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A reduced load approximation for WDM rings with a wavelength continuity
constraint under Poissonian, homogeneous traffic with any spatial profile is
presented. The model accounts for interactions among successive links in a
linear network, correcting the overestimation of the blocking probability
caused by the link independence assumption. Comparisons with simulation
results show that the proposed reduced load approximation is a better substi-
tute for the well-known reduced load approximation that uses the link inde-
pendence assumption for blocking computation. It is shown that the proposed
model provides accurate estimates of blocking probabilities in WDM rings
with a wavelength continuity constraint. © 2006 Optical Society of America
OCIS codes: 060.4510, 060.4250.
1. Introduction
Methods for calculating blocking probabilities of calls have been a foremost concern in
emerging optical networks, which are expected to be circuit-switched at first. This
framework is characterized by new peculiarities, of which the most severe is the wave-
length continuity constraint when wavelength conversion is not allowed. This restric-
tion forces a light path to use the same wavelength on all the links from the origin
node to the destination node. Moreover, the high granularity of traffic of optical net-
works and the currently high costs of optical ports indicate that such networks tend to
be much less connected when compared with the classical circuit-switched networks.
Linear networks (chains of nodes and rings) are the extreme case, for which link
interactions among successive links are dominant.

In this paper we present a reduced load approximation that accounts for link inter-
actions in WDM rings. Reduced load approximations are important from the user’s
point of view because they take into account the correlation among channels, provid-
ing a better estimation of blocking probabilities in networks with multiple channels.
The term “reduced load approximation” reflects the fact that the load offered to a link
may be reduced (or thinned) by blocking on other links. Most reduced load approxima-
tion techniques assume that blocking occurs independently from link to link [1–3],
which overestimates the blocking probability for networks with a high link load corre-
lation among subsequent links. Moreover, most techniques were proposed for highly
connected, classical circuit-switched networks, for which blocking on a route happens
only if at least one link of the route is in a blocking state. A reduced load approxima-
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tion that considers load correlation was proposed in Ref. [4], but the complexity of the
calculations is considerable for good accuracy in sparse networks.

The reduced load approximation we introduce in this paper replaces the link inde-
pendence assumption with a better substitute, called the object independence assump-
tion. This assumption has been proved to be asymptotically true for single-wavelength
infinite line networks and also to be a very good approximation for finite rings with
any size [5]. In this paper we address a new approach to WDM rings by the combina-
tion of the object independence assumption with the Erlang loss model applied to an
isolated link. As a result, the load offered to a link may be reduced by accounting for
blocking on other links on the route without overestimating the blocking probability.

The paper is organized as follows. Section 2 discusses the independent object
assumption for a single-wavelength linear network. The Erlang model applied to a
single link is discussed in Section 3. The reduced load approximation is presented in
Section 4, and the model performance is presented in Section 5. Finally, we conclude
our work in Section 6.

2. Independent Object Assumption
Let only active paths (groups of successive, simultaneously active links) and free links
be taken as objects in a linear network with N links. Paths of size i�I are requested
on any given route, where I is the set of path sizes for which there is nonzero traffic
demand. If � is the network utilization rate (since the traffic is assumed to be homo-
geneous, although with any spatial profile, � is also the link utilization rate), each
path size i will have a partial utilization rate �i, with �=�i�I�i. The independent
object assumption consists in assuming that, as you walk along a linear network, the
next object to be found is independent of the previous ones. The assumption is used to
calculate the blocking probability of a request for an i-link path. For the i-link path
request not to be blocked, the following events must occur: the first link must be free,
which will happen with probability �1−��, and the remaining �i−1� requested links
must also be free—each of these events will happen with probability �1−�� / �1−�

+� /H̄� for large N, where H̄ is the mean active path length [5]. Since all such events
are assumed to be independent, the blocking probability of the i-link path request will
be

pbi = 1 − �1 − ��� 1 − �

1 − � + �/H̄
�i−1

, �1�

where

H̄ =
�

�i�I
�i/i

. �2�

The partial utilization rates �i may be obtained by solving the �I�-dimensional system
of equations given by the equilibrium equation:

�i =
�i

i�1 − pbi�
=

�i

i

�1 − �j�I �1 −
1

j ��j�i−1

	1 − �j�I
�j
i

, i � I, �3�

where �i is the offered load per node in erlangs for paths of size i. The overall block-
ing probability is given by

Pb =
�i�I

�ipbi

�i�I
�i

. �4�

Equation (1) was first introduced in Ref. [6] based on a heuristic argument moti-
vated by the observation that it yields very good approximations for finite rings of any
size, correcting the overestimation of blocking probabilities due to the independent
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link assumption. A mathematical proof of the asymptotical validity of Eq. (1) when the
number of network links N is taken to infinity has been provided in Ref. [5], given
that calls are Poissonian.

Figure 1 depicts the comparison of the link independence assumption, the object
independence assumption, and simulations on a single-wavelength 13-node ring with
shortest-path routing and I= �1,2, . . . ,6�. The superior fit of the object independence
assumption to the simulation results motivates its extension to rings with multiple
wavelengths. In this paper, we extend this result to WDM rings with the wavelength
continuity constraint under the random wavelength assignment algorithm. We first
discuss in the next section the Erlang loss model applied to a single link.

3. Erlang Model on a Single Link
Consider the Erlang model applied to an isolated link comprising W wavelengths.
Calls arrive at the link as a Poisson process with traffic intensity �. Call holding times
have a finite mean, and they are independent of one another and of the arrival times.
The link is in state k if it is busy in k wavelengths, 0�k�W, and each state transits
from and to its neighbors only. The classic Erlang loss formula gives exactly the pro-
portion of calls that are lost in such a circuit-multiplexed link [1]:

pW =
�W

W!��
n=0

W �n

n!�−1

. �5�

4. Reduced Load Approximation
The independent object assumption is asymptotically valid for a single-wavelength
linear network with multiple links, whereas the Erlang model presents the exact
blocking characterization for one link with W wavelengths under Poissonian arrivals.
In this paper the proposed reduced load approximation consists of combining both the
independent object assumption and the Erlang model. The proposed model considers a
given link of the chosen route as the reference link, and it is able to reduce the load
offered to that particular link by accounting for the blocking on its adjacent links
through the independent object assumption.

Consider a request for a path of size i that contains a given link. Suppose also that
this link is free in a given wavelength plane. According to Section 2, the probability
that this request cannot be accommodated (i.e., be blocked) on that wavelength plane
in the �i−1� remaining steps will be

Fig. 1. Link independence, simulations, and object independence in a single-
wavelength 13-node ring.
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ri = 1 − � 1 − �

1 − � + �/H̄
�i−1

. �6�

The probability ri may be called the lateral blocking probability, since it is associated
with activity in the vicinity of the reference link.

Let W be the number of wavelengths in the network. In the random algorithm, the
wavelength assigned to a path is chosen randomly from the set of the available wave-
lengths. The reference link will be in state k when it is busy in k wavelengths, 0�k
�W. When the reference link is in state k, a request of size i will be accepted if at
least one of the �W−k� available wavelengths on the reference link does not present
lateral blocking, which has a probability �1−ri

W−k�. The transition rate Tk from state k
to state �k+1� depends on k, and it must account for the contributions from all path
requests that have the reference link as their member. Since the reference link may
be contained in one 1-link path request, two 2-link path requests, three 3-link path
requests and so on, we have

Tk = �
i�I

i�i�1 − ri
W−k�, �7�

where �i is the arrival rate per node of i-link path requests. The death rate k� is pro-
portional only to the population of active calls k. Notice that if the requests were only
for paths with unit size, the transition rates would be the same for all states, i.e., the
request would never be blocked due to the occupation of adjacent links �ri=0�, which
reduces to the Erlang model on a single link (5). The state diagram for transitions in
the reference link is shown in Fig. 2.

Let q�k� be the temporal steady-state probability of state k. Then the blocking prob-
ability of a request for a path of size i will be

pbi = �
k=0

W

q�k�ri
W−k. �8�

Notice that, since it represents a modulated Poisson process, then q�k� may be
achieved by the following closed-form expression:

q�k� =
j=0

k−1
Tj/k ! �k

�u=0

W j=0

u−1
Tj/u ! �u

, �9�

where T−1=1. The definition of T−1=1 does not alter the product, and it must be pro-
vided because in Eq. (9) the upper limit of the products in the numerator and the
denominator is −1 when k or u are zero, respectively.

Since on the average the random wavelength assignment algorithm distributes the
offered load evenly among the W wavelength planes, the occupancy of i-link paths, �i,
will be the same for each wavelength plane. To calculate the occupancies, we will con-
sider the average traffic offered to each wavelength plane.

Let pi�n� be the probability that an i-link path request will be offered to a specific
wavelength of a set of n free wavelengths in the reference link. Therefore pi�n� is
given by the probability that the specific wavelength will be the first to be chosen plus
the probability that it is the second and the first is busy on adjacent links (which hap-
pens with lateral blocking probability ri), and so on. Consequently,

pi�n� =
1

n
+

n − 1

n
ri

1

n − 1
+

n − 1

n
ri

n − 2

n − 1
ri

1

n − 2
+ . . . +

n − 1

n
ri

n − 2

n − 1
ri . . .

1

2
ri, �10�

Fig. 2. State diagram for the reference link.
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�pi�n� =
1

n�1 − ri
n

1 − ri
� . �11�

Let �i��k� be the load offered to any wavelength. When the reference link is in state
k, the offered load will be zero for the fraction k /W of busy wavelengths in the refer-
ence link, and will be pi�W−k� times the original traffic �i for the fraction �W−k� /W of
free wavelengths in the reference link. Thus

�i��k� = �i

W − k

W
pi�W − k�. �12�

Finally, we obtain the average load offered to each wavelength plane,

�i� = �
k=0

W

�i��k�q�k�, �13�

where �i� has the following equilibrium equation:

�i� =
�i

i�1 − ri�
. �14�

Notice that Eq. (14) may be used to obtain �i in similar manner as in Eq. (3), such
that Eqs. (6)–(14) may be calculated iteratively until the i-link path blocking prob-
abilities given in Eq. (8) converge. The overall blocking probability is given by Eq. (4).

5. Model Performance
In this section we illustrate with some examples the effectiveness of the proposed
model. Figures 3 and 4 show the comparison of the proposed reduced load approxima-
tion with simulations and with the reduced load approximation that uses the link
independence model. In the latter case, the load offered to a link may be also reduced
owing to blocking on other links, but we assume that successive links are available or
blocked independently. Simulations were performed with uniform traffic in a 13-node
ring with W=6 and in a 25-node ring with W=8 wavelengths, respectively, both under
shortest-path routing and Poissonian arrivals of calls. We have used Poissonian arriv-
als because the asymptotic proof of the object independence assumption given in Ref.
[5] has been obtained under the framework of the classical Erlang model, which
assumes Poissonian arrivals of calls. Both figures depict the influence of the object
independence assumption on the accuracy of blocking probability estimates in WDM
rings. The model has a low complexity and scales linearly with the number of wave-
lengths, W, and with the set of path sizes for which there is nonzero traffic demand, I.
In addition, the complexity with ring size N has been avoided.

Fig. 3. Reduced load approximation with link independence, simulations, and reduced
load approximation with object independence in a 13-node ring with W=6 wavelengths.
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6. Conclusion
A framework for quantifying blocking probability estimates in WDM rings with a
wavelength continuity constraint has been presented. The proposed model is based on
a simple reduced load approximation that accounts for link interactions in WDM
rings. To assess the accuracy of the proposed model, comparisons with simulations
have been done under Poissonian arrivals. It has been observed that the proposed
reduced load approximation obviates the overestimation of blocking probabilities
caused by the link independence assumption in WDM rings.

Some directions for further work include the network performance under the first-
fit wavelength assignment algorithm, in which the first available wavelength from a
predefined priority list of all network wavelengths is assigned [7]. A more complex,
nonreversible Markov chain with 2W states must then replace the state diagram of
Fig. 2, so closed-form expression (9) must then be replaced by a matrix equation.
Moreover, the partial densities �i will be wavelength specific; so both the density vari-
ables �i and the lateral blocking probabilities ri will be W-dimensional vectors. How-
ever, the general iterative scheme of Section 4 may still be performed to yield a
reduced load approximation based on an improved per-wavelength plane blocking
probability estimation.
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