View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

Downloaded 09/19/13 to 143.106.1.143. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

provided by Repositorio da Producao Cientifica e Intelectual da Unicamp

SIAM J. MATH. ANAL. (© 2007 Society for Industrial and Applied Mathematics
Vol. 39, No. 2, pp. 565-592

STABLE SOLUTIONS FOR THE BILAPLACIAN WITH
EXPONENTIAL NONLINEARITY*

JUAN DAVILAT, LOUIS DUPAIGNE}, IGNACIO GUERRAS, AND
MARCELO MONTENEGROY

Abstract. Let A\* > 0 denote the largest possible value of A such that {A%u = Ae* in B, u =

% = 0 on OB} has a solution, where B is the unit ball in RY and n is the exterior unit normal

vector. We show that for A = A* this problem possesses a unique weak solution u*. We prove that v*
is smooth if N < 12 and singular when N > 13, in which case u*(r) = —4logr + log(8(N — 2)(N —
4)/X*) + o(1) as r — 0. We also consider the problem with general constant Dirichlet boundary
conditions.
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1. Introduction. We study the fourth order problem
A%y = \e¥ in B,

(1) u=a on 0B,
?:b on 0B,
n

where a, b € R, B is the unit ball in RV, N > 1, n is the exterior unit normal vector,
and A > 0 is a parameter.

Recently higher order equations have attracted the interest of many researchers.
In particular, fourth order equations with an exponential nonlinearity have been stud-
ied in four dimensions in a setting analogous to Liouville’s equation in [3, 12, 24] and
in higher dimensions by [1, 2, 4, 5, 13].

We shall pay special attention to (1) in the case a = b = 0, as it is the natural
fourth order analogue of the classical Gelfand problem

—Au = e" in Q,

2
2) u=20 on 02

*Received by the editors July 20, 2006; accepted for publication (in revised form) January 9, 2007;

published electronically July 27, 2007.
http://www.siam.org/journals/sima/39-2/66557.html

TDepartamento de Ingenierfa Matematica and CMM, Universidad de Chile, Casilla 170 Correo 3,
Santiago, Chile (jdavila@dim.uchile.cl). This author has been partially supported by grants FONDE-
CYT 1050725 and FONDAP Chile. Part of this research was done when this author was visiting
Laboratoire Amiénois de Mathématique Fondamentale et Appliquée at Faculté de Mathématique et
d’Informatique, Amiens, France.

fLAMFA CNRS UMR 6140, Université de Picardie Jules Verne, 33 rue Saint-Leu 80039, Amiens
Cedex 1, France (louis.dupaigne@u-picardie.fr). Part of this research was done when this author was
visiting the Departamento de Ingenieria Matematica at Universidad de Chile, Santiago, Chile.

§Departamento de Matematica y C.C., Facultad de Ciencia, Universidad de Santiago de Chile,
Casilla 307, Correo 2, Santiago, Chile (iguerra@usach.cl). This author was supported by FONDE-
CYT 1061110.

YUniversidade Estadual de Campinas, IMECC, Departamento de Matemética, Caixa Postal 6065,
CEP 13083-970, Campinas, SP, Brazil (msm@ime.unicamp.br). This author was partially supported
by project CNPq-CNRS 490093/2004-3.

565

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://core.ac.uk/display/296707973?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Downloaded 09/19/13 to 143.106.1.143. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

566 DAVILA, DUPAIGNE, GUERRA, AND MONTENEGRO

(€2 is a smooth bounded domain in R™V) for which a vast literature exists [7, 8, 9, 10,
18, 19, 20, 21].

From the technical point of view, one of the basic tools in the analysis of (2) is the
maximum principle. As pointed out in [2], in general domains the maximum principle
for A2 with Dirichlet boundary condition is not valid anymore. One of the reasons to
study (1) in a ball is that a maximum principle holds in this situation; see [6]. In this
simpler setting, though there are some similarities between the two problems, several
tools that are well suited for (2) no longer seem to work for (1).

As a start, let us introduce the class of weak solutions we shall be working with:
we say that u € H?(B) is a weak solution to (1) if e* € L'(B), u=a on 9B, 9 =
on 0B, and

/AuAgpz)\/ o Vo e Cy(B).
B B

The following basic result is a straightforward adaptation of Theorem 3 in [2].

THEOREM 1.1 (see [2]). There exists \* such that if 0 < A < X* then (1) has a
minimal smooth solution uy and if A > X* then (1) has no weak solution.

The limit u* = limy ~x+ uy exists pointwise, belongs to H*(B), and is a weak
solution to (1). It is called the extremal solution.

The functions uy, 0 < X\ < X*, and u* are radially symmetric and radially de-
creasing.

The branch of minimal solutions of (1) has an important property; namely, u) is
stable in the sense that

(3) /B(Asa)2 > /\/Be“W)Q Vo € C5°(B);

see [2, Proposition 37].

The authors in [2] pose several questions, some of which we address in this work.
First we show that the extremal solution u* is the unique solution to (1) in the class
of weak solutions. Actually the statement is stronger, asserting that for A = A* there
are no strict supersolutions.

THEOREM 1.2. If

(4) v € H*(B), e’ € L'(B), vlop = a, 32|pp < b,

and

(5) [avagzx [ o vpecrm) ez
B B

then v = u*. In particular, for A = X\* problem (1) has a unique weak solution.

This result is analogous to the work of Martel [19] for more general versions of
(2), where the exponential function is replaced by a positive, increasing, convex, and
superlinear function.

Next, we discuss the regularity of the extremal solution u*. In dimensions N =
5,...,16 the authors of [2] find, with a computer assisted proof, a radial singular
solution U, to (1) with a = b = 0 associated to a parameter A\, > 8(N — 2)(N — 4).
They show that A\, < A* if N < 10 and claim to have numerical evidence that this
holds for N < 12. They leave open the question of whether u* is singular in dimension
N < 12. We prove the following theorem.
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THEOREM 1.3. If N < 12 then the extremal solution u* of (1) is smooth.

The method introduced in [10, 20] to prove the boundedness of v* in low dimen-
sions for (2) seems not useful for (1), thus requiring a new strategy. A first indication
that the borderline dimension for the boundedness of u* is 12 is Rellich’s inequality
[23], which states that if N > 5 then

() [aopz SEE [ 2 e crmn),

where the constant N?(N —4)2/16 is known to be optimal. The proof of Theorem 1.3
is based on the observation that if u* is singular then \*e*" ~ 8(N — 2)(N — 4)|z|~*
near the origin. But 8(N — 2)(N —4) > N2?(N — 4)2/16 if N < 12, which would
contradict the stability condition (3).

In view of Theorem 1.3, it is natural to ask whether u* is singular in dimension
N >13. If a = b = 0, we prove the following theorem.

THEOREM 1.4. Let N > 13 and a = b= 0. Then the extremal solution u* to (1)
is unbounded.

For general boundary values, it seems more difficult to determine the dimensions
for which the extremal solution is singular. We observe first that given any a,b € R,
u* is the extremal solution of (1) if and only if u* — a is the extremal solution of
the same equation with boundary condition v = 0 on dB. In particular, if A*(a,b)
denotes the extremal parameter for problem (1), one has that A\*(a,b) = e~ *A*(0,b).
So the value of a is irrelevant. But one may ask if Theorem 1.4 still holds for any
N > 13 and any b € R. The situation turns out to be somewhat more complicated.

PROPOSITION 1.5.

(a) Fiz N > 13 and take any a € R. Assume b > —4. There exists a critical

parameter b > 0, depending only on N, such that the extremal solution
u* s singular if and only if b < ™.

(b) Fizb> —4 and take any a € R. There exists a critical dimension N™" > 13,

depending only on b, such that the extremal solution u* to (1) is singular if

Remark 1.6.

e We have not investigated the case b < —4.

o If follows from item (a) that for b € [—4, 0], the extremal solution is singular
if and only if N > 13.

e It also follows from item (a) that there exist values of b for which N™" > 13.
We do not know whether «* remains bounded for 13 < N < N™in,

Our proof of Theorem 1.4 is related to an idea that Brezis and Vazquez applied
to the Gelfand problem and is based on a characterization of singular energy solutions
through linearized stability (see Theorem 3.1 in [8]). In our context we show the
following.

PROPOSITION 1.7. Assume that uw € H?(B) is an unbounded weak solution of
(1) satisfying the stability condition

(7) A /B ehg? < /B (Ag)® Ve CF(B).

Then A = X\* and u = u*.

In the proof of Theorem 1.4 we do not use Proposition 1.7 directly but some
variants of it—see Lemma 2.6 and Remark 2.7—because we do not have at our disposal
an explicit solution to (1). Instead, we show that it is enough to find a sufficiently good
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approximation to u*. When N > 32 we are able to construct such an approximation
by hand. However, for 13 < N < 31 we resort to a computer assisted generation and
verification.

Only in very few situations may one take advantage of Proposition 1.7 directly.
For instance, for problem (1) with ¢ = 0 and b = —4 we have an explicit solution

a(x) = —4log |z|

associated to A = 8(N — 2)(N — 4). Thanks to Rellich’s inequality (6) the solution
4 satisfies condition (7) when N > 13. Therefore, by Theorem 1.3 and a direct
application of Proposition 1.7 we obtain Theorem 1.4 in the case b = —4.

In [2] the authors say that a radial weak solution u to (1) is weakly singular if

lim ru'(r) exists.
r—0
For example, the singular solutions U, of [2] verify this condition.
As a corollary of Theorem 1.2 we show the following.
PROPOSITION 1.8. The extremal solution u* to (1) with b > —4 is always weakly
singular.
A weakly singular solution either is smooth or exhibits a log-type singularity at
the origin. More precisely, if u is a nonsmooth weakly singular solution of (1) with
parameter A, then (see [2])

8(N — 2)(N — 4)
\ ,

lir% u(r) + 4logr = log

lim ru'(r) = —4.

In section 2 we describe the comparison principles we use later. Section 3 is
devoted to the proof of the uniqueness of u* and Propositions 1.7 and 1.8. We prove
Theorem 1.3, the boundedness of ©* in low dimensions, in section 4. The argument
for Theorem 1.4 is contained in section 5 for the case N > 32 and section 6 for
13 < N < 31. In section 7 we give the proof of Proposition 1.5.

Notation.

e Bp is the ball of radius R in R centered at the origin. B = B;.

e 1 is the exterior unit normal vector to Bg.

e All inequalities or equalities for functions in LP spaces are understood to be
a.e.

2. Comparison principles. -
LEMMA 2.1 (Boggio’s principle [6]). If u € C*(Bg) satisfies

A%y >0 in Bg,
u:% =0 on OBR,

then u > 0 in BR.
LEMMA 2.2. Let u € L'(Bpg) and suppose that

/ uAgap >0
Br
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for all p € C*(BR) such that ¢ > 0 in Bgr, p|lop, = 0= g—i\aBR. Then u > 0 in Bp.
Moreover, u =0 or u >0 a.e. in Bg.

For a proof see Lemma 17 in [2].

LEMMA 2.3. If u € H?(BR) is radial, A>u > 0 in Br in the weak sense, that is,

/ Aulp >0 Vg € C5(Br), ¢ > 0.
Br

and ulgp, > 0, %\MgR <0, then u >0 in Bg.
Proof. We deal only with the case R = 1 for simplicity. Solve

A%y = A%y in By,
Uy = % =0 on 8B1
on

in the sense u; € Hg(B1) and [ AuiAp = [ Aulp for all p € C5°(B1). Then
u1 > 0 in By by Lemma 2.2.

Let us = u — u1 so that A?uy = 0 in B;. Define f = Auy. Then Af = 0in B;
and since f is radial we find that f is constant. It follows that us = ar? 4+ b. Using
the boundary conditions we deduce a + b > 0 and a < 0, which imply us > 0. O

Similarly, we have the following lemma.

LEMMA 2.4. Ifu € H?(Br) and A%u > 0 in Bg in the weak sense, that is,

Aulp >0 VYo € C5°(Br), ¢ 20,
Br

and ulgp, =0, %\BBR <0, then u > 0 in Bpg.

The next lemma is a consequence of a decomposition lemma of Moreau [22]. For
a proof see [14, 15].

LEMMA 2.5. Let u € H3(Bgr). Then there exist unique w,v € H3(Bgr) such that
u=w+v, w>0, A0 <0 in Bg andeRAwszo.

We need the following comparison principle.

LEMMA 2.6. Let ui, us € H2(Bg) with e, e € L'(Bg). Assume that

A?u; < Xe™  in Br

in the sense that
(8) / AulAgog)\/ ety Yo e C5°(Br), ¢ >0,
BR BR

and A%uy > Ae¥? in B in the similar weak sense. Suppose also

8u1 8u2

U1|aBR = U2‘BBR and %‘BBR = %bBR-

Assume, furthermore, that uy is stable in the sense that
(9) A e < [ @2 veecEm)
BR BR

Then
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Proof. Let u = u; — uz. By Lemma 2.5 there exist w,v € HZ(Bg) such that
u=w+v, w>0and A2v < 0. Observe that v < 0 so w > uj — us.
By hypothesis we have for all ¢ € C§°(BRr), ¢ > 0,

Au; —uz)Ap < )\/

(e" —e")p < A/ (e" —e")p
Br

Br BrN[u1>us)

and by density this holds also for w:
(10) / (Aw)?* = Auy — ug)Aw
Br Br

< )\/ (et —e")w = )\/ (e"t —e")w,
BrN[ui>us) Bgr

where the first equality holds because | B AwAv = 0. By density we deduce from

(9)
(11) A BReulw S/BR(Aw).

Combining (10) and (11), we obtain

/ e“leS/ (e"t — e")w.
BR BR,

Since u; — us < w the previous inequality implies
(12) 0< / (e"t —e"? —e" (ug — ug))w.
Br

But by convexity of the exponential function et — e%2 — e¥!(u; — ug) < 0, and we
deduce from (12) that (e“! — e"2 — " (u; — uz))w = 0. Recalling that u; — us < w
we deduce that uy < us. 0

Remark 2.7. The following variant of Lemma 2.6 also holds.

Let uy, uy € H?*(Bg) be radial with e*1, e*2 € L'(Bg). Assume A2u; < \e*!
in Bgr in the sense of (8) and A%uy > Ae“? in Bg. Suppose uilop, < ua|op, and
Ouy loBr > %\QBR and that the stability condition (9) holds. Then u; < us in Bg.

on
Proof. We solve for @ € HZ(Bg) such that

/ AuAp = / Auy —uz)Ap Vo € C5°(BR).
BR BR

By Lemma 2.3 it follows that u > u; — us. Next we apply the decomposition of
Lemma 2.5 to @, that is, & = w + v with w,v € HZ(Bgr), w > 0, A%?v <0 in Bg, and
fBR AwAv = 0. Then the argument follows that of Lemma 2.6. 0

Finally, in several places we will need the method of sub- and supersolutions in
the context of weak solutions.

LEMMA 2.8. Let A > 0 and assume that there exists 4 € H?(Bgr) such that
el e Ll(BR),

AﬂAg@ZA/ eo Vo e C(Br),p >0,

Br Br
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and

a, @Sb on 0Bs.
on

U
Then there exists a weak solution to (1) such that u < @.
The proof is similar to that of Lemma 19 in [2].

3. Uniqueness of the extremal solution: Proof of Theorem 1.2.

Proof of Theorem 1.2. Suppose that v € H?(B) satisfies (4), (5), and v # u*.
Notice that we do not need v to be radial. The idea of the proof is as follows.
Step 1. The function

1
ug = §(u* +0)

is a supersolution to the problem

A%y = N*e + une® in B,

(13) u=a on 0B,
g—u =b on 0B
n

for some p = po > 0, where nn € C§°(B), 0 < n < 1, is a fixed radial cut-off
function such that

n(x)=1 forlz| <3,  nl@)=0 forlz|> 3.

Step 2. Using a solution to (13) we construct, for some A > A*, a supersolution to
(1). This provides a solution uy for some A > A*, which is a contradiction.
Proof of Step 1. Observe that given 0 < R < 1 we must have for some ¢y =
Co(R) >0

(14) v(x) > u(x) +co, |z| <R
To prove this we recall the Green’s function for A? with Dirichlet boundary conditions

A2G(z,y) = by, x € B,
G(z,y) =0, z€ 0B,
oG

%(xay)zov JTEBB,

where 6, is the Dirac mass at y € B. Boggio gave an explicit formula for G(z,y)
which was used in [16] to prove that in dimension N > 5 (the case 1 < N <4 can be
treated similarly)

(15) G(z,y) ~ |z — y*"V min <1, w> 7

where

d(x) = dist(z,0B) =1 — ||
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and a ~ b means that for some constant C' > 0 we have C~'a < b < Ca (uniformly
for z,y € B). Formula (15) yields

(16) G(z,y) 2 cd(z)*d(y)?

for some ¢ > 0 and this in turn implies that for smooth functions ¢ and @ such that
¥ —1u € H3(B) and A%(d — @) > 0,

o(y) —aly) = /BB (%;f (2,9) (0 — @) — A G(x, y)W) dr

+ / G(x,y)A%* (0 — @) dx
B
> cd(y)Q/ (A5 — A%0)d(x)? d.
B
Using a standard approximation procedure, we conclude that
o) ') 2 el [ (- e dla) da.
B
Since v > u*, v # u* we deduce (14).
Let ug = (u* +v)/2. Then by Taylor’s theorem
v u u 1 2 u 1 3 u 1 4 ¢
(17) e’ =e€"" + (v—wug)e °+§(v—u0) e 0+8(v—uo) e O—i—ﬂ(v—uo) e~?

for some ug < & < v and
(18)

. 1 1 1
e =" 4 (u —uo)e™ + 5 (U —uo)’e™ + (Ut —uo)’e™ + o (u” — ug)e

for some u* < & < wp. Adding (17) and (18) yields
1 v u* wu, 1 *\2 u
(19) 5(6 +e )Zeo—i—é(v—u)eo.

From (14) with R = 3/4 and (19) we see that ugp = (u* + v)/2 is a supersolution of
(13) with Mo = 00/8.

Proof of Step 2. Let us show now how to obtain a weak supersolution of (1) for
some A > \*. Given p > 0, let u denote the minimal solution to (13). Define ¢ as
the solution to

A’py = pne"  in B,
p1 =0 on 0B,

9¢1

o =0 on 0B,

and ¢, as the solution to

A0y =0 in B,

pa=a on 0B,
% —b  ondB.
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If N > 5 (the case 1 < N < 4 can be treated similarly), relation (16) yields
(20) o1(x) > crd(x)* Vr € B,

for some ¢; > 0. But w is a radial solution of (13) and therefore it is smooth in
B \ 81/4. Thus

(21) u(z) < Moy + 2 Vo € By,

for some M > 0. Therefore, from (20) and (21), for A > A* with A — A* sufficiently

small we have
A A

Let w = )\—’\*u — 1 — (T/\* — 1)p2. The inequality just stated guarantees that w < w.
Moreover,

A2 = \e¥ + i\\—’l:ne“ —une > xe* > X inB

and

w = a, a—w:b on 0B.
on

Therefore, w is a supersolution to (1) for A. By the method of sub- and supersolutions
a solution to (1) exists for some A > A*, which is a contradiction. d

Proof of Proposition 1.7. Let A > 0 and u € H?(B) be a weak unbounded
solution of (1). If A < A* from Lemma 2.6 we find that u < wuy, where uy is the
minimal solution. This is impossible because uy is smooth and w is unbounded. If
A = X\* then necessarily v = v* by Theorem 1.2. |

Proof of Proposition 1.8. Let u denote the extremal solution of (1) with b > —4.
If w is smooth, then the result is trivial. So we restrict our attention to the case
where u is singular. By Theorem 1.3 we have, in particular, that N > 13. We may
also assume that a = 0. If b = —4 by Theorem 1.2 we know that if N > 13, then
u = —4log |z| so that the desired conclusion holds. Henceforth we assume b > —4 in
this section.

For p > 0 define

up(r) = u(pr) + 4log p

so that
Azup = A'e"r in By,
Then
du, ,
— =u'(1)+4>0.
dp p=1,r=1 U( )+

Hence, there is 6 > 0 such that

up(r) <u(r) Vi-é<r<1,1-6<p<1L
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This implies
(22) up(r) <u(r) V0<r<1l,1-6<p<1.
Otherwise set

ro =sup {0 <r <1|u,(r)>u(r)}.
This definition yields
(23) uy(ro) = u(ro) and  u),(ro) < u'(ro).
Write a = u(rg), 8 = u'(r9). Then u satisfies

A*u=Xe" on B,

(24) u(ro) = a,
u'(rg) = 6.

Observe that u is an unbounded H?(B,,) solution to (24), which is also stable. Thus
Proposition 1.7 shows that u is the extremal solution to this problem. On the other
hand, u, is a supersolution to (24), since u),(ro) < 3 by (23). We may now use
Theorem 1.2 and we deduce that

u(r) =u,(r) Y0 <r <,
which in turn implies by standard ODE theory that
u(r) =u,(r) Vo<r<1,

which is a contradiction to (22). This proves estimate (22).
From (22) we see that

du,

(25) (r)y>0 Yo<r<1.

dp ‘ p=1
But

d
dipp pzl(r) =u'(r)r+4 Yo<r<I1,

and this together with (25) implies

duy

(26) Z

1 1
(r)y==('(pr)pr+4) >0 YO<r<-,0<p<1,
p p

which means that u,(r) is nondecreasing in p. We wish to show that lim, .o u,(r)
exists for all 0 < r < 1. For this we shall show

@7)  uy(r) > —dlog(r) + log <8(N - QA)*(N - 4)> 0 <1 < % 0<p<l.
Set
uo(r) = —4log(r) + log (8(N — 2)\)*(N — 4)> ,
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and suppose that (27) is not true for some 0 < p < 1. Let
ri=sup{0 <r <1/p|uy(r) <uo(r)}.

Observe that

(28) A > 8(N — 2)(N — 4).

Otherwise w = —41nr would be a strict supersolution of the equation satisfied by w,
which is not possible by Theorem 1.2. In particular, r; < 1/p and

up(r1) =uo(r1) and  ul(r1) > ug(ry).
It follows that ug is a supersolution of

APy = \*e® in B,,,
u=A on 0B,
ou

I B on 0B,,,

(29)

with A = u,(r1) and B = wu,(r1). Since u, is a singular stable solution of (29), it
is the extremal solution of the problem by Proposition 1.7. By Theorem 1.2, there
is no strict supersolution of (29), and we conclude that u, = ug first for 0 < r < rq
and then for 0 < r < 1/p. This is impossible for p > 0 because u,(1/p) = 4log p and
uo(1/p) < 4logp + log(W) < u,(1/p) by (28). This proves (27).

By (26) and (27) we see that

u(r) = lin% up(r)  exists VO < r < 400,
p—

where the convergence is uniform (even in C* for any k) on compact sets of RY \ {0}.
Moreover, v satisfies

(30) A%y = Xe’  in RV {0}.
Then for any r > 0

u(r) = ;ii% up(r) = ,ljiir%) u(pr) + 4log(pr) — 4log(r) = v(1) — 4log(r).

Hence, using (30) we obtain

= uo(r).

v(r) = —4logr + log (8(N_ 2 _4))

)\*
But then

uy(r) =u'(pr)p — -4 asp—0,
and therefore, with r = 1

(31) pu'(p) ——4 asp—0. O
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4. Proof of Theorem 1.3. First we will show the following lemma.

LEMMA 4.1. Suppose that the extremal solution u* to (1) is singular. Then for
any o > 0 there exists 0 < R < 1 such that

(32) u*(z) > (1 —0)log <x1|4> Vx| < R.

Proof. Assume by contradiction that (32) is false. Then there exist o > 0 and a
sequence ry € B with zp — 0 such that

(33) w* () < (1= o) log <|xi4> .

Let s = |zk| and choose 0 < A\r, < A* such that
1
(34) maxuy, = Ux, (0) = log |-
B Sk
Note that Ay — A*; otherwise uy, would remain bounded. Let

1
wsn) o p g

Uk(x) = log(é) Sk
k

Then 0 < v, < 1, v(0) =1,

4
Av(z) = )\kiskl e (55)
log(g)
< A’“l
log(5r)

— 0 in By

by (34). By elliptic regularity vy — v uniformly on compact sets of RV to a function v
satisfying 0 < v < 1, v(0) = 1, A%0 = 0 in RY. By Liouville’s theorem for biharmonic
functions [17] we conclude that v is constant and therefore v = 1.

Since |zj| = s we deduce that

uy, (Tr)
log(r)

— 1,

which contradicts (33). d

Proof of Theorem 1.3. We write for simplicity v = u*, A = A*. Assume by
contradiction that u* is unbounded and 5 < N < 12. If N < 4 the problem is
subcritical, and the boundedness of u* can be proved by other means: no singular
solutions exist for positive A (see [2]), though in dimension N = 4, a family of solutions
(uy) can blow up as A — 0 (see [24]).

For e > 0 let ¢ = \x|%+5 and let n € C§°(RY) with n = 1 in By/p and
supp(n) C B. Observe that

N2(N — 4)2

(A)? = (Hy + O(e))|z| V1%, where Hy = =
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Using a standard approximation argument as in the proof of Lemma 2.6, we can use
1n as a test function in (9) and we obtain

[@wrromzaf e,
B B
since the contribution of the integrals outside a fixed ball around the origin remains
bounded as € — 0 (here O(1) denotes a bounded function as e — 0).
This implies

H
35) A [ el N < (Hy £ 0() [ 1]V = Y +0(0),
B B

where wy is the surface area of the unit N —1 dimensional sphere SV . In particular,
[ etV < fo0.

For € > 0 we define ¢ = |z|*~V+2¢

. Note that away from the origin

(36) A?%p = cky|z| "V where ky = 4(N — 2)(N —4) + O(e).
Let ¢, solve
A%p; = ek min(|z|" V2 5) in B,
(37) D,
;= 8775 =0 on 0B.

Then ¢; T ¢ as j — +oo. Using (35) and (37)

chy [ wmin(ol V25) = [ usto; =a [ e,
B B B
< )\/ ety
B
Hy
< — 1
S WN 2% + O( )7
where O(1) is bounded as e — 0 independently of j. Letting j — +o0 yields
H
(38) MN/uurM%ng—N+om,
B 2e
showing that the integral on the left-hand side is finite. On the other hand, by (32)
—N+2e ! 1 —142¢ 1
(39) ekn | ulx] >eknwn(l—0) [ log| — |7 dr:k:NwN(l—a)g.
B 0 r

Combining (38) and (39), we obtain

a—gmNg§}+0@y
Letting ¢ — 0 and then ¢ — 0, we have
8(N —2)(N—-4)< Hy = ]\[2(]\1[76_4)2
This is valid only if N > 13, which is a contradiction. |

Remark 4.2. The conclusion of Theorem 1.3 can be obtained also from Proposi-
tion 1.8. However, that proposition depends crucially on the radial symmetry of the
solutions, while the argument in this section can be generalized to other domains.
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5. The extremal solution is singular in large dimensions. In this section
we take a = b = 0 and prove Theorem 1.4 for N > 32.

The idea for the proof of Theorem 1.4 is to estimate accurately from above the
function A\*e*", and to deduce that the operator A% — \*e*" has a strictly positive
first eigenvalue (in the HZ(B) sense). Then, necessarily, u* is singular.

Upper bounds for both A\* and u* are obtained by finding suitable sub- and
supersolutions. For example, if for some \; there exists a supersolution, then A* >
A1. If for some Ay one can exhibit a stable singular subsolution wu, then A* < As.
Otherwise, A2 < A*, and one can then prove that the minimal solution uy, is above
u, which is impossible. The bound for u* also requires a stable singular subsolution.

It turns out that in dimension N > 32 we can construct the necessary subsolutions
and verify their stability by hand. For dimensions 13 < N < 31 it seems difficult to
find these subsolutions explicitly. We adopt then an approach that involves a computer
assisted construction of subsolutions and verification of the desired inequalities. We
present this part in the next section.

LEMMA 5.1. Assume N > 13. Then u* < u = —4log|z| in B;.

Proof. Define @(x) = —4log |z|. Then @ satisfies

A5 =8(N —2)(N —4)e”  in RV,
=0 on dBq,
ou
% =—4 on 831

Observe that since @ is a supersolution to (1) with a = b = 0 we deduce immedi-
ately that A\* > 8(N — 2)(N —4).

In the case \* = 8(N — 2)(N — 4) we have uy < @ for all 0 < A < \* because @ is
a supersolution, and therefore u* < u holds. Alternatively, one can invoke Theorem
3 in [2] to conclude that we always have A* > 8(IN — 2)(IN — 4).

Suppose now that A* > 8(N — 2)(N —4). We prove that uy < @ for all 8(N —
2)(N —4) < A < A*. Fix such A and assume by contradiction that uy < @ is not true.
Note that for » < 1 and sufficiently close to 1 we have uy(r) < @(r) because v} (1) =0
while @/'(1) = —4. Let

Ri=inf{0<R<1|uy<uin (R,1)}.

Then 0 < Ry < 1, ux(Ry) = @(R1), and u)(Ry1) < @'(R1). So uy is a supersolution
to the problem

A%y =8(N —2)(N —4)e*  in Bg,,

(40) u=ux(Ry) on 0Bpg,,
% = u\(Ry) on OBg,,

while 4 is a subsolution to (40). Moreover it is stable for this problem, since from
Rellich’s inequality (6) and 8(N — 2)(N —4) < N?(N — 4)2/16 for N > 13, we have

SV -2V —4) [ wém/m

& < [ @0¢ woeC(n).
Br, RN

By Remark 2.7 we deduce that @ < uy in Bg,, which is impossible. 1]
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An upper bound for \* is obtained by considering again a stable, singular subso-
lution to the problem (with another parameter, though).
LEMMA 5.2. For N > 32 we have

(41) N < 8(N —2)(N — 4)e?.
Proof. Consider w = 2(1 —r?) and define
u=1i—w,

where @(z) = —4log |x|. Then

A?y=8(N —2)(N — 4)%4 =8(N —2)(N —4)e™ = 8(N — 2)(N — 4)e" ™™
8

(N —2)(N — 4)e?e".

Also u(1) = /(1) = 0, so u is a subsolution to (1) with parameter A\g = 8(N —2)(N —
4)e?.

For N > 32 we have A\g < N?(NN — 4)2/16. Then by (6) u is a stable subsolution
of (1) with A = A\g. If \* > X\g = 8(N — 2)(IN — 4)e? the minimal solution uy, to (1)
with parameter Ao exists and is smooth. From Lemma 2.6 we find v < uy, which is
impossible because u is singular and wuy, is bounded. Thus we have proved (41) for
N > 32. a

Proof of Theorem 1.4 in the case N > 32. Combining Lemmas 5.1 and 5.2, we
have that if N > 32 then A*e¢* < r~48(N —2)(N —4)e? < r *N?(N —4)2/16. This
and (6) show that

fB(AQO)Q —\* fB Gu*QDQ -

inf 0,
ECE (B) [z ¥?
which is not possible if ©* is bounded. 0

6. A computer assisted proof for dimensions 13 < N < 31. Throughout
this section we assume ¢ = b = 0. As was mentioned in the previous section, the
proof of Theorem 1.4 relies on precise estimates for u* and A*. We present first some
conditions under which it is possible to find these estimates. Later we show how to
meet such conditions with a computer assisted verification.

The first lemma is analogous to Lemma 5.2.

LEMMA 6.1. Suppose there exist € > 0, A > 0, and a radial function u €
H?(B) N W,2>°(B\ {0}) such that

A%y < X' YO<r <1,

i <e [Sem| <
u ¢ L*™°(B),
(42) )\eg/ e“p? S/(Agp)Q Vo € C5°(B).
B B
Then
A" < Aee
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Proof. Let
(43) Y(r) =er? — 2
so that
Ap=0, ¥(1)=—e (1) =2
and

—2e<Y(r)<—e VO<r<l1.
It follows that
A% (u41) < A = Ae VetV < \eZeevt?,

On the boundary we have u(1) + ¢(1) < 0, «/(1) + ¢'(1) > 0. Thus u + ¢ is a
singular subsolution to the equation with parameter Ae2¢. Moreover, since 1) < —¢
we have \e?ett¥ < Aefe, and hence, from (42) we see that u + 1) is stable for the
problem with parameter Ae?s. If Ae?* < A* then the minimal solution associated
to the parameter A\e?* would be above u + 1, which is impossible because u is
singular. a

LEMMA 6.2. Suppose we can find e > 0, A > 0, and u € H*(B) N Wli’coo(B \ {0})
such that

A2y > de* VO<r<l1,

ou
i se [Se)<e
Then
Ae™% < A*

Proof. Let 1 be given by (43). Then u — 1 is a supersolution to the problem with
parameter Ae 2. 1]

The next result is the main tool to guarantee that v* is singular. The proof, as
in Lemma 5.1, is based on an upper estimate of u* by a stable singular subsolution.

LEMMA 6.3. Suppose there exist g, € > 0, Ay > 0, and a radial function u €

H?(B)NW5>(B\ {0}) such that
(44) A?u < (N +e0)e” YO<r<1,
(45) A%u> (N, —e0)e” YO<r <1,
(46) uwise || <e
(47) u ¢ L>(B),
(48) oo [ e < [ (@ap? veecE),
B B
where
3
(49) By = Qa+€0)” o

(Aa = €0)?
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Then u* is singular and
(50) (Ao — €0)e™ 28 <X < (A\g +€0)e*.

Proof. By Lemmas 6.1 and 6.2 we have (50). Let

Aa
6:10g<>\ j:)—i—Ss

and define
6
o(r) = —=rt 4 26.
4
We claim that
(51) v <u+¢ in Bj.

To prove this, we shall show that for A < \*
(52) uy <u+¢ in Bj.

Indeed, we have

A?p = —62N(N +2),
p(r)>6 YO<r<l1,
(1) >6>e, ¢'(1)=-6<—¢,

and therefore

A?(u4 @) < (Mg Fe0)e" + A% < (Ng +0)et = (Ag +60)e PeuT?
(53) < (Mg +0)e 0t

By (50) and the choice of ¢
(54) (Ma +e0)e™? = (A —e0)e™ < ™.

To prove (52) it suffices to consider A in the interval (A, — g¢)e™3* < A < A*. Fix
such X and assume that (52) is not true. Write

u=u-+e
and let
Ry =sup{0 < R<1|ux(R)=1u(R)}.

Then 0 < Ry < 1 and ux(R1) = @(Ry). Since u4 (1) = 0 and @/(1) < 0 we must
have u} (R1) < @ (Rq). Then uy is a solution to the problem

Ay = \e* in Bpg,,
u=u)(Ry) on OBp,,
ou
3 =u)\(Ry) on OBg,,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/19/13 to 143.106.1.143. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

582 DAVILA, DUPAIGNE, GUERRA, AND MONTENEGRO

while, thanks to (53) and (54), @ is a subsolution to the same problem. Moreover, 4
is stable thanks to (48) since, by Lemma 6.1,

(55) A< A< (A +e0)e*
and hence
e < (Ag + 50)6256266“ < Boe™.

We deduce 4 < uy in Bgr, which is impossible, since # is singular while u) is smooth.
This establishes (51).
From (51) and (55) we have

)\*eu* < ﬂoefseu
and therefore

fB(A‘P)Q o )\*eu* s02

inf > 0.
peCs®(B) [ ¥?
This is not possible if u* is a smooth solution. 0

For each dimension 13 < N < 31 we construct u satisfying (44)—(48) of the form
(56)
a(r) for ro <r <1,

where @ is explicitly given. Thus u satisfies (47) automatically.
Numerically it is better to work with the change of variables

w(s) =u(e®) +4s, —oo<s<0,
which transforms the equation A2y = Ae into
Lw+8(N —2)(N —4) =¥, —o0<s<0,
where

d*w Pw dPw dw
Lw=—+4+2(N—4)— N2 — 10N +20)—— — 2(N — 2)(N — 4)—.
e + A )ds3 + ON +20) ds? ( N )ds

The boundary conditions u(1) = 0, «/(1) = 0 then yield

Regarding the behavior of w as s — —o0, observe that

8(N — 2)(N — 4)
)

u(r) = —4logr + log ( ) for r < rg

if and only if

8(N — 2)(N —4)
)

The steps we perform are the following.

w(s) = log

Vs < logrg.
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(1) We fix z¢ < 0 and using numerical software we follow a branch of solutions to

Lo+ 8(N — 2)(N —4) = Xe?®, z0<s<0,
w(0) =0, @'(0)=t,
8(N —2)(N —4) d*w A3

b\ ) @(550)*0» E(IO)

w(zo) = log =0
as t increases from 0 to 4. The numerical solution (i, A) we are interested in corre-
sponds to the case t = 4. The five boundary conditions are due to the fact that we
are solving a fourth order equation with an unknown parameter A.

(2) Based on o, A we construct a C? function w which is constant for s < zq and
piecewise polynomial for g < s < 0. More precisely, we first divide the interval [z, O]
into smaller intervals of length h. Then we generate a cubic spline approximation
gs1 with floating point coefficients of ‘f;’f From gy; we generate a piecewise cubic
polynomial g, which uses rational coefficients and we integrate it four times to obtain
w, where the constants of integration are such that g;f (zg) = 0,1 <5 <3, and
w(zp) is a rational approximation of log(8(N — 2)(N — 4)/\). Thus w is a piecewise
polynomial function that in each interval is of degree 7 with rational coefficients, and
which is globally C3. We also let A be a rational approximation of A. With these
choices note that Lw + 8(N — 2)(N —4) — Ae® is a small constant (not necessarily 0)
for s < xg.

(3) The conditions (44) and (45) we need to check for u are equivalent to the
following inequalities for w:

(57) Lw+8(N —2)(N —4) — (A+eg)e” <0, —o0<s<0,
(58) Lw+8(N —2)(N —4)—(A—gp)e” >0, —oo<s<0.

Using a program in Maple we verify that w satisfies (57) and (58). This is done by

evaluating a second order Taylor approximation of Lw +8(N —2)(N —4) — (A+¢&g)e®”

at sufficiently close mesh points. All arithmetic computations are done with rational

numbers and thus obtain exact results. The exponential function is approximated by

a Taylor polynomial of degree 14, and the difference with the real value is controlled.
More precisely, we write

F(s) = Lw + 8(N — 2)(N — 4) — (A + g0)e”,

F(s) = Lw + 8(N — 2)(N — 4) — (A + 20)T(w),

where T is the Taylor polynomial of order 14 of the exponential function around 0.
Applying Taylor’s formula to f at y;, we have for s € [y;,y;1n]

F(s) < Flyy) + |/ (w5)h + %W

Flys) + 17 (ys)lh + %MhQ + 1) = Tl + 1 () = F' ()l

- = 1
Fys) + 1 (ys)|h + th2 + By + Esh,

IN

IN

where

M is a bound for |f”| in [y;,y; + hl,
E4 is such that (A4 ¢p)le” — T'(w)| < Eq in [y;,y; + hl,
B is such that (A +eo)|(e” — T"(w))w'| < E» in [y;,y; + h].
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So, inequality (57) will be verified on each interval [y;, y; +h] where w is a polynomial
as soon as

. . 1
(59) F) +1f (w5)|h + 5 ME? + By + Exh < 0.

When more accuracy is desired, instead of (59) one can verify that

2
Fla) + 17 @)l + 50 (1) + B+ B <0,
m 2 m m
where (2;)i=1..m+1 are m + 1 equally spaced points in [y;,y; + h].
We obtain exact values for the upper bounds M, E1, E5 as follows. First note that
" =Lw" — (A +eo)e”((w')? +w”). On [y;,y; + h], we have w(s) = ZZ:O ai(s—y;)!
and we estimate |w(s)| < 21'7:0 |a;|ht for s € [y;,y; + h]. Similarly,

7
<Y i(i—1)... (i — 0+ Dlas| " Vs € [y, y; + Al
=34

ew
CURNN LTS

The exponential is estimated by e¥ < e! < 3, since our numerical data satisfies the
rough bounds —3/2 < w < 1. Using this information and (60) yields a rational upper
bound M. E; is estimated using Taylor’s formula:

(3/2)"°

Ey = (>\+€0)175,-

Similarly, Es = ()\—i-eo)%Bl, where Bj is the right-hand side of (60) when ¢ = 1.

(4) We show that the operator A? — 3e* where u(r) = w(logr) — 4logr, satisfies
condition (48) for some § > [y where [y is given by (49). In dimension N > 13 the
operator A% — Be® has indeed a positive eigenfunction in H(B) with finite eigenvalue
if B is not too large. The reason is that near the origin

c

"R

pe*

where ¢ is a number close to 8(N — 2)(N —4)8/A. If 3 is not too large compared to
A, then ¢ < N2(N — 4)2/16, and hence, using (6), A% — Be* is coercive in HZ(By,)
(this holds under even weaker conditions; see [11]). It follows that there exists a first
eigenfunction ¢, € HZ(B) for the operator A? — Be® with a finite first eigenvalue juy;
that is,

A%py — Betp1 = pipr  in B,
p1 >0 in B,
©1 € H(B).

Moreover, i1 can be characterized as

A 2 _ et 2
,ul — lnf fB( QO) Qﬁ SD
peCs (B) Ise

and is the smallest number for which a positive eigenfunction in HZ(2) exists.
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Thus to prove that (48) holds it suffices to verify that py > 0 and for this it is
enough to show the existence of a nonnegative ¢ € HZ(B), ¢ # 0, such that

A2p — Beto >0 in B,

(61) p=20 on 0B,
g—i <0 on 0B.

Indeed, multiplication of (61) by (1 and integration by parts yield

0
m/ w1 +/ a—@Asm > 0.
B aB on

But Ay > 0 on B and thus puq > 0. To achieve (61) we again change variables and
define

o(s) = p(e®), —oo<s<0.
Then we have to find ¢ > 0, ¢ # 0, satisfying

Lp—0e’p>0 in —oo<s<0,
(62) #(0) =0,
¢'(0) <0.

Regarding the behavior as s — —oo, we note that w is constant for —oco < s < x,
and therefore, if

Lgbfﬂewgbz(), 7OO<5§:C07

—Qas

then ¢ is a linear combination of exponential functions e~*®, where a must be a

solution to
ot —2(N —4)a® 4+ (N? — 10N + 20)a? + 2(N — 2)(N — 4)a = fe®(@),
where Be®(*0) is close to 8(N — 2)(N — 4)3/\. If N > 13 the polynomial
at —2(N — 4)a® + (N? — 10N +20)a® +2(N — 2)(N — 4)a — 8(N — 2)(N —4)

has four distinct real roots, while if NV < 12 there are two real roots and two complex
conjugates. If N > 13 there is exactly one root in the interval (0, (N — 4)/2), two
roots greater than (N —4)/2, and one negative. We know that ¢(r) = ¢(logr) ~ r—¢
is in H2, which forces a < (N — 4)/2. Tt follows that for s < g, ¢ is a combination
of e=*0% e=1% where oy > 0, ay < 0 are the two roots smaller than o < (N —4)/2.
For simplicity, however, we will look for ¢ such that ¢(s) = Ce™*® for s < x(, where
C > 0 is a constant. This restriction will mean that we will not be able to impose
¢'(0) = 0 at the end. This is not a problem because ¢'(0) < 0.

Notice that we need only the inequality in (62), and hence we need to choose
a € (0, N —4/2) such that

ot —2(N = 4)a® + (N2 = 10N +20)a® + 2(N — 2)(N — 4)a > fe?@0),

The precise choice we employed in each dimension is in a summary table at the end
of this section.
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To find a suitable function ¢ with the behavior ¢(s) = Ce™®* for s < xy we set
¢ = e~ and solve the equation

Totp — pey = f,
where the operator T, is given by
d*a d31 9 9 d*w

+ (—4a® + 60 (N — 4) — 2a(N? — 10N + 20) — 2(N — 2)(N — 4))%
+ (@* = 2a*(N — 4) + a*(N? — 10N + 20) + 2a(N — 2)(N — 4))1

and f is some smooth function such that f > 0, f #Z 0. Actually we choose 3 > [
(where y is given in (49)) and find & satisfying approximately

at —2(N —4)a® + (N? = 10N +20)a> + 2(N — 2)(N — 4)a = fe*(@0).
We solve numerically

T&Qﬁ_gew/&:j: .TQ<S<O,

b(zo) =1, ¥'(x0) =0, 9" (z0)=0,

$(0) = 0.

Using the same strategy as in (2) from the numerical approximation of ‘;%’ we compute
a piecewise polynomial v of degree 7, which is globally C® and constant for s < .
The constant 1 (xg) is chosen so that ¢(0) = 0. We then use Maple to verify the
inequalities

'(/)207 CE’OSSSO,
Ty — e >0, x9<s<0,
¥'(0) <0,

where By < 3 < fand 0 < a < (N — 4)/2 are suitably chosen.

At the URLs http://www.lamfa.u-picardie.fr/dupaigne/ and http://www.ime.
unicamp.br/~msm/ we provide the data of the functions w and ) defined as piece-
wise polynomials of degree 7 in [z, 0] with rational coefficients for each dimension in
13 < N < 31. We also give a rational approximation of the constants involved in the
corresponding problems.

We use Maple to verify that w and 1 (with suitable extensions) are C® global
functions and satisfy the corresponding inequalities, using only its capability to op-
erate on arbitrary rational numbers. These operations are exact and are limited only
by the memory of the computer and clearly slower than floating point operations. We
chose Maple since it is a widely used software, but the reader can check the validity
of our results with any other software (see, e.g., the open-source solution pari/gp).

The tests were conducted using Maple 9. See Table 1 for a summary of parameters
and results.

Remark 6.4. (1) Although we work with A rational, in Table 1 we prefer to
display a decimal approximation of .

(2) In Table 1 we selected a “large” value of g in order to have a fast verifica-
tion with Maple. By requiring more accuracy in the numerical calculations, using a
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TABLE 1
N A €0 € I¢] I¢] «
13 24386 1 5-1007 2550 2500 3.9
14 2911.2 1 3-107% 3100 3000 3.4
15 3423.8 1 3-107% 3600 3500 3.1
16 3976.4 1 1-107% 4100 4000 3.0
17 4568.8 1 2-107% 4800 4600 3.0
18  5201.1 2 2.107% 5400 5300 2.7
19  5873.2 2 2-100% 6100 6000 2.7
20  6585.1 3 7-100% 7000 6800 2.7
21  7336.7 3 7-100* 7700 7500 2.6
22 8128.1 4 1-1073 8600 8400 2.6
23 8959.1 4 1-1073 9400 9200 2.5
24  9829.8 4 1-1073 10400 10200 2.5
25 10740.1 4 1-1073 11400 11200 2.5
26 11690.1 6 2-1073 12400 12200 2.5
27 12679.7 7 2-1073 13400 13200 2.4
28  13709.0 7 2-1073 14500 14300 2.4
29 14777.8 7 2-1073 15400 15200 2.4
30 15886.2 8 2-1073 16600 16400 2.4
31 170343 10 2-1073 17600 17500 2.3
TABLE 2
N A EO € )\:HZTL A:naz /6 ﬁ [e4

13 2438589 0.003 5-10-7 2438.583 2438.595 2550 2510 3.9
14 2911.194 0.003 5-1077 2911.188 2911.200 3100 3000 3.4

smaller value of €y, and using more subintervals to verify the inequalities in the Maple
program, it is possible to obtain better estimates of A*. For instance, using formulas
(50), we obtained the results in Table 2

The verification above, however, is required to check 1500 subintervals of each of
the 4500 intervals of length 0.002, which amounts to substantial computer time.

7. Proof of Proposition 1.5. Throughout this section, we restrict our atten-
tion, as permitted, to the case a = 0.

(a) Let u denote the extremal solution of (1) with homogeneous Dirichlet bound-
ary condition @ = b = 0. We extend u on its maximal interval of existence (0, R).

LEMMA 7.1. R < 0o and u(r) ~log(R—17)~* forr ~ R.

Proof. The fact that R < oo can be readily deduced from section 2 of [1]. We
present an alternative (and more quantitative) argument. We first observe that

1 _
(63) u” — ;u' >0 Vre[l,R).
Integrate indeed (1) over a ball of radius r to conclude that
N-—-1 1
(64) 0< /\/ / —Au = wyrV1 (u”' +— (u - u’)) .
9B, r r
If r = 1, since u is nonnegative in (0,1) and u(1) = /(1) = 0, we must have
u”(1) > 0. In fact, u”(1) > 0. Otherwise, we would have v”(1) = 0 and «”(1) > 0

by (64), contradicting « > 0 in (0,1). So, we may define

Rsup{r >1:u"(t) — %u'(t) >0 Vte [1,r)},
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and we just need to prove that R = R. Assume this is not the case; then u”(R) —
#u/(R) = 0 and v (R) = (v’ — %u’)/ (R) < 0. This contradicts (64) and we have
just proved (63). In particular, we see that u is convex increasing on (1, R).

Since w is radial, (1) reduces to

5 u’ — 3 u = \e¥.
r r r

65 w2V, W-DWN-3) , (N-DK-3)
Multiply by u':

l 2(N_ 1)U///u/+ (N_ 1)(N_3)u//u/ _ (N_ 1)(N_3)

uPu’ + 5

r

which we rewrite as

[(u///u/)/ _ u///u//] +2(N — 1)

By (63), it follows that for r € [1, R),

(") — u"u"] + 2(N — 1) <iuu> (N = 1)(N—3) <(“')2>/ > A(e"Y.

2r2

Integrating, we obtain for some constant A

11\2 1 N — 7\2
u///u/ _ (u2) _|_ 2(N _ 1)7UHU/ + ( 3) (u) Z )\61/. _ A.
r

We multiply again by u':
(66)

We deduce from (63) that

Using this information in (66), dropping nonpositive terms, and integrating, we obtain
for some constant B

2 _
Ml(u')3 > e — Au — B.

10, 1\2
wH )"+ 4 T

. . . _ N2%2-1
Applying (63) again, it follows that for C' = = +1

Cu"(u/)? > Ne* — Au — B,
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which after multiplication by u’ and integration provides positive constants ¢, C such
that

(u')* > c(e* — Au? — Bu — O).

At this point, we observe that since u is convex and increasing, u converges to +0c0
as r approaches R. Hence, for 7 close enough to R and for ¢ > 0 perhaps smaller,

u > et

By Gronwall’s lemma, R is finite and

u< —4log(R—r)+C for r close to R.

It remains to prove that u > —4log(R —r) — C. This time, we rewrite (1) as
[erl(Au)’]/ =V lew,
We multiply by 7V ~*(Au)’ and obtain

% [TZN*Q((AU)')Q]/ = M2V 2et (Au) < Ce¥(Au) < O(e"Au)'.

Hence, for 7 close to R and C perhaps larger,

(Au))? < Ce*Au,
and so

VAu(Au) < Ce®?Au < C'e 0" < C' (e,

where we have used (63). Integrate to conclude that

(Au)3/? < Cev/?u.
Solving for Au and multiplying by (u’)!/3, we obtain in particular that

(u )30 < Ce/3ul.
Integrating again, it follows that (u/)*/3 < Ce"/3, i.e.,

u < Cet/?,
It then follows easily that (for r close to R)
u > —4log(R—1) — C. O

Proof of Proposition 1.5(a). Given N > 13, let b™** denote the supremum of all
parameters b > —4 such that the corresponding extremal solution is singular. We
first observe that

b > 0.

In fact, it follows from sections 5 and 6 that the extremal solution u associated to
parameters a = b = 0 is strictly stable:

(67) e JB) X Jpetet

0.
©eCie(B) [5¥?
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Extend u as before on its maximal interval of existence (0, R). Choosing R € (1, R)
close to 1, we deduce that (67) still holds on the ball Br. In particular, letting
v(z) = uw(Rz) — u(R) for x € B, we conclude that v is a singular stable solution of
(1) with @ = 0 and b = Ru/(R) > 0. By Proposition 1.7, we conclude that 5™ > 0.
We now prove that

b < 0.

Assume this is not the case and let u,, denote the (singular) extremal solution asso-
ciated to by, where b, /' co. We first observe that there exists p,, € (0,1) such that
ul (pn) = 0. Otherwise, u,, would remain monotone increasing on (0,1) and hence
bounded above by wu,(1) = 0. It would then follow from (1) and elliptic regularity
that w, is bounded. Let v,(z) = u,(pnx) — un(py) for x € B and observe that v,
solves (1) with @ = b = 0 and some A\ = \,. Clearly v, is stable and singular. By
Proposition 1.7, v, coincides with u, the extremal solution of (1) with a = b= 0. By
standard ODE theory, v, = u on (0, R). In addition,

1 1 1 1
b= = ol (o) = o () = e
on "\ pn P \pn

which can happen only if 1/p,, — R.

Now, since uy, is stable on B, u = vy, is stable on By, . Letting n — oo, we
conclude that u is stable on Bg. This clearly contradicts Lemma 7.1.

We have just proved that ™" is finite. It remains to prove that u* is singular
when —4 < b < H™**. We begin with the case b = b™%*. Choose a sequence (by,)
converging to b"** and such that the corresponding extremal solution u,, is singular.
Using the same notation as above, we find a sequence p,, € (0,1) such that

1 1
(L) by
p’!L p'rl

Taking subsequences if necessary and passing to the limit as n — oo, we obtain for

some p € (0,1)
1 1
) () — pmaz
p \p

Furthermore, by construction of p,, u is stable in By, and hence in By,,. This
implies that v defined for z € B by v(z) = u(3) — u(%) is a stable singular solution
of (1) with b = b™**. By Proposition 1.7, we conclude that the extremal solution is
singular when b = ™.

When b = —4, as we have already mentioned in the introduction, v* is singular
for N > 13 as a direct consequence of Proposition 1.7 and Rellich’s inequality.

So we are left with the case —4 < b < b™%*. Let u), denote the extremal
solution when b = b™" which is singular, and A}, the corresponding parameter.
For 0 < R <1 set

up(r) = uy, (Rz) — uy, (R).
Then

Aup = Age'®, where Ap = \;R*etm ()
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and ug = 0 on 0B, while

dug du’
TR 1) = REm(R).
dr (1) dr ()
By (31), note that
du’ du,
RYU™(RY = b™®  as R—1, and R™(R)— —4 as R — 0.

dr dr

Thus, for any —4 < b < V™** we have found a singular stable solution to (1) (with
a = 0). By Proposition 1.7 the extremal solution to this problem is singular. 0
Proof of Proposition 1.5(b). Let b > —4. Lemma 5.1 applies also for b > —4
and yields u* < @, where a(x) = —4log|z|. We now modify slightly the proof of
Lemma 5.2. Indeed, consider w = (4 + b)(1 — r?)/2 and define u = @ — w. Then

A%y = 8(N — 2)(N — 4)%4 =8(N — 2)(N — 4)e® = 8(N — 2)(N — 4)e"tv

< 8(N —2)(N — 4)el4+0/2cu,

Also u(1) = 0 and «/(1) = b, so u is a subsolution to (1) with parameter Ao =
8(N — 2)(N — 4)el4+b)/2,

If N is sufficiently large, depending on b, we have \g < N2(N — 4)2/16. Then
by (6) u is a stable subsolution of (1) with A = Ag. As in Lemma 5.2 this implies
A* < Xp.

Thus for large enough N we have \e' < r~48(N — 2)(N — 4)e+b)/2 <
r~*N?(N —4)?/16. This and (6) show that

Ap)2 — \* u*, 2
inf fB( ?) QIB € ¥ >
peCEE (B) Iz

0,

which is not possible if ©* is bounded.
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