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harmonic oscillators which we are able to recover in the limit of very low temperatures.
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I. INTRODUCTION

The possibility of manipulating physical systems at length
scales where quantum effects become important has attracted
much attention over the last years. This scenario has stimu-
lated considerable effort in the study of quantum open sys-
tems, first because of its relevance to the phenomenon of
quantum coherence and second because it might not be en-
tirely obvious the way in which we can obtain information
about the quantum dynamics of the system of interest
coupled to its environment. One of the strategies broadly
used in solving this problem consists in the replacement of
the environment by an approximate model. This must be
done in such a way that after tracing the environment coor-
dinates out, the problem can be formulated only in terms of
the variables of the system of interest.1 It is remarkable that
most of the environments can be represented either in terms
of a bath of oscillators,2,3 when the physics is dominated by
the delocalized modes, or by an spin bath,4 when the local-
ized modes play the major role. In this paper we will be
interested in another type of thermal bath that can be thought
of as the projection of the usual oscillator modes onto their
two lowest lying levels. At very low temperatures, these
truncated two-level systems �TLSs� have the same properties
as the usual harmonic oscillators, that is, the two baths ex-
hibit the same quantum limit. However, as we will show,
they strongly differ in the classical regime, at high tempera-
tures.

It is now well known that when the oscillator model with
linear spectral density is used to mimic a thermal bath inter-
acting with a quantum particle, the wave packet associated
with the latter undergoes a damped motion, exactly as in the
classical problem.2 In this situation, and within the long time
approximation, the average over the environment variables
results in an equation of motion for the particle without
memory effects. Therefore, it directly follows that the trans-
port properties of the quantum particle can be simply de-
scribed in terms of the damping and diffusion coefficients.

As a consequence, the optical conductivity ���� of a single
particle coupled to an oscillator bath has, in the so-called
ohmic case, only an incoherent part, which has a Drude-like
form. In this case the Lorentzian width is determined by a
temperature independent damping constant.

The phenomenological approach of representing the envi-
ronment by an oscillator bath was successfully used in the
study of dissipative effects in macroscopic quantum
coherence3 �the spin-boson model� and macroscopic quan-
tum tunneling.5 Moreover, there are particular situations, see
Ref. 6 for instance, in which the oscillator model can be
derived from microscopic theories just following the pre-
scriptions of Feynman and Vernon.1 That is also the case of
solitons, whose transport properties can be investigated using
the collective coordinate quantization scheme.7–9 In those
cases the effective equation of motion for the center of mass
of the soliton leads, in the long time regime, to a temperature
dependent damping constant. The form of the damping con-
stant is such that the optical conductivity of a system of
noninteracting solitons has again a Drude-like form, and in
the low temperature limit correctly reproduces the finite free
particle Drude weight at zero frequency. This behavior is
completely general for solitons and therefore independent of
the nonlinear field theory that supports these localized solu-
tions. From Refs. 2 and 7–9 we can conclude that, within the
long time regime, the optical properties of quasiparticles
coupled to an oscillator bath have always the trivial Drude
form. Therefore, if results obtained from measurements of
���� are at variance with the latter, they cannot be attributed
solely to the above-mentioned particle-reservoir interaction.
In those cases more complicated models are required10 or
alternative thermal bath descriptions should be employed.4

In this paper, our main goal is to present a different kind
of thermal reservoir which, in addition to a dissipative dy-
namics for the charge carriers, induces a nontrivial optical
conductivity. Our starting point will be the problem of a
single particle subject to a complex potential which can be

PHYSICAL REVIEW B 74, 184304 �2006�

1098-0121/2006/74�18�/184304�12� ©2006 The American Physical Society184304-1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Repositorio da Producao Cientifica e Intelectual da Unicamp

https://core.ac.uk/display/296711764?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1103/PhysRevB.74.184304


represented as a distribution of local two-level systems. Us-
ing the well known Feynman-Vernon formalism1 we are able
to traced out the environment modes and obtain the reduced
density operator of the particles. This operator will be ex-
pressed in terms of an effective action containing all the
information about the coupling of the carriers to the reservoir
and provides us with an equation of motion for the particles
from which the transport properties can be computed. In this
way it will be shown that the optical conductivity of this
system has a temperature dependent non-Drude behavior
with a very rich structure which contrasts with the oscillator
bath transport properties.

This paper will be divided as follows. In Sec. II we
present a model describing a single particle interacting with a
set of TLSs. In Sec. III an effective equation of motion de-
scribing the particle dynamics will be derived and in Sec. IV
the optical conductivity of the system is calculated consider-
ing different characteristics of the thermal reservoir. Finally,
in Sec. V, we discuss our results and present the conclusions.

II. THE MODEL

As it was already mentioned, we will be interested in the
transport properties of a single particle coupled to a generic
TLSs reservoir. This problem can be completely described
by the Hamiltonian

H = H0 + Hr + Hi, �1�

where H0 stands for a particle placed in an external electric
field, and it is given by

H0 =
p̂2

2M
+ exE . �2�

The distribution of TLSs playing the role of thermal reser-
voir in Eq. �1� is denoted by Hr and may be expressed in the
k space as

Hr = �
k=1

N
��k

2
�zk, �3�

where �zk is the z Pauli matrix. Finally, the interaction Hi
between the particle of interest and the thermal bath will be
taken in such a way to induce transitions between the states
of each TLS. A suitable choice is

Hi = − x�
k=1

N

Jk�xk, �4�

where Jk and �xk are, respectively, the coupling constant and
the x Pauli matrix.

Although the problem defined by Eqs. �1�–�4� was not
derived from a microscopic description of a concrete physi-
cal system, it is still very useful because there are many
systems which, under certain circumstances, behave as a
truncated TLS. Indeed, in the process of modeling defects in
crystalline solids or amorphous materials, one has to deal
with a distribution of locally quadratic-plus-quartic poten-
tials, as it is shown in Fig. 1. In fact, if each local double
well in the distribution has fairly separated minima, and the

typical energy scale ��c �obtained by the harmonic approxi-
mation about each minimum and assuming they do not differ
much� is such that ��c�kT �see Refs. 3 and 11 for details�,
all the locally quartic potentials at positions l can be effec-
tively described as two-level systems and

Hl = −
1

2
��l�xl − �l�zl� , �5�

where �l is a typical matrix element for the tunneling pro-
cess between the two minima and �l is the “detuning” be-
tween the ground states in the two wells. This fact suggests a
possible phenomenological description for a particle moving
in a complex potential as shown in Fig. 1, where the source
of dissipation is the induced transition between the states of
the TLSs ensemble and may have the form �4�. However, in
the course of this procedure one should keep in mind that
although the rate �l /kT may have any value, the TLSs rep-
resentation is valid only if ��c�kT����l ,�l�. Therefore
the high temperature limit should be understood as ��c
�kT��	, where 	 is the cutoff frequency of the system,
which can be assumed to be of the order of max ���l ,�l�. In
other words, we are saying that the TLSs description is only
valid for intermediate temperatures since extreme cases will,
in this particular example, reproduce the well-known results
of the bath of oscillators.

Now, knowing the details of the coupling of the external
particle to the TLSs array we can perform the Fourier trans-
form to k space and reach a Hamiltonian whose main physi-
cal effects can be mimicked by Eq. �1�.

If the reader is still uneasy about the way we obtained the
TLS bath he or she is urged to see a more thorough analysis
of this issue in Ref. 4.

III. EFFECTIVE PARTICLE DYNAMICS

This section is devoted to investigating the effective dy-
namics of a particle interacting with the TLS thermal reser-
voir. We will use the Feynman-Vernon functional integral
approach, which begins with the calculation of the reduced
density operator of the particle of interest, namely,


�x,y,t� = Tr��x�e−iHt/�
�0�eiHt/��y�	 , �6�

FIG. 1. Complex potential with multiple local quartic structure.
The effective TLS at site l is described in terms of the detuning �
between the wells ground states and a typical matrix element for the
tunneling processes �.
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where we are using the coordinate representation for the par-
ticle states, Tr denotes the trace over the bath modes, and H
is the Hamiltonian of the total system given by Eq. �1�.

The density operator of the whole system at time t=0 will
be assumed to be separable, 
�0�=
p�0�
r�0�, where p and r
denote the particle and the reservoir, respectively. The re-
duced density operator �6� can be written as


�x,y,t� =
 dx�
 dy�
p�x�,y�,0�J�x,y,t;x�y�,0� ,

where the superpropagator J has the form

J = 

x�

x

Dx�t��

y�

y

Dy�t��e�i/���S0�x	−S0�y	�F�x,y	 . �7�

In the expression above

S0�z	 = 

0

t �M

2
ż2�t�� + ez�t��E�t���dt�

corresponds to the action of a free particle in the presence of
an electric field and F denotes the influence functional,
which is given by

F�x,y	 = Tr�
r�0�T exp
i

�



t0

t

H̃i„y�t��…dt��
�T exp −

i

�



t0

t

H̃i„x�t��…dt��� , �8�

where T indicates time-ordered product and

H̃i�z� = e�i/��HrtHi„z�t��…e−�i/��Hrt.

The central quantity in this method is the influence func-
tional defined in Eq. �7�. Our next step is to derive an explicit
expression for it. Although this quantity has already been
evaluated through different approaches for interactions of the
form �4�,12 here we will sketch its derivation for the sake of
completeness.

In order to proceed, we will assume that the interaction
strength is weak enough, such that we may expand Eq. �8� in
powers of Jk and retain only terms up to second order. We
then obtain

F�x,y	 = 1 −
1

�2

0

t

dt�

0

t�
dt���H̃i„x�t��…H̃i„x�t��…�

+ �H̃i„y�t��…H̃i„y�t��…� − �H̃i„y�t��…H̃i„x�t��…�

− �H̃i„y�t��…H̃i„x�t��…�� , �9�

where the average value of an observable A is given by

�A� = �2N�
k=1

N

cosh ��k

2kBT
��−1

Tr�e−Hr/kBTA	 .

After tracing the reservoir degrees of freedom from Eq.
�9�, the influence functional acquires the form

F�x,y	 = 1 −
1

�2

0

t

dt�

0

t�
dt��

k=1

N

Jk
2� f�x,y�cos��k�t� − t��	

− ig�x,y�tanh ��k

2kBT
�sin��k�t� − t��	� , �10�

where

f�x,y� = x�t��x�t�� + y�t��y�t�� − y�t��x�t�� − y�t��x�t�� ,

and

g�x,y� = x�t��x�t�� − y�t��y�t�� + y�t��x�t�� − y�t��x�t�� .

Equation �10� may be simplified by introducing a set of co-
ordinates corresponding to the particle center of mass q and
relative coordinate �. Therefore, x=q+� /2, y=q−� /2, and
the influence functional reads

F�x,y	 = 1 −
1

�2

0

t

dt�

0

t�
dt��

k=1

N

Jk
2���t����t��cos��k�t� − t��	

− 2iq�t����t��tanh ��k

2kBT
�sin��k�t� − t��	� . �11�

In the majority of cases considered we do not have
enough information about the system which would allow us
to perform the above summation in k. In order to overcome
this difficulty, one usually introduces a phenomenological
spectral density function, which correctly describes the bath
in some well-known limit.2 Because we intend to follow this
strategy, we will first calculate the form of the spectral den-
sity function associated to the two-level system reservoir and
will replace it by some phenomenological guess afterwards.

The spectral function can be obtained from

J��� = Im�F�− i�t − t���F�t�,F�t��	�� , �12�

where F�t� is the force produced by the particle on the ther-
mal bath, �t� is the usual step function, and F stands for the
Fourier transform. From Eq. �4� it is straightforward to dem-
onstrate that F�t�=�kJk�xk. Substituting then the expression
for the force into Eq. �12� and using Eq. �3� we obtain

J��,T� = �
k=1

N

�Jk
2 tanh ��k

2kBT
����k − �� . �13�

Notice that the above expression is completely different
from the oscillator spectral function. Here, all modes with
energy well below kBT contribute less effectively to the spec-
tral density than the “unoccupied” modes above the thermal
energy. Therefore, any attempt to replace Eq. �13� by a phe-
nomenological guess should preserve this property.

If we now replace Eq. �13� into Eq. �11�, we obtain the
influence functional
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F = exp�−
1

�



0

t

dt�

0

t�
dt�


0

�

d�
J��,T�

�
�coth ��

2kBT
���t����t��cos���t� − t��	 − 2iq�t����t��sin���t� − t��	�� , �14�

where we have reexponentiated the second order expansion
used in Eq. �9�.

Next, we substitute Eq. �14� into Eq. �7� to obtain the
superpropagator for the particle of interest, namely

J =
 D�
 Dq exp� i

�
Sef f�q,�	�

� exp�−
1

�



0

t 

0

t�
��t� − t����t����t��dt�dt�� .

In the above equation, the effective action is given by

Sef f = 

0

t

dt��Mq̇�t���̇�t�� + e��t��E�t��

+ 

0

t�
�1�t� − t��q�t����t��dt�� , �15�

where

�1 =
2

�



0

�

J��,T�sin���t� − t��	d�

and

� =
1

�



0

�

J��,T�cos���t� − t��	coth ��

2kBT
�d� .

After having traced the environment coordinates, we can
derive from the effective action �15� an equation of motion
for the time evolution of the particle center of mass q and for
the width � of the wave packet associated to it,

Mq̈�t� + 

0

t

��t − t��q̇�t��dt� = eE�t� , �16�

M�̈�t� + 

0

t

��t − t���̇�t��dt� = 0, �17�

where we have performed an integration by parts in order to
explicitly show the viscous force of the TLSs reservoir act-
ing on the particle and

��t − t�� =
2

�



0

�

�−1J��,T�cos���t − t��	d� . �18�

The last step consists in solving Eqs. �16� and �17�. How-
ever, we must first specify the form of the spectral density of
the bath. Because we intend to keep the problem as general
as possible, we will choose a form for the spectral density
which retains the functional T dependence given by Eq. �13�.
We then assume that

J��,T� =
�

2
�̄�s tanh ��

2kBT
��	 − �� , �19�

where 	 is the cutoff frequency already introduced in the
discussion of the model and �̄ is a constant defining the
particle coupling strength to the TLSs. The reader must be
warned that �̄ used in this paper is actually 4� /�, where � is
the usual parameter that appears in the same context for the
bath of oscillators. The exponent s in the expression above
determines the long time �or low frequency� properties of the
thermal bath and its value is chosen to be real and positive.
This is a consequence of having assumed that J��� is a
smooth function of �, which up to some cutoff frequency
can be represented in a polynomial fashion.14 The specific
value of s is related to the kind of dissipation provided by the
bath. For instance, in the usual model of the bath of oscilla-
tors, s=1 characterizes the most common case of ohmic dis-
sipation, implying that the corresponding equation of motion
is a Langevin equation containing a dissipative term depend-
ing on the velocity whereas for s=3 the equation of motion
contains a dissipative term depending on the third derivative
of the position. This happens for the Abraham-Lorentz equa-
tion, which describes an electron interacting with its own
radiation field.15

Expression �19� retains the main properties of the func-
tional form �13�, namely the fact that the temperature deter-
mines which are the statistically relevant modes. Therefore,
for a given value of 	 and depending on the temperature, the
particle may simply have no interaction, on average, with the
reservoir. Notice that this choice is at variance with the one
employed in Ref. 13 where the author maps the system onto
a bath of oscillators.

By replacing Eqs. �18� and �19� into �16�, we obtain the
following equation for the velocity of the particle center of
mass:

v̇�t� + �̄

0

t

��t − t��v�t��dt� =
eE�t�

M
, �20�

with the damping function

��t − t�� = 

0

	

�s−1 tanh ��

2kBT
�cos���t − t��	d� . �21�

As it can be observed from Eq. �20�, after tracing the
two-level system reservoir coordinates, we have obtained an
equation of motion for the particle’s center of mass in which
the thermal bath has the same effect as that of a viscous fluid.
It should be noticed that for s=1 and zero temperature, Eq.
�21� reduces to the oscillator-bath damping function, which
is memoryless in the limit 	→� or, in other words, in the
long time regime. Indeed, in this case
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��t − t�� = lim
	→�



0

	

cos���t − t�	�d� = ���t − t�� ,

indicating that the damping is a purely instantaneous func-
tion.

However, if s�1 we realize that even at zero temperature
and with the cutoff frequency going to infinity, it is impos-
sible to obtain a damping function without memory. In this
situation the problem becomes non-Markovian and the par-
ticle dynamics cannot be described in terms of damping and
diffusion coefficients. In the following, we will investigate
the transport properties of a system of noninteracting par-
ticles described by Eqs. �20� and �21� through the evaluation
of its optical conductivity.

IV. THE OPTICAL CONDUCTIVITY

The current associated to distinguishable noninteracting
particles described by the equation of motion �20� reads j
=ev�t�, where j satisfy

dj

dt
+ �̄


0

t

��t − t��j�t��dt� =
e2E�t�

M
. �22�

This equation may be solved by the well-known method of
the Laplace transform. If we assume that initially there is no
current in the system, Eq. �22� may be written as j�z�
=��z�E�z�, with

��z� =
e2

M�z + �̄��z�	
,

where ��z� is the Laplace transform of ��t− t��. For all al-
lowed values of s, ��z� can be written as �see the Appendix�

��z� =

	s+1Fs,−
	2

z2 �
�s + 1�z2 tan �z

2kT
�

−
4kBTz	s+1

��s + 1� �
n=1

� Fs,−
	2

�n
2�

�n
2��n

2 − z2�
, �23�

where F denotes hypergeometric functions given by F�s ,x�
= 2F1

�1, 1+s
2 , 3+s

2 ,x� and �n= �2n−1��kBT /�, with n�N.
The optical conductivity may now be promptly obtained

by substituting Eq. �23� into

���� = lim
�→0+

Re�� e2/M

z + �̄��z�
�

z=�−i�
� . �24�

Although Eqs. �23� and �24� allow us to compute ���� for
any s�0, it may be enlightening to consider the problem for
specific values of s, for which the hypergeometric series in
Eq. �23� converge to simple functions. In this way we will be
able to proceed analytically in the investigation of the optical
conductivity and obtain, if there are such contributions, the
temperature dependence of the Drude weight and the inco-
herent conductivity in the whole frequency range. In the fol-

lowing we will focus on particular cases illustrating the su-
perohmic �s�1�, ohmic �s=1�, and subohmic �s�1�
situations.

A. Superohmic case, s=2

In this specific case, the hypergeometric functions in-
volved in Eq. �23� acquire a simple form

2F1�1,3/2,5/2,− x2� =
3

x
1

x
−

arctan x

x2 � ,

and the Laplace transform of the damping function reduces
to

��z� =
4z

�
�
n=1

�
�2n − 1�arctan��	/�kBT�2n − 1�	

�2n − 1�2 − ��z/�kBT�2

− z arctan	

z
�tan �z

2kBT
� . �25�

Substituting then Eq. �25� into Eq. �24�, we obtain the fol-
lowing form for the optical conductivity:

���� = �DW�T����� + �inc��,T� , �26�

where �DW�T� represents the Drude weight, whereas
�inc�� ,T� stands for the incoherent contribution. Let us first
analyze �DW�T�, which is given by

�DW�T� = �0�1 +
4�̄

�
�
n=1

�
arctan��	/�kBT�2n − 1�	

�2n − 1� �−1

,

�27�

where �0=�e2 /M is the Drude weight of the free particle.
Although this sum cannot be performed exactly for all tem-
peratures, we may derive an analytical expression for it in
the regime kBT��	. We then find

�DW�T� =
�0

1 + 4�̄�	/�2kBT�
n=1

�

1/�2n − 1�2

=
�0

�1 + �̄�	/2kBT�
, �28�

where the damping term provides a small correction to the
particle mass. Notice that Eq. �28� correctly reproduces the
free particle behavior at high temperatures. This result is in
agreement with the fact that as the temperature is raised the
high frequency TLSs will play a major role in the composi-
tion of the spectral function which justifies the mass correc-
tion as due to the adiabatic approximation. In other words,
the high frequency TLSs adiabatically dress the moving par-
ticle.

A numerical evaluation of the sum involved in Eq. �27�
yields the general behavior of the Drude weight as a function
of temperature �see Fig. 2�a�	. Observe that the conductivity
grows with temperature until it saturates at the value of a free
particle in the T→� limit. In order to investigate the func-
tional growth of the conductivity with temperature, we have

OPTICAL CONDUCTIVITY OF CHARGE CARRIERS… PHYSICAL REVIEW B 74, 184304 �2006�

184304-5



plotted −1/ ln �DW�T� vs T in Fig. 2�b�. The plot is linear in
T, except in the low temperature region. We may therefore
conclude that for high temperatures the Drude weight be-
haves as �DW�exp�−1/ ��+�T�	, where the constants � and
� can be determined from the plots and depend on the values
of 	 and �̄. On the other hand, the vanishing of �DW�T� as
the temperature is lowered was already expected from Eq.
�27�, because for strictly zero temperature the sum to be
performed is positive and divergent.

The functional reduction of the conductivity as the tem-
perature decreases may be determined by considering a cer-

tain N̄=2n̄−1 such that �	 /�kBTN̄�1. In the limit of T

→0 the value of N̄ will be of the order of �	 /kBT. In this
situation Eq. �27� may be approximately written as

�DW�T� � �0�2�̄S +
4�̄

�
�
n=n̄

�
arctan��	/�kBT�2n − 1�	

�2n − 1� �−1

,

�29�

where

S = �
n=1

n̄
1

2n − 1
= � +

1

2
��0��n̄ + 1/2� , �30�

with �= �C+ln 4� /2,

C = lim
m→�

�
k=1

m
1

k
− ln m ,

and ��0� denote the polygamma function of zero order given
by ��0��x�=�x ln ��x�. In the zero temperature limit the sum
given by Eq. �30� dominates the behavior of Eq. �29�. Using
then the Stirling expansion and assuming that n̄ is of the

order of �	 /kBT, we finally obtain that the Drude weight in
the low temperature limit behaves as

�DW�T → 0� �
e2

M��̄�/� + ln�kBT/�	�−��̄	
. �31�

In the expression above � is a numerical factor that can be
determined from the plot of 1 /�DW vs −1/ ln T for low tem-
peratures. Inspection of Fig. 2�c� indicates that the value of �
is approximately 1. Therefore we can conclude that the
Drude weight for low temperatures behaves as

�DW�T → 0� �
1

ln��	/kBT��̄
. �32�

Actually the effect of finite �̄ can even wash the Drude
weight out as in the naive Drude model for electric conduc-
tivity of metals. Nevertheless, in our specific model, al-
though �DW is reduced, it is still finite even in the presence of
damping for finite T. Moreover, as the ratio �	 /kBT is di-
rectly proportional to the number of TLSs in the lowest en-
ergy state, it is expected that as the temperature is lowered
this number rises, increasing the ability of the particle to lose
energy and consequently leading to a smaller value of �DW.

Now we turn our attention to the behavior of the incoher-
ent part of the optical conductivity, which is given by

�inc��� = �0
�̄ tanh���/2kBT��	 − ��

2��Q2��,T� + ����̄/2�tanh���/2kBT�	2�
,

�33�

with

Q = 1 +
4�̄

�
�
n=1

�
�2n − 1�arctan��	/�kBT�2n − 1�	

�2n − 1�2 + ���/�kBT�2

−
�̄

2
tanh ��

2kBT
�ln

�	 + ��
�	 − ��

. �34�

The presence of the step function in Eq. �33� ensures that
�inc��� is exactly zero above the cutoff frequency. Although
for frequencies of the order of 	 our approach may provide
nonaccurate results, the zero conductivity in the ��	 re-
gion agrees with the fact that all particle transitions between
states with energy difference larger than �	 are forbidden.
This effect is a consequence of having limited the thermal
bath phase space by an abrupt cutoff frequency.

In order to discuss the main features of the incoherent part
of the optical conductivity given by Eqs. �33� and �34� we
begin by calculating the temperature dependence of the dc
conductivity �dc=�inc��=0�, namely,

�dc�T�
�0

=
��̄

4kBT
�1 +

4�̄

�
�
n=1

�
arctan��	/�kBT�2n − 1�	

�2n − 1� �−2

.

The high temperature limit of this expression can be written
as

FIG. 2. �a� Drude weight as a function of T for 	=1, the con-
tinuous, dotted, and dashed lines correspond to �̄=0.2, �̄=0.8, and
�̄=1.6, respectively. �b� Temperature behavior of −1/ ln �DW, the
continuous, dotted, and dashed lines correspond to �̄=0.2, �̄=0.4,
and �̄=0.6, respectively. �c� 1/�DW vs −ln T for low temperatures
and �̄=0.2. In all cases it is assumed �=kB=1 and the Drude weight
is measured in units of �0.
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�dc�T�
�0

=
��̄/4kBT

�1 + ��̄	/2�kBT	2 ,

which correctly goes to zero as the temperature increses in
agreement with the free particle behavior. The interesting
point comes from the divergence at zero temperature. This
singular behavior has been observed in classical noninte-
grable nonlinear systems where the current correlation de-
cays to zero in the long time limit, but so slowly, that the
integral over time, which yields the dc conductivity,
diverges.16 In the present case this result can be understood
by realizing that the long time behavior of the damping func-
tion �21� involves low frequency modes, but the latter do not
have enough spectral weight for the s=2 case to make the
current decay.

A further understanding of the problem can be achieved
after the analysis of Fig. 3, where the frequency dependence
of �inc��� is plotted for some particular cases. Notice in Fig.
3�a� that as the temperature increases, the conductivity is
reduced in the entire frequency range. This is in agreement
with the fact that as one moves toward the limit in which
kBT��	, the particle approaches the free behavior and
eventually the incoherent conductivity vanishes, see Eqs.
�33� and �34�, retrieving the free particle result.

Let us now inspect the behavior of �inc��� when �→	.
Figure 3�b� shows a zoom of Fig. 3�a� for � around 	. Near
the cutoff frequency the conductivity reaches a maximum
and then continuously falls to zero as one approaches 	 from
below. This nonmonotonic behavior of the optical conductiv-
ity as a function of the frequency can be basically attributed
to memory effects of the damping function �21�. This effect

is responsible for the dephasing of the different contributions
of the bath reaction on the particle. As a matter of fact, if we
reanalyze Eq. �33�, we observe that the classical impedance
Z�� ,T� of the reservoir �for ��	� corresponds to

Z = �0
−1� 2�Q2��,T�

�̄ tanh���/2kBT�
+

�2�̄�

2
tanh���/2kBT�� .

Although this expression cannot be clearly separated into
reactive and resistive contributions, one of the components
of the former will be

X��,T� �
2�Q2��,T�

�̄ tanh���/2kBT�
,

where Q�� ,T� is given by Eq. �34�. From the definition of
Q�� ,T�, we observe that part of the reaction of the bath over
the particle is nothing but a competition of terms with a �
phase difference between them, which causes this kind of
resonancelike behavior. The effect described above does not
appear in the oscillator model, where the bath reacts as a
pure resistance due to its memoryless character, and leads to
a monotonic behavior of �inc���. It is also expected that as
the coupling strength of the particle-reservoir interaction in-
creases, the conductivity will decrease. This effect is illus-
trated in Fig. 3�c�, where it can be seen also that for strong
enough coupling the optical conductivity becomes a mono-
tonic function. It remains to mention that for a fixed value of
the temperature, an increase in the value of the frequency
cutoff leads to a displacement of the conductivity edge to
higher frequencies and to a decrease of �inc in the whole
frequency range. This effect is illustrated in Fig. 3�d� and it is
a consequence of the higher number of states to scatter the
particle, as the value of the cutoff frequency is increased at a
given temperature.

All the previous analysis developed for the s=2 specific
case illustrates to some extent the transport properties of the
system in the superohmic regime �s�1�. However, it is
worth mentioning that there are significant differences in the
low frequency region of the optical conductivity as one
moves from 1�s�2 to s�2 situation—see Fig. 4 for in-
stance. The divergence in the dc conductivity is suppressed

FIG. 3. �a� �inc as a function of � for different temperatures with
�̄=0.2 and 	=1. The continuous, dashed, and dotted lines corre-
spond to T=0.09, T=0.5, and T=2.0, respectively. �b� Details of
���� near �=	. �c� �inc as a function of � for different coupling
strengths. The continuous, dashed, and dotted lines correspond to
�̄=0.4, �̄=1.5, and �̄=3.5, respectively, with T=0.02 and 	=1. �d�
�inc vs � for �̄=0.2 and T=0.05 for different cutoff frequencies; the
continuous, dashed, and dotted lines corresponds to 	=1, 	=1.5,
and 	=2, respectively. In all cases the optical conductivity is mea-
sured in units of �0 and it is assumed �=kB=1.

FIG. 4. �inc as a function of �—in units of �0—for different
values of s in the superohmic regime. Notice that as s increases, the
value of the �dc decreases for a given frequency. All graphics were
generated assuming �̄=0.2, T=0.09, 	=1, and �=kB=1.
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for s�2 while it persists for s�2. This is again a conse-
quence of the different spectral weights for the low fre-
quency modes as the value of s is changed.

To conclude this part of the analysis we summarize our
main findings. In the specific case of s=2 the system behaves
as a perfect conductor at T=0 because of the infinite �dc
conductivity. However, this fact is not reflected in the value
of the Drude weight, which goes to zero as T decreases. This
contradiction in the classification into metallic or insulator
states according to the value of the Drude weight is only
apparent. This is so because the current carriers in our ap-
proach are not in an eigenstate of the system invalidating the
characterization of conductors and insulators in terms of the
behavior of �DW. Another point to be mentioned is the fact
that for s�2 the dc conductivity, at T=0, strongly depends
on the s value, see Fig. 4. Finally, above the cutoff 	, the
optical conductivity is always zero at any temperature, inde-
pendent of the s value.

B. Ohmic case, s=1

This case is of particular importance because it allows us
to explicitly show the differences with the oscillator model
discussed in Refs. 2 and 5. In this specific situation it is
useful to notice that

2F1�1,1,2,− x2� =
ln x2 + 1

x2 .

Therefore, the general expression �23� for the Laplace trans-
form of the damping function becomes

��z� =
1

2
tan �z

2kBT
�ln�1 +

	2

z2 �
−

2�z

�2kBT
�
n=1

�
ln�1 + ��	/�2n − 1��kBT	2�

�2n − 1�2 − ��z/�kBT�2 . �35�

By substituting Eq. �35� into Eq. �24�, we obtain the op-
tical conductivity as a sum of a coherent part given by
�DW�T�����, where

�0

�DW = 1 +
��̄

kBT
�

n=1

�
ln�1 + ��	/�2n − 1��kBT	2�

�2n − 1�2 +
1

2
� ,

�36�

and an incoherent contribution of the form

�inc��� =
��̄�/2�tanh���/2kBT��0�	 − ��
��̄� tanh���/2kBT�/2	2 + R2��,T�

, �37�

where

R = � +
�̄

2
tanh ��

2kBT
�ln	2 − �2

�2 �
−

2�̄��

�2kBT
�
n=1

�
ln�1 + ��	/�2n − 1��kBT	2�

�2n − 1�2 + ���/�kBT�2 . �38�

Once again the Drude weight cannot be obtained exactly
for all temperatures, except for kBT��	. In this limit we
find

�DW�T� = �0�1 +
�2�̄

96	
 �	

kBT
�3�−1

, �39�

which correctly reproduces the expected free particle con-
ductivity in the infinite temperature regime, where the inco-
herent contribution goes to zero �see Eqs. �37� and �38�	. If
one compares Eqs. �28� and �39�, one realizes that for the
same temperature the Drude weight in the s=2 case is lower
than the s=1 case. This is nothing but the effect of the stron-
ger coupling between the particle and the reservoir modes as
value of s—characterizing the thermal bath—is increased.

The low temperature properties of the Drude weight can
be derived from Eq. �36� by considering a value of n= n̄ such
that �	 /kBT� n̄. In this case the sum involved in Eq. �36�
can be written approximately as

S = ln �	

kBT
��

n=1

n̄
1

�2n − 1�2 − �
n=1

n̄
ln ��2n − 1�

�2n − 1�2

+ �
n=n̄

�
ln�1 + ��	/�2n − 1��kBT	2�

�2n − 1�2 . �40�

Notice that for T→0 the value of n̄ goes to infinity and
therefore the first term in the right-hand side �rhs� of Eq. �40�
dominates the sum. Substituting this result into Eq. �36� we
obtain that for low temperatures the Drude weight goes to
zero as

�DW�T → 0� �
kBT

��̄ ln��	/kBT	
. �41�

This expression correctly reproduces the well-known result
for the oscillator model,5 namely, there is no coherent con-
tribution to the conductivity when 	 goes to infinity. This
result could have been foreseen from the analysis of the par-
ticle dynamics �see Eq. �21� for s=1 and T→0	. It should be
stressed that for s=1�DW goes to zero faster than for s=2
�see Eq. �32�	, as a consequence of the stronger interaction of
the particle with the low energy modes.

After having examined the temperature dependence of the
Drude weight for ohmic dissipation in the analytically acces-
sible limits, we proceed to a numerical evaluation of Eq.
�36�. Figure 5�a� shows the behavior of the Drude weight as
a function of temperature for different coupling strength val-
ues. Observe that for any given temperature �DW decreases
as the interaction strength becomes stronger. Indeed, for
stronger interactions the momentum transferred to the reser-
voir is larger and consequently the conductivity is reduced.
This also implies that the free particle behavior will be
reached at higher temperatures as �̄ increases.

Our next step is the analysis of the incoherent part of the
optical conductivity. The first point to be mentioned is the
infinite dc conductivity of the system at any finite tempera-
ture. This result is obtained taking the limit of zero frequency
in the expressions �37� and �38� and can be explained by the
fact that the dc conductivity is determined by the low fre-
quency modes in the damping function �21�. We have plotted
in Fig. 5�b� �inc vs � for different temperatures with a finite
cutoff frequency 	=1. The forbidden particle transitions in-
volving energy exchange above �	 leads to zero conductiv-
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ity for ��	, as already obtained in the s=2 case. One may
also notice that as the temperature increases the conductivity
grows for small values of �. This can be understood by
recalling that as the temperature rises, the particle-reservoir
interaction—which can actually change the particle
momentum—is less effective for the low energy modes and
consequently the conductivity also rises for such frequencies.
It should be also mentioned that as the temperature is low-
ered, �inc��� acquires a Lorentzian form. This behavior be-
comes evident in Fig. 5�c�, in which we considered 	=100.
At lower temperatures one approaches the oscillator model.
Indeed, taking the limits 	→� and T→0, we obtain

�inc��� =
��̄/2

�2 + ���̄/2�2�0,

which is the well-known result for the oscillator model. Fi-
nally, Fig. 5�d� shows the effect of varying the coupling
strength. The main feature to be observed is the reduction of
the conductivity as �̄ increases, consistent with the fact that it
is then easier for the particle to transfer momentum to the
reservoir.

C. Subohmic case, s=0

Another interesting result, which differs considerably
from the cases already discussed, arises when s=0. In this
case, the hypergeometric function reads

2F1�1,1/2,3/2,− x2� =
arctan x

x

and the Laplace transform of the damping function given by
Eq. �23� acquires the form

��z� =
4kBTz

�
�
n=1

�
1

�n
2 − z2� arctan�	/z�

z
−

arctan�	/�n�
�n

� ,

�42�

where we have used that �n= �2n−1�kBT� /� with n integer.
Substituting now Eq. �42� into Eq. �24�, we obtain an

expression for the optical conductivity which has zero Drude
weight at all temperatures and an incoherent part of the form

�inc��� = �0
2�̄� tanh���/2kBT��	 − ��

G2��,T� + ���̄ tanh���/2kBT�	2 , �43�

with

G = 2�2 −
8�2�̄�2

�3k2T2 �
n=1

�
arctan��	/N�kBT�

N�N2 + ���/�kBT�2	

+ �̄ tanh ��

2kBT
�ln

�	 − ��
�	 + ��

. �44�

The dc conductivity, obtained by taking the �→0 limit in
Eqs. �43� and �44�, may be written as �dc /�0=4kBT /�2��̄.
From this result we conclude that the system behaves as an
insulator with zero dc conductivity at T=0.

Inspection of Eq. �43� yields that the incoherent part of
the conductivity is finite only below the cutoff frequency,
just as in the cases discussed previously. Another important
feature is the way in which one may recover the free particle
behavior. In order to analyze this limit it should be noticed
that at high temperatures Eqs. �43� and �44� may be written
as

�inc��� =
e2

M

�

�2 + �2 , �45�

where �=���̄ /4kBT. In the limit �→0, which corresponds
to infinite temperature or zero coupling strength, Eq. �45�
goes to ��e2 /M�����, correctly reproducing the optical con-
ductivity of a free particle.

The general behavior of �inc��� is displayed in Fig. 6 for
different values of temperature, coupling strength, and cutoff
frequency. Figure 6�a� shows that as the temperature in-
creases, one approaches the frequency dependence given by
Eq. �45�, which has a maximum at �=0. In this regime, the
classical impedance of the reservoir is purely resistive,
analogous to the oscillator-bath model. However, as the tem-
perature decreases, the value of Z��� is determined by a
competition between terms completely out of phase, see Eq.
�44�, reaching the maximum value for ��0. For T→0, the
frequency at which the conductivity exhibits a maximum be-
comes closer to the cutoff frequency, characterizing an ex-
treme non-Drude behavior. As one approaches 	 from be-
low, no matter the value of the temperature, the conductivity
smoothly falls to zero. This effect, which is related to the
lack of available states in the reservoir to scatter the particle,
is shown in Fig. 6�b�. It is also worth mentioning the small
variations of the maximum conductivity as the cutoff fre-
quency is changed, as illustrated in Fig. 6�c�. Finally, Fig.
6�d� shows the effect of varying the value of the coupling
strength �̄ for a given temperature and cutoff frequency. An

FIG. 5. �a� �DW as a function of T for different coupling strength
with 	=1. The continuous, dotted, and dashed lines correspond to
�̄=0.2, �̄=2, and �̄=5, respectively. �b� ��� ,T� vs � for different
temperatures with �̄=0.2 and 	=1. The continuous, dotted, and
dashed lines correspond to T=0.001, T=0.02, and T=0.09, respec-
tively. �c� The same as �b� assuming 	=100. �d� �inc vs � for 	
=1 and T=0.02 for different coupling strength, the continuous,
dashed, and dotted lines corresponds to �̄=1, �̄=0.2, and �̄=0.09,
respectively. In all cases the conductivity is measured in units of �0

and it is assumed �=kB=1.
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increase in the interaction strength leads to a reduction of the
conductivity. This is an expected result because for larger
values of �̄, the particle can transfer momentum to the res-
ervoir in an effective way, and as a consequence, the conduc-
tivity is reduced.

At this point we can conclude the s=0 analysis pointing
out that in this situation the conductivity is always incoherent
and nonzero just below the cutoff frequency with a dc value
that vanishes as T goes to zero. In order to verify if those
features are common to the entire subohmic regime, we have
numerically evaluated the combined Eqs. �42� and �24� for
different values of s�1, see Fig. 7�a�. As it can be observed,
the general behavior of the conductivity resembles the s=0
case �see Fig. 6�, except in the low frequency region. This
fundamental difference is illustrated in Fig. 7�b� showing
that �inc is singular at �=0, although our numerical calcula-
tion indicates that the Drude weight remains zero at any fi-
nite temperature and value of s. In order to investigate in
more detail the general behavior of �inc in the low frequency
region, it is useful to notice that near �=0 the optical con-
ductivity does not depend on the value of the cutoff fre-
quency, see Fig. 7�c�. Therefore, we may simply take the
limit 	→� in the Laplace transform of the damping func-
tion given by Eq. �23� and obtain an expression for ��z� for
any 0�s�1, namely,

��z� =
2�kBTz

� cos��s/2��n=1

�
zs−1 − �n

s−1

�n
2 − z2 . �46�

Substituting the expression above in Eq. �24� we obtain
the optical conductivity, which has a zero Drude weight, be-
sides an incoherent contribution given by

�inc���
�0

=
2�̄�s−3 tanh���/2kBT�

4K2��,s� + ���̄�s−1 tanh���/2kBT�	2 , �47�

where

K = 1 +
��̄

2
tan�s�/2��s−2 tanh���/2kBT�

−
2�̄��kBT�2

�2 cos�s�/2��n=1

�
�2n − 1�s−1

�2n − 1�2 + ���/2kBT�2 . �48�

This result is in complete agreement with the previous nu-
merical analysis for finite cutoff frequency and promptly al-
lows us to derive the way in which the conductivity diverges
as one approaches �=0,

�inc�� � 0�
�0

=
4kBT cos2��s/2�

�2��̄
�−s.

It is worth mentioning that this expression is also valid for
the s=0 case �see Eq. �42�, for instance	, correctly reproduc-
ing the finite �dc�T� value already found.

With the analysis of the 	→� limit we conclude that the
finite dc conductivity obtained for the s=0 case is an excep-
tion within the subohmic regime, in which the dc conductiv-
ity is, in general, divergent. This discussion summarizes our
main findings in the study of the optical conductivity for
cases in which 0�s�1.

V. CONCLUSIONS

We have studied the transport properties of noninteracting
particles coupled to a set of two-level systems described by a
temperature-dependent spectral function. Our approach was

FIG. 6. �a� Incoherent contribution to the optical conductivity
for different temperatures with �̄=0.2 and 	=1. The continuous,
dotted, and dashed lines correspond to T=0.05, T=0.2, and T=0.4,
respectively. �b� Detail of �a� near the cutoff frequency. �c� �inc vs �
for different values of 	. The continuous, dashed, and dotted lines
corresponds to 	=100, 	=1.5, and 	=1, respectively, in all cases
�̄=0.2 and T=0.05. �d� �inc vs � for different values of the coupling
strength. The continuous, dashed, and dotted lines corresponds to
�̄=0.2, �̄=0.25, and �̄=0.3, respectively, with 	=1 and T=0.09. In
all cases the optical conductivity is measured in units of �0 and it is
assumed �=kB=1.

FIG. 7. �a� Incoherent contribution to the optical conductivity in
the subohmic regime, in all cases it was assumed �̄=0.2, T=0.09,
and 	=1. �b� Detailed form of the conductivity in �a� near �=0 for
s=0.6 and s=0.3. �c� �inc vs � for different values of 	, in all cases
T=0.09, �̄=0.2, and s=0.3. The optical conductivity is always mea-
sured in units of �0 and it is assumed �=kB=1.
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based on the Feynman-Vernon functional-integral formalism
which allows us to trace out the two-level system coordinates
and obtain an effective equation of motion for the particle in
terms of the phenomenological TLSs spectral function.

The evaluation of the transport properties were performed
considering different values of the power s of the generic
spectral function, which is proportional to �s. Two different
regimes were found; the superohmic �s�1� and ohmic �s
=1� in which the optical conductivity has both, coherent and
incoherent contributions, and the subohmic �s�1� where the
conductivity is strictly incoherent. In the first case the Drude
weight goes to zero as the temperature decreases in a loga-
rithmic fashion and the incoherent part shows a strong non-
Drude behavior with a divergent dc conductivity for T=0,
except for the ohmic case in which the zero temperature dc
conductivity is finite. In the entire subohmic regime, the
Drude weight is always zero at all temperatures. In contrast,
the dc conductivity is only finite in the s=0 specific case,
going linearly to zero as the temperature decreases, whereas
in general it is divergent at all temperatures. It should be
mentioned that in this regime, the general behavior of ����
is strongly non-Drude, with the highest conductivity arising
at finite values of �. All these properties strongly differ from
the simple behavior induced by an oscillator thermal bath on
a system of noninteracting particles. The latter exhibits no
temperature dependence and zero Drude weight with a finite
dc conductivity. All this results are summarized in Table I.
Concerning the limitation of the approach employed here, it
is important to stress that it is accurate for long times �or low
frequencies� compared with the response time of the system,
which is basically 	−1. Therefore in all cases where the cut-
off frequency was assumed to be finite, the values of the
optical conductivity near �=	 should be interpreted care-
fully.

Finally, as the model analyzed here could be relevant for
the study of the dynamics of a particle in the presence of a
distribution of locally quartic plus quadratic potentials, we
expect it may contribute to the understanding of the transport
properties of low dimensional systems at low temperatures,
where the physics is often dominated by defects and impuri-
ties.
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APPENDIX

In order to calculate the Laplace transform of ��t� we will
use the expansion17

tanh�x

2
� =

4x

�
�
n=1

�
1

�2n − 1�2 + x2 ,

which allows us to rewrite ��z� as

��z� =
4kBTz

�
�
n=0

�

I�n,	� , �A1�

where

I�n,	� = 

0

	 ��sd��

���2 + z2����2 + �n
2�

,

with �n= �2n−1��kBT /� and n�N. This integral can be split
into two terms,

I =
1

z2 − �n
2�z2


0

	 ��s−2d��

���2 + z2�
− �n

2

0

	 ��s−2d��

���2 + �n
2�� .

The new integrals are easily performed, yielding



0

	 ��s−2d��

���2 + �2�
=

	s−1

�2 �
m=0

�
�− 1�m

2m + s − 1
	

�
�2m

.

We now rewrite the expression for I�n ,	� as

I�n,	� =
	s+1

��n
2 − z2�� 1

z2 �
m=1

�
�− 1�m−1

2m + s − 1
	

z
�2m−2

−
1

�n
2 �

m=1

�
�− 1�m−1

2m + s − 1
 	

�n
�2m−2� . �A2�

Substituting this equation into Eq. �A1� and expressing the
sums involved in Eq. �A2� in terms of the hypergeometric
functions we obtain

TABLE I. Summary of results.

�dc �T→0
DW �T→�

DW �T→0
inc �T→�

inc

Superohmic Diverges for T→0a zero �0 Anomalous insulator—non-Drude zero

Ohmic Diverges for finite Tb zero �0 Insulator—Lorentzian formb zero

Subohmic Diverges for finite Tc
¯ ¯ Perfect insulator—non-Drude �0����

aFor s�2, in other cases it is finite.
bFor 	→� reproduces the oscillator results.
cExcept in the s=0 case, where the �dc goes to zero.
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��z� =
4kBTz

��s + 1��n=1

�
	s+1

�n
2 − z2� 2F1�1,�1 + s�/2,�3 + s�/2,− 	2/z2	

z2 − 2F1�1,�1 + s�/2,�3 + s�/2,− 	2/�n
2	

�n
2 � . �A3�

By performing the sum in the first term of Eq. �A3� and introducing the notation 2F1�1, �1+s� /2 , �3+s� /2 ,x	=F�s ,x�, we
finally obtain Eq. �23�.
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