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Isothermal aggregation of Bi atoms embedded in a soda borate glass:
Coarsening of liquid nanodroplets and atomic diffusion
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The process of nucleation and growth of liquid Bi nanodroplets embedded in a soda borate glass submitted
to isothermal annealing at different temperatures was studied by small-angle x-ray scattering~SAXS! and
transmission-electron microscopy. The experimental results indicate that the formation and growth of Bi
droplets occur in two successive stages after a short incubation period. The first is characterized by the
nucleation and growth of spherical droplets promoted by atomic diffusion and aggregation of isolated Bi atoms
and the second one by a subsequent droplet coarsening. The experimental functions describing the time
variation of the droplet average radius and density number at advanced stages of the growth process agree with
the classical Lifshitz-Slyozov-Wagner~LSW! theory. However, the radius distribution was demonstrated to be
well described by a log-normal function thus differing from the prediction of the LSW model. The atomic
diffusion coefficient of Bi was determined from SAXS results for several annealing temperatures and, from it,
the activation energy for the diffusion process was inferred.
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I. INTRODUCTION

Nanometer-sized metallic particles have attracted the
terest of many scientists due to their potential uses as c
lysts and heat-exchange materials. Due to their singular
tical properties, particular interest was addressed
composite materials consisting of metallic clusters embed
in glass matrices. A detailed review of the properties a
characterization techniques of metal nanoclusters was
ported by Gonella and Mazzoldi.1

This is a study of the kinetics of formation and growth
liquid Bi clusters embedded in a soda borate glass. Initia
homogeneous and Bi-doped glass samples are studiedin
situ small-angle x-ray scattering~SAXS! during isothermal
annealing at temperatures close to the soda borate glass
sition (;800–850 K). The annealing temperatures be
well above the melting temperature of bulk Bi crystals (Tm

5544.4 K), the spherical clusters are in the liquid state fr
the first stages until the end of their growth. From the res
of SAXS experiments, the radius distribution function, t
time dependence of the average radius, the radius disper
and the number density of the liquid nanodroplets are de
mined. These experimental results are compared to th
predicted by the classical theories of growth of spheri
droplets embedded in a supersaturated matrix.

In addition, the coefficients of diffusion of Bi atom
through the glass matrix are determined from SAXS res
at several temperatures and, from this, the energy of ac
tion for the diffusion process is evaluated. Complement
measurements of transmission-electronic microscopy~TEM!
and x-ray-absorption near-edge structure~XANES! are per-
formed in order to verify the shape of the Bi nanoclust
and estimate the total concentration of Bi in the glass,
spectively.

This study is a detailedin situ characterization, at high
0163-1829/2003/67~8!/085405~7!/$20.00 67 0854
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temperature, of the formation of a Bi liquid droplet-soda b
rate glass nanocomposite. After cooling down to room te
perature, this system transforms into a Bi nanocrystal-g
nanocomposite. The structure and melting behavior of th
Bi nanocrystals embedded in a glass matrix have rece
been investigated and published elsewhere.2

II. EXPERIMENT

The starting raw materials were Na2CO3, B2O3, Bi2O3,
and SnO. SnO was added as a reducing agent for Bi2O3.
This mixture was melted in an electrical furnace und
vacuum (1021 mbar) at 1313 K. A 28Na2O-72B2O3 glass
containing dispersed Bi atoms was obtained by fast quen
ing of the melted glass down to room temperature using
splat-cooling technique. The obtained 100-mm-thick glass
plates were homogeneous and transparent to visible li
The quenching procedure prevents glass crystallization
suppresses, or strongly reduces, the formation of Bi clus
during cooling. The SAXS intensity produced by the gla
samples was measuredin situ, during isothermal annealing a
temperatures ranging from 803 up to 843 K in a specia
designed high-temperature cell.3 After isothermal annealing
the sample was cooled down to room temperature and s
ied by TEM.

The SAXS experiments were performed at the SAS bea
line of the National Synchrotron Light Laboratory~LNLS!,
Campinas, Brazil.4 The SAXS intensity was recorded using
one-dimension gas x-ray position-sensitive detector. X-
monitors placed before and after the sample measured
intensity of the incoming and transmitted x-ray beam inte
sity in order to determine the sample attenuation. SA
spectra were normalized to equivalent intensities of the
rect beam to compensate for the continuous decrease in
emission of the synchrotron source. The SAXS intensity w
determined as a function of the modulus of the scatter
©2003 The American Physical Society05-1
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vectorq5(4p sinu)/l, l being the wavelength of the x-ra
beam (l51.61 Å) andu half of the scattering angle. Th
parasitic scattering was subtracted from the total SAXS
tensity. Because of the small area of the cross section o
transmitted x-ray beam at the detection plane and the na
resolution slit used for the detector, the SAXS curves w
essentially free from smearing effects. The SAXS intens
was determined in absolute units by using water as
standard.5

The TEM study was performed at LME/LNLS, Campina
Brazil, using a JEM-3010 UHR microscope operating at 3
kV at room temperature. The glass containing the Bi nan
rystals ~solidified Bi droplets! was very finely grinded and
mixed with isopropanol~100 mg of glass per ml of alcohol!.
The mixture was maintained in an ultrasonic bath during
min and then dropped on a 30-Å carbon film deposited o
cupped grid. After drying, the very thin glass grains, w
adhered to the grid, were observed in the microscope.

III. CLASSICAL THEORY OF DROPLET COARSENING

A. Basic aspects

The formation of a second phase consisting of nanoc
ters embedded in an supersaturated homogeneous m
containing doping atoms starts by a nucleation stage an
followed by a further cluster growth promoted by the diff
sion and aggregation of initially isolated doping atoms. T
mechanism is named ‘‘nucleation and growth.’’ According
the model proposed by Lifshitz-Slyosov6 and Wagner7

~LSW!, when the supersaturation of the doping elemen
the matrix becomes small,spherical clusterswith a radiusR
smaller than a critical radiusRc start to dissolve while those
with radii larger thanRc still grow. This is consequence o
the driving force for coarsening that promotes the decre
of the area of the interface between the clusters and the
trix phase thus reducing the total interface energy. The c
ter radius distributionN(R,t) for different timest of isother-
mal annealing during the coarsening regime predicted by
LSW model is independent of the initial size distributio
N(R,0) and is given by6

N~R,t !5 f ~ t !
4~R/Rc!

2

9 S 3

31R/Rc
D 7/3S 3/2

3/22R/Rc
D 11/3

3expS 2R/Rc

3/22R/Rc
D , ~1!

where f (t) is a function of the annealing time only. Durin
the coarsening stageRc coincides with the cluster averag
radius ^R&. The cluster average radius^R&(t), the concen-
tration of solute atoms in the matrixc(t), and the number
density of clustersn(t) are time-dependent functions. Th
density number can be determined asn(t)5*N(R,t)dR.

During the coarsening stage,^R&(t) increases for increas
ing times whilen(t) progressively decreases. Quantitative
according to the LSW model, the time dependence of^R&
3(t), n(t), andc(t) satisfy the following equations:6–8

^R&3~ t !5^R0&
31k~ t2t0! ~ t>t0!, ~2!
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n21~ t !5n0
211b~ t2t0! ~ t>t0!, ~3!

c~ t !5ce1x21/3~ t2t0!21/3 ~ t>t0!, ~4!

where^R0& andn0 are the average radius and number de
sity of the clusters, respectively, at the starting time
coarseningt5t0 andce is the concentration of solute atom
~number per unit volume! in the matrix at equilibrium. An
equation equivalent to Eq.~4! can be written in terms of the
volume fraction of the new phase,9

w~ t !5we2x821/3~ t2t0!21/3 ~ t>t0!, ~5!

wherewe is the volume fraction of the new phase at equili
rium. Equations~2!–~5! hold for annealing timest>t0. The
equations derived from the LSW model apply todilute two-
phase systems composed of spherical clusters occupyi
low fraction of the total volume.

B. Determination of the atomic diffusion coefficient
from SAXS results

The four rate parametersk, b, x, andx8 in Eqs.~2!–~5!,
respectively, are related to the atomic diffusion coefficienD
of the solute as follows:6–9

k5
8sn2ceD

9kT
, ~6!

b5
4scenD

~ci2ce!kT
, ~7!

x5
D~kT!2

9s2ce
2n

, ~8!

x85S 1/n2ce

12we
D 3

x, ~9!

wheres is the free energy per unit of area of the interfa
between clusters and the matrix,n the atomic volume of the
solute,ci the initial concentration of solute in the matrix,k
the Boltzmann constant, andT the absolute temperature
Since the parameterss andce are in many cases not known
Eqs. ~6!–~9! cannot generally be used to determine the d
fusion coefficientD.

By combining Eqs.~6! and ~8! we have

k2x5S 4

9
nD D 3

and thus

D5
9

4n
~k2x!1/3.

Finally, using Eq.~9! and assuming that@(1/n)2ce#'1/n,
we have

D5
9~12we!

4
~k2x8!1/3. ~10!
5-2
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If, besideci , ce , we , andT, alsoD, s, andn are approxi-
mately constant during the whole coarsening process,
rate parametersk, b, x, andx8 @Eqs.~2!–~5! respectively#
are expected to haveconstant values along the whole coar
ening process, i.e., under the mentioned conditions, the LS
theory predicts that during the cluster coarsening proc
^R&3(t) andn21(t) are linear functions of the annealing tim
andc(t) andw(t) are linear functions of (t2t0)21/3. Since
the relevant parameterswe , k, andx8 are easily determined
from SAXS results in an absolute scale, Eq.~10! can be
applied to the determination ofD without the explicit knowl-
edge ofs andce .

IV. RESULTS AND DISCUSSION

A. Transmission-electron microscopy

The TEM image given in Fig. 1~a! shows Bi nanocrystals
embedded in the soda borate glass matrix corresponding
sample held during 2 h at 843 K andcooled down to room
temperature. The image demonstrates that Bi nanocry
have a nearly spherical shape. Figure 1~b! shows the histo-
gram of the number of Bi nanocrystals as a function of th

FIG. 1. ~a! Transmission-electron microscopy bright field ima
corresponding to a thin sample annealed 2 h at 843 K.~b! Histo-
gram of droplet radii.
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radii. The analysis of the TEM image indicates a sing
mode radius distribution function@Fig. 1~b!#.

The average nanocrystal radius^R& and the relative radius
dispersionsR /^R& are (2562) Å and (0.2160.01), respec-
tively. The histogram was obtained from the measured dia
eters of 560 nanocrystals corresponding to different grain
the glass-Bi nanocrystals composite. The estimated res
tion limit for size determination was 18 Å~minimum mea-
surable radius: 9 Å!. The diameter of each nanocrystal w
determined from the diameter of a circle that best fit t
perimeter of their projected images.

In order to compare the radius distribution function d
rived from the TEM image with those from SAXS exper
ments, we have considered that the radius distribution o
nanocrystals obtained by TEM at room temperature is es
tially the same as the radius distribution of liquid Bi nan
droplets in the precursor sample just before cooling. This
reasonable assumption because the temperature range
liquid-to-crystal transition is well below the softening tem
perature of the glass matrix.2

B. Small-angle x-ray scattering

1. Formation and growth of the new phase

We wish to characterize the mechanisms of formation a
growth, during isothermal annealing, of a dilute and isotro
set of spherical Bi droplets embedded in an initially hom
geneous Bi supersaturated glass. We remind the reader
the Bi clusters are in a liquid state because the annea
temperatures ('800–850 K) are well above the meltin
temperature of Bi nanocrystals.2 The shape of the liquid
droplets is expected to be spherical as a consequence o
dominant effect of surface tension. As will be described b
low, under these conditions the SAXS intensity is a partic
larly simple function of the modulus of the scattering vect

In general, the scattering intensity in absolute units,
scattering power, is given by the differential scattering cro
sectiondS/dV. For a dilute set of spherical droplets wit
constant electron densityrp embedded in a homogeneou
matrix with a constant electron density^r&, the scattering
power is given by10

dS

dV
~q!5r 0

2~Dr!2S 4p

3 D 2E
0

`

N~R!P~q,R!R6dR, ~11!

whereDr5rp2^r& andN(R)dR is the number of droplets
per unit volume with radii betweenR and R1dR. r 0
50.28179310214 m is the classical electron radius an
P(q,R) is the normalized form factor for a sphere defin
by10

P~q,R!5F3
sin~qR!2qRcos~qR!

~qR!3 G 2

. ~12!

An additional and essentiallyq-independent contribution to
the scattering intensity produced by electron-density fluct
tions in the matrix is experimentally determined by usi
Porod plots10 and subtracted from the total scattering inte
sity.
5-3
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According to our already mentioned TEM results, the
sumptions regarding the dilute nature of the solution and
spherical shape of the clusters apply to the system tha
study here. The Bi concentration in the samples, determ
from absorption x-ray spectroscopy~XANES! measure-
ments, is of the order of 1025 mol/cm3. The electron densi-
ties of the initial glass matrix̂r& and of Bi nanodropletsrp
were determined from the known nominal composition a
mass density of the glass and from the mass density of
melted Bi, respectively. Due to the decreasing trend in
number of Bi atoms dissolved in the glass matrix, a variat
in the difference between the electron density of Bi na
droplets and the glass matrix (Dr5rp2^r&) is expected.
Because of the small Bi concentration, this difference is o
very slightly modified during the whole annealing proce
and so it was assumed to maintain a constant value.

The experimental SAXS intensity curves at advanc
stages of thermal annealing were modeled assuming the
dius distribution predicted by LSW theory, Eq.~1!. As an
alternative attempt, the scattering intensity curves were m
eled assuming a log-normal radius distribution function
fined by

N~R!5
n

A2pew2
wr

expH 2
1

2

@ ln~R/r !#2

w2 J , ~13!

wherer, w, andn are fitting parameters,n being the droplet
number density.

The scattering power~SAXS intensity in absolute units!
corresponding to 100 min of isothermal annealing and
best modeled curves for both size distribution functions@Eqs.
~1! and~13!# are plotted in Fig. 2. The best fit using Eq.~1!

FIG. 2. Scattering power corresponding to samples anne
during 100 min at the indicated temperatures. Modeled curves u
the functions defined by Eqs.~1! and ~13! are also plotted. The
curves fromx51 –3 are multiplied by increasing powers of 10 f
clarity.
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leads to a function that exhibits significant deviations fro
the experimental results. On the other hand, the curves
tained by assuming a log-normal radius distribution funct
@Eq. ~13!# fitted very well the experimental data except at t
very beginning of the process.

In order to compare the radius distribution functions d
rived from SAXS and TEM results, we have focused on
particular sample annealed during 2 h at 843 K. InFig. 3 the
log-normal radius distribution function@Eq. ~13!# determined
from a SAXS experiment and that deduced from a TE
image @Fig. 1~b!# are plotted together with the distributio
predicted by the LSW model@Eq. ~1!# for ^R&525 Å. The
presented results indicate that even though the radius d
bution determined from SAXS and TEM analyses are
identical, the average radius obtained using both method
the same (̂R&525 Å). The error bars are60.1 Å and
62 Å for SAXS and TEM, respectively. The relative dispe
sions of the distribution functionN(R) determined from
SAXS and TEM results aresR /^R&50.19060.005 and
sR /^R&50.2160.01, respectively. This indicates that bo
techniques lead to average radius and radius dispersio
very good agreement. The differences in the distribution p
file may be due to the rather low sampling in TEM analy
and/or to the inherent approximation associated to the us
a log-normal function for the analysis of SAXS results.

As it can be seen in Fig. 3, the shape of the radius dis
bution functionN(R) determined from SAXS results is no
identical to that predicted by the LSW model. In fact, dev
tions of the experimental radius distribution from that pr
dicted by the LSW theory@Eq. ~1!# have already been re
ported in a number of previous investigations.8,9 The
reported deviations may be, at least partially, due to syst
atic errors associated to the procedure used for size dete
nation. In the present work, the different shape may be a
related to the more or less good approximation involved
the assumption of a log-normal function for the radius d
tribution. However, the structural parameters whose time

ed
ng

FIG. 3. Nanocrystal radius distributionsN(R) corresponding to
a sample annealed at 843 K during 2 h. These functions were
tained from~i! an experimental SAXS curve assuming a log-norm
radius distribution and~ii ! the TEM histogram displayed in Fig
1~b!. Both radius distribution functions yield the same average
dius (̂ R&525 Å). The third curve is the radius distribution func
tion predicted by the LSW model@Eq. ~1!# for same average radius
The areas under the curves are normalized to unity.
5-4
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pendence is used here in order to characterize the mecha
of Bi droplet growth~i.e., ^R&, n, andw) depend on integrals
involving theN(R) function and not on its detailed shape. A
we will see in the next section, in spite of the mention
discrepancy in the profile of theN(R) function, the experi-
mentally observed time dependencies of^R&, n, andw agree
very well with those predicted by the LSW model.

The scattering power corresponding to different periods
annealing at 843 K and the modeled curves according to E
~11! and ~13! are plotted in Fig. 4~a!. At the beginning of
thermal treatment, corresponding to the induction peri
only a very weak andq-independent scattering, except at t

FIG. 4. ~a! Scattering power corresponding to a sample annea
at 843 K during the indicated time periods. The continuous line
the modeled function assuming a log-normal radius distributi
The curves fromx51 –8 are multiplied by increasing powers of 1
for clarity. ~b! Radius distribution as a function of the anneali
time determined from data plotted in~a!.
08540
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very small angles, is observed. The scattering at very sm
angles is attributed to the existence of a few and rather la
Bi clusters in the as-quenched glass. In the above fitting p
cedure, the data corresponding to very small angles were
considered.

The log-normal distributionsN(R,t) associated to the
modeled scattering power curves for different anneal
times are plotted in Fig. 4~b!. The results evidence an initia
stage with very fast nucleation and growth of the Bi nan
droplets, indicated by the increase of the area underN(R,t)
curves, and a shift of the maximum of the radius distributi
toward higherR values. The nucleation and growth period
about 10 min at 843 K and longer at lower temperatur
After this transient period, a continuous reduction in t
number of nanodroplets occurs. On the other hand, the m
mum of the distribution continuously shifts toward higherR
values thus indicating a continuous growth of nanodrop
from the beginning until the end of the coarsening proce
The fitting procedure applied to the whole set of scatter
curves yielded the time variations in average radius, num
density, and relative radius dispersion of nanodroplets,^R&
3(t), n(t), and@sR /^R&#(t), respectively.

Figure 5~a! displays the dependence of^R&3 on the an-
nealing time. After the induction period, a very fast grow
of nanodroplets is observed. Later, it follows a stage
which nanodroplets grow at a lower rate until the end of
annealing process. The linear dependence of the experim
tal ^R&3(t) function agrees with the prediction of LSW
coarsening theory@Eq. ~2!#. As expected, thêR&3(t) growth
rate—slopek—is an increasing function of the temperatur

The functionn21(t) is plotted in Fig. 5~b!. The fast in-
crease in the number density of nanodroplets at the be
ning of the thermal treatment indicates an initial nucleat
stage. Later, a continuous reduction of nanodroplet num
density is observed. The linear dependence ofn21(t) on the
annealing time also agrees with the prediction of LS
theory @Eq. ~3!#.

In Fig. 5~c!, the ratiossR /^R& are displayed as function
of the annealing time for different annealing temperatur
High values of these ratios are observed at the beginnin
the annealing. This is an expected consequence of the
tinuous nucleation of additional clusters in this stage. A
consequence of the decreasing Bi concentration in the g
matrix, the rate of nucleation decreases andsR /^R& falls to a
minimum. After this period, when coarsening starts,sR /^R&
increases very slightly and at advanced stages beco
nearly constant. The invariance ofsR /^R& with respect to
the annealing time in this stage indicates that the radius
tribution becomes time independent under scaling of the
erage nanodroplet radius. During advanced stages of ann
ing sR /^R& is equal to 0.20, in agreement with the value
0.21 determined from TEM images andsR /^R&50.21 pre-
dicted by LSW theory.

2. Experimental determination of the diffusion coefficient
and the energy of activation for Bi diffusion

from SAXS results

The volume fraction of the solute phasew can be deter-
mined from the integrated scattering power in recipro

d
s
.
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spaceQ. For systems in which the new phase is formed
randomly oriented precipitates of any shape, the scatte
power is a function of the modulus of the scattering vectoq
and so the integralQ is given by10

Q54pE
q50

` dS

dV
~q!q2dq. ~14!

This integral is related to the volume fractionw by10

Q58p3r 0
2Dr2w~12w!. ~15!

Since in our case the initial Bi concentration in glass is v
low ~volume fraction;1024), we can safely assume tha
Dr is a constant during the whole coarsening process. So
the new phase occupying the smaller volume fraction,
have

FIG. 5. ~a! Cubic average radiuŝR&3, ~b! reciprocal number
densityn21, and~c! relative radius dispersionsR /^R& as functions
of the annealing time at the indicated annealing temperatures.
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w~ t !5
1

2
2F1

4
2

Q~ t !

8p3r 0
2Dr2G 1/2

. ~16!

The volume fractionw(t) can also be calculated from th
known N(R,t) function

w~ t !5
4p

3 E N~R,t !R3dR. ~17!

The use of Eq.~16! is preferable because it is a direct calc
lation from the experimental SAXS curves that yields a mo
precisew(t) function than that obtained by applying Eq
~17!.

Our experimental SAXS results were applied to the de
mination of the integralQ and, from Eq.~16!, the time de-
pendence of the fraction of the total volume occupied by
Bi droplets,w(t), was inferred. A fast increase ofw(t) dur-
ing the first period of annealing indicates that, during th
stage, nanodroplets grow mainly by the incorporation of
atoms dissolved in the glass that diffuse toward them. A
this periodw(t) increases at a much smaller rate and is
linear function of (t2t0)21/3. The w(t) functions versus (t
2t0)21/3 corresponding to the different annealing tempe
tures are plotted in Fig. 6.

We can see in Figs. 5~a!, 5~b!, and 6 that the experimenta
functions^R&3(t) andn(t)21 exhibit a linear dependence o
the annealing time andw(t) is a linear function of (t
2t0)21/3, in agreement with the predictions of LSW theor
We stress that this good agreement is actually expected
the studied system because it obeys the basic condition
validity of the LSW model, i.e., a spherical shape and lo
total volume fraction of the droplets.

From the slopes of the linear parts of the curves plotted
Figs. 5~a! and 6, we have determined the rate parameterk
andx8, respectively, at different temperatures and, apply
Eq. ~10!, the diffusion coefficientsD of Bi through the soda-
borate glass were inferred. Since the logD versus (1/T) plot
displayed in Fig. 7 indicates a linear dependence, the di
sion coefficient actually obeys the Arrhenius law:

D~T!}e2E/RT, ~18!

FIG. 6. Total volume fraction of Bi droplets,w, as a function of
(t2t0)21/3 for the indicated annealing temperatures.
5-6
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whereE is the activation energy for the diffusion process a
R is the gas constant. From the slope of the straight line
logD versus (1/T) plot ~Fig. 7! the value of the activation
energy for Bi diffusion through the soda borate glassE
5(6463)3104 J mol21 was obtained.

V. CONCLUSION

Our experimental SAXS and TEM results regarding t
formation and growth of Bi liquid droplets embedded in t
studied Bi-doped soda borate glass evidence a clustering
cess involving three distinct stages:~i! an initial short incu-
bation stage,~ii ! a second fast growth stage during which t
size of Bi clusters increases by atomic diffusion and agg
gation of isolated Bi atoms, and~iii ! a final rather slow stage
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FIG. 7. Arrhenius plot for the diffusion coefficients of Bi atom
through a soda borate glass matrix at different annealing temp
tures.
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during which most of the isolated Bi atoms are already
gregated but the nanodroplets still grow by coarsening. T
stage of nucleation and growth is characterized by an ind
tion period of the formation of precursor Bi nuclei and b
their growth promoted by atomic diffusion of isolated B
atoms through the glass matrix. This leads to a nanocom
ite consisting of a depleted matrix in which spherical nan
droplets with a single-mode radius distribution are homo
neously dispersed.

At more advanced stages of annealing, the time variati
of the average radius, the density number of the Bi na
droplets, and the volume fraction of the new phase are w
described by the equations predicted by the LSW model
coarsening. The ratio between the nanodroplets’ radius
persion and their average value is nearly time constant
ing coarsening as predicted by LSW theory, thus indicatin
dynamical scaling property or dynamical self-similarity
the structure. On the other hand, it was demonstrated tha
radius distribution is better described by a log-normal fun
tion than by the function predicted by the LSW model.

The diffusion coefficients of Bi atoms through the studi
soda borate glass during coarsening were quantitatively
termined from a set of experimental curves of x-ray scat
ing power. This evaluation was performed for different a
nealing temperatures, so from an Arrhenius plot,
activation energy of the diffusion process was also de
mined. To our knowledge, the present investigation is
first quantitative determination of atomic diffusion coef
cients exclusively based on the results of SAXS experime
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