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Abstract

Starting with a percolation model in Z¢ in the subcritical regime, we consider a random walk
described as follows: the probability of transition from x to ¥ is proportional to some function f
of the size of the cluster of y. This function is supposed to be increasing, so that the random
walk is attracted by bigger clusters. For f(t) = ¢”* we prove that there is a phase transition
in G, i.e., the random walk is subdiffusive for large § and is diffusive for small 3.

1 Introduction and results

First, we describe the usual site percolation model in Z?. This model is defined as follows.
For fixed p € (0,1), consider i.i.d. random variables w(z), * € Z%, where w(x) = 1 with
probability p and w(z) = 0 with probability 1 — p. A site x is said to be open if w(z) =1 and
closed otherwise. Write « ~ z if « and z are neighbors. A (self-avoiding) path from z to y is:
Y(z,y) = {zo = z,21,22,...,2, =y}, where z; # z; if i # j and 2; ~ xi41,1=0,...,n — L
A path ~ is said to be open if all the sites in v are open. The cluster of x is defined by

¢(z) = {y € Z* : w(y) = 1 and there is an open path v(x,y) from z to y}.

Note that, if w(z) = 0, then €(x) = 0. It is a well-known fact (see e.g. [9]) that there exists
per (depending on d; obviously, p.. = 1 in dimension 1) such that if p < p.,, then a.s. there
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is no infinite open cluster, and if p > p.,, then a.s. there exists an infinite open cluster (also,
with positive probability |€(0)| = c0).
Throughout this paper we assume that p < p., i.e, the model is in the (strictly) subcritical
regime. Fix a parameter 3 > 0. The percolation configuration is regarded as random envi-
ronment. Fixed the environment, we start a discrete time random walk on Z¢ with transition
probabilities
. eBle)l
Pay = oI
zZ~vT
if z ~ y. Since [ is positive, one can note that the random walk is in some sense “attracted” by
bigger clusters, and the strength of this attraction grows with 8. Denote by £(¢) the position
of this random walk at time ¢. Let P be the probability measure with respect to w and P}, the
(so-called quenched) probability for the random walk starting from z in the fixed environment
w. Denote also P* = PZ @ P (P* is usually called the annealed probability); throughout the
paper || - || stands for the L norm. Our main result is that there is a phase transition in (,
i.e., the random walk exhibits different behaviors for large and small g: it is diffusive for small
values of 8 and subdiffusive for large values of 3.

Theorem 1.1 Suppose that the random walk £(t) starts from the origin. There exist B9 and
B1 (depending on d) such that 0 < By < 1 < 0o and

(i) if 0 < B < By, then

1 . 1
lim 08 MAX0<s<t 1€l — - Plys (1.1)
o0 logt 2
(i) if B> (1, then
1 s 1
lim sup og maxossse [E(s)l <=, PYas (1.2)
t—00 logt 2

One can prove also that the same result holds for the bond percolation model in the subcritical
regime. The method of the proof remains the same; the reason why we have chosen the site
percolation is that for bond percolation there are some technical difficulties (easily manageable,
though; they relate to the fact that, in the bond percolation model, two neighboring sites can
belong to different large clusters) in the proof of the part (ii) of Theorem 1.1.

Recently much work has been done on the (simple or not) random walk on the unique infinite
cluster for the supercritical (bond or site) percolation in Z? (see e.g. [2, 4, 10, 15]; see also [11]
for some results for the random walk on the incipient infinite cluster in dimension 2). Another
related subject is the class of models (see e.g. [5, 8]) that can be described as follows. Into
each edge of Z¢ we place a random variable that represents the transition rate between the
sites. The new features of the model of the present paper are, first, the fact that the random
environment is not independent, and secondly, the absence of the uniform ellipticity. Speaking
of uniform ellipticity, we should mention that in the paper [7] there was considered a simple
symmetric one-dimensional random walk with random rates, where the time spent at site ¢
before taking a step has an exponential distribution with mean 7;, and 7;’s are i.i.d. positive
random variables with distribution function F' having a polinomial tail. One may find that
there are similarities of the d-dimensional analog of the model of [7] with our model, because
clusters of size n will have “density” e~¢™, and the mean time spent there is roughly e”",
so, thinking of clusters as “sites”, we indeed obtain a polinomial tail of mean time spent at
a given site. However, the facts that the random environment is no longer independent and
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that here the random walk is not a time-change of the simple random walk make the model
of the present paper considerably more difficult to analyze.

2 Proof of Theorem 1.1

We begin by introducing some notations and recalling a well-known fact from the percolation
theory. Namely, we will use the following result (see [12, 9]): if p < per, then there exists
c1 > 0 such that for all N > 0 and = € Z¢

Pl|¢(z)| > N] < e N, (2.1)
Now, to prove Theorem 1.1, an important idea is to consider £(¢) in finite region. Take
A = (—n/2,n/2]% and let the process €™ (t) be the random walk &(t) restricted on A,,.
Proof of part (i). It can be easily seen that £(¢) is reversible with the reversible measure

m(z) = @I S Ale), (2.2)

T

and thus the finite Markov chain £ (t) is also reversible, with the invariant (and reversible)
measure
eAlE@)] 3 Ale)]

7 (z) = e (2.3)

where

7 - Z ePle@)] Z ePlEz)l

rEA, ZT

is the normalizing constant, so that > . (M (z) = 1.

Consider also a random walk £(")(¢) that is a continuization of £ (¢). That is, £ (t) =
5(")(]\@), where N; is a Poisson process with rate 1, independent of anything else (in other
words, é (") is a continuous time Markov chain with the transition rates equal to the transition
probabilities of (™). Let 7; be the time interval between the jumps (i — 1) and i of N,
Sp =31, 7T, and Ta (respectively, T'4) be hitting time of set A by random walk é(”)(t)
(respectively, €7 (t)). Tt can be easily seen (cf., for example, Chapter 2 of [1]) that T4 = S,
and E(Ty | T4) = Ta. Moreover, since ' N; — 1 a.s., many other results concerning &™)
can be easily translated into the corresponding results for £().

Remark 2.1 Using this technique, it is elementary to obtain that Theorem 1.1 holds for £(t)
iff it holds for £(t), where £(t) is the continuization of £(t) defined in the same way.

So, now we consider the finite continuous time Markov chain é (n) (t). Denote by A the spectral
gap of £ (¢).

Lemma 2.1 There exist c14 > 0 and n* = n*(w) such that for alln > n* we have A > cran”2,

P-a.s.
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Proof of Lemma 2.1. The idea is to use Theorem 3.2.1 from [14] to prove the lemma. For each
pair z,y € A,, we will choose exactly one path v(x,y) (connecting x and y) in a way described
below. Let |v(x,y)| be the length of v(z,y) (i.e. the number of edges in v(x,y)). Denote
by £(A,) the set of edges of Z4 N A,. For an edge u = (21, 25) let Q(u) = (P¥, 7 (z) +

Z122

P2 1™ (23))/2. According to Theorem 3.2.1 of [14], it holds that A > 1/A, where

2221

1 n n
= o {os Y hEnEP @) (2.4)

('LL) z,yENAy: v(z,y)du
Here, we have, for u = (21, 22),

eBe(z1)+]€(22)])
A

Qu) =

and for each pair z = (z(, ..., 2),y = (yM,...,yD) € A,, we choose the path v(z,y) in
the following way. Let eq,...,eq be the coordinate vectors. Denote A; = y(? — () and let
sgn(A;) be the sign of A;. Suppose for definiteness that z(? < y(9) (so that sgn(Ag) > 0).
We take then
Y(zy) = (z,2+ea,...,v+ Ageq,x +sgn(Ag—1)eq—1 + Ageq, . . -,
T+ Agorea-1+Ageg, ..., v+ Arer + -+ Ageq = y),
so, first we successively change the d-th coordinate of x to obtain the d-th coordinate of vy,

then we do the same with (d — 1)-th coordinate, and so on. With this construction it is clear
that the length of v(x,y) is at most dn. For an edge

u = <($(1)) o ,x(d)), (35(1)7 o 7ng((1—1)730((1) 1))
define
Lo={W,.. .,z ®)e A, : 20 =g 01 = z@d=D D) < 4dy

and
R, = {(z(l)7 o ,Z(d)) €A, : PR l‘(d)}
(for the edges of other directions the computations are quite analogous). We have then

> y(z, )7 ()7 (y)

z,y€An: Y(z,y)du

< dn Y 7M@) Y 7y

z€l, YyER,

dn Z ™ (2), (2.5)

zel,

IN

25 X yen, 7)< 1.
Now our goal is to prove that with large probability, for all such u, > ;. 7™ (z) is of order
n/Z. Denote

L={W,...,2 D) e A, : 20 =g 01— zd-1y
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Note that I, C I, so we will concentrate on obtaining an upper bound for > ;7 = )(z). Tt is

(n) (g is
xz€l, :
important to observe that the variables (™ (z) are not independent. For the sake of simplicity,

suppose that \/n is an integer, the general case can be treated analogously. Divide I, into Vn
equal (connected) parts of size /n, denote z;; := (z(M),.. . x(d=

n
(d-1), (i — 1)y/n+ j) and write

N
EAw=} 3 A

zel, J

For fixed j, let B; = 1|¢(s,,)|</m/2}: and B = ﬂ B;. By (2.1), we have P[B;] > 1 — e~ V"
which implies that P[B] > 1 — e~V for some ¢g > 0, 80

il
< M4
>‘/ﬂ

v
B[ Y Az B 1) e
i m

Now, it is important to note that the variables e?l¢(®ii)l 37

i PN g = 7(2ij)1p (re-
call (2.2) and (2.3)),% =1,...,+/n, are independent. We have also

ePleiz)l Z PA1e) < 2d€25\¢(5¢u‘)|’

ZNIij

where Z;; satisfies |€(Z;)| = max.~.,, {|€(z4;)|, |€(2)[}.
For y = n® (a > 0 will be chosen later), using (2.1), we have

D

2

S0 PRI > g < ynem U = T =i
S|

(2.6)
According to Corollary 1.5 from [13], if X;,..., X} are independent random variables, Sy =
Zle X;, Fi(z) = P[X; < z], then for any set yi,

t

.., yr of positive numbers and any ¢
€ (0,1],

(2.7)
where y > max{yi,...,yr} and

k oo
A =3 / utdF (u)
i=1 0

Denote F;(u) = 1—F;(u). We apply Corollary 1.5 from [13] to random variables 2de??1€(@i)l1
1= ‘F +1,.. ,47 with = ky/n, y; = y = n®, and t = 1. First term of the right-hand
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side of (2.7) was estimated in (2.6). For the second term, we have

@ 00
AT = Z /udFl(u)
i=— Y2410

= _\/ﬁ{jdﬂ(m
= —\/ﬁo/Fi(u)du

oo
_es
< 04\/ﬁ/u 26 du
1

= G \/ﬁv (28)

as 3 is small, thus

x AL 1_4
( eAS )g (ecm/ﬁ)% (e%)’mz
< =—
zyt=1/) T\ kyn k
TN
S0, to guarantee that (%) Y — 0asn — oo, it is sufficient to take k large enough and

Bles < a<1/2.
We proved that for § sufficiently small

(2.9)

NG
P{ Yo w2 %} <em T F D <o W (2.10)
zzngrl
Thus,
csn oE csn
[T owa ] = Al T o]
inu Jj=1 1:744»1
< SP[ Y )z
=l =g
< e HH! (2.11)
So, using (2.11) in (2.5) and (2.4), we have
coZ n? 9
As Dex {eﬁ(|¢<zl>|+\¢(n>|> 7} < com’, (2.12)

as eAICGEDIFICE)D > 1 with probability at least 1—cyn™ 7 1. Since 8 can be made arbitrarily
small, Borel-Cantelli lemma implies that for almost all environments for n large enough it holds
that A < ¢13n? and thus A > ci4n 2. Lemma 2.1 is proved. O
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Now, using Lemma 2.1.4 from [14] with f(2) = 1{jz|>n/4}, Where, as before, || - || is the L
norm, we prove (1.1). By Lemma 2.1.4 from [14] we have that

[Hef =7 ()5 < e Varl ().
In what follows we show that 7(™)(f) is of constant order. We have

PlE@I 3 Ble)]
(=) o

€A, ||zl|Zn/4

Since |€(z)| > 0, it is easy to obtain that for all w it holds

d

Ble(z)]| sleE)l > 2.13
Y ey el » (213)

2€A, [[2]2n/4 a~a

Using the same kind of argument as in the proof of Lemma 2.1, one can easily see that for
all n

P[ S SIS sl > c15nd] < dlen™ P, (2.14)
TE€A, ||z]|<n/4 Zr

where )5, /s depend only on ¢y5. Thus, with probability at least 1 — c’1'5n76175 we have
7™ (f) > const. Then, using that Vargr”)(f) < 1, taking t = c16n? for c16 large enough yields
that the random walk £(™ (), and thus €™ (t), will be at distance of order n from the origin
(as both random walks start from 0) after a time of order n? with probability bounded away
from 0.
Now, for any fixed £ > 0, divide the time interval (0,¢] into t° intervals of length t'~¢. Borel-
Cantelli lemma implies then that for ¢ large enough there will be at least one time interval
such that at the end of this interval £ will be at distance at least t27% from the origin.
Since € > 0 is arbitrary, we proved that

log maxo<s<t 1€(s)ll

1
lim inf >, Plas. (2.15)
t—00 logt 2
It remains to prove that
1 s 1
lim sup og maxoss<t |16(s)] <=, Plas. (2.16)
t—oo logt 2

It is a well-known fact that a reversible Markov chain with a “well-behaved” reversible measure
cannot go much farther than ¢'/2 by time ¢, see [3, 6, 11, 16]. By Theorem 1 from [6] we have,
for any € > 0

1/24¢ _ p2(1/248) eBle)l Zz’my eBlEE)
Pullenll = m = 2 ePlEOIy , eflEEl
yillyl>nt/2+e z2~0
< cge™ P-as. (2.17)

for all n large enough. To obtain the bound (2.17) we have used the fact that, due to (2.1),

P[max ePlE@ > n%] < n~
xeEN,
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for some cg; > 0. Borel-Cantelli lemma and (2.17) imply (2.16) and thus the part (i) of
Theorem 1.1 is proved.

Proof of part (ii). For x € Z4 let Ty(x) = 0, Ty (x) = 0, and define

T (x)
Ti(x)

min{t > Ty (z) + T} () = £(t) € €(x)}
minft > Tj(z) : £(t) ¢ €(z)} — T} (),

i=1,2,3,..., where T;(x) is defined if min{t > Ty(x) : £(t) € €(x)}, k < i, are finite. In
words, T} (z) is the moment of ith entry to the cluster of z, and T;(x) is the time spent there
(i.e., after T/(x) and before going out of €(z)). It is important to note that the cluster €(x)
is surrounded by sites with w(-) = 0. Comparing T;(x) with geometric random variable with
parameter (2d—1+¢e71€@)) =1 one can easily see that if |€(x)| > dlogn, then ET;(x) > ¢17n/.
Moreover, it is elementary to obtain that for € > 0 and for any 6 > 0 we can choose (3 large
enough so that with probability bounded away from 0 we have

Ti(x) > c1gn*** (2.18)

for « such that |€(x)| > dlogn.

Now, we use a dynamic construction of the percolation environment usually called the genera-
tion method (see [12]). That is, we proceed in the following way: we assign generation index 0
to the origin, and put w(0) = 1 (the origin is open) with probability p or w(0) = 0 (closed)
with probability 1 — p. If w(0) = 0, the process stops. If w(0) = 1, then to all z ~ 0 we assign
generation index 1, and put w(x) = 1 with probability p or w(x) = 0 with probability 1 — p,
independently. Suppose that the we constructed m generations of the process. Let Y; be the
set of sites with generation index i and Y™ = {0} UY; U...UY,,. Denote by Y, the set
of neighbors of the open sites in Y;, which do not belong to Y™. Assign to the sites from
Y11 the generation index m + 1 and a value 1 or 0 in a way described above. If Y,,, # 0 and
w(y) = 0 for all y € Y,,+1, then the process stops. Note that for subcritical percolation this
process stops a.s., and what we obtain at the moment when the process stops is the cluster of
the origin surrounded by 0-s.

So, first we construct the environment within the set H; = €(0) U 9€(0), where

0€(0) ={y: y ¢ €(0),y ~ x for some z € €(0)}

(note that w(y) = 0 for any y € 9€(0)) and we know nothing yet about the environment out
of the set H,. For an arbitrary set H C Z% denote

H° = {x¢ H: for any infinite path v(z) starting from z it holds
that v(z) N H # 0}

(i.e., H® is the set of the holes within the set H) and let
G, = H, UH;7.
Then, choose w(z) for x € HY and start the random walk £(¢) from the origin. Let
r = min{t: €(t) ¢ Gi).
Note that €(£(m1)) N €(0) = 0, and construct, using the above method

Hy = €(¢(m1)) U OE(£(m1))
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and
Gy =G UHy U (G1 U HQ)O.

Then, define
To = min{t : £(t) ¢ Ga},

and so on. For all 7, we have
P[e(&(ri)) = Slogn] = p° 8"

where p is the percolation parameter. This is so due to the fact that, to have €(&(7;)) > dlogn,
it is sufficient to choose a path of length § log n emanating from £(7;) which does not intersect G;
(it is possible by the construction of 7;, since £(7;) cannot be completely surrounded by points
of G;), and such path will be open with probability p®!°8™. Thus, for any ¢ > 0 (one can take
the same ¢ from (2.18)), we can choose § small enough (take & such that §logp=! < ¢) so that

PO[¢(&(Ti)) > dlogn | Fi] > n~®, (2.19)

where F; is the o-algebra generated by {w(z), = € G;} and {{(m), m < 7;}. Fix 0 > 0 in
such a way that 1 — 6 > . Note that, as p < p.,, using (2.1) and Borel-Cantelli lemma, for n
large enough min{k : &(7x) ¢ A,} (the number of times that we repeat the basic step in the
above construction) will be of order at least n'~? for all n large enough, P%-a.s. (recall that
A, = (—n/2,n/2]% with overwhelming probability all the clusters inside A, will be of sizes
at most n?). On each step, by (2.19), with probability at least n~¢ the random walk enters
the cluster of size at least §logn. By (2.18), it stays in that cluster (if 8 is large enough) for
at least n?*¢ time units with large probability. If 1 — @ > £, with overwhelming probability
on some step (of the above construction) the random walk will delay (in the corresponding
cluster) for more than n?*¢ time units before going out of A,,. In other words, we will have

dn
max €6 < 5
which implies (1.2). This concludes the proof of Theorem 1.1. O
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