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THE JOURNAL OF SymBoLIC LoGic
Volume 67, Number 4, Dec. 2002

MODULATED FIBRING AND THE COLLAPSING PROBLEM

CRISTINA SERNADAS, JOAO RASGA, AND WALTER A. CARNIELLI

Abstract. Fibring is recognized as one of the main mechanisms in combining logics, with great sig-
nificance in the theory and applications of mathematical logic. However, an open challenge to fibring is
posed by the collapsing problem: even when no symbols are shared, certain combinations of logics simply
collapse to one of them, indicating that fibring imposes unwanted interconnections between the given
logics. Modulated fibring allows a finer control of the combination, solving the collapsing problem both
at the semantic and deductive levels. Main properties like soundness and completeness are shown to be
preserved, comparison with fibring is discussed, and some important classes of examples are analyzed with
respect to the collapsing problem.

§1. Introduction. Among the contemporary research on theory and application
of logic, the topic of the combination of logics is one of the most interesting.
Logicians, philosophers and computer scientists are finally emerging from the com-
plexity and the perplexity of isolated logical systems, learning how to capitalize
on the intricate characteristics of particular logic systems towards a general man-
ner of investigating the way logics can be combined, the way such combinations
can be applied and understanding the general properties (c.f. [1]). Among the
several approaches for spelling out such combinations, the techniques of fibring
(c.£.[9, 10, 11, 16, 18]) have been the most auspicious: the fibring of logics leads to a
new logic where not only constructors are mixed, but proof methods are combined.

Although the fibring techniques can be defined in the context of quantificational
logic (c.f. [17]), even if restricted to the propositional level (avoiding variables, terms,
binding operators such as quantifiers, and the subtleties therein), fibring proposi-
tional based logics such as modal, intuitionistic and many-valued logics produces
huge amounts of possibilities connected to real applications (in engineering and
artificial intelligence) and is open to interesting philosophical interpretations. Fur-
thermore, although most of the work on fibring has been restricted to logics endowed
with truth-functional semantics, some steps have been taken towards encompassing
logics (like paraconsistent logics [5]) with non truth-functional semantics [3].

Fibring can be presented from a proof-theoretical or from a model-theoretical
perspective. From the proof-theoretical point of view, fibring is treated in a natural
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way over logic systems with a Hilbert-like (axiomatic) deductive style presentation,
but this kind of deduction seems more appropriate for meta-mathematical investiga-
tion than for real applications, a practice sometimes requiring Gentzen (sequent) or
tableau style presentation. An appropriate framework for fibring natural deduction
systems by means of labeled (or annotated) deduction systems is given in [14].

Usually, soundness is preserved under the process of fibring in the sense that
the fibring of a family of logics is sound, provided that the components are sound.
However, a more difficult problem is to show that completeness is also preserved.
This question was solved in [18] for a wide class of (truth-functional) propositional
based logics, where it was shown that under certain reasonable requirements (to
wit, that the component logics are complete under general frame semantics and
endowed with congruence relations) a kind of transfer of completeness can be
obtained, guaranteeing that the result of the fibring is complete.

The use of categorial language is very appropriate for defining fibring, because
fibring appears as a universal construction in the appropriate category of logic
systems [16], emphasizing the canonical nature of fibring. Furthermore, it is often
useful to show that certain collections of objects together with certain appropriate
transformations make up a category, such as the category of signatures of logics
together with arity preserving maps. In this way, the underlying theory is held
maximally uniform and general.

However, general as it is, the original notion of fibring is not yet broad enough to
accommodate more subtle aspects of combinations of logics, for example to avoid
the collapsing problem, which consists of the unexpected collapse of two logics when
combined even by unconstrained fibring (no symbols are shared). A simple yet
paradigmatic example was provided in [8, 10], where it is shown that, in our terms,
the unconstrained fibring (sharing nothing!) of classical and intuitionistic logic
collapses into classical logic. The result is that the original notion of fibring is not
appropriate for controlling this kind of phenomenon, and in the present paper we
extend the notion of fibring to a much more powerful notion of modulated fibring.

The main idea behind modulated fibring at the semantic level is as follows. In
the original fibring (as clearly shown in [18]), even when no symbols are shared, an
interconnection is imposed upon the two given logics (to wit, only pairs of models
sharing the same algebra of truth values contribute to the resulting logic). In the
novel notion of modulated fibring this imposition is relaxed by giving as input to the
fibring a translation between the truth value algebras of the two given logics. This
translation modulates the result. An appropriate choice of the translation recovers
the original notion of fibring, but other translations are possible and in the example
of [8] a manner of avoiding the collapsing is shown. The modulated fibring is also
introduced at the deductive system level leading to some provisos when applying
the inference rules.

Therefore, the main goal of this paper is to achieve a mechanism for combining
logics both at the semantic and the deductive levels but avoiding when desired
the collapsing phenomenon. Preservation of soundness and completeness are also
investigated.

Besides the pioneering example of [8], other cases of collapsing are described
and for each of them we show how modulated fibring avoids the collapsing under a
specific choice of the truth values translation.
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The remainder of the paper is structured as follows. Section 2 is dedicated
to modulated fibring at the semantic level including the notions of interpretation
system and morphism. In this section some interesting examples selected from
intuitionistic and many-valued logics are presented. Moreover, it shows how to
extract from an interpretation system the (local and global) notions of entailment
and establishes some basic results. Finally, introduces the notion of modulated
fibring as a pushout in the category of interpretation systems, indicates how to
recover the original notion of fibring as a special case, and shows how to set up
the the base diagram of the pushout from the intended translation between the
truth value algebras. Section 3 concentrates on deductive aspects of modulated
fibring starting with Hilbert systems and their morphisms. The modulated fibring
at the deductive level appears as a pushout in the category of Hilbert systems.
We conclude the section with examples and a comparison with fibring. Section 4
is dedicated to logic systems putting together interpretation systems on one hand
and Hilbert systems on the other hand, fibring of logic systems and preservation
of soundness. Section 5 concentrates on preservation of completeness namely
establishing sufficient conditions. We conclude in Section 6 with some remarks and
open problems.

§2. Interpretation systems. In this section, we investigate modulated fibring from
a semantic point of view. We start with signatures and proceed in Subsection 2.2
with the notions of interpretation system and morphism between interpretation
systems. We conclude the section with several examples that will be used later on.
In Subsection 2.3 we introduce (global and local) semantic entailments. Finally,
in Subsection 2.4 we define modulated fibring as a pushout in the category of
interpretation systems and give several examples showing that it is possible to
choose bridges that lead to non-collapsing situations.

2.1. Signatures. We introduce the basic symbols that we need in each signature.
We start by identifying the notion of pre-signature.

DEFINITION 2.1. A pre-signature is a triple £ = (C, &, E) where C is an indexed
Sfamily of sets over the natural numbers, & is a symbol and Z is a set.

Elements of Cj are constructors of arity k, and elements of E are meta-variables.
The role of the symbol & will become clear when giving the semantics. Moreover
this symbol is also essential for technical reasons in Section 5.

DEFINITION 2.2. A pre-signature morphism h : (C,&,E) — (C',&,Z') is a pair
(h1, ha) such that hy = {1, }ren is a family of maps from Ci to C/ for every k € N
and hy : E — & is a map.

Pre-signatures and their morphisms constitute the category pSig. This category
has finite colimits and in particular pushouts.

DEFINITION 2.3. A signature is a co-cone in pSig, that isX = (C, &, E, S).

The set S contains the “safe-relevant” morphisms whose destination is (C, &, E).
Safety will play an important role in the definition of the entailments by con-
straining the admissible assignments to meta-variables in the range of safe-relevant
morphisms. This is also the reason why the meta-variables are local to signatures
which was not the case of fibring in [18].
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DEFINITION 2.4. A signature morphism h : T — X' is a co-cone morphism, that is,
h is a pre-signature morphism such that h o f € S’ whenever f € S.

Signatures and their morphisms constitute the category Sig. Again this category
has finite colimits, in particular pushouts.

2.2. Basic notions. The basic semantic unit is the structure for a signature. Typ-
ically in an algebraic setting, a structure is an algebra.

DEFINITION 2.5. A X-structure B = (B, <,v) is a pre-ordered algebra over C and
& with finite meets' such that

1. v2(&) (b1, b2) = by M by;

2. vi(e)(by,...,bk) = vi(c)(dy, ..., dyx) whenever b; = d; fori =1,...,k.2

The elements in B are the truth values (or degrees) and v (c) is the denotation
of constructor ¢ of arity £ which is an operation in the algebra. The symbol
& is the syntactical counterpart of 2-ary meets. Constraint 1. indicates that &
behaves like a conjunction (whether or not such symbol is a constructor in the
signature). Constraint 2. is congruence requirement: denotations of a constructor
on “equivalent” truth values should be “equivalent”.

In the fibring as presented in [18], structures were power set algebras based on
sets of points (worlds). The more general setting of considering an algebra (not
necessarily a power set algebra) also includes logics (like multi-valued logics) whose
semantics is not provided in terms of points.

In the sequel we omit the reference to the arity of the constructors and the
subscripts in signature morphisms in order to make the notation lighter. Sometimes
we also use b as a short hand for by, ..., b.

DEFINITION 2.6. An interpretation system is a tuple ¥ = (X, M, A) where X is

a signature, M is a class (of models), A is a map associating to each m € M a
X-structure By,.

The interpretation system could be a pair (Z, #). We include M because one can
take the models of the logic at hand and use A to extract the underlying algebras
and M also simplifies the notion of interpretation system morphism.

DEFINITION 2.7. An interpretation system morphism h : % — % " is a tuple
(h,h,h,h) where:
e h:X — % is a morphism in Sig;

e h: M — M isamap;
o hi = {hom Y mrepr where hyy (Bu(m'y> <(mr)) = (Bpyss <pr) is amonotonic map;

o = {hm }mrcrrr where by : (Bl <) = (Biyimrys Sn(mr)) is @ monotonic map
preserving finite meets;

In a pre-order, meets are unique up to isomorphism. We use the notation M{by, ..., b} or even
by M- -- M by for a choice of one of the meets for {by,...,b;} and T for M @. Observe that finite meets
exist iff 0-ary and 2-ary meets exist.

2By by = by itis meant b) < by and by < by.

30bserve that a map preserves finite meets iff preserves 0-ary and 2-ary meets.
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’ N k r k .
such that for everym’ e M', b € Bﬁ(m') and b’ € By,

1. hyy is left adjoint of P )
2. v}, (h(c))(') 2 hmf(vh(m,)(c)(hm,(b’)))for every ¢ € Cy. A

Recall that A, is left adjoint of Ay iff for every b’ € B,y and b € Byy(my:
b ot bt (i (6)) and s (s (B)) <pmry b

As a consequence, ki, also preserves meets for every m’ € M’. Observe that

Bos (B (B)) & (m) b Whenever b is surjective. Moreover,
Vs (8) (it (1), s (52)) s s (Vo (&) (b1, B2)).

The map 4 is expected to be contravariant. The family of maps A, and A,
indicate that we need to represent the truth values of By, in the truth values of
B),, and vice versa. Clause 1. states constraints that the maps should fulfill. Clause
2. indicates that denotations of constructors from C in a model m’ can be given for
any truth values in B, by using the two maps.

The morphism between interpretation systems presented in [18] is a particular
case of the one in Definition 2.7 with A, = idp: . hp = idp,,, and hence,

Bh(ml) = Brln/, CtC.

’)

Prop/DEFINITION 2.8. Interpretation systems and their morphisms constitute the
category Int.

Some of the examples we consider are many-valued logics. For more details about
these logics see [2, 13]. In all examples the signature is as follows: £ = (C, &, &, S)
where t € Cp (in general in Cy we also have propositional symbols), C; = {-},
CG={AV.=},C,=0forallk >3, &isA\,E={& :i € N} and S = (. Thus
the interpretation systems in the examples only differ in the semantic part, that is in
M and A4.

ExaMPLE 2.9. Propositional interpretation system.

o M is the class of all pairsm = (B, V') where B = (B,M,U,6, T, 1) is a Boolean
algebraand V : Cy — B is a map such that V(t) = T;
o A(m) = (B,<,v) where
- by < by iff by Nby = by;
= vo(c) = V(e), vi(=) =, v(A) =M, and vy (V) = U;
— (=) = Abiby.(6b1) U bs. AN

ExaMpLE 2.10. Intuitionistic interpretation system.
o M is the class of all pairsm = (B, V') where B = (B,MN,U, 3, L, T) is a Heyting
algebraand V : Cy — B such that V (t) = T;
o A(m) = (B, <,v) where
- by < byiff by N by = by;
— vwle) = V(c), vo(A) =Nand vo(V) = L;
- n(=)=3;
—v(=)=4b.b 3 L. A
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ExampLE 2.11. (3-valued) Godel interpretation system.Gddel logics were intro-
duced as approximations to intuitionistic logic, and extended the propositional intu-
itionistic calculus.

e M is the class of all pairs m = (B, V) where B = (B,N,U,1,6,1,T)isa

3-valued Godel algebra* and V : Cy — B such that V(t) = T;
e A(m) = (B, <,v) where
— by < by iff byMby = by;
= vo(e) = V(c), v2(A) =M, v2(V) = Uand vi (=) = &;
- v(=) =0 A

ExampLE 2.12. (3-valued) Lukasiewicz interpretation system.Eukasiewicz logics,
introduced in the twenties, were the first logics introducing a third truth value, designed
to express linguistic modalities outside the scope of classical logic, like the possible
(contingent) future.

e M is the class of all pairs m = (B, V) where B = (B,®,0, 1) is a 3-valued
multi-valued algebra® and V : Cy — B is a map;
e A(m) = (B, <,v) where
- by < byiff by N by = by;
- wlc) =V(e), vi(m) =6, v(A) =Nand vy (V) = L;
- VZ(=$) =1 A

2.3. Satisfaction and entailment. The objective of this section is to introduce
the notion of entailment. As in other papers on fibring (e.g., [16]) we have two
entailments: global entailment corresponding to proof and local entailment corre-
sponding to derivation. We start by defining the languages over a given signature.

DEFINITION 2.13. The set L(Z) of Z-formulae is the free algebra over C, &, E taking
the elements of Cy. as k-ary operations, & as a 2-ary operation and the elements of E
as O-ary operations. We denote by L(C, &) the subset of L(X) composed by ground
formulae, that is formulae without meta-variables.

We need the notion of assignment for defining the denotation of formulae and
entailments. Assignments that give special values to schema variables that come
from safe-relevant morphisms are referred to as safe.

Let s : £ — I be a signature morphism and % a Z-structure. Then, & (s) is the
smallest subalgebra of & for signature s(£). Observe that B,’,,,(fz) - hm:(Bh(m,))

whenever A € S’ and h is an interpretation system morphism.

DEFINITION 2.14. An assignment over a Z-structure & is a map o :.E — B. The
assignment o is said to be safe for a set of formulae ' C LX) iff a(s(&)) € B(s) for
everys:X —XinSands(¢) €.

“4Recall that the typical 3-valued Godel algebra has B = {L,1/2, T} and operations © and 1 are
defined as follows: ©b = 1 whenever b = 0 and 0 otherwise, and by 3 by is T if b < by and b,
otherwise.

SRecall that the operations ®, M, Ul and 71 are defined as abbreviations: b; ® by = ©(0b; ® ©bs),
by Dby = (6b1) ® by, by Uby = (b1 @ (©b3)) © by, by Mby = (b @ (6by)) ® by and T = ©L The
typical multi-valued algebra with three elementsis B = {_L, 1/2, T } and operations © and 1 are defined
as: ©b =1—bandb; 1 b, is 1/2 for the pairs by = 1/2and by = L, by = T and by = 1/2,is L for
the pair by = T, by = L and is T otherwise.
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Safe assignments show the relevance of having the component S in signatures
and will be relevant when defining the entailment.

DEFINITION 2.15. The interpretation of formulae over a X-structure & and an as-
signment o is amap [.]Z : L(Z) — B inductively defined as follows:

o [cIZ = v(c), whenever ¢ € Cy;

o [¢1Z = a(¢), whenever & € E;

o [c(yi,-- . y)IZ = v(e) (12, ....[7]1Z), whenever k € N, ¢ € Cy and
Yiseoo Yk € L(Z).

A formula y is globally satisfied by % and a safe assignment « for y, written Ba I+ y,
if[y1Z = T. A formulay is locally satisfied by B, a safe assignment o for y and
b € B, written Bab -y, iff b < [y]1Z.

In the context of an interpretation system, we can use [y]” instead of [y]4(™
Moreover, we write ma I+ y and mab | y whenever %, I+ y and B,ab I+ p,
respectively. Observe that local satisfaction of a formula at a truth value b indicates
that a formula is at least as true as b. And we say that an assignment is over a model
miffa:E — B,,.

DEFINITION 2.16. A formula J is a p-semantic consequence of a finite set of for-
mulae @, written ® £, 9, iff, for every model m and safe assignment o for ® U {0},
ma |- & whenever ma I ¢ for every ¢ € ®. A formula J is a p-semantic consequence
of a set of formulae T, written I &, 0, iff there is a finite set ® contained in I such
that ® E, 9.

DEFINITION 2.17. A formula J is a d-semantic consequence of a finite set of for-
mulae ®, written ® £, 0, iff mab |+ 6 whenever mab |- ¢ for every p € D, m € M,
safe assignment o over m for ® U {0} and b € B,,. A formula é is a d-semantic
consequence of a set of formulae I, written I E4 3, iff there is a finite set ® contained
inT such that ® E; 6.

PROPOSITION 2.18. Let @ be a finite set of formulae and 6 a formula. Then ® =,
iff Nocollely < [O17 for every model m € M and safe assignment a over m for
o uU{s}.

A signature morphism fz can be extended to a map h* between formulae: h*(c) =

h(c)forc € Co, h*(£) = h(&), h*(p18&p2)) = h*(01)&'h*(p2) and h*(c (o1 .. ., )
= h(e)(h*(p1),.. h*(cpk)) Below, A is used for the map h*.

We show below that p and d semantic entailments are preserved by some kind
of morphisms. Before giving the result we need a lemma relating denotations of
formulae in one signature with their counterparts in another signature.

LEMMA 2.19. Leth : % — 7' be an interpretation system morphism such that by,
is surjective for every m' € M’ and o' is an assignment over m’. Then:

o [A(EON 2 him ([é]f(:,l)) whenever o is safe for h(¢) and h € S';

o LA 2t him (|[y]| (e ) for every y including at least a constructor from C
where h(e/)(&) = (o ( (©))
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PROPOSITION 2.20. Let h : F — 7' be an interpretation system morphism such
that hy, is surjective for every m' in M' and h € S’ whenever T U {0} has meta-
variables. Then (1) h(T") A h(6) whenever T E » 0 and (2) h(D) E, h(6) whenever
| N F

PROOF. Observe that if o is a safe assignment over m’ for 4 (¢) then the assign-
ment h(a’) over A(m’) as defined in Lemma 2.19 is safe for .

We only show claim (2). Let m’ be in M’ and o’ be an assignment over m’
safe for A(T' U {6}). Assume I F; 8. Then there exists a finite set @ of I with
MNyealely < [6]7 for every model m in M and assignment o over m safe for @U{d }.
S0 Myeolh (@)1 = Mpcohm ([ekm)) = i (Mpcol@Thin) < b ([Thimy)) =
[fz(é)]z,'. Therefore A(T) Eq h(5). 4

As we shall see in Section 3, in the modulated fibring the morphisms that relate
interpretation systems do have the required properties.

2.4. Modulated fibring of interpretation systems. The idea is that each model in
the modulated fibring of .#” and .#” will be a pair (m’, m”) where m’ is a model of
#’ and m" is a model of .#”. Moreover the truth values in the algebra of (m’, m")
should be the union of the truth values in the algebras of m’ and m”. However, for
denotations of formulae we need some relationship between the truth values of m’
and m” for every m’ and m"”. Such a relationship is established by a bridge.

DEFINITION 2.21. A bridge between interpretation systems %' and %" is a diagram
B={(f:F - F f":F — F" inInt such that f', f", f!, and f",
are injective maps and f', and f", are surjective maps for every m' € M' and

"€ M", respectively.

Before defining modulated fibring, we introduce an auxiliary category and two
functors.

PrOP/DEFINITION 2.22. The category poFam has pushouts. The objects are families
of pre-orders with finite meets of the form P = {(P;,<;)}ie1 and the morphisms
h: {(Pi,<i)}ier — {(Pj, <i)}irer are pairs (h, h) such that h : I' — I is a map
and h = {h; : Pyiry — P }irer is a family of monotonic maps.

Proor. Let f = ((f, f> : P — P (f".f") : P — P"). Then the pair
((g'.&") : P —> P.(g".§") : P" — P), where P = {(Pi,sf>}ie1, 1= {{".i"):
L@ = 1), e Ui e 1"y, g/ (i) = i, g ((i7,1")) = i, and ((Pi, <),
g!.g/') is a pushout of f’ £/() and f (i) in the category of pre-orders with finite
meets for each i € I, is a pushout of /3 in poFam. -

Let Sg : Int — Sig be the functor such that Sg(.¥) = £ and Sg(h) = h and
poF : Int — poFam be the functor such that poF(#) = {(Bm, <m)}mem and

poF(h) = (h, it). We are now ready to show that the category Int has pushouts.

ProP/DEFINITION 2.23. The modulated fibring of interpretation systems %' and
S by a bridge B is a pushout of B in Int.

PROOE. Let f = (f' : F — F', f": F — #"). Consider (g’ : F' — 7,g"
J" — ) defined as follows:

o (§':¥ -2 8"”:Y — X)isapushout in Sig of Sg(B);
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o ((g'. 8" : poF(F'") — poF(%7),(g",¢") : poF(F") — poF(.#)) is a pushout
in poFam of poF(B); B

b (B(m',m”)e S(m’,m“)) = (p0F(j))(m’,m”);

° A(< /I>) = <B(m m“), <<m’,m")’v(m’,m")>;

g<m m//)( 8 m m//)(b ) =

o g(m’,m“)(g(m ,m/’)(b )) m’( m"(b”))

0 &y @y (5) Tty &l iy (6)) =

By @t 6) o By @y (B

¥ & VB = Ey i O () B

g(m, vy AN V(s oy (& ”’ (¢")) defined in a similar way.

We have to check that (#,g’,g"”) is a pushout in Int of f’ and f”. For this
purpose we consider m’ € M’ and m” € M" and for the sake of simplification
will omit the subscripts involving both m’ and m”. Moreover we will consider that
£'(m') = (") = i

&' (also §”) is well defined. On one hand, '(¢/(f’ (b)))
definition of g’ and on the other hand, §'(¢” (/" (5))) = f'(f"(f"(
using the same definition and surjectivity of /.

2. g’ (also g”) is a monotonic map. Observe that < is [f p(A, Dy) where Dy
includes:

o g'(<) and g"(<");

o the pairs g'(b’) M g” (b") < g'(b’) for every b’ and b”;

o the pairs g/(b’) M g”(b") < g"(b") for every b’ and b”;

o b <g'(b')r1g"(b") whenever b < g'(b'), b < g"(b") and b is ¢’ (f'(b));

o /(b)) N1 ¢"(b}) < g/(b5) 1 g"(Y) whenever ¢/(b]) < ¢'(b5) and g"(b})) <

//(b//)
and A : pB? — pB? is such that A(D) is the one-step transitive closure. Therefore
A is extensive and monotonic. We prove that g'(b;) <’ §'(b,) whenever b; < b, €
A#(Dy) by induction.

Base: 4 = 0.

(i) Assume that b; and b, are either ¢’(b]) and g’(b3) for some b;,b} € B’ or
g"(by") and g”(b}) for some by, b3 € B”. Then g'(b;) <’ §'(b;) by definition of <
and using the fact that ¢’ and ¢ are surjective.

(i) by is g'(b") M g”(b") and by is g'(b’). Then g'(b;) = b’ and g'(b;) is b’ I
f’(j:’/(bll)) andso b’ f'/(f"'//(bu)) SI b

(iii) b1 is ¢'(f"(B)) = g"(f"'(B)) and by is §'(b') N ¢"(b") with f/(b) <’ &'
and f"(b) <" b" (therefore l;if”(b”)) Then §'(g’ (f’ (b))) =~ £/(b) and
g'(g"(b") 2 f'(f"(b")). Hence f(b) <' b’ and f/(b) <" f'(f"(b")).

(iv) by is g'(b]) N g"(by') and b, is g'(b5) N g”(bé’) with ¢'(b]) < g'(b;) and

/I(bll) < g/l(b//) SO b/ </ bl b// <// bl/ andf (fl/(b//)) </ (f//(b//)) Then

#(e'(6)) < g (b})) and /(3" (1)) < §'(2"(4)). Therefore g'(g' )

&g (b)) <! /(@ (60) 1V ¢/ (2" (81)).

Step: u=¢ + 1.

Let b be such that b; < b,b < by € D,. By the induction hypothesis g’(b;) <’
§'(b) and §'(b) <’ §'(b;) and so by transitivity of <’ we have g'(b;) <’ g/(by).

using the

f'(b) using th
b)) = /()
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Step: u is a limit ordinal. Straightforward.

3. The preservation of meets by ¢’ and ¢” is again straightforward.

4. f(§'(b)) = f"(§"(b)): Let b be ¢'(b'). Then f'(g'(¢'(b"))) = f'(b') and
fr(@" (&' ) = f7(f"(F(b"))) and so /" (f"(F'(b"))) = f'(b') since f" is
surjective. The other cases follow straightforwardly

5.v(@'(f1(@))B) = ¢ (v(f(@))(g' () = ¢'(f (v(C)Qf’(g’(g))))) = .

g"(f @) (f"(g"(b))))) = ”(V”(f”( N(E"(B))) = v(g”(f"(¢)))(b).

6. ¢’ is left adjoint of g’ (¢ is left adjoint of g"').

(i) b < g'(g'(b)): consider the case of b being g”(b”): b” <" f"(f"(b")),
then g”(b”) < g”(f”(f”(b"))), SO g"(b”) < g/(f‘/(f"u(b//))) and g"(b") <
g'(g'(g"(d"))). (ii) g'(g'(b")) < b': straightforward.

7. Universal property. Let &’ : #' — #"" and h” : #" — #" be interpretation

system morphisms such that 4’ o f" = h" o f".

Existence. 4 is the unique morphism in Sig such that h og' = =h'and ho g
' h = (I, B'); h is the unique morphlsm in poFam such that ho g’ = h’
and hog” = h"; and Ay (b") =%/ gh s (B! .. (b)) M gh m,,,)(hj,ﬁ,,,(b’”))
g'(h(6™) = g'(¢'(W'(b"))) N g'(g"(R" (b)) = k(") 1 f/(f"(h"(b"))) =
(BN (f ( "(b""))) = k' (b""). We can also conclude that h is monotonic and
preserves finite meets and that 4 is left adjoint to 4.

v"’(il(g'(c')))(g"') ~ I”(/;/( /))(5///)
= i/ (v'(c") (' (5")))
= h(g'(v'(c") (&' (R(B™)))))
= h(v(g'(c")(h(6"))).

Uniqueness. Assume that k : .# — #" is a morphism such that k o g’ = &’
and k o g” = h". We want to show that kK = & thatis k = h. We start by show-
ing that k(6"") = g'(g'(k (b"’))) ng"(g" (k (b”’))) Assume that k(b"") = g'(b’).
Note that g'(6") < g'(f'(f'(¥"))) = g"(f"(f'(b")) = ¢"(§"(¢'(+"))). Then
k") = g' (3" (k" ))ngr(g” (k_.(b”’ ))). The other cases follow in a straightfor-
ward manner. Since ¢'(k(b"")) = h(b"") and §"(k(b"")) = h(b"") thenk = h. -

Examples and the collapsing problem. We give some examples of modulated
fibring namely showing how the collapse can be avoided. We start by a description

of the most common collapse and then give a result stating how the bridge can be
chosen to avoid the collapse when no constructors are shared.

DEFINITION 2.24. In the modulated fibring (g' : 7' — #,g" . F" — F) of &'
and 5" by a bridge B, 7" collapses to #' iff there is a bijection ji : C;'! — C| for
allk € IN such that

o &Ik, (") i 8" () Ep 8771 @") i TV F), @' and §'(T") k4

’(cp )i g" (G-I () Fa 87(™ ‘(<p ) i T Ey @'
e thereisasetT" C L(X") and a formula " € L(Z ") such that T" ¥ " and
g"(Ir") E, "”(<p”) or there is a set T C L(X") and a formula " € L(Z")
such that F” 0" and §"(T") B4 8" (0").

We now define a specific bridge that leads to a non-collapsing situation whenever
there is no sharing of constructors.
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PROPOSITION 2.25. Let .#', 7" be interpretation systems such thatt' € Cg, t" €
C/', C" and C" are in one to one correspondence and f a bridge such that Cy = {1},
Co=0forallk #0,2=0,8 =0 M = {m}, By = {T}, idy € ', ids» € S",
f(m") = f"(m") =mand f!,(b") = f.(b") =T foreverym' € M', m" € M",
b’ € B!, andb" € B!.,,. Then the modulated fibring (g' : 7' — 7,g" : F" — F)
of F' and 5" by B does not collapse.

Proor. For every model m” € M" all the pairs (m’, m") with m’ € M’ are in the
modulated fibring. Therefore if I i/ " then g (") ¥, g" (") for every I'” and
" and if T #/] " then §"(I"") ¥4 " (¢") for every I' and " -

We say in this case that the interpretation system obtained is the unconstrained
modulated fibring of #' and .#”. Thus, we can use this “universal” bridge for
defining the modulated fibring whenever we do not want any symbols shared which
is the case in most situations. Observe that in Cj and C;j’ we can have propositional
symbols.

Proposition 2.25 shows that for all cases of unconstrained modulated fibring (that
is, only the verum is shared) it is possible to avoid the collapsing problem. Since
ids: € S’, ids» € S" using Proposition 2.20 we guarantee that the entailments of the
component logics will be entailments in the modulated fibring. Observe also that
the requirement idys € S’, ids» € S” does not change the entailments of .#’ and
#". This requirement just prepares the interpretation systems for the combination.
We can now instantiate Proposition 2.25 for several cases.

ExAMPLE 2.26. Modulated fibring of propositional and intuitionistic logics. By
choosing an adequate bridge as the one in Proposition 2.25 we can avoid the collapsing
between propositional logic %' and intuitionistic logic .#". Intuitionistic logic col-
lapses into propositional logic when the formula ((—(— ¢)) < @) becomes valid which
is not the case. Observe that in the modulated fibring, g'(By,) is a Boolean algebra

“equivalent” to B),, and g" (B,,.,) is a Heyting algebra “equivalent” to B,,,, . A

Similarly to Farifias del Cerro and Herzig’s C+J logic as presented in [8], in the
modulated fibring of propositional logic .#’ and intuitionistic .#” logic considered
above, we have also no problems with the validity of the formula g’(¢’ =’ (v’ =’
")) since, according to our semantics, the formula is only valid for “intuitionistic
values”. Propositional values are converted to intuitionistic value “¢”.

The following example is also an application of Proposition 2.25. Moreover it is
also very interesting in showing the need for safe assignments.

ExaMPLE 2.27. Modulated fibring of propositional and Lukasiewicz logics. Let
F' and 7" be the interpretation systems for propositional logic and 3-valued Lukasie-
wicz logic (see Examples 2.9 and 2.12, respectively). As a corollary of Proposi-
tion 2.25, the modulated fibring with no sharing does not collapse.

In order to understand safe assignments consider the following case. We have
{&1. (& =" &)} B, &, for propositional logic. In the unconstrained modulated fib-
ring, we do not have {g'(&1), (8'(€])8'(=")8'(&5))} Ea &'(&}) if all assignments are
possible. Let m’ and m" be such that B,, = {0',1'} and B,,,, = {0"”,1/2",1"}.
Then By prry = {0,0”.1/2",1}. Consider an assignment o over (m', m") such that
a(g'(&])) = land (g’ (&) = 1/2". Then
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o 1<[gE"™" since [g’(f,)]] mm) 1.
o 1< (&g (=g (62)) (m'm") e (0 (51) (=18 (éz))]l(m m'y 1:
e butnot1 < [g”(éz) (m’ m’ >s1nce g (62) (m'm") _ =1/2". N

The following example illustrates several possible combinations of propositional
logic and Gdédel logic through different bridges. In particular we introduce a specific
bridge for sharing negation. The motivation for the sharing comes from the fact
that the values of (—¢) in 3-valued Godel logic is always either L or T. That is,
1/2 behaves as T, and so negation has a classical flavor.

ExampLE 2.28. Modulated fibring of propositional and Godel logics. Let .7/ and
F" be the interpretation systems for 3-valued Gédel logic and propositional logic (see
Examples 2.11 and 2.9, respectively). For propositional logic only 2-valued algebras
are included. Consider the fibring of propositional and Gédel logics modulated by
three different bridges p = (f' : F — F', f" : ¥ — F") as follows:

Bridge 1:
o Fis s'uch that
- M = {m};
— A(m) = ({TH{(T. T)}¥);
° f and " are such that
flm)=f"(m")=m
- fl (T) T, ’ and m//(T) m//;
- fr.)="T andfm,,(b") =T forevery b’ € B!, b" € B!,
Bridge 2:
o Jis such that
- M = {m};
- Am) = {L, TH{(L, L), (L T)(T, T}, v);
e f"and f" are such that
- fl(m) = f"(m") = m;
—f (L) = Lpo [ (Ti) =
m”(‘Lm) = J_” " and fm”(T ) T::'/I;
fh(Lr) = J_m and f',(b") = T foreveryb’ #1!.
- f,’,,’,,(J_m,,) Lnand f",(b") = Ty for every b # 17,
Bridge 3:
o Fis such that
- M= AI(MI)lc" UAII(M/I)lé;
— Ais the identity map;
o f'and ' are such that
- f(m') = A'(m")| ¢ and ["(m") = 4" (m")|;
- fm’ = ldB/ andfm// = ldB/' 5
o
- fm, = Bf’( " andfmn = Bf” o

Bridges 1, 2 and 3 can be used to modulate the fibring when Cy = {t} and C = 0,
=0 and S = 0. Then v is a family of empty maps except for ¥y and f' and f" are
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also empty maps except for k = 0. Bridges 2 and 3 can be used to modulate the fibring
when Co = {f.1}, C) = {=}, Ce = O foreveryk > 2,2=0,8 =0, v(=)(1) = T,
¥(=)T) = L and f' and " are such that f'(=) = ~' and f"(=) = =" Bridge 3
can be used to modulate the fibring when C = C' = C",E= 0,8 =0and f' and f"
are such that (=) = —', f'(R) = N, f"(=) = " and f"(R) = N (corresponding
to the collapse of Gédel logics into propositional logics since in the fibring we will only
have Boolean algebras). A

We now turn our attention to the comparison at the semantic level between
modulated fibring and the fibring as presented in [18] showing that the latter is a
particular case of the former.

REMARK 2.29. Fibring. Consider the subcategory fInt of Int whose objects are
tuples (£, M, A) such that S = () and the morphisms h : (£, M, 4) — (X', M’ , 4A")
are such that &' = &, hyy = idy and hy = idy(m) for every m’ € M'. The objects
and the morphisms of the subcategory fInt are the interpretation systems and the
morphisms in the fibring as presented in [18]. The category fInt has pushouts that
correspond to (unconstrained and constrained ) fibring as presented in [18] by choosing
the following bridge:

C with the shared constructors if any;

[ ]

o M =A(M)|sUAd"(M")|s

o A is the identity map:;

o [/(m')=A'(m")|cand f"(m") = A"(m")|¢:

[ ] f,/n/ = idBr’n” f'I'I,// = idB':’/I,,f'/n/ = ld

Byigmry
Thus, the class of models M is composed by the pairs (m’,m") that have the same
underlying algebra. For instance when considering the fibring of propositional and
intuitionistic logics the models to be considered in the fibring are those whose underlying
algebra is Boolean. Therefore intuitionistic logic collapses into propositional logic even
if no constructors are shared. A

o
and )., = ldBLH(m'n‘

§3. Hilbert systems. In this section we analyze the deductive component of mod-
ulated fibring. The basic deductive notion is Hilbert system. Hilbert systems are
special pre-Hilbert systems. As in previous papers on fibring, we distinguish be-
tween proof and derivation rules. We go on giving the notion of morphism between
Hilbert systems. Then, again modulated fibring appears as a pushout in the category
of Hilbert systems.

3.1. Basic notions. We define the notion of inference rule in general. Proof rules
and derivation rules are inference rules. The notion of substitution is a delicate one
since we will work often with safe substitutions. Safe substitutions are the deductive
counterpart of safe assignments. This means that instantiation of inference rules is
sometimes restricted.

DEFINITION 3.1. A4 Z-inference rule is a pair (T, ) where T’ € o7, L(Z) and ¢ €
L(Z).

Given an inference rule r = (T, o), the elements of I are the premises (Prem(r))
of r, and ¢ is the conclusion (Conc(r)) of r.
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DEFINITION 3.2. A pre-Hilbert system is a tuple (X, R, R;) where X is a signature,
R, (proof rules) and R, (derivation rules) are sets of Z-inference rules such that
Ri C R, and R, does not include rules with no premises.

We use the following notation: given s : $ - I, L(Z, s) is the set of formulae in
L(Z) whose main constructor is from s(C) and L(C, &, s) is the subset of L(Z,s)
composed by ground formulae whose main constructor is from s(C).

DEFINITION 3.3. A X-substitution is a map o : E — L(Z). A substitution o is safe
for a set of formulae T C L(Z) iff 6(s(&)) € L(Z,s) for everys : X — X in S and
s(&) eT.

Therefore we should be careful whenever we have in a set of formulae images by
safe-relevant signature morphisms of meta-variables that come from another signa-
ture. They have to be substituted by formulae whose main constructor belongs to
that signature. Now we turn our attention to deductions. Since we distinguish be-
tween proof and derivation rules we have as deductions both proofs and derivations.

DEFINITION 3.4. A formula ¢ is provable from a set of formulae T in a pre-Hilbert
system, indicated by I \-,, o, iff there is a sequence @y, . .. , p, of formulae such that
(i) pn = ¢ and (ii) for each i = 1,... ,n either p; € T, or there exist a rule r of
R, and a safe substitution o for Prem(r) U {Conc(r)} such that Conc(r)o = ¢; and
Prem(r)o C{p1,...,pi—1}.

DEFINITION 3.5. A formula ¢ is derivable from a set I of formulae in a pre-Hilbert
system, in symbols T\, @, iff there is a sequence @y, . . . , pm of formulae such that (i)
©m = @ and (i) foreachi = 1,... ,m either ¢; € T, or y; is provable from the empty
set, or there exist a rule r of Ry and a safe substitution o for Prem(r) U { Conc(r)}
such that Conc(r)a = @; and Prem(r)o C {¢1,... , i1}

A Hilbert system is a pre-Hilbert system with a conjunction like operator in what
concerns deduction. This operator has a technical role in Section 5.

DEFINITION 3.6. A Hilbert system is a pre-Hilbert system where 1. for i = 1,2,
{(01&p2)} Fa i (& elimination); 2. {p1,p2} Fa (p1&p2) (& introduction) for
every formulae ¢ and ;.

We denote by y; =r y, the fact that ', y; b4 y,and T,y b4 1. When I' = () then
we will omit the reference to the set. In the following examples the signature is as
follows: £ = (C, &, E,S) where t.f € Cp, C, = {—}, C; = {A,V,=}, C = 0 for
allk >3 and &is A; E = {¢&; : i € N}. Thus the Hilbert systems only differ in the
inference rules.

ExaMpLE 3.7. (3-valued) Lukasiewicz Hilbert system. We adapt from the ax-
iomatic system in [13].
e Ri={({¢1.(&i=H)L &)
® R, includes R, plus:
- (0, (&1 = (&= &)
- 0.(&=8) = (L=8)= (6 =86)):
- (0.((=&) = (=&) = (&= &)
- 0. (&= (=&)) = &) = &)). A
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ExaMpLE 3.8. (3-valued) Godel Hilbert system. We adapt from the axiomatic sys-
tem in [2].
o Ry ={{{&. (&L= &)} &)}
® R, includes R; plus:
— the axiom schemata of propositional intuitionistic logic;
— the axiom schema (= &1) = &) = (& = &) = &) = &)). A

We now introduce the notion of morphism as a pair. The first component of the
pair is a signature morphism. Of course we expect such a component to preserve
inferences. The second component is specific and is basically needed in order to
make things easier in Section 5.

DEFINITION 3.9. A Hilbert system morphz;sm from # to #' is a pair (fz, k) such
that h : £ — X' is a signature morphism and h : L(C’,&') — L(C, &) is a monotonic
map® such that:

1. h(r) € R), for everyr € Ry;

2. h(r) € R}, for everyr € Ry;

3. h is left adjoint of h;’

4. h(c(h(@")) Wy h(c)(@").

A signature morphism /4 : £ — ¥’ satisfying Clauses 1. and 2. is called a pre-
Hilbert system morphism. In the fibring as presented in [18], the Hilbert system
morphism is a pre-Hilbert system morphism in the present context where & = E’
and there is no need for the operator &. Moreover, in [18], there were no restrictions
on substitutions either in proofs or derivations.

The more complex notion of Hilbert system morphism is the adequate one for
fulfilling the requirements that are necessary for preserving congruence by fibring
in Section 5. The contravariant map / can be seen as a map relating truth values
(formulae) in the Lindendaum-Tarski algebras that will be discussed in Section 5.
Observe thatin [18], preservation of congruence was obtained by sharing implication
and equivalence. This cannot be the solution because sharing of implication and
equivalence leads in most cases to collapse.

Observe that &(p]&'}) =2 h(p})&h(y}), for every morphism 4. Observe also
that A(T") Fp h(6") whenever I H, ¢’ and (") b4 h(5') whenever I H, &' for
every IV and ¢’ in L(C’, &').

Prop/DEFINITION 3.10. Hilbert systems and their morphisms constitute the cate-
gory Hil.

We now show that Hilbert system morphisms do preserve proofs and derivations.

ProPOSITION 3.11. Let h : # — X' be a Hilbert system morphism such that his
injective for & and h(C) C §'(Cs) whenever h(Z) N §'(Ey) # 0 for every §' € S'.
Thus h(T) V), h(p) whenever T &=, @. Similarly for derivations.

_ ProOF. Observe that: (i) if o is a safe substitution for I then the substitution
h(c), defined as h(a)(h(&)) = h(a(&)) and h(a)(E') = &' whenever &' € E \ h(E),

SThat s, i (') F, h(y’) whenever ¢’ F, w' and h(p") bq k(') whenever ¢’ o
TTherefore ¢’ = h(h(e")) and h(h(p)) 4 .
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is safe for 4(T"), and (ii) A(¢o) = h(¢)h(o) for any formula ¢ and substitution o.

Then the proof follows by induction on the length of a proof of ¢ from I'. Base:
if @ is in T then A(p) is in A(T). Step: thereis a rule r = ({¢1.... . ¢ }.$) in R,
and substitution o safe for {¢1, ... , @, ¢} withp, = ¢ = po and {¢1,... ,dx}o C
{¢: | i < n}. Then, by the induction hypothesis /(T") Fp h(gio) fori =1,... .k
and so A(I") Fp h(¢))h(c) fori =1,... k. Since h(r) € R}, and h(o) is safe for

h({¢1.... . b #}) then h(¢1)h(a), ..., h(¢x)h(a) Fp, h(¢)h(c). Then by transi-
tivity we get A(T") H, h(p). -

3.2. Modulated fibring of Hilbert systems. As previously done for interpretation
systems, we must start by defining a bridge for Hilbert systems. The bridge allows
a mild relationship between the formulae in the Hilbert systems that we want to
combine as well as between their consequence relations. Again modulated fibring
appears as a pushout in the category of Hilbert systems.

DEFINITION 3.12. 4 bridge between Hilbert systems #' and " is a diagram B =
(f'# >, f": % — #") in Hil such that f', f" are injective and f' and f"
are surjective.

PRrOP/DEFINITION 3.13. The modulated fibring of Hilbert systems %' and #" by
a bridge B is a pushout of 8 in Hil.
ProoF. Consider (g’ : #' — #,g" : #" — #) defined as follows:
o (§':3Y —% 8" .3 — %) is apushout in Sig of Sg(B);
e define g’ and g’ mductivcly as follows:
- &'(g'(c") =c"and g'(g"(c") = £'(f"(c"));
- g'(¢'()(@) =c'(¢'(@) and §'(¢"(c") (@) = f'(f"(c"(&"(@)))):
- g'(p1&p) = (<P1)&"'(<P2);
e R, includes g'(R d) Ug"”(R!), & elimination and introduction plus the follow-
ing rules, for anyy € L(C, &) and " a sequence over L(C, &):
- ({»}.&'¢ (7)))
—<{g(’)( 738 () (7));

~ similar rules for g" and g";

® R, =¢'(R,)Ug"(Ry)UR,.

It is straightforward to show that g’ and g’ are indeed Hilbert system morphisms.
Now we check that (#,g’,g") is a pushout in Hil of " and f".

1. 778" (y)) 2 f’(g“’(y)): by induction on the structure of y.

Base: if y is ¢'(p') then f"(¢"(y)) = f"(f"(f'(p') = f'(p) = ['(&' (7))

. Ste;p: we only conside}' the case where y is g, (¢)(y1.....y) then f"(§"(y)) =
SIS E ) Za £

2. Universal property. Let &’ : #' — #'" and h” : #"” — #’"" be Hilbert
system morphisms such that 2’ o f/ = h" o f".

Existence. Let & : # — #" be as follows: h is the unique morphism
in Sig such that Ao g’ = A’ and h o 8" = h” and h is such that h(p") =
8'(h'(0")&g" (h" (¢"")). 1t is straightforward to show that 4 i 1s a Hilbert system
morphism. We show that 3'(h(p™)) 224 k' (o™): &' (h(¢"")) V', k' (™) using &'

8Observe that §’(g'(¢')) is ¢’.
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X

elimination; A’ (¢"") A'( (B (™)), thus £/(f' (R (")) F, £/(f"(R" (™))
and so we can conclude A'(¢"") H, g "(h(")).

Uniqueness. Let k : # — #' be such that ko g’ = A’ and k o g’ =
h”. Then k = h and in particular k(¢™) =4 h(¢™). We start by proving
that k(¢") = §'(g (k(go”’)))&"’("’(I}( ”’)2) Assume that /‘é((p'") = (<p’)
Note that #/(¢") g (7'(/(¢)) and (7 (F())) 24 &) =

2"(8"(@'(¢"). So, k(¢") =4 &'(¢' (k(p ’”)))& '(8"(k(#"))). The other cases
follow in a straightforward manner. -

Examples and the collapsing problem. We now give some examples of modulated
fibring of many-valued logics illustrating non-collapsing situations. We start by a
general result which states how to choose a bridge without collapsing when there is
no sharing of constructors. As we said in Section 2 this is the case in most situations
because otherwise collapsing is inevitable.

PROPOSITION 3.14. Let #', #" be Hilbert systems such that t' € C{, t' € C§
and C' and C" are in bijection and B a bridge such that Cy = {i}, C; = 0 for all
k#0,2=0,8 =0, R, = R, include {(0,%)} and the rules for & elimination and
introduction, ids) € S', idsn € 8", f'(®) = ¢, f"(F) =", f'(¢’) = ¥ for every ©’
and " (") = for every ". Then the modulated fibring of %' and %" by B does
not collapse.

Proposition 3.14 shows that for all cases of unconstrained modulated fibring
(that is only the verum is shared) it is possible to avoid the collapsing problem.
Observe that in C; and Cj’ we can have propositional symbols. Since idy: € S’,
ids» € S" we guarantee that all proofs and derivations of the component logics
will be proofs and derivations in the modulated fibring. Observe also that the
requirement idy € S’, ids» € S does not change the consequence relations of #’
and #”. This requirement only prepares the Hilbert systems for the combination.
We can now instantiate Proposition 3.14 for several cases.

ExampLE 3.15. Modulated fibring of propositional and Lukasiewicz logics. By
choosing the bridge as in Proposition 3.14 we do not get the collapse between proposi-
tional and 3-valued Lukasiewicz logics. A

ExampLE 3.16. Modulated fibring of propositional and Gdédel logics. By choosing
the bridge as in Proposition 3.14 we do not get the collapse between propositional and
3-valued Godel logics. A

ExaMPLE 3.17. Modulated fibring of propositional and intuitionistic logics. By
choosing the bridge as in Proposition 3.14 we avoid the collapsing between propositional
and intuitionistic logics. A

We now show that the example of collapse of propositional and intuitionistic
logics given by Gabbay in [10] can be avoided in the present context. The example
also allows a better understanding of safe substitutions.

ExampLE 3.18. Gabbay’s example of collapse. Consider the modulated fibring
of the Hilbert systems #' and #" for intuitionistic logic and propositional logic,
respectively, with the bridge as in Proposition 3.14. Then (g'(£1)g'(=")g'(&)) +
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(8'(&1)8" (=")8'(&,)) does not hold. In particular, the step
((€'EDE'(=)g"(ENg" (N)g' (&) Fp &'(&)

is not possible because the underlying substitution for conjunction " (N\") elimination
is not safe since §'(&}) does not start with a constructor from #". A

We now analyze an example of modulated fibring of Hilbert systems sharing the
negation constructor.

ExamPLE 3.19. Modulated fibring of propositional and Godel logics sharing
negation. Let ¥#' be the Hilbert system for 3-valued Godel logic (see Example 3.8)
and #" be the Hilbert system for propositional logic. Consider a bridge f such that:

e Co={f11.Ci={2},Ce=0fork >2,E=0,8 =0;

e S = {ld};/} and S" = {ld):u}

o f'(H)=F, f(t)—t’andf(ﬂ)—ﬂ

¢ prg'isf(@)

f opro'raf

t otherwise

o " and f" defined in a similar way;

e R, and R, are the translations of the ground instances of R, R}, R, R} by Vi

and f" plus the rules & elimination and introduction.

The pair (f", ') is a morphism: 1. f is monotonic. Let ' V-, y'. It can be proved
that there are derivations for ¢’ !, y' involving only ground formulas The proof
Jollows by induction on the length of a ground derivation i, ... , ¢, for ¢’ F, y'.
Base. Straightforward. Step. There is a rule ({¢},... ,¢,}.¢') and a ground sub-
stitution safe for {}.... ¢, ¢’} such that {¢{,... ¢ }0 C {¢},....¢,_} and
¢'c = ¢, = y'. So by induction hypothesis F (@ af'(pla) fori=1,... k. Since
{f(@]a).....f'(¢,0)}. f(¢'a)) € Ry then f’(tp’)l:df’(y/) as desired. 2. o' -,
PN ) @ is f1(@). Then o' vy f/(f/(9)) = @' (ii) @' ' f'. Then
o' Hy F1(f'(@") = f'. (i) Otherwise o' ' f'(f'(¢")) = ¢. 3. ['(f'())Fap
since f'(f'()) = ¢. 4. f/(>5(f'(@)) by (@) () ¢ is /(). There-
Jore f'(=(f"(")) = (='¢") by (). (i) " ' f'. Then f(5(f"(¢"))) by
(=" ') =2, . (iii) Otherwise f’(;(fv’(w’))) =, f and so f' -, (=" ¢).

In the modulated fibring C, = (Ck) Ug’(Cl)and= =g'(E")Ug"(E"), R,
g'(R,)Ug"(Ry)UR, and Ry mcludes &'(R,)U " (RY), the rules for & elzmmatzon
and introductlon and the rules for the modulated ﬁbrmg Note that we have two forms

of detachment: ({g'(&]), (§'(¢1)g'(=")8 (éz))},é'(éé)%
{&"(n), (" ENg" (= ")g”'(f ')}, 8"(&Y)) and that we do not have the inference
{8'(p"), (&' (p")g"(=")g"(¢"))} Fp 8" (") for instance, because the substitution

of 8" (&) by §'(¢') is not safe. A

We proceed discussing how to recover unconstrained fibring as presented in [18]
from modulated fibring with unconstrained fibring.

REMARK 3.20. Unconstrained fibring. Let #' and #" be Hilbert systems with
S’ = S" = 0. Consider the following bridge f3:
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o Co={i}, G =0forallk #0,2=0,5 =0;

e R, = Ry include {(0.7)} plus & elimination and introduction;

o 1B =t f"B) =1, f'(¢") = f"(@") =1 for every ¢, ", respectively.
Then the modulated fibring of #' and #" by a bridge B is a conservative extension of

the unconstrained fibring (with no sharing of constructors except verum) as presented
in[18]. A

§4. Logic systems. In this section we put together the semantic and the deductive
components obtaining logic systems and morphisms between logic systems. Mod-
ulated fibring of logic systems is a pushout in the category of logic systems. We give
new examples of modulated fibring and investigate preservation of soundness.

4.1. Basic notions.

DEFINITION 4.1. A logic system is a tuple (£, M, A, R, R;) such that (X, M, A) is
an interpretation system and (X, R, Ry) is a Hilbert system.

Among the properties of logic systems, we are interested in soundness and com-
pleteness. Since completeness is more complex we deal with it in Section 5. As
expected we have the notions of soundness for proof and derivation.

DEFINITION 4.2. A logic system is sound (with respect to proof and derivation) iff
T'E, ¢ andT F; ¢ whenever I' -, ¢ and T 4 ¢, respectively, for every T and ¢ in
L(C,&). A logic system is complete with respect to proof and derivation iff T' -, ¢
andT &4 @ whenever T' ), p and T £, o, respectively, for every T and ¢ in L(C, &).

DEFINITION 4.3. A logic system morphism h : & — %' is a tuple <f1,ﬁ,h,ii, h)
such that (h, h, h, h) is an interpretation system morphism from % to .#' and (h,h) is
a Hilbert system morphism from ¥ to ' such that h, ([y']™") =) m) [1168) ‘2%
for everyy' € L(C',&') andm’ € M'.

A logic system morphism is an interpretation system morphism and a Hilbert
system morphism plus a condition relating both. This additional requirement will
be referred to as soundness condition.

Prop/DEFINITION 4.4. Logic systems and their morphisms constitute the category
Log.

Let I: Log — Int and H : Log — Hil be the functors that associate to each logic
system the underlying interpretation system and Hilbert system, respectively.

DEFINITION 4.5. A bridge between logic systems ' and & " is a diagram p =
(f' 2% - 2. f": % — Z") in Log such that 1(f) = (I(f') : I(¥) —

I I(f")  I(ZF) — I(Z")) is a bridge in Int and H(B) = (H(f") : H(Z) —
H(Z),H(f"): H(Z) — H(ZL")) is a bridge in Hil.

As expected a bridge between logic systems constitutes a bridge between the
underlying interpretation systems and a bridge between the underlying Hilbert
systems. Again modulated fibring between logic systems appears as a pushout in
the category of logic systems.

Prop/DEFINITION 4.6. The modulated fibring of logic systems &' and &" by a
bridge B is a pushout of 8 in Log.
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ProoF. The pushout (g’ : &' — &, g" : & — &) is such that:
o (I(g"): I(Z) - I(2).1(g") : I(Z") — I(&£)) is a modulated fibring in
Int of I1(B);
e (H(g') : HZ') - H(¥).H(g") : HZ") - H(Z)) is a modulated
fibring in Hil of H(B).
We show g ([Y1") =g(m) [8” (y)]lgl("') by induction on the structure of y. We
prove the base: (a) y is §'(c’) with ¢’ € C§:
EA 1) 2 B ™) = g Fy (e ) 2
gy W O E ) 2 1y (U (D) 2 (1)
= [g" () ™. H

EXAMPLE 4.7. Unconstrained modulatedfibring. The diagram (' : & — &', f" :
L — P") such that ((f’,i’,f",f") P F - J’,(f”,i",f”,f"’) cF - I s
the bridge in Proposition 2.25 and ((f’,f’) S f Y # — X s the
bridge in Proposition 3.14, constitutes a bridge that defines the unconstrained modu-
lated fibring of &’ and &". This happens because the soundness condition is verified:
let m' be in M" and ¢’ € L(C', &), then f',([¢'1T") =T = I[f'(go’)]lf('"’). Simi-
larly for 1. A

In the Example 4.7 we proved that the soundness condition holds when consid-
ering the general bridge that can be used to avoid the collapsing when no sharing
of symbols is wanted. We give below another example showing that the soundness
condition holds.

ExAMPLE 4.8. Modulated fibring of propositional and 3-valued Godel logics sharing
negation. Consider bridge 2 presented in Example 2.28 and the bridge in Example 3.19
assuming that C{ = {f'.t'} and C§' = {f"',t'}. We verify that f’ (and similarly for
f") is a logic system morphism. Let m’ bein M' and o' € L(C',&’), then,

o if ¢’ = f1(@) then [, (1Y) = F1(Uf @OV VES (f o0 [B1")E
[l ) = L (7@ ™) = 1 (1 ™; ,

o i@y f then [, (o)) = [1,(1) = 1= FE™) = 1/ (o™
using the fact that &’ is sound;

e otherwise ' I/, f' and so ¢' ¥ f' since &' is complete. So there exists m’
such that [’ # L. Since all constructors in C' have the same denotation in
all models then ['1™ # L’ for all models m’. Therefore f'([¢']") = T for

everym'. So f1 (Io'T") = T = [AL ™) = [/ (") IL ™. A

Now we establish a new way of considering modulated fibring of logic systems that
satisfy certain requirements. Later we apply the general result to the modulated
fibring of 3-valued Godel and Lukasiewicz logics. In following proposition we
consider a logic system with equivalence with the usual meaning.

ProP/DEFINITION 4.9. Let & = (£, M, A, Ry, R,) be a sound and complete logic

system with equivalence such that M is countable. Then, the logic system L =
(X, M, A, Ry, R,) defined as follows
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o 3 isequal to X except Cy = CyU G where G is composed by 0-ary constructors ¢ 5
for all possible b where b is a sequence (b1, by, ...) such that b; € B,,,, assuming
that M = {ml,mz, N };
o A(m;) is equal to A(m;) except that v, (cz) = b;;
e R, includes Ry and 5 3
- {{eg}. ). ({e}. c5) | Sfor all o, c; with cgap, pFacy}
= {({e\z}. cpp) | forall ¢\, ¢y such that ¢ zFacyp}
~ {{F &8}, c(@) & c(8)) | for all sequences of formulae @ and 6};
o R,=R;UR,U{{{c;z}.cp) | forall ¢z, c,p such that 155 pCoz}
is sound, complete, with congruence and is a conservative extension of £ .

The result in 4.9 can be applied to define the modulated fibring of an extension
of Godel logic and Lukasiewicz logic sharing conjunction and disjunction.

ExaMPLE 4.10. Modulated fibring of Godel and Lukasiewicz 3-valued logics. Both
Godel (') and Eukasiewicz (Z") 3-valued logics (see Examples 2.11, 3.8, 2.12,
3.7) are sound, complete, with equivalence and with a finite set of models (with the
same truth values). We also assume that they have the same set of 0-ary constructors
besides t and f. Let G be defined as in Prop/Definition 4.9. Consider &' and &,
the extensions of &' and ", respectively. Consider the following bridge:

e Co=GU{tf},Cr={AV},C = Owhenk >3andk =1, &is A\, E =0

and S = 0:

o M =A(M)sud"(M")|¢;

e R, and R, are translations of all ground instances of R, R, RZ , R by 1" and
f“//;

o /' and f" are injections; )
¥ ), ' (o «

7= { 8 D SO i for

o f. fl and £ are identities, similarly for f", ", and f1".,.

We show that f' is a morphism: 1. o' =2, f'(f'(¢"). If ' = F7(p) then f'(f'(¢"))
= ¢'. Otherwise f'(f'(¢")) = ¢, and s0 ' 2) cyr. 2. F'(f"(@)Fap. Straightfor-
ward. 3. (&) (FF o). 7' (b)) Vi F1(€) o)) because o’ = F/(7("))
and ' has congruence. A

4.2. Preservation of soundness. We now concentrate our attention on soundness.
The main objective is to obtain a result stating that if we start with sound logic
systems then the logic system obtained by modulated fibring is again sound. After
giving an auxiliary result about closure for safe substitutions of the entailment we
provide a sufficient condition for a logic system to be sound.

LeEMMA 4.11. Let .7 be an interpretation system, d a formula, I a set of formulae
and o a safe substitution for TU{d}. Then,T'o F; d6 andT'o F, 6o whenever I E; 6
and T E, J, respectively.

ProOF. Observethat [0]7 = [00]7, where o, is an assignment such that o, (£) =

[o (&)1 which can be proved by a straightforward induction. Note also that o is
safe for I’ U {0} whenever a is safe for (T U {6})o.
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(i) Assume thatI" ¥4 d. Then, thereis a finite set ® C I' such that My,cal]Z < [0
for every model m in M and assignment o safe for ® U {d}. Let m be a model in
M and o an assignment over m safe for (® U {0})o. Hence Myecolel < [012
Then Myeolpo]? < [do]7. Therefore o =, do and so I'c E,; do. (ii) Assume
that I E, J. It is easy to prove that I'c =, do. —

The next result is easily shown by induction using Lemma 4.11. It states that in
order to show that a logic system is sound it is enough to show that the inference
rules are sound. We say that a model m is a model for Hilbert system # iff for every
rule (I',d) € R, ma I, 6 whenever ma |-, y for every y € I" and safe assignment
a for I' U {6} and for every rule (I',6) € Ry, mab Ik; 6 whenever mab I+, y for
every y € I, safe assignment « for T U {6} and b € B,,.

PROPOSITION 4.12. Let Z be a logic system such that each m € M is a model for
H(Z). Then Z is sound with respect to proof and derivation.

Note that we have to show that every model in the modulated fibring is a model
for the additional rules that are not inherited from the component logic systems.

LEMMA 4.13. Let h : & — &’ be a logic system morphism such that idsy € S.
Then, forany m’ € M’,

1. ™ = |[IA1A(il(y’))]”", whenever y' € L(C’, &', h) and hy,y is surjective.

2. 1 < Th(h(')I™ . whenever y' is a formula in L(C', &').

PRrOOF.

Lo @G 21 =

Ve (R ()T IAT™) =

 Vnomy (€) Gt (DAT™ ), - e (DA T™))) 22

' (Vi (c YARGDE"), ... [h(y )]I"('”)))Esinceiim/ is surjective

1 (Vi (€) (e (I m'([h(yl)ll"('"")) Bt (howr (TR (7)) 1E™)))) =
' Vpomry (€) s (TR CRGPOIT™). . ,iim/( h(h()I™))) =

Vo (R WRRGIT™ ... TR ) =
[ (c)(h(h(y))), ... . A(RGONT™

2. 'Y < i G (T ™)) 22 e (TR (p) ) 22 LR (R ()T 2

We conclude the section with the main result on preservation of soundness.

THEOREM 4.14. The modulated fibring (g’ : &' — £, g" : &" — &) of &’
and Z" by a bridge B is sound, provided that &' and &" are sound, ids, € S’ and
idsn € S".

Proor. Taking into account Proposition 4.12 we just need to check that each
model in M is a model for #. Letr € R;. (i) r is §'(+') with " in R),. Then
Prem(r) E4 Conc(r) by Proposition 2.20 since 4,, is surjective for each m € M,
Prem(r') ¥/, Conc(r') and idy, € S’. (ii) r is ({y}.8'(¢'(y))) with y in L(C, &)
then, using Lemma 4.13, we have [y]™ < [¢'(g¢'(y))]" for m € M, soy Fy4
g'(&' (). (i) r is ({g"(c")(&'(&'(7)))}. &' (c")(7)) with 7" a sequence over L(C, &)
then, by Lemma 4.13, [g'(c’)(g'(g’(MNT™ = [g'(c")(7)]™ for each m € M, so

Fim
P
P
P
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g'(c") &' (&' (7)) Ea &'(c")(#). For r in R, we can conclude that Prem(r) F,
Conc(r) in a similar way. -

§5. Completeness. Herein we study completeness with the objective of obtaining
preservation results. The first main result is Theorem 5.6 giving a sufficient condition
for completeness of a logic system. The second main result is Theorem 5.12 that
provides sufficient conditions for preservation of completeness.

5.1. Sufficient conditions for completeness. For completeness purposes we will
adopt the Lindenbaum-Tarski approach. Therefore we have to guarantee that the
Hilbert systems we work with are with congruence.

DEFINITION 5.1. A Hilbert system # is said to be with congruence iff for every p
deductively closed set T', ¢(@) =r c( 5) whenever g =r 5 for every constructor ¢.® A
logic system Z is a logic system with congruence iff H (%) is a Hilbert system with
congruence.

Observe that & is also congruent: assume that I',y; F4; J;, i = 1,2: but
T, (p1&p2) Fa @ with i = 1,2, hence T, (p1&yp,) F4 6; with i = 1,2 and so
T, (p1&p2) Fa (01&0).

Another restriction is to be assumed: we will work with logic systems that have a
special constructor ¢ of 0-arity.

DEFINITION 5.2. A logic system & is said to be with true iff t € Cp, v(t) = T
for every m in M and ‘-4 t. A Hilbert system is with true iff t € Cy and -4 t.

We are now ready to introduce the Lindenbaum-Tarski algebra for each set of
formulae closed under proof.

Propr/DEFINITION 5.3. A Hilbert calculus # with congruence and true induces,
for every p-deductively closed subset T of L(C, &), a Z-structure Atr, called the
Lindenbaum-Tarski algebra'® for T', defined as follows:

Bi‘rr = L(Ca &)’

e o <roiffiT,ptad;

o oMrd =& andNrd = t;
vlfr(c)((Ply e s (Pk) = c(‘Pl’ e ‘Pk)

It is straightforward to check that the Lindenbaum-Tarski algebra satisfies the
conditions in the definition of a Z-structure. When there is no ambiguity with
respect to the set of formulae, we can refer to a Lindenbaum-Tarski algebra for a
set I as A7.

LeMMA 5.4. Let Z bealogic system with congruence and true and T a p-deductively
closed subset of L(C, &). Then

1. p=rtiffeisinT.

2. [@l% = o where o is such that o (&) = a(¢).

Observe that, given a logic system % with congruence and true, a p-deductively
closed set T contained in L(C, &) and a signature morphism s : £ — X in S then

9Recall that p =~ wiffT,o k4 wand T,y 4 .
10ysually, the Lindenbaum-Tarski algebra is presented using equivalent classes of formulae because
the underlying interpretation structures are partial orders.
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Bj..(s) is the set L(C, &, s). Observe also that the Lindenbaum-Tarski algebra
validates the rules in the Hilbert system at hand.

Now we have to guarantee that in a logic system, for each p-deductively closed
set of formulae I', we have a model whose underlying structure is the Lindenbaum-
Tarski algebra for I'.

DEFINITION 5.5. A logic system Z with congruence and true is full iff, for every set
of formulae T p-deductively closed, there is a model mr such that A(mr) is isomorphic
to the Lindenbaum-Tarski algebra for T'.

Observe that we can enrich the class of models of an interpretation system with one
extra model for each p-deductively closed set I' corresponding to the Lindenbaum-
Tarski algebra for I'. This was not done at that time because Hilbert systems were
not yet defined. Now we can state the main result of this section.

THEOREM 5.6. Every full logic system & with congruence and true is complete.

ProoF. Let 'y andd bein L(C, &).
(i) Assume that Iy t/, 6. Thend ¢ I” where I is the set l"g". So 6T =4d 2 ¢
using Lemma 5.4. On the other hand [y]**r = y = ¢ for every y in I". Therefore
r Vf,’f d. Let mr be the model in M such that A(mr) is isomorphic to Arr. Then
r Vﬁ('"r) dandsoT ¥, 4.
(ii) Assume I'g 4 J and let mr be the model in M whose structure is isomorphic
to Aty where I is the set 0"». Then there is a finite set {y;,...,yx} C I such that
1+ oo} EA0 5. Hence {y1,... .y} EXT & and My, &[0 1F" <r [617. So,
using Lemma 5.4, M;—;,. ki <r . Therefore {y;,... .5} FsdandsoTyt+, 6. -

5.2. Preservation of completeness. The main goal is to establish preservation of
completeness by modulated fibring under reasonable conditions. According to
Theorem 5.6 we can conclude that a logic system is complete provided that it is full
and with congruence and true. Therefore we prove that congruence and true are
preserved by modulated fibring. Moreover we also prove that fullness is preserved
by modulated fibring provided that the bridge has additional properties.

LEMMA 5.7. Leth : # — %' be a Hilbert system morphism such that h is injective
and h is surjective. Then, h(I"') is a p-deductively closed set of formulae whenever T’
is a p-deductively closed set of ground formulae.

PrOOE. Let ¢ in L(C, &) be such that A (") F, @. Then h(R(T")) H, h(p), so
'+, h(p), hence h(y) € T and therefore ¢ € h(I") since ¢ = h(h(p)). =

In the sequel, we need to work with the category of structures as well as the
category of structures over the same signature.

ProP/DEFINITION 5.8. The objects in St are tuples (X, B, <,v) where X is a sig-
nature and (B, <,v) is a Z-structure. The morphisms in St are triples (h,h,h)
such that h is a signature morphism, h : (B,<) — (B',<') is a monotonic map,
h: (B',<'Y — (B, <) is a monotonic map preserving finite meets, h is left adjoint to
handv' (h(c))(B7) = h(v(c)(h(87))).1! The category St(Z) is the fiber of St over .12

1 Compare with Definition 2.7.
12The objects are Z-structures and the morphisms are pairs (k, k).
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We show that each Hilbert system morphism /4 induces a morphism between the
Lindenbaum-Tarski algebra for each p-deductively closed set I" and the Lindenbaum-
Tarski algebra for /(I). Observe that the conditions in the definition of the Hilbert
system morphism were introduced with this purpose in mind.

PROPOSITION 5.9. Let # and #' be Hilbert systems with congruence and true
and h : # — #' a morphism such that h is injective and h is surjective. Then,
g'h, hro, by 2 (2, 0 () — (X', Atrv) is a morphism in St where hr(p) = h(yp) and
hr: (') = h('), for every p-deductively closed set T over L(C',&').

THEOREM 5.10. The modulated fibring (g’ : &' — Z.g" : &" — &) of logic
systems &' and &' with congruence and true by a bridge [ is with congruence and
true.

Proor. Let ¢ be a constructor in Cp, r,é Fo gand I', @G F4 5. Then ¢ is
in g/ (Ck) or in §”(C/’). Suppose that there exists ¢’ in C] with ¢ = g;(c’).

Then g §'(0) H, &'(¢) and ¢'(T),8'(@) +, &'(5). Since #’ has congruence
then ¢ (r "53 H ¢'(2'(¢)). Thus &'(g (). 2/(c'(g (55 )) Fa &'(c (<p)))
I, 8. (c") (& "(5_3 £.(c")(g'(¢'($))) and ﬁnally L, 8.(c)@) Fa () (&)
The proof of preservation of true is straightforward. -

Observe that the more complex notion of Hilbert system morphism was essential
for the preservation of congruence without the requirement of sharing implication
and equivalence (as in [18] leading to the unwanted collapse). For the preservation
of fullness by modulated fibring we need further constraints on the bridge.

DEFINITION 5.11. A bridge (f' : & — &', f" : & — Z") is adequate iff &',
L. & are full, with congruence and true and f "(mf) = m Fry and 1 "(mfl,) =
m gy for every p-deductively closed sets of ground formulae I"andT”.

We would like to use Theorem 5.6 to conclude that the modulated fibring of
full logic systems with congruence and true by an adequate bridge is complete.
For this purpose we have to show that the modulated fibring is full. If I" is a p-
deductively closed set, then there is a model (¢'(I"), g” (")) € M such that 4’(g’(T"))
is isomorphic to Azz/ry and 4”(g”(T")) is isomorphic to Az (). We show in
Proposition 5.15 that A((g" (I, &"(T))) is isomorphic to Azr.

THEOREM 5.12. The modulated fibring (g’ : &' — £.g" : &" — £) of logic
systems &' and Z" by an adequate bridge B is complete.

Proor. We know, using Theorem 5.10, that . is with congruence and true. We
also know that, for each set of formulae I closed for proof, the model (g'(T"), " (T))
is in M. Using Proposition 5.15 we can also conclude that the structure

A((g'(T), g"(T))) is isomorphic to Arr. Therefore, Z is full and using Theorem 5.6,
Zis complete. -

EXAMPLE 5.13. The following modulated fibrings are complete:

o Unconstrained modulated fibring of full logic systems with congruence and true
by an adequate bridge. In particular, the unconstrained modulated fibring of
full propositional and intuitionistic logics is complete. The same holds for the
unconstrained modulated fibring of full propositional and Lukasiewicz logics.
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o The modulated fibring of full propositional logic and Godel logic sharing negation
is complete.

o The modulated fibring of full Gédel logic and Lukasiewicz logic sharing conjunc-
tion and disjunction is complete. AN

An “algebraic” version of the completeness result and the preservation of com-
pleteness as in [18] can be also be obtained. Of course in this case congruence is
not always preserved by modulated fibring. As proved there, when the logics have
implication and equivalence congruence is preserved.

5.3. Algebras A((g'(T'),g"(I'))) and Az are isomorphic. To conclude the section
it remains to prove that the algebra obtained by a pushout of the Lindenbaum-Tarski
algebras is isomorphic to the Lindenbaum-Tarski algebra for a p-deductively closed
set of formulae in the pushout of the signatures.

Before we need a technical lemma In orde; to make the notation lighter, we omit
the subscripts of g g(g (D).27(1) , &) (g (I).¢7(1)) f :(r) and 1 £(r)"

LemMMA 5.14. Let (g’ : &' —» %, g" : &" — .?) be the modulated fibring of logic
systems &' and " by an adequate bridge 8. Then,

L (@) = (0

2. 14 (&' O2"O)) _ = g'(g'(pos)) where ¢ € L(Z,8'), a is safe for ¢ and 64 is

such that 6,(&) = §'(p ’) ifa(&) = g'(¢’); analogously if a (&) = " (¢"); and
0.(¢&) = &' ()& "’( ") whenever a(é) is not in the co-domain of either &' or

8" and is equal to g'(p") M g" (o).

3. 8'(&'(p)) < £"(&"(p)) for any ¢ € L(C, &, §").

Proor. 1. §'(g"(¢")) = f'(f"(") = f"(f" (") =f"(f"(") =" (§" ("))

2. We consider two cases:

o [1 DD < (&) = g/(p) = ¢ (F(8'(9")) = §'(F' (E0a));

. [<p]|g(<g (O.7IN) _ g'(g'(pas)) (¢ ¢ E): by induction. Base: if ¢ is
§/(¢") then [T D8 ) Zgr(y () = g(c!) = #/@' @)
8'(8'(poq)). The rest of the proof follows straightforwardly.

3 ObSCI'VC that g/(gV/(SO)) — l[sollg(@/(r),é’ (l" < l[A//(v/I(So))]lg((g'(r)véu(r») —

£"(8"(&"(€" () = &"(&"(¢)). -

PROPOSITION 5.15. Let (g’ : &' — £, 8" : &" — &) be the modulated fibring

of logic systems &' and " by an adequate bridge . Then At is isomorphic to

A((g'(T), g"(I))).

Proor. Consider the maps

o k: Bj: — By/(r).g () such that
- k((p) £'(g'(¢)) whenever ¢ is in L(C, g’) (similarly for ¢ in L(C, g"));
— k(p1&p2) = k(1) Mk(p2).
E B/ (r),g()y) — Bie such that
- k(g'(¢") = &'(¢’) (similarly for k(¢"(¢"))):
— k(b N by) = k(by)&k(b,) whenever by M b, is not in the co-domain of
either g’ or g”.
1. k is monotonic: k(y1) < k(p,) whenever ¢, < ;.
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e o€ L(C,¢'")and p, € L(C, ¢"). Stralghtforward
e o1 € L(C,¢") and ¢, € L(C.8"). Thenk(ip1) = §'(&' (1)) < 8"(8" (1)) <
£"(¢"(¢2)) = k(y2) by Lemma 5.14.

e prisin L(C,¢’) and s is @21 &, With @ in L(C, §%) fori = 1,2and s; €
{".,” }. Then ¢; < 2 and ¢; < ;. From the previous cases k(o) < k(p21),
k(1) < k(p2) and so k(1) < k(pa) Mk(p2) = k(p2&pn).

2. k is monotonic: k(b;) < k(b,) whenever b, < b,.

o b1 = ¢'(¢p1) and by = g'(2). Then 1 <’ 2. So &'(¢1) < &'(2). Therefore
k(b1) < k(by). o

e by =¢'(p1) and by = ¢"(p>). Then there exists a ¢ in L(C, &) with g’'(¢;) <
g’(f( ) = g”(f”( )) < £"(¢2). So using the previous case we have
k(b)) < k(g'(f'(@))) = k(g"(f"($))) < k(b2).

e by and b, are not in the co-domain of ¢’ and g¢”. Easy from cases 1. and 2.
3. k preserves meets. Let by, b € B 4((3/(r),g(r)y) Where by M by is g’ (p).

e b ngl(‘Pl) and bz is g”(2). Note that g’ (g( ) = g'(&' (1)) Mg'(g"(2)).
Sop = g &'g "(8"(p2)) and g"(§'(p)) = 8" (8" (¢ ))&’ ¢2. Then §'(p) =r
8'(0)&g" (8" (8'(9))) =r &'(01)&8&" (2) and so k(by M by) = k (by) &k (b2).
. b1 is in the co-domain of ¢’ (or ¢”) and b, is not in the co-domain of g’ or g”.
Then, k (biMby) = k(biNbiNbY) = k(byNbs) & (bY) =k (by) &k (b})&e (b)) =
k(by)&ic(by 1 bY) = k(b)) &k (by).
e b and b; are not in the co-domain of ¢’ or in the co-domain of g”. Straight-
forward, using the previous cases.
4. k is a bijection with inverse k.
o kok= idp,.. Let ¢ bein B);.
- pisin L(C,£'). Then k(k(p)) = k(g'(¢'(¢))) = &'(¢'(¢)) = ¢.
- ¢ is p1&p; with ¢; in L(C,gff) fori = 1,2 and j; € {"}. Then
k(k(p18&¢2)) = k(k(p1) Mk(p2)) = k(k(p)) Nk(k(p2)) = @1 M, =
P1&ps.
° k [] k ldBA((g D& Oy" Let{) lze in BA((?'(F),Q“(F)))'
- lg is g'(¢’). Therefore k(k(b)) = k(g'(¢")) = ¢'(8'(¢'(¢")) = £'(¢’) =
— b is not in the co-domain of g’ or ¢”. Then b is by M by. So, using the
previous cases, k (k (b)) = k(k(by Nby)) = k(k(by) Nk (by)) = k(k(by)) N
k(k(bz)) =b N bz b.
5. k(vh(c)(/'%(bl), (bk))) A((3(T),g" (T )))(C)(bl, e ,bk). Straightfor-
ward.
So Az and A((g'(T),g"(T))) are isomorphic since k o h = id 4((g(r) g (r))) and
hok = id;, where h : A((g'(T),&"(T))) — At is a morphism in S#(X) such that
h=kandh =k. .

§6. Final remarks. A general, universal theory for combinations of logics does
not yet exist, and the conceptual machinery of fibring seems to be one of the most
apt at our disposal. However, logics combine in very intricate ways, and pure
fibring, general as it may be, is still rudimentary in expressing all subtleties, as
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evidenced by the collapsing problem: it may occur, especially when one of them
extends the others, that the combinations of the logics involved just restores the
differences between them, and the fibring product collapses.

The novel concept of modulated fibring, introduced in this paper, refines the
fibring techniques permitting to gain a closer control over the combinations, while
obtaining (pure) fibring as a particular case.

We have shown that several cases of (constrained and unconstrained) modu-
lated fibring avoid the collapsing by means of appropriate bridges, and investigated
important properties like preservation of soundness and completeness.

Some of the basic technical problems that were tackled were solved as follows. At
the signature level we work with cones so that we could keep track of safe-relevant
morphisms in order to restrict assignments and substitutions. At the semantic level
we put together models with different algebras of truth values (by an adjunction
between the pre-ordered algebras of truth values) and set up the the base diagram
of the modulated fibring from the intended translation between the truth value
algebras. At the deductive level we had to enrich the expected notion of morphism
taking into account the envisaged results on the preservation of completeness.
In what concerns preservation results, we provided sufficient conditions in order
to obtain preservation of soundness and completeness, in the later case using a
Lindenbaum-Tarski approach.

We close by suggesting some questions which deserve further study. The first
problem is to investigate the modulated fibring of first-order based logics, that is
logics with variables, terms and quantifiers, thus extending the work in [17]. Another
issue is to define modulated fibring for other kinds of deductive systems such as
labeled deduction systems extending the work in [4] and [14]. We would also like to
investigate the case where we have several designated truth-values instead of just one:
we would thus be able to deal, for instance, with the logic L FI; considered in [6]. Of
course also related with this work is the extension to logics of contradiction [12] and
to paraconsistent logics [S] and logics of formal inconsistency [7] in general. Finally,
we also intend to investigate bi-Heyting algebras [15] in the context of modulated
fibring.
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