

|y e ) ool

Recall that |lw,(¢,-)||, < C. Recall, also, that we assumed that p > 4/3, so that p’ < 4. Now,
since 1/s +1/p =1+ 1/p’ we have that s = p’/2. Therefore we have, indeed, s < 2 and, hence,
I < C6=9)/5 = o(1) as § — 0.

Next we estimate 1. Since [, wy,(t,z)dz =0, we can rewrite I as

<C

S

< Co%.

i = [ ([ #etea)a = glle = sDntt iy + a, ) wnt, 2

Now, we decompose I3 as

15 = [ ([ #otts.0)1 = patle —y)on(tddy + ) Crlohan(t, 0)da

+/ ( Hy(t,2,y)(1 = @s(lz = yl))wa(t, y)dy + an> (1 = Cr(2))wn(t, x)dz = I3y + I35,
Q Q
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We start by estimating I3,. We decompose the integral as

1= [ ([ ottt = slle — sD)ortiontt iy ) Culohont, o)

+ / ( / Ho (2, 5) (1 — o5l — y))(1 = Cay))wn(t y)dy + an) Cr(@)n (b, 2)dx = TP+ T

We begin by analyzing J7'. Observe that the function Hy (¢, z,y)(1 — ¢s(|z — y]))Cr(y)Cr(z) €
C2°(]0,00) x Q x Q). Therefore we can pass to the limit as n — oo and obtain that

lim J = /Q /Q Ho(t, 2. 9) (1 — 0512 — y)Cr(0)Crl@)w(t, y)w(t, 2)dyde.

n—oo

Next, we consider JJ. Observe that the integrand in the inner integral, with respect to y,
vanishes for |y| < R. Also, for y € C5 = R\ C), we have that Hy(t,z,y) = 1/(2x)K(z —
y) - (§(y) x Vi(t,x)). Moreover, we note that Vi)(x) vanishes for all z € CF. Therefore, it is
enough to estimate H, for |y| > R and # € C,. In this case, [z —y| > |y| — |z| > |y|/2 and
|Z — 3| > |x — y| — 2wk > |y|/4. Thus, using the notation K; and K, introduced in the proof of
Lemma 3.2, we have

1 1
Moyt z,y) = 5 -Kalz —y) - (€(y) x VY(t,2)) = 5 Koz —y) - (€(y) x VY(t, 2)).
Introduce Gy := 5-K1(z — y) - (£(y) x Vi(t,x)) and recall the definition of K5 to get that
1 (‘% — ga 0)

Hw(tvxay) = Gl - 167353 |i‘ — g|2 : (g(y) X vw(tvx))
=G — ﬁﬁ ((Z = 9,0) - (=5,0)030(t, ) + k(& — 7,0) - (=029 (t, ), 19(t, ),0))
— G- miﬁﬁ (17 = 32050t 2) + (& — §,0) - (=, 0)se) (1, 2)
+6(Z = §,0) - (=09(t,2), 01¢(t, 7),0)) .
Let G2 = ! (7(j - g7 0) . (i‘, 0)83¢(t7 :C) + K(i' - Zjv 0) ' (7821!}@; CC), 81¢(t, 1')7 0))

16m3K3|7 — g2
With this notation we now have

1
H¢(t7x7y) = Gl 7831/}(757%) + G2~

 1673K3
Observe that
1 1 1
7 — g lyl lyl

We rewrite J3' as

53 = [ ([ (©1+ Gacntaren(t. e ) (1 = cati)on )y

- / (1 = Cr(y))wn(t, y)dy + an / Cr(w)wn ()
Q Q

Using (4.3) we obtain the following estimate

C C
|3 < E”‘*’n(tv )||% +2 an/ Cr(x)wn(t, z)dz| < = +C
Q

/QgR(ac)wn(t,x)dx .
It is clear that
lim CR(:v)wn(t,x)dx:/{R(x)w(t,x)d:c.
Q

n—oo
Q
Moreover, using the Dominated Convergence theorem we obtain that

lim | Cr(z)w(t,z)dx = / w(t,x)dx = 0.
Q Q

R—o0

Thus, limpg_ oo limy, o0 |J3]| = 0.
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Next we treat I35. In order to estimate I3,, we observe that, since R > 2p, it follows that
Hy(t,z,y) = 0 for all x| > R and y € Cj. Furthermore, for [z| > R and y € C, we have that
|x —y| > |z|/2 and |Z — §| = |x — y| — 27k > |x|/4. Hence, 1 — ps(]z — y|) = 1 for all |z| > R and

y € C,. In this region we can rewrite H, as

Hy(t,z,y) = i(lﬁ(ﬂc —y) = Kalz —y)) - (€(y) x (=Vi(t,y)) — (£(x) = £(y)) x Vi(t,y))
= i(lﬁ(x —y) - (=€(y) x Vi(t,y) — (£(x) = £(y)) x Vi(t,y)) + Ka(z —y) - (€(y) x Vi(t,y)))

5 Kalw —y) - (E() — €) % Vo(t,) = B+ B,

Observe that, for |z] > R and y € C,, we get

1 1 1 1
Al<C— i)+ Ol <=+ 2 ),
Rl < Ol 416 -3+ 02—l < (5 + 7

1
while Fp = —magw(ay), so that fc,, Fow,(t,y)dy = —ay,. Thus,

] < /Q /C Fyloon (8, )11 = Crl(@))lwn (¢, 2)|dyda
+ /Q (/Cp Fow,(t,y)dy + om) (1 — Cr(x))wn(t, z)dz

1 1
< [ [ e (G + 5) lon 0~ culalln(e.0)dus
I3
1 1 1 1 C
<C| =5 oy n ta I <C|(—+3 =] < o
it R>>1.
We can now pass to the limit as n — co and use all the estimates obtained to get

lim / / Hy (t, 2, y)wn (t, y)wn (t, z)dydr = ILm (I7 + Ji' + J3' + 135)
Q Q n o0

n— oo

= 0529/ ¢ lim /Q /Q Hoy(t,2,y) (1 = @5l — y))Cr(Y)Cr(@)wn (t, y)wn (T, x)dyd
+ (g + Cnli_)rgo /Qw”(tax)CR(I)dx ) =+ %

= /Q/Q?Llw(t,x,y)(l — os(|z — y)Cr(y)Cr(2)w(t, y)w(t, z)dydz

C
+ose- 4 C e ] [ wlta)cna)as
Q
Now, let us pass to the limit as R — oo and § — 0 to obtain that
lim / / Hy (t, @, y)wn (t, y)wn (T, z)dydz
aJa

n—oo

= ([ [ i@ = st - s)eetnrlolete e a)dus

R—00,0—0

i (06(25)/5 + % +C /Q w(t, z)¢p(x)d )
= i ([ [ sttt = el - iD)r)r@hw(e it iy )

On the other hand we have that
| [ rtsteamttteaiie = [ [ oaesto = sttt adyds
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+ /Q /Q Hy(t 2, y)(1 = s(lz — y)Cr(Y)Cr(2)w(t, y)w(t, x)dyds
+/Q (/Q Hy(t,2,y) (1= ps(|z —y) (1 = Cr(y)w(t, y)dy + a) Cr(@)w(t, 7)dx
+/Q </Q Hy(t, 2,9)(1 = ps(lz — yl))w(t, y)dy + a> (1 — Cr(z))w(t, z)dx

using the same idea from the estimates obtained for the sequence wy,,

— Coe-/s 4 / / Ho (2, y)(1 = 0512 — y)Crly)Cr(@)wlt, y)eo(t, o) dyda-+
+ <C +C ) + %.

R
//Hw(t,x,y)W(t,y)W(tx)dydx
QJQ

/ w(t,x)Cr(x)dx
Q

Therefore,

= lim /Q/Q’Hw(t,x, )1 — @s(|lz — y)Cr(W)Cr(2)w(t, y)w(t, x)dydz.

R—00,0—0

Finally, we conclude that

lim /Q/Q’Hw(t,m,y)wn(t,y)wn(t,x)dydm:/Q/Q’Hw(tm,y)w(t,y)w(t,x)dydac.

n—oo

It is clear from the a priori estimates that {u, } is uniformly bounded in L>(0, c0; L2, (€ R?)) so
that there exists a subsequence, which we still denote by {uy, }, that converges tou € L>(0, 00; L2,,.(; R?)).
It remains to prove that the limit w is the velocity associated with the vorticity w, that is,
ult,z) = Jo K(w —y) x (€()/m)w(t,y)dy.
Fix R > 0 and set Ug = {z € Q : |Z| < R}. Let us fix § > 0 such that 0 < § < R and let @5 be
as defined in (4.1), so that
2

£(y) de

/Q Kz —y) x 22 (wn(t,y) — w(t, y))dy

K

1) = )y = [
Ur

<],
£(y)

+2 /UR /Q(l —es(le —yD)K (@ —y) x === (wn(t,y) — w(t,y))dy

We start by estimating the term Z}*. Observe that for |z| < R and |z — y| < 2§ it holds that
[€(y)] < [ =yl + || <26 + R < 2R and hence

2
7 < C(R) / ( / ¢5<x—y|>||ic<x—y>|wn<t,y>—w<t7y>|dy) dz

Ur

2
dx

[ sttt = ) x S ot - it

2
de =17 + I7.

< C(R) skl Zallwn — wllZs,
where in the last inequality we used the Generalized Young inequality with 1 +1/2=1/¢ + 1/p.
Since ||@sK||Le < C33724 and |lwy, —wl|r < |lwnl|e + ||| r < C then Ip < C§372¢, for alln € N.
It is clear that the condition p > 4/3 implies ¢ < 3/2. Therefore,

lim lim Z3* = 0.
§—0n—o0

Now, we will estimate Z3'. Recall the notation introduced in Lemma 3.2, K = K1 — K3, so

7y <a [ | [ a=eatie s =) x S (t) —tt )iy do
+4/
Ur

2

$w) dv = F) + F2.

= estle = yDate = 9) e 2 o) — )
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We will see that F,. and F2 converge to zero when n — co. We start with 7. Observe that
for |x — y| > 6 we have

(e =) x 6| = [Ka (@ = 9) x (E(y) = £(@) +€(@))]
1 L . )
<Ot -al + I < O ( 2=+ == ).

[z —gl |2 —g[?
Thus, for every z € Ug fixed, (1—¢s(|x—-|))K1(z—-) x&(-) € L"(), for all r > 2. Moreover, since
{wn} is uniformly bounded in L>(0, 00; L9(Q)) for all 1 < ¢ < p we obtain that w,(t,-) — w(t,-)
in L1(Q), for all 1 < g < p, so that we can choose ¢ in such a way that 1 < ¢ < p and ¢’ > 2.
Therefore, we obtain that lim, e [o(1—@s(|lz—y|))K1(z—y) X ((y)/K)(wWn(t,y) —w(t, y))dy = 0
for every x € Ugr. Moreover, we have that
()

= et = shaa = ) x o) - e

<O =5l —-N)Ka(z =) x Ellpor llwn(t, ) —w(Et,)]Le < Cs,
where 1/g+1/¢' =1, ¢ < p and ¢’ > 2, so that the last sequence is uniformly bounded in n by a
constant which is an integrable function in Ug. Thus, we can apply the Dominated Convergence
theorem to obtain that lim,, .. ]—'ﬁb =0.
Now we will prove the convergence of the term F2. Fix M > 0, M > R and consider (3; as
defined in (4.2). Let us split the integral in the following way:

= estie = sar)kate = o) x 22w t,) -ttty

+ /9(1 —gs(lz —y) (1 = Cur(y)Kalz — y) x i}f)(wn(t,y) —w(t,y)dy = T, (t,x) + T2 (t, x).

In order to prove the convergence of J}t, first we recall that |w,(¢,-)||z: < C implies that
limp, oo o wn(t,y)f(y)dy = [qw(t,y)f(y)dy for all f € Co(Q). Then, observe that f,(y) :=
(1= ps(z — y))Car (y)Kalz ) x (f(y)/fi) € Co(Q) for all z € Ug, thus

T (t, ) = A fo (W) (wn(t,y) — w(t,y))dy — 0 as n — oo.

Finally, observe that

ol =) x ) — Lo 6 .0) X (6(0) ~ €00 +€(2)
= 1633000+ o 7@7@'2(@—3},0) x &().

Moreover, since « € Ug then (1 — ps(x —y))(1 — (v (y)) = (1 — Car(y)). Thus,

T2(t)] < ‘ / (1~ Car () (@alt.v) —w(t,y»dy]

1673K3
L / (1 - Carly |<|wn<t )|+ wlt, v))dy

s ‘1677%3 /Q(l = Cu(y))(wn(t,y) — wl(t, y))dy‘ + %

Observe that, as [, wy(t,y)dy =0 = [,w(t,y)dy and (€ L¥' | we have

lim [ (1 —Cu(y))(wn(t,y) —w(t,y))dy = — lim A Cv (y) (Wt y) — w(t, y))dy = 0.

n— oo Q n—oo

Thus, lim J2(t,z) = O(M~"'). Therefore, we find that
n— oo

lim (1*wa(w*y))lcz(w*y)><@(wn(t,y) w(t,y))dy = Tim Tim (T, (t,2) + T3 (1, 2)) = 0.

n—oo [ K M — 00 n—00
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Furthermore, it follows from the calculations above that

‘/Q(l —¢s(Jz —yl)Ka(z —y) X @

(wnltr9) — w(t,y»dy\ <\t 2] + T2 )

1
<0 (el + 57+ 1) low = lls < .

Thus, by the Dominated Convergence theorem, we conclude that lim,, ., F2 = 0.
Finally, we end up with

. 2 T . n ny
i (t,) =ty )20,y = lim T (T7 +5) = 0.
It is not hard to see that all the estimates used were uniform in ¢, so that
i ffun = ull Lo 0,002 () = 0-

Therefore, u,, — u in L>(0,00; L? (Q,R?)) hence follows the desired result. O

loc,per

Remark 4.1. We observe that, from the proof of the last theorem, it follows that u is a weak
solution of the Euler equations in the velocity formulation. Indeed, since each u, is a smooth
solution of the Euler equations, we find that, for all test function ® € C25,.,.(0,00) x O, R3) such
that div ® = 0, the following identity holds true:

/OOO/S2(I>t(t,:v)~un(t7x)dxdt+/ooo /Q[(un(t,x)~V)<I>(t,:c)]-un(t,x)dxdt+/ ®(0, ) -up (0, z)dz = 0.

Q

Now, since u, — u in LOO(O,OO;L%OC,I)GT(Q,RS), we can pass to the limit, as n — oo, on the

left-hand-side above and obtain that u is a weak solution of the Fuler equations.

5. SECOND EXISTENCE THEOREM: GENERAL CASE

In this section we will prove that the existence result can also be obtained in the case where
the initial vorticity does not have vanishing integral. In order to do so, we must introduce another
definition of weak solution of the vorticity equation, adapted to this case.

We can not use the Biot-Savart law in the case where the integral of the vorticity is not zero. In
order to deal with this issue we define a new operator which plays the role of the Biot-Savart law.
The idea is to decompose the vorticity in two terms, one with zero integral and the other being
the vorticity associated with a helical velocity field which is a smooth, radially symmetric, steady
solution of the Euler equations. This construction is inspired by the radial-energy decomposition
of a velocity field (see [18]). The velocity field can then be recovered from the vorticity in the
following simple way. We apply the Biot-Savart law to the term which has zero integral and, for
the other term, we already have the associated velocity field. With this idea in mind, let us give
the following definition:

Definition 5.1. Let p > 4/3. We define the operator

(51) S Lger(Q; R) N leyer(Q; R) — L%oc,per(Q; ]R)
w — Zw]

as

Zele) = [ K= 0) x 2wty — oDy + ),

where ¢ : [0,00) = R is any smooth function with compact support in (0,00) such that

/ o(r)rdr = / w(z,0)dz,
0 R2
and @ is defined for all x € Q by

ao) - (L20) [ " oerar
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Remark 5.1. The operator = is well-defined. Indeed, since w € L, (Q;R) N L, (Q;R) and

per per

© € 02((0,00)) it is not hard to see that K * £(-)/k(w(-) — ©([])) € L? (;R). Now, let us

loc,per
prove that the definition of = does not depend on the particular choice of . To do so, consider

©,¢ € C([0,00)) with compact support in (0,00) and such that

/0°° o(r)rdr = /OOO C(r)yrdr = /]R2 w(Z,0)di.

(z) = (ﬁlz i) /OlrE o(r)rdr and B(z) = (ﬁ; i) Olj (r)rdr.

Observe that it is enough to prove that

(5.2) K(z —y) x W)

Q K

Set

Sl

(€(191) = #(lg))dy + u(z) — v(x) = 0.

First, observe that curl u(y) = &(y)/ke(|g]) and curl 5(y) = £(y)/kC(|F]). Hence (5.2) is equivalent
to

(5.3) /QIC(.T —y) x curl (0(y) — a(y))dy = v(z) — a(x).

Finally, observe that the vector field defined by ® := curl (0 — @) is such that [, ®(x)dx = 0,
div® =0, ® € C ., (4 R?) and |®(x)| goes to zero as |Z| — oo; we can, therefore, use Proposition

3.2 to obtain the identity (5.3).

The definition of weak solution in the case where the vorticity is not balanced follows naturally,
and it is stated below:

Definition 5.2. Given w® € L2 . (€5 R), for some p > 4/3, we say that w = w(t, ) is a weak
solution of wy + (u - V)w =0 if
(1) w € L=(0,T; Ly, (% R) N Ly, (L R));

(i) the velocity field u(t, ) = Ew(t,-)], for a.e. t € [0,T];
(iil) for all test function 1 € C°([0,T) x Q; R)

/OT/th(t,a:)w(t,m)dxdt + /OT/Qu(x,t) - V(x)w(t, z)dxdt —&—/Qw(m,O)wO(a:)dx =0.

Next, we state and prove existence of a weak solution for the vorticity equation without the
integral constraint on the initial vorticity:

Theorem 5.1. Given w® € L2 (4 R), for some p > 4/3, there exists a weak solution w = w(t, )

c,per

of (8.15) in the sense of Definition 5.2.

Proof. We have already proved the theorem in the case [ w’dz = 0. Now, suppose that [ w’dz # 0.
Fix ¢ € C*(]0,0)), with compact support in (0, c0), such that

/000 o(ryrdr = /R2 WO(z,0)di
0

and define ©° = W’ — ¢, where ¢ = ¢(z) = ¢(|Z|). We introduce an approximating sequence &9
given by

(:)’?L = w'rOL - ¢7
where w is the sequence of mollifiers defined by wy = p, * w”. Observe that [, @) dz = 0 for all
n. Thus, for all n we can define the velocity field associated with w® through the Biot-Savart law,

o =K * <w2§> .
K
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By Corollary 3.1 we have that, in particular, @ € C®(Q;R3) N L2, (;R3) for all n. Using the

per
standard energy estimates it is not hard to prove that, for each n € N, the system

Qi+ (@ V)i + (G- V)u+ (@-V)i+ VP =0
divi =0
(0, ) = iy ()

|a|(z) — 0 as |Z] — occ.
has a unique solution in C*°([0, 00) x Q; R*)NL>(0, 00; L2,.(Q; R?)). Let @, € C*°([0,00) x 4 R*)N
L>°(0,00; L2, (Q2; R?)) be such solution. It is easy to see that ) is helical and has vanishing helical
swirl and, therefore, w,, is also helical and has vanishing helical swirl, for all n € N. Now, set

| |2
Up = Up + U where u(z)= < ) / o(r)rdr.
0

[E

(5.4)

We have that the velocity field u,, satisfies the following properties:
(i) for each n, wu, is a solution of the following problem
ou+ (u-V)u+ VP =0
divu=0
u(0,z) = 42 (z) + u(x)
[(u1,uz)|(x) — 0 and |us|(z) — 5 as || — oc.

(5.5)

where 8 = (1/k)| [y @(r)rdr|, P = P+ P and P is the pressure associated with the steady
solution @ of the Euler equations;
(i) wp, is helical and has vanishing helical swirl for all n;

(iii) denote the third component of curl u,, by wy, then curl u,, = w,&/k for all n;

(iv) up(t,x) = Ew,(t, ) = (K * ((wy, — 0)E/K)) (t,2) + u(x).

It is also clear that, for each n € N, w, € C°([0,00) x Q) and Sws, + (up - V)w, = 0.
Therefore, for all 1 < ¢ < p we have [Jwy ()| La) = |wn(0)||Le@) < lw°||e < C, for all n € N
and ¢t > 0. Then, there exist a subsequence, which we still denote by {w,}n, and a limit w €
L>®(0,00; P, (Q;R) N LE_ (Q;R)) such that w, — w in L>®(0, 00; LP(Q; R)). Furthermore,

per per

/OT /Q Ui (t, x)wy, (L, x)dedt + /OT /Q Un(t, z) - V(x)wy, (t, z)dzdt + /Q w(x,O)wg(x)dm =0.

To show that w is a weak solution of vorticity equation in the sense of Definition 5.2, we have
to prove that we can pass to the limit on the left-hand-side of the identity above, as n — oco: true

(5.6)

lim {/OT‘/Q@./Jt(t,m)wn(t,x)dxdt—i—/OT/Qun(t,:c)~Vi/)(x)wn(t,x)dxdt—f—/Qw(x,O)wg(x)dm} =

n— oo

_ /O ! /Q Dot @)t x)dadt + /0 ' /Q ult, @) - Vi(a)w(t, z)dedt + /Q (i, 0)w® (z)da.

The proof of relation (5.6) follows along the same lines as the proof of Theorem 4.1, using the
fact that u,, = Sw,,. O

We conclude with a few final observations. First, the critical regularity for existence of a weak
solution in the 2D and axisymmetric case is p = 1, see [6, 21, 3]. We expect helical flows to behave
similarly, so that p > 4/3 should not be sharp, just a consequence of the limitations of the estimates
available. However, the symmetrization idea that brings the existence result from p > 4/3 to vortex
sheets in the 2D case, see [20], has already been used in the proof of Theorem 4.1, so improvements
have to come from somewhere else. Some natural open problems are, therefore, proving existence
closer to vortex sheet data, seeking an adaptation of Delort’s axisymmetric result to helical flows
and formulating and studying convergence of helical vortex methods. Another natural line of
research is to study the vanishing viscosity limit, which is currently under investigation.
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