View metadata, citation and similar papers at core.ac.uk

Downloaded 07/29/14 to 143.106.190.134. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

<
brought to you by .{ CORE

provided by Repositorio da Producao Cientifica e Intelectual da Unicamp

SIAM J. CONTROL OPTIM. (© 2005 Society for Industrial and Applied Mathematics
Vol. 43, No. 6, pp. 2132-2156

A NEW APPROACH TO DETECTABILITY OF DISCRETE-TIME
INFINITE MARKOV JUMP LINEAR SYSTEMS*

EDUARDO F. COSTAT, JOAO B. R. DO VAL}, AND MARCELO D. FRAGOSO?}

Abstract. This paper deals with detectability for the class of discrete-time Markov jump
linear systems (MJLS) with the underlying Markov chain having countably infinite state space. The
formulation here relates the convergence of the output with that of the state variables, and due
to the rather general setting, a novel point of view toward detectability is required. Our approach
introduces invariant subspaces for the autonomous system and exhibits the role that they play. This
allows us to show that detectability can be written equivalently in term of two conditions: stability
of the autonomous system in a certain invariant space and convergence of general state trajectories
to this invariant space under convergence of input and output variables. This, in turn, provides
the tools to show that detectability here generalizes uniform observability ideas as well as previous
detectability notions for MJLS with finite state Markov chain, and allows us to solve the jump-
linear-quadratic control problem. In addition, it is shown for the MJLS with finite Markov state that
the second condition is redundant and that detectability retrieves previously well-known concepts in
their respective scenarios. Illustrative examples are included.
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1. Introduction. Structural concepts such as observability and detectability
have a solid ground in system theory, as the imposing literature for linear and linear-
Gaussian systems conveys (see, e.g., [15]). For instance, in control problems, de-
tectability firmly associates the solution for the optimal problems with stability of
the corresponding controlled system, whereas, for filtering, it makes the system ob-
servations meaningful for state estimates by connecting convergence of the output
with convergence of the state. Although the theory involving these concepts is quite
developed and a number of results are available in the context of linear deterministic
systems, there is still a great deal of research activity in this area (see, e.g., [13, 17]
and references therein).

Among the most important properties of detectability for the linear deterministic
scenario, we mention that

(i) detectability can be expressed in terms of the parameters of the autonomous
version of the system, e.g., by requiring that nonobserved modes of the autonomous
system are stable.

(ii) Detectability generalizes observability.

Another important but less acknowledged property is that
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(iii) detectability is a necessary and sufficient condition to guarantee convergence
of the state from convergence of the output (under regular nonsingular linear state
feedback controls).

Property (iii) ensures that the optimal control solution is stabilizing and makes
output observations meaningful in filtering problems.

Due to its generic formulation, these properties constitute a paradigm for more
general contexts. The challenge then is how to devise a detectability concept for a
certain class of systems that allows one to employ the structure of the system to
retrieve properties (i)—(iii).

In this spirit, the authors have recently developed a notion of detectability (called
weak detectability) that generalizes previous detectability ideas for MJLS with finite
Markov chain state, retrieves the properties (i)—(iii), and allows an associate observ-
ability matrix, in an extension to the well-known deterministic concepts, see [1] and
[2]. In this process all but one! of the linear deterministic concepts are retrieved.

However, as far as the authors are aware, these ideas have no parallel in more
complex scenarios such as the MJLS with countably infinite state space of the Markov
chain. This is a rather general class of systems that includes the classes of finite
MJLS and linear deterministic systems, as well as deterministic time varying systems.
Previous works dealing with infinite MJLS are [7, 8, 9, 10].For this class of systems, up
to this date there is no detectability concept that retrieves properties (i)—(iii) above.
For instance, the stochastic notion in [7] can be expressed in terms of the autonomous
system data, thus satisfying (i), but (ii) does not hold and only the sufficiency part of
(iii) holds; in [4] we derive a detectability notion in the perspective of (iii) for which
(ii) holds, but it does not satisty (i).

These shortfalls come, in part, from the analytical complexity inherent to the
infinite many Markov state contexts, and the loss of some friendlier structures of the
simpler cases. In particular, the main difficulty arises from the fact demonstrated
in this paper that converging input and output do not ensure convergence of state
trajectory to the observed space; see Example 2 in connection. In the simpler case
of finitely many Markov states, the above convergence relation holds, and apart from
ensuring stability within the observed space, with detectability it guarantees conver-
gence of the state trajectory to the origin. This is the mechanism that fails here, and
in this regard we can conclude that any detectability concept with the perspective of
(i) (stable nonobserved modes) by itself cannot provide the property in (iii) and thus,
it cannot ensure that the optimal control is stabilizing.

In this paper, with the aim of studying detectability for MJLS with countably
infinite state space of the Markov chain and to retrieve (i)—(iii), we introduce a novel
point of view toward detectability by considering the paradigmatic property in (iii)
as a general, direct, and intuitive notion of detectability, which relates the conver-
gence of the input and output with that of the state variables. Then we introduce
certain invariant subspaces for the autonomous system, which play a key role to re-
late detectability with stability and convergence of the state trajectory; this allows
us to show that detectability here generalizes uniform observability ideas as well as
previous detectability notions for MJLS with finite state Markov chain, and to solve
the jump-linear-quadratic control problem. In order to show some nuances of the
approach developed here, and to clarify the role of some tools, we also analyze the
MJLS with finite state Markov chain and present illustrative examples.

IThe observability idea that after a number of observations that equals the system dimension,
the initial state value can be precisely retrieved. This is inherently a nonstochastic idea.
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An outline of the content of this paper is as follows. In section 2 we provide
the bare essential of notations, state the model, and discuss the general ideas of the
paper. Section 3 provides some preliminaries. Necessary and sufficient conditions for
detectability are treated in section 4, and some sufficient conditions are presented in
section 5. The finite MJLS is analyzed in section 6, and the control problem is studied
in section 7. Some illustrative examples are exhibited in section 8. Finally, section 9
presents some conclusions.

2. Problem formulation and general ideas. Let R™ represent the usual lin-
ear space of all n-dimensional vectors and R™™ (respectively, R™) the normed linear
space formed by all X n real matrices (respectively, n xn). For V€ R™" V'’ denotes
the transpose of V. ¥ (V) and o~ (V) stand, respectively, for the largest and smallest
singular value of V and ||[V| = o (V). For VW € R", V > W (V > W) indicates
that V' — W is positive definite (semidefinite).

Let HZ™ denote the linear space formed by sequences of matrices H = {H; €
R"™™; 1 € Z} such that sup;c z ||H;|| < oo; also, H, = HZ" and || H||, = sup;cz || H||.
For H,V € HZ,, H > V indicates that H; >V, for each ¢ € Z; similarly, for H € H..*
and V € HY?, the “product” HV indicates the element of H:’ formed by the sequence
{H;V;,i € Z}, and equivalent understanding should apply to any basic mathematical
operation involving elements of HL". In what follows, capital letters denote elements
of H[7*, and capital letters with an index denote elements of R™".

The system we deal with is the discrete-time MJLS with infinite countably Markov
chain, defined in a fixed stochastic basis (2, §, (§x),P) by
(1) W - I‘(k + 1) = A@(k)a?(k) + Bg(k)u(k), k > 0,

y(k) = Cogryz (k) + Do(ryu(k), z(0) =z, 6(0) =9,

where y is the output process and w is the input, an (§j)-adapted process. The
mode 6 is the state of an underlying discrete-time Markov chain © = {0(k); k > 0}
taking values in Z = {1,2,...} and having a stationary transition probability matrix
P = [p;j], 1,7 € Z. The state of the system is the compound variable (z(k),8(k)). The
matrices A; belong to the sequence of matrices A € HY, and similarly for B € H%",
C e HLY, and D € HYL. In addition, without loss of generality, we also assume that
C'D=0.

In this paper we deal with detectability for systems described by (1). The depar-
ture point is the following concept of detectability that follows from property (iii) of
section 1. We emphasize that the specific notion of convergence is not relevant; the
essence of the concept is the relation among convergence of state, input and output,
and a particular sense of convergence is adopted later in connection with the choice
of the cost functional.

DEFINITION 1 (detectability). The system U is detectable if the state converges
provided that the output and the input converge.

With the detectability concept above at hands, which trivially embraces property
(iii) in the introduction, the issues pursued here are primarily summarized as follows:

(I) Relate the concept with the autonomous version of the system, aiming at
mimicking item (i) mentioned in the introduction.

(IT) Show that it retrieves property (ii) mentioned in the introduction.

(IT1) Investigate the extent to which the above concept is related to the weak
detectability concept in [1] and [2] for MJLS, and the usual concept for deterministic
linear systems.
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We consider a cost functional that is an fo-measurement of the output (the ex-
pected accumulated energy in the output process path),

(2) yu(l'vg) = Em,& {Z y(k)|2} s
k=0

defined for an admissible control v whenever x(0) = x and 0(0) = §. We also denote
for the autonomous system obtained from ¥ with u = 0,

3) Vo, 0) = Vueo(x,0).

In agreement with (2), we adopt the corresponding ¢o-convergence notion for
each U-processes, namely, we say that the output y converges whenever Y, (+,-) < oo;
similar notion holds for u and .

Our approach starts from a novel point of view, which hinges on the following
steps. We first locate an invariant linear subspace for the autonomous system, in the
sense that the trajectories remain almost surely confined to it. Then we indicate the
role that the invariant space plays in the convergence of an arbitrary state trajectory,
showing that the existence of an invariant space for which the autonomous system is
stable, together with the convergence to this set of an arbitrary trajectory, is equiv-
alent to convergence to the origin of such a trajectory (see section 4 and Theorem
12).

Note that the announced result reduces to a tautology if the invariant space is
taken to be the origin, and to make the above result suitable to deal with (I), we
seek the largest of such an invariant space. It turns out to be the linear subspace
F ={(z,0) : Yo(z,0) < oo}, and in Theorem 18 we state that detectability according
to Definition 1 is equivalent to requiring that

(A1) the autonomous system is stable in F,

(A2) the state z converges to F provided that both y and u converge.

Notice that condition (A1) accounts for the autonomous version of system ¥
only, and it is consistent with the notion of detectability for finite dimensional lin-
ear deterministic systems. Together with condition (A2) for system ¥ (not only the
autonomous version), they build the essentials to complete the aforementioned mech-
anism yielding (iii). Due to (A2), a complete counterpart for property (i) is not viable
in the present setup (see Example 3 in connection), and any attempt to enlarge F is
worthless, as we show in Lemma 17.

Section 5 addresses (IT), where we show that detectability according to Definition
1 generalizes uniform observability as in [1, 3, 5, 12], which, by its turn, generalizes
previous observability concepts for MJLS, like those in [11]. We also show that an
earlier ¢5-detectability concept in [7] is stricter than detectability. Moreover, we in-
troduce a notion of uniform observability in the invariant space F that serves as a
sufficient condition for (A2). See Proposition 28 for a summary.

Regarding (IIT), in section 6 we show that F= is uniformly observable in the finite
Markov chain case, which renders condition (A2) always true. Thus, we have that
detectability is equivalent to (A1) in the finite case, allowing us to show that the weak
detectability in [2] and the usual detectability concept in the deterministic linear case
are necessary and sufficient conditions (in their particular contexts) for detectability
according to Definition 1 (see Remark 3). The fact that (A2) holds true for the case
in which the Markov chain is finite explains why no such condition appears in those
simpler scenarios. By contrast, (A2) may fail in the infinite Markov chain case, as
illustrated in Example 2.
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Another important feature of the setting and results here is that, unlike previous
ones, the focus is not constrained (i.e., is not ad hoc) to the optimal jump-linear-
quadratic (JLQ) control and/or controls in linear feedback form, where detectability
appears as a dual notion to stabilizability. It covers any (§x)-adapted converging
control that induces a finite cost ), for each initial state, assuring that it is stabilizing,
and clearly encompassing the optimal solution (see Remark 1). In particular for the
JLQ control, we show that the solution to the associated infinite coupled algebraic
Riccati equation is unique (see section 7).

3. Preliminaries. In this section we introduce some basic machinaries, which
will allow us to devise our approach toward detectability for (1). We consider the
autonomous version of (1), which will be essential to relate detectability with stability
and convergence of the state trajectory (see (A.1) and (A.2) in section 2). We define
the various essential elements such as invariant space, some notions of convergence,
some useful spaces, operators, and some preliminary results.

We consider the autonomous version of system (1):

v Jrolk+1) = Aguyzo(k), k>0,
' yo(k) = Cg(k)l‘o(k‘), 3’50(0) =T, 9(0) =40.

Sometimes we refer to the autonomous system by the pair (A,P) or by the triplet
(A, C,P). In addition, in what follows, for each i € Z, let S; C R™ stand for a vector
subspace and let S = {S;,i € Z}.

DEFINITION 2 (WUo-invariant space). Consider the autonomous system Uy. We
say that S is an invariant space if xo(k) € Sy implies that xo(t) € Sg) almost
surely (a.s.) for each t > k.

DEFINITION 3 (projections onto S*). For each i € Z, let P; € R"™ denote the
orthogonal projection onto Si-. Clearly, P = {P;,i € Z} € H™.

DEFINITION 4 (¥g-convergence). We say that x(-) converges (in the £y sense) to
the Wg-invariant space S if

> B o{|Poyz(k)[*} < oc.
k=0

We say that x(-) converges if it converges to the trivial Uy-invariant space S = 0.

DEFINITION 5 ({o-stability). Consider the autonomous system Wy. We say that
(A, P) is £2-stable in the invariant space S if xo(-) converges for each initial condition
0€Z andx €Sy. We say that (A, P) is ly-stable if it is lo-stable in S with S; = R™,
1€ 2

Notice that x(-) converges if and only if > =, E{|z(k)[*} < oo, since P = [
whenever S is trivial. Also, ¢5-stability of (A,P) is equivalent to convergence of z(-)
for each initial condition § € Z and =z € R™.

We will need the following property related with the concept of ¢s-stability in S
and the projections P.

LEMMA 6. Assume that (A,P) is ly-stable in S. Then, (A — AP,P) is {-stable.

Proof. Consider the following version of system W:

(4) rp(k+1) = (Agwry — Aoy Pory)zp(k), xp(0) =z, 0(0) = 0.

Let us employ the trajectory of system Wy, xzo(k) = Agr—1) - Ag)To, With
initial condition zg being the projection of x into Sy, i.e., xg = (I — Pp)x. Since S is
a invariant space, we have that xq(k) € Sy, k > 0.
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We start by showing inductively that zp(-) evolves as an open-loop trajectory
according to xp(k) = xo(k), for k > 1, for all z € R™. For k = 1 we have that

.’Bp(l) = (Ag - Ang).’E = Ag([ - Pg).’l? = xo(l).

From the induction assumption, we have that zp(k) = zo(k) for k£ > 1, and recalling
that xo(k) € Syx) we evaluate

rp(k+1) = (Agry — Aoy Pory)zo(k) = Agyzo(k) = wo(k + 1)

and the induction is completed. Due to the facts that (i) (A,P) is ¢3-stable in S,
(ii) zp(1) = xo(1) € Spq1y a.s., and (iii) xzp(k), & > 1 evolves as a trajectory of
the autonomous system for any xp(0) = z, 6(0) = 6, we have from the definition of
lo-stability in S that xp(-) converges and, thus, (A — AP, P) is ¢5-stable. d

In what follows, we introduce a certain space H%, an element X (k) related with
the second moment of the state, an operator £ related with the evolution of X (k),
and some associated results which will be useful to present the results of the paper in
a concise manner.

Let H} denote the linear space formed by sequences of matrices H = {H; = H] >
0;i € Z} such that ), tr{H;} < co. Let H}%: C H} denote the closed cone formed
by sequences of symmetric positive semidefinite matrices H = {H; = H] > 0;i € Z}.
For H,V € H'% we define the inner product

(V) = tr{H{Vi}

i€z
and the Frobenius norm
(5) |H|p = (H,I).

Recall from the definition of the Wy-invariant subspace S that S; = {z : Px =
0}. In connection, we define the spaces S = {H € H% : PHP' = 0} C H% and
St ={H € H¥ : H— PHP' = 0}. PHP' is the orthogonal projection of H onto
S+; indeed, P inherits from P; the property that P? = P, and it is easy to check that
(PHP',H — PHP') = (H,PHP' — P2HP%) = (.

DEFINITION 7 (convergence in H%). We refer to convergence of sequences in H,
in the {1 sense: we say that a sequence H(-) € H': converges to the space S whenever
Soreo IPH(K)P'||p < oo; we say that H(-) converges if it converges to the trivial
space S = 0.

We define X () € H} and U(+) € H}, as

(6) Xi(k) = E{x(k)x(k) 1gr)=iy }
Ui(k) = E{u(k)u(k) 1gom)=iy} Vi € Z,k >0,

where 173 is the Dirac indicator function. We write Xo(-) when we refer to the
autonomous system. We define Y, similarly to the functional ) in (2) as follows:

t+T—1 } t+T—1

(7) ysz<x,e>=Em,9{ > k)= Y ((X(k).C'C) + (UK), D'D))

k=t k=t

whenever z(0) = z,0(0) = 6; for simplicity we write Y:=07 (z,0) = YT (x,0) and also

VIo(z,0) = Vi (x,0).
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Using the notation above we can write E, ¢{|z(k)|*} = || X (k)| and this provides
a connection between convergence in the ¢; sense of X (-) € H’ with the ¢5 convergence
of (). A further connection is presented in the next lemma; the proof is presented
in Appendix 9.

LEMMA 8. z(-) converges to S if and only if X () converges to S.

Now, let us define for V' € ‘K" the linear operator Ly : Hp — Hp

(8) Lvi(H) =Y piV;H,V].

i€z

It is shown in [7] that the limit in (8) is well defined. We denote £°(H) = H, and
for k > 1, we can define £F(H) recursively by L£¥(H) = L(LF"'(H)). Also, r,(L)
denotes the spectral radius of £. Operator L is related to system ¥ as follows; the
result is adapted from [7].

PROPOSITION 9. The following assertions hold:

(i) Xo(k+1)=La(Xo(k)), k>0;

(ii) (A,P) is £o-stable if and only if ro(L4) < 1.

For the nonautonomous system W, the evolution of X is still related to the oper-
ator L, as follows. See Appendix 9 for the proof.

LEMMA 10. Let o # 0. Then,

Xk+1) <A +aDLaAX(E)+ (1 +1/aDLp(U(K), k>0.

The following basic properties concerning the operator £, which are easy to check
by inspection, will be useful.

PROPOSITION 11. The following properties hold, for V,\W € HY and H,Y € Hp:

(1) Lyw(H) =Ly (WHW');

(i) Lypw(H) = (1— a®)Ly(H) + (1 — 1/a®) Loy (H) Ya £ 0;

(it)) Ly w (H) < (1+®)Ly (H) + (1+1/a®) Ly (H) Ya £ 0;

(iv) Ly (H) > Ly (Y) whenever H > Y;

W) 1Ly (E)lF < [IVIEIH] P

We finish the section with the following facts that we believe are worth mentioning.
S inherits from S the property that it is a Wo-invariant subspace, that is, PXo(k)P’ =
0, k > 0, implies that PXy(t)P’ = 0, ¢ > k. The notion of convergence in H% is
usual, in the sense that a sequence H(-) € H'% converges to the space S if and only
if Yoo infyes |[H(E) = V|r < co. Actually, the proof follows immediately from the
fact that for each H(k) there exists V € S for which |H(k) — V| p = |PH(k)P'||r
(indeed, V = H(k) — PH(k)P").

4. A necessary and sufficient condition for detectability. We show in
section 4.1 that a general state trajectory x(-) converges if and only if there exists an
invariant space S for which: (i) (A4, P) is fg-stable in S and (ii) () converges to S. In
section 4.2 we introduce the Wy-invariant space F and we show the appropriateness of
F to formulate the equivalence between detectability and conditions (A1) and (A2).

4.1. Conditions for state convergence. In this section we examine the state
convergence of system U and its interplay with the ¥y-invariant subspace S. The first
requirement is the existence of a Wy-invariant space S in which (A, P) is fy-stable,
namely, the condition (A1) holds.
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Notice that (A1) does not impose any condition on the system ¥ (or, even on
Uy) in the subspaces orthogonal to S. From this perspective, one can infer that (A1)
can be employed only to establish the convergence of Wy-trajectories that remain a.s.
in S or, at most, of ¥y-trajectories that converge to S. Surprisingly, the combination
of (Al) with convergence to S of U-trajectories guarantee the convergence of any
trajectory of ¥ with converging inputs, as the next theorem shows. Clearly, if S is
trivial, Theorem 12 becomes a tautology.

THEOREM 12. Consider system ¥ and assume that the input converges. The state
x(+) converges if and only if there exists an invariant space S such that the following
conditions hold:

(i) (A,P) is ly-stable in S;

(ii) z(-) converges to S.

Proof. (Necessity.) Since x(-) converges to the origin, S = 0 trivially satisfies (i)
and (ii).

(Sufficiency.) We show that x(-) converges provided (i) and (ii) hold and w(-)
converges. Recall from Lemma 6 that condition (i) provides that (A — AP,P) is {5-
stable for P the projection in S and from Proposition 9 (ii) we have that ro(La_ap) <
1. Let a # 0 be such that (1+ a?)*ry (La—ap) < 1. For ease of notation, we define
the operators £, L, L : H: — H'% as

L(H) = (1+0%)La—ap(H),
LH)=1+a®)(1+1/a®)Lap(H), and

LH)=(1+1/a*)Lp(H)

for H € H%. We also define the series Z(-) with Z(k) € H%, k > 0, by

{Z(k +1) = £(Z(k) + LX (k) + LU(k)), k >0,
)

m—1
Z(m) = L™(X(0) + S L£F (Z(X(—k +m—1)) + L(U(=k +m — 1))),

k=0

we write

> (Z(m), 1) =Y (L™(X(0)), 1)
(9) m=0 N m=0
+y <ﬁk (Z(X(fk tm—1))+ LU~k +m— 1))) : 1>.
m=0 k=0

For the second term in the right-hand side of (9) we evaluate
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T = Z L(X(m))+ LUm)) = (1+a®)(1+1/a?) Z Lap(X(m))

m=0 m=0
+(1+1/0®) ) LpU(m
m=0

We need to show that T is well defined, i.e., that T € H}; the result is presented in
the next lemma.

LEMMA 13. |32, La(U(k))|| < oo if u(-) converges.

1> neo Lap(X (k)| < oo if condition (ii) in Theorem 12 holds.

Proof. From Proposition 11 (v), we obtain

> Lp(Uk
k=0

For the second assertion, we employ Proposition 11 (i), (v), to evaluate

(11) < Z 1£aUE)F < IIBHOOZ ITE) | < oo

F

s Z ILap(XED]p =D ILA(PX(R) P

k=0

(12)

<Aoo Z I1PX (k)P -

Since from the assumption z(-) converges to S, we have that -~ | PX (k)P'||r < oo
from Lemma 8 and the result follows. |

Proof of sufficiency of Theorem 12 continued. Lemma 13 provides, under
the assumptions of the theorem, that Y is well defined, and from (9) and (10) we
obtain

oo

(13) ZIIZ e =D (LHX ) + 7). 1),

k=0

and recalling that rg(ﬁ) < 1, we have that

(14) Z 1Z(F)lp < oo
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Now we show by induction that
(15) X (k)< Z(k)VE > 0.

For k = 0 we defined Z(0) = X (0); assuming X (k) < Z(k) one can check employing
Lemma 10 and Proposition 11 (iii), (iv), that

X(k+1) < (14 a®)Lasap—ap(X(k)) + (1+1/a*)Lp(U(K))

(14 a®)?La_ap(X (k) + (1 +a®)(1+1/a*)Lap(X (k)
+(1+1/a)Lp(U(K))

= L(X (k) + L(X (k) + LU (F))

+
< L(Z(k) + LX (k) + LU (k) = Z(k +1)

<
<

and the induction is complete. From (15) we obtain that for each k > 0, Z(k)—X (k) >
0 in such a manner that Z(k) — X (k) € H}% and (Z(k) — X (k),I) > 0. This leads to
|Z(E)||p = [| X (k)| and from (14) we obtain

Y IXBIE <Y NZHR)]F < oo
k=0 k=0

and Lemma 8 with trivial S = 0 provides that z(-) converges. 0

4.2. The main result. The first result of this section follows in a straight-
forward manner from Theorem 12 and the definition of detectability. We omit the
proof.

LEMMA 14. System V is detectable if and only if there exists an invariant space
S such that the following conditions hold:

(i) (A,P) is £y-stable in S;

(ii) z(-) converges to S provided that y(-) and u(-) converge.

Notice that, for S trivial, Lemma 14 becomes a tautology; indeed, item (i) holds
trivially and item (ii) reduces to the definition of detectability. The larger the invariant
space S is, the more significant the result will be. Along this line, in this section we
introduce the set F = {F;,i € Z} as

(16) Fi={z €R" : Yo(x,i) < oo} VieZ

and we show that F is the largest of such Wy-invariant space.

The first step is to show that F is indeed a Wy-invariant space. We need the
following preliminary result, adapted from [7].

PROPOSITION 15. For each t > 0, there exists H € H'% such that Y§(x,i) =
' H;x.

LEMMA 16. F is a Wy-invariant space.

Proof. (F; is a vector subspace.) For z1,29 € F; and o, 8 € R, from Proposition
15 it is simple to check that

Vi (axq + B2, i) = (ax1 + Bre) Hi(axy + Bas)
< 20[213/1Hi{171 + 25258,21{11‘2
=202Y¥ (x1,4) +282°VE (21,i) VT >0.
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Taking limits, we obtain
yo(aml + 51‘2, Z) < 2042370({,62, Z) + 2,623)0(1'27 ’L) < 0

in such a manner that az, + Bxs € F;.

(F is invariant.) We set 2o(k) € Fy(x) and assume without loss that k = 0. Let
us deny the assertion and assume that zo(s) ¢ Fy(s) for some s > 0, with probability
(w.p.) € > 0. In this situation, it is simple to check that

S+t

(17) ¥y >0,3t,>0: Y [lyo(k)|* >y wp.e
k=s

Employing the Tchebychev inequality, we evaluate

s+t it
k=s —

and we conclude that Yy(x(0),6(0)) > ~e for all ¥ > 0, which is a contradiction in
view of the fact that x¢(0) € Fyo). O

Next we show that F is the largest Wy-invariant space that possibly meets the
condition (i) in Lemma 14.

LEMMA 17. If S is such that (A,P) is 2-stable in S, then S C F.

Proof. Let us deny the assertion of the lemma and assume that there exists i € Z
for which F; C S; strictly. We have that there exists x € S; with x ¢ F; and from
the definition of F we conclude that Yy (z,4) = oo, which provides that the associated
output does not converge. Then, (A, P) is not ¢s-stable in S. |

Lemmas 14 and 17 allow us to derive the main result of the paper.

THEOREM 18. System WV is detectable if and only if the following conditions hold:

(A1) (A,P) is ly-stable in F;
(A2) z(-) converges to F provided y(-) and u(-) converge.

Proof. (Sufficiency.) (A1) and (A2) satisfy the conditions for detectability in
Lemma 14.

(Necessity.) Since (A, C,P) is detectable, from Lemma 14 we have that there
exists S for which (A,P) is fo-stable in S and Lemma 17 provides that S C F.
Lemma 14 also yields that x(-) converges to S provided y(-) and u(-) converges; this
fact together with the fact that S C F lead immediately to (A2).

Now, notice from the concept of detectability that, in particular for the au-
tonomous system Wg, xo(:) converges whenever the corresponding output y(:) con-
verges or, equivalently, whenever x(0) € Fy(g). This means that (A,P) is £y-stable in
F and (A1) holds. O

5. Sufficient conditions for (A1) and (A2). In this section we deal with
other detectability and observability concepts that appear in the literature of MJLS
and we present the role that they play as sufficient conditions (expressed entirely in
terms of the autonomous version of the system) for (A1) and (A2), and therefore for
the detectability concept here.

Initially, we introduce a concept of uniform observability related to the W,-
invariant space S. From (7), recall that we set VI (z,6) = E{Zg;ol lyo(k)|?}, where
yo(+) denotes the output trajectory of the autonomous system ¥y with z¢(0) = z.

DEFINITION 19 (uniform observability w.r.t. §). Consider the autonomous sys-
tem Uy. We say that (A, C,P) is uniformly observable with respect to (w.r.t.) S if
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there exists T,e > 0 such that Y& (z,0) > €||z||*> whenever x € S;. We say that
(A, C,P) is uniformly observable if it is uniformly observable w.r.t. 0.

A particular case of this concept with trivial S appears in [1, 3, 5, 12], and it
generalizes previous observability concepts for MJLS, like the ones appearing in [11].

In Lemma 22 in what follows, we show that uniform observability is a sufficient
condition for the state convergence to S and, in particular, for (A2) to hold when
S C F. For the proof, we need the next two lemmas; their proofs are presented in
Appendix 9. Recall that P; denotes the orthogonal projection onto Sf- 1€ Z.

LEMMA 20. If (A, C,P) is uniformly observable w.r.t. S, then there exist T)e > 0
such that YT (z,0) > €|Pyx|* for each x € R™ and § € Z.

LEMMA 21. There exist 61,09 > 0 for which

TH4+t—1
Vil (2,0) > 81 E{Y] (x(t),0(t))} — 62 Y E{|u(k)]’} Vo € R" and 0 € Z.
k=t

LEMMA 22. If (A, C,P) is uniformly observable w.r.t. S, then x(-) converges to
S provided that y(-) and u(-) converge. In addition, if S C F, then (A2) holds.

Proof. Provided that u(-) and the output y(-) converge, i.e., B[} pe [[u(k)|?] <
oo and Y, (z,0) < oo, respectively, we show that (A, C,P) uniformly observable w.r.t.
S suffices for convergence of the state to S, namely, E[Y"7", || Ppryz(k)||*] < oo. For
each t > 0, we employ Lemmas 20 and 21 to evaluate

(19)  Vu(z,0) > V2o (z,0) ZytJrkTT 2,0)
k=0

t+(k+1)T—1

2 i SUE{YS (w(t+KT),0(t+KT)} 62 > E{ju(k)]’}
k=0

L=t+kT

> 616> B{|Pyqsrmyx(t + kT)*} = 62> Ef[u(k)[*}.

k=0 k=0

Summing (19) for t =0,...,T — 1, we obtain

TYu(x,0) > 816 > E{|Pyiyx(m)[*} — T8 Y E{|u(k)|?
k=0

m=0

which leads to
> E{|Pyimyz(m)|? }<fyu$9 ZE{\ k)*} < o0
m=0

and the first assertion is proven.

Now, from Definition 19 we obtain that if (4, C,P) is uniformly observable w.r.t.
S C F, then it is uniformly observable w.r.t. F. The result then follows immediately
from the first assertion. O

Notice from Lemma 22 with trivial S that, if (A, C,P) is uniformly observable,
then x(-) converges to & = 0, provided y(-) and u(-) converges, ie., (A4,C,P) is
detectable, which implies the following corollary.

COROLLARY 23. If (A, C,P) is uniformly observable, then U is detectable.
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Next, we are concerned with an earlier ¢5-detectability sense; see [7] in a setting
similar to the one of this paper, or [8] in the continuous time case, or [6] and [12] in
the finite dimensional case.

DEFINITION 24 ({3-detectability). Consider the autonomous system ¥o. We
say that (A, C,P) is ly-detectable if there exists L € HIL™ for which (A + LC,P) is
£o-stable.

LEMMA 25. If (A, C,P) is £y-detectable, then system U is detectable.

Proof. We assume that (A, C,P) is ¢5-detectable and y(-) and u(-) converge, and
we show that z(-) converges in a similar manner to the proof of sufficiency of Theorem
12. Here we only point out the differences. For L € HZL" as in the {5-detectability
definition, 7, (La+rc) < 1, see Proposition 9 (ii) in connection. We chose o # 0 in
such a way that (1 + a2)?r, (Layrc) < 1 holds. The operators £, £, L : Hp — Hp
are defined as

h)

(H) = (1+a®)?Larre(H),
LH)=(1+a*)(1+1/a*)Lrc(H) and
LH)=(1+1/a®)Lp(H) for H € Hp.

In parallel with Lemma 13, we also need to show that Y- ) Lo (X (k)) < oo. In fact,

since y(-) converges for the autonomous system (A+ LC,P), we get that Vy(z,0) < 0o
and from (7) we evaluate

oo

oo > Yo(z, 0) Z Z |C" X (k)Cl

k=0

and employ Proposition 11 (i), (v), to obtain

> Lro(X
k=0

(20)

| < Z 1CLe(X Rl =D I1LL(CX R p
R

k=0

< I\LllooZIICX )C|lp <oo. D
k=0

Remark 1. In [7] it is shown that ¢>-detectability (together with ¢5-stabilizability)
ensures that the optimal linear state feedback control that arises in the JLQ problem
is l-stabilizing, considering an additional assumption on matrices D; as in Lemma
35. Lemma 25 generalizes this result in the sense that z(-) converges provided that
the output and input converge; here, neither optimality nor linear state feedback is
required.

The next concept is named Wg-detectability, and it was introduced in [5] as
an attempt to deal with detectability in the present context. It can be seen as a
particularization of detectability with u = 0.

DEFINITION 26 (Wg-detectability). Consider the autonomous system ¥o. We
say that (A, C,P) is Wg-detectable provided that xo(-) converges whenever the output
yo(+) converges.

It follows directly from the definitions that the concept is equivalent to £s-stability
in F.

PRroPOSITION 27. (A,C,P) is Wg-detectable if and only if (A,P) is £y-stable in
F ((A1) holds).
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We finish with a summary of the main results of this section. For ease of reference,
the relations are numbered. The relation (1) follows from Proposition 27, (2) follows
from Corollary 23 and Theorem 18, (3) and (5) follows from Lemma 25, (4) follows
immediately from definition, and (6) follows from Lemma 22.

PROPOSITION 28. The following relations hold:

U detect
\r 777777777777 |
(A,C,P) Ws-detect. <= Al <2 (A,C,P) unif. obs.
3 i i Ja
(A,C,P) lo-detect. == A2 <% (4,0,P) unif. obs. w.rt. F
Lo o o o o - - J

Remark 2. In principle the detectability concept depends on the nonautonomous
system (made explicit by assumption (A2)). However, for systems that are {5-
detectable, uniformly observable, or uniformly observable w.r.t. F, (A2) always holds
true, as indicated in Proposition 28. In section 6 we show that this is also the situation
for MJLS with finite Markov state.

6. Finite MJLS. Recall from the main result of the paper, Theorem 18, that
the system is detectable if and only if (A1) and (A2) hold. In this section, we show
that (A2) is made redundant when the Markov state space is finite, Z = {1,..., N}.
This leads to the main result of the section: (A1) is a necessary and sufficient condition
for detectability, in parallel with detectability notions for linear deterministic systems
and previous concepts for MJLS [2]. The result here also generalizes previous results
in the literature, which require that the control is in the linear state feedback form.

We start showing that uniform observability w.r.t. S always holds with S = N,
where the set N = {N;,i € Z} is defined as

(21) N; ={z e R": Vo(z,i) =0}, i€ 2Z.

Notice by inspection of (16) and (21) that x € F, whenever x € N, thus yielding
that A/ C F. One can also check that N is an invariant space, in a similar manner to
the proof of Lemma 16. We state this property formally.

PROPOSITION 29. N is an invariant space, N C F.

The preliminary results of Proposition 30 and Lemma 31 in what follows will be
needed. First, let us generalize the definition of the cost functional ), as follows. Sup-
pose that the initial conditions (x,#) are random variables with x a second order ran-
dom variable. In this situation, we set X(0) € H} such that X;(0) = E{zz'1g—s}.
Conversely, given any X € H}., there exists a second order r.v. x and some distribu-
tion for # in such a way that we can represent X; = E{xa'ly_;3}. These considera-
tions allow us to generalize the definition of )y by writing, for each X € H%,

(22) YE(X) = 3 (Xo(h), C'C)

k=0

whenever X (0) = X. Notice that VI (z,0) = VI (X) whenever X is defined as above
with Xy = z2’ and X; =0, 1 # 0.

The next preliminary result is adapted from [3, Prop. 1].

PROPOSITION 30. Assume that Z = {1,...,N}. If Y2"N(X) =0, then Y}(X) =
0 for allt > 0.

LEMMA 31. Let P be the projection onto N+. The following assertions hold:
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(i) Yo(X) =0 if and only if PPXP = 0;
(ii) (A, C,P) is uniformly observable w.r.t. N if there exists € > 0 for which
YVE(X) > €| X|| whenever X — PXP' = 0.

For the proof of Lemma 31, see Appendix 9.

LEMMA 32. Assume that Z = {1,...,N}. Then, (A,C,P) is uniformly observ-
able w.r.t. N.

Proof. Let P be the projection onto N'* and recall that N' = {H € H% : PHP' =
0} and Nt = {H € H%: : H— PHP' = 0}. Let us show that there exist € > 0 such
that VT (X) > €||X|| whenever X € Nt. Let us deny this assertion and assume

that there exists a sequence X,, € Ng, m = 1,2,..., for which
(23) Vo (X)) <m™,
where

Ne={XeNt:|X||p=1} c Nt

For the countably finite case, one can check that N¢ is a compact set and this leads
to the fact that there exists a subsequence X,,, that converges to

(24) X eNoc Nt

Moreover, it is not difficult to check that Y7V () is continuous; this fact and (23)
allow us to write that Y2V (X) = limp_eo V2 N (X, ) < limp_oo k=1 = 0. Then,
Proposition 30 yields that Yo(X) = 0 and from Lemma 31 (i) we conclude that
X € N, which is a contradiction, in view of (24). We have shown that there exist
€ > 0 such that YT'(X) > €|| X, whenever X € N*; Lemma 31 (ii) completes the
proof. ]

The result of Lemma 32 cannot be extended to the countably infinite case, as we
show in the following counterexample. In connection, note that the set N¢ in the
proof of Lemma 32 is no longer compact.

Ezample 1. Let n =1, p;;11 =1, A; =1, C; = ', |r| < 1. Tt is simple to check
that YVo(z,i) = r®(1 — r)|z|?, in such a manner that for each v > 0 there exists i such
that Vo (z,1) < 7y|z|?, which implies that (A, C,P) is not uniformly observable w.r.t.
N.

The next result follows from Lemmas 22 and 32 and the fact that N' C F (see
Proposition 29); the proof is omitted.

LEMMA 33. Assume that Z ={1,...,N}. Then, (A2) holds.

The next result is immediate from Lemma 33 and Theorem 18. We state the
result in terms of the triplet (A, C,P) to emphasize that the detectability concept
depends only on the autonomous version ¥ of the system.

THEOREM 34. Assume that Z = {1,...,N}. (A,C,P) is detectable if and only
if (A1) holds.

Remark 3. The relation between detectability and other detectability concepts
for finite scenarios is discussed here. The weak detectability concept for MJLS with
finite Markov state was introduced in [2]. It requires that x(-) converges provided
Yo(z,0) = 0. In [5] it was shown that this concept is equivalent to Wg-detectability
when reduced to the finite case. Assuming Z = {1,..., N}, Proposition 27, Theorem
34, and the aforementioned facts provide the following relations:

(25) weak detectability < Wg-detectability & Al < detectability.
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For (finite dimensional) linear deterministic systems, it was shown in [2] that the
weak detectability concept retrieves the usual detectability concept. Then, from the
relations in (25) we conclude that, for linear deterministic systems,

usual detectability concept < detectability.

7. Detectability and the jump linear quadratic problem. In this section
we are concerned with the JLQ problem, which consists of obtaining the control w(-)
that minimizes the cost functional ), (x,0). We also consider the related infinite
coupled algebraic Riccati equations (ICARE).

We assume here with no loss of generality that the control is in linear state
feedback form, u(k) = Goyz(k), G € H'. Indeed, it is a well-known fact that the
optimal control is in this form; see, e.g., [7]. In connection, we denote Vg (+) = Vu(*)
to emphasize the dependence on G.

Also a standard assumption in the JLQ problem, that inf;cz o~ (D}D;) =€ > 0,
is in force here. In this situation, the convergence of the input and the output are
directly connected and the condition in (A2) (e.g., in Theorem 18) related to the input
is not essential; the following lemma formalizes the result.

LEMMA 35. Ifinf,cz 07 (DiD;) =& >0 and Yy (x,0) < oo, then u(-) converges.

Proof. Employing (7) and the assumptions in the lemma, we evaluate co >
Vu(,0) > 32570 (U(k), D'D) = €377 |U(K)| p- u

The next result establishes that a linear state feedback control is stabilizing when-
ever the associated cost is bounded.

LEMMA 36. Assume that (A,C,P) is detectable. If G € HL" is such that
Ya(z,0) < oo Ve e R", 0 € Z, then (A+ BG,P) is {y-stable.

Proof. Consider the system V¥ in closed loop form with u(k) = Gz (k),

(26) z(k +1) = (Ag) + Bor)Gowy))z(k), k>0,
y(k) = (Coky + Doy Gory ) (k).

For each initial condition € R™ and 6 € Z we have from the lemma that Y, (z,0) =
Va(x,0) < oo, which means that the associated output y(-) converges; moreover,
Lemma 35 provides that u(-) converges. In this situation, detectability yields that
x(+) converges, and we conclude that (A + BG,P) is {y-stable. d

In what follows, we consider the following ICARE in the unknown R € ‘H’% that
arises in the JLQ problem (see, e.g., [7]):

(27) 0= (Az + BiGi)l Zpinj (AZ + BiGi) + C;CZ + G;D;DlG“
JjEZ
—1
JEZ JEZ

The following results are adapted from [7].
PROPOSITION 37. Assume that R € H satisfies the ICARE (27)—(28). The
following assertions hold:
(1) Yo(x,0) < 2'Ropx;
(ii) If (A+BG,P) is ly-stable, then R € HZ, is the unique solution of the ICARE.
Moreover, the solution of the JLQ problem is u(k) = Ggpyz(k), where G is
given by (28).
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THEOREM 38. Assume that (A,C,PP) is detectable according to Definition 1.
Then, the ICARE has at most one solution. Moreover, if R € H% is the solution of
the ICARE, then (A + BG,P) is ly-stable with the optimal control (28).

Proof. Let R € H’% be a solution of the ICARE. From Proposition 37 (i) we
have that Vg (x,0) < 2/ Rpx, for each z,0, and Lemma 36 provides that (A + BG,P)
is lo-stable. Hence, Proposition 37 (ii) yields that R is the unique solution of the
ICARE and the optimal control is given by (28). |

Remark 4. The results in this section generalize previous result in [7] from the
fact that detectability here generalizes the ¢5-detectability notion employed there; see
Lemma 25.

8. Examples. We start this section with an example showing that (A2) does
not necessarily hold for MJLS with infinite countably Markov chain. Then Example 3
shows that the detectability notion according to Definition 1 depends on the collections
of matrices B and D, and thus it cannot be related to the autonomous version ¥,
only.

We also show, via Example 4, that the detectability concept here generalizes
the earlier /s-detectability and uniform observability concepts, in the sense that the
converse relations of Proposition 28 involving those concepts does not hold.

Ezample 2. This example illustrates that (A2) does not necessarily hold true for
MJLS with infinite countably Markov chain. Indeed, we present a system for which
the state trajectory does not converge to F under converging input and output.

Assume that p;;41 = 1, i € Z, in such a manner that (k) = k + ¢ a.s. whenever
0(0) =i. Letn =1, A; = B;=1,D; =0,i € Z. As regards to C € H}., we set
Cy =0and C; = (i—1)"1/2,4 > 2, in order to get that Cory = (k+1i— D=2 k> 1.

It is simple to check for the autonomous system that Vo(z,0) = > ;o 2?/(k +
i — 1), which converges if and only if z = 0, thus leading to

F=0.

Now, for simplicity, we consider fixed initial conditions z = 1 and § = 1. Consider
the control given by u(0) = 0 and u(k) = (k+ 1)"%/2 — k=1/2 k > 1. We get that
x(k) = k=2 k > 1 is the corresponding trajectory. It is a simple matter to check
that (see [16, Chap. 2.6])

= S EE )R &
(29) Exe{];)ht(kﬂz}z k(k+1) kg k—|—1 L

k=1

and we have that the input converges. As regards to the output, we first evaluate

B {Zx(k)/cé(k)ce(k)x(k”x =0= 1} = Z k4><1/2 Z k2 = Z ok =2

k=0 k=1

where, in the last inequality, we employed the evaluation in [16, Chap. 3.1]). Together
with (29), they provide that

Y(1,1) <3,

which means that the output converges. However, we can also write that

Eyg {Z x(k)|2} _ Z% — 5,
k=0 k=0
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and the state does not converge to the trivial F. Thus, (A2) does not hold and the
system is not detectable. It is also interesting to mention that from Proposition 29 we
have that ' = 0 and, thus, the example also illustrates that the state trajectory does
not converge to the nonobserved space, despite the fact that both input and output
converge.

Ezxample 3. In the system of Example 2, let B; = 0, ¢ € Z. In this case,
V(x,i) = Yo(z,i) = > pey2?/(k+1i—1), and the output converges if and only if
2(0) = z = 0. Then, the system is trivially detectable in the sense of Definition 1.
On the other hand, recall that the system in Example 2 is not detectable. This makes
clear the dependence of the detectability concept on B € H™" and D € H?" and
not only on the parameters of the autonomous system, which shows that the class
of systems studied here share with general nonlinear systems the characteristic that
observability and detectability in general depends on features of the input class.

Example 4. Consider the following version of the JLQ problem of section 7:

(30) min V¥ (z,0), where Yo (z,0) {Z ly(k }

y is the output of system ¥ defined in (1) and kg is a Fx-stopping time defined as
the time that the Markov chain ' = {v(k),k > 0} taking values on the set {n, f}
first enters the state f, i.e., kg = inf{k : v(k) = f}. We assume that the transition
probabilities are given by ¢nn, > 0, 0 < gy < v < 1 and g5y = 1 (f is a cemetery
state).

A possible physical interpretation is that the cemetery state f represents a critical
failure of the system, which forces the system to stop for maintenance at time kq; n
and f stand for normal and failure, respectively.

We start showing that the problem (30) can be cast as the JLQ problem for the
MJLS defined as
(31)

6 takes values on Z = {(f),(1,n),(2,n),...};

P b =5 =L PGy = (1= @ng)Pijs Plim)p = dnfs o

v system matrices: Ay =0, A ) = Ai, i # f, and similarly for B, C, D;
initial conditions: ggog -

0) = f if v(0) = f; 6(0) = (A(0),n) otherwise.
LEMMA 39. The problem (30) is equivalent to the JLQ problem for system V.
Proof. Let us define the Fj-stopping time to = inf{k : 6(k) = f}. It is a
simple matter to check that the random variables ¢y and kg have the same statistics
and similarly for the variables of system ¥ and W for k < ¢, (e.g., y(k) and (k)
are statistically identical for k < ty). Let Y, (-) represent the cost functional in (2)
associated with system W. Then, we can write

ZE{M/ |1{k<to}}+zE{|y )P est0}}

k=0

—ZE{Iy |1{k<to}}—ZE{\y )21 cre} = Voo (2,0). O

(32)

The next lemma establishes that system (A, C,P) is a counterexample for the
converse of Corollary 23; namely, it shows that the uniformly observable systems
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form a strictly subset of the set of detectable systems. The proof is presented in
Appendix 9.

LeEMMA 40. If (A,C,P) is uniformly observable, then system VU is detectable.
(A, C,P) is not uniformly observable.

Ezxample 5. Let us consider systems that present Markov chains with distinct
communicating classes Z; = {in,_,,...,in,},n0 =1, =1,..., N, for which P{6(k+
1) € Z;|0(k) € 2;} = 0 for all i # j. Let us denote such a system by ¥,; we also
denote A7 = (4;), i € Z; and similarly for CV and PJ. We refer to the system
associated with a class Z; as a subsystem (47, C7,P7).

The following result is adapted from [5].

PROPOSITION 41. Consider system W.. Assumption (A1) holds for (A,C,P) if
and only if (A1) holds for each subsystem (A7,CI,P7), j=1,...,N.

Let us construct in this example a system V. composed of one uniformly observ-
able subsystem plus one finite dimensional subsystem, composed by the two classes
2y ={1,2} and 2, = {3,4, ...}, and probability matrix

D11 (I1-p11) O

(1 —p22) P22 0o ...
P 0 0 P33 P34 ...

P43 Pa4

and data A} = ay, Ay = as, C; = 1, Cy = 0, p1; > 0, and paa3 > 1. We assume that
(A2, C?% P?) is uniformly observable.

It is shown in [1] that (A, C'*,P1) is uniformly observable. Since uniform observ-
ability implies (A1) (see Proposition 28), we have that (A1) holds for both (A, C*, P1)
and (A2, C?,P?) and Proposition 41 yields that (A1) holds for the overall system ..

Uniform observability also implies uniform observability w.r.t. F for each subsys-
tem (see Proposition 28), and it is simple to check that the overall system is uniformly
observable w.r.t. F. In this situation, Proposition 28 yields that (A2) holds for the
overall system.

Then, Theorem 18 implies that system ¥, is detectable. However, for this simple
example, it was shown in [5] that the overall system is not ¢5-detectable. This implies
that the converse of Lemma 25 does not hold, and we conclude that detectability here
generalizes {5-detectability.

9. Conclusions. This paper deals with detectability for discrete-time Markov
jump linear systems with countably infinite Markov state. Beginning with Definition
1, which expresses an idea that at same time is purposeful and captures the abstract
notion of detectability, we show that it can be written down in terms of conditions (A1)
and (A2). Condition (A1) alone refers to the autonomous systems and its behavior
within the invariant space F. It is reminiscent of detectability concepts related with
finite dimensional linear systems. Condition (A2) refers to the complete system W
and its behavior within set F1. It comes as an essential condition, connected to the
fact that the observed part of the autonomous system, represented by F-, may not be
uniformly observable, contrary to the finite dimensional case. Example 2 shows that
(A2) may fail in the infinite Markov state case. This clarifies that, unlike the finite
dimensional contexts, the detectability notion yielding property (i) (stated in section
1) cannot be expressed in terms of the parameters of the autonomous version Wy;
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thus, (iii) cannot be completely reproduced. Exceptions are pointed out in Remark
2.

Regarding the issues (I)—(III), note that (I) is accomplished in the sense that
we show that F is the largest ¥q invariant space for which (A1) and (A2) together
possibly hold. Along this line, a remarkable feature is that (A2) is weaker than
the natural extension of the finite dimensional case, that the trajectories converge
to the nonobservable space N’ C F. In addition, (II) and (III) are accomplished by
showing that the notion of detectability generalizes previous notions of ¢5-detectability
and uniform observability, as well as detectability notions for the finite Markov state
case and the usual detectability concept for linear deterministic systems, in their
respective scenarios. Moreover, these relations provide a generalization for earlier
results concerning stability of trajectories with associated finite cost, in the sense that
here we are not constrained to linear feedback form nor optimal control; see Remark
1). A particularization of the results for the JLQ optimal control problem, which was
the initial motivation for this work, provides that the JLQ control is stabilizing and
the solution to the associated ICARE is unique.

Finally, although the analysis here concludes a circle of ideas toward detectability
of MJLS, which has began in [1, 3], we believe that the approach via invariant sub-
spaces proposed here may be useful elsewhere, in contexts such as nonlinear systems
or other infinite dimensional systems.

Appendix: Proof of Lemmas 8 and 10.

Proof of Lemma 8. It is simple to check that
E[|Pyryx(k)[*] = tr{ B[Py (k) (k) Pyy)]}
= Z tT{PiE[x(k)x(k)l1{0(k):i}]Pi/}
i€Z
=Y tr{PXi(k)P]} = | PX(k)P'||r,
i€z
which provides that -7 ) E[|Pyayx(k)|?] < oo if and only if Y32 [|PX (k)P'||p <
0. ]

Proof of Lemma 10. For any scalar a # 0, we have that

Xi(k+ 1) = E{[Aoryz(k) + Boyu(k)|[Aor)2(k) + Boyu(k)] 1ig(e+1)=i} }

< E{[(1 + o®)(Agqy(k)z (k) Afy))

+(1+ 1/a2)(Be(k)u(k)u(k)/Bé(k))H{O(kJrl):i}}
=Y E{[(1+ o®)(Ajx(k)z(k) A))

i€z

+ (14 1/®)(Bju(k)u(k) B)|1{ok1)=i.06)=5} }

= (l + 042) Z pjiE{ij(k)x(k)/A;1{9(k):j}}
jez
+(1+1/%) Y pji B{Bju(k)u(k) Bj1 o=} }
JjEZ

=(1+a®)La(X(E)+ (A +1/aPLpUK)), k>0. D
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Appendix: Proofs of Lemmas 20 and 21.

Proof of Lemma 20. Since Pz is the projection of x onto S;*, we have that
P,z € S and from the hypothesis of the lemma we have that there exists T, e > 0
such that YT (P;x,0) > €| Piz|?. Employing this fact and Proposition 15 we evaluate,
for a > 0,

V&(x,i) = o’ Hx = (v — Pix + Pix)'H(x — Pz + Pix)
> (1—a?)(x— Px)'H(x — Pix) + (1 —1/a?)(Px) H(P;x)
> (1-1/a?)(Pa) H(Paa) = (1 - 1/a®) V] (P, i)
> (1 —1/a?)e|Px|?. 0
The next results are needed for the proof of Lemma 21.

LEMMA 42. E, o{ VT (2(t),0(1))} = VI (X (1)).
Proof. Using (7) we can write that

t+T—1
Vol(,0) = > (X(k),C'C) = E, o{V{ ((t),0(1))}.
k=t
However,
t+T—1 T—1 ~ _
> (X(k),C'C) =) (X(0),C'C) = Vi (X(0)),
k=t =0

where XZ(E) = Xl(t—f—g) = Ew).g{x(t—‘ré)l‘(t—i—g)/l{g(prg):i}} for/ =0,...,T—1, which
shows the result. ]
LEMMA 43. Let V € HY . The following inequality holds:

(33)  (Lv(X(k),C'C) 2(1 - o)Ly (La(X(k —1))),C"C) = k|U(k = 1)||r

for some 0 < a <1 and k > 0.
Proof. From Lemma 10 we evaluate

(Lv(X(K)),C'C) = (1 = a®)(Ly (La(X(k - 1))),C'C)

(34) ,
+ (1 =1/a*){Ly(Lp(U(k —1)),C'C)

and for the second term on the right-hand side of (34) we employ Proposition 11 (v)
to obtain, for 0 < a < 1,

(1 =1/a®)(Lv(Lp(U(k —1))),C"C)

(35) > (1= 1/?)[CIZIIVIZIBIZ U (k - 1), 1)
= —r(U(k=1),1),
where k = —(1 — 1/a?)||C||Z|IV]Z I B||%, > 0. The result follows immediately from

(34) and (35). 0
Proof of Lemma 21. From (33) with V' = I, we get that

(36) (X(m),C'C) = (1= a®){La(X(m —1)),C"C) = wl|U(m — 1) F.
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For the first term on the right-hand side of (36), we employ (33) with V' = A, and we
repeat this step recursively for m =k —1,...,t+ 1, to obtain

(X8C°0) 2 (1)), )
37
0 —HZ ).

Noticing that (1 —a?)k¥=* > (1 —a®)T for k —t < T and —(1 — a?)* > —1 for all
k >0, we get that

(38) (X(k),C'0) = (1= )T (LEH(X(1),C'C) = w YU
{=t

for t <k <T+t—1. Then, from (7) and (38) we evaluate

T+t—1
Vil(w,0)= Y (X(k),C'C) + (U(K), D'D)
k=t
T+t—1 THi—1k—1
> (1-a®)" Y (LHX1),C0) —r Y ZIIU )lr
k=t k=t (=t
T-1 T+t—1
> (1-a®)" Y (Lh(X(#).C'C) =T Y |URK)|F
k=0 k=t
or, equivalently,
T+t—1
ViT(2,0) 265 (X)) =8 Y UK,
k=t
where 6; = (1 — a?)T and 6, = kT. Lemma 42 completes the proof. O

Appendix: Proof of Lemma 31. For the proof of Lemma 31, we write X in
the following form [14, Them. 7.5.2],

(39) X;=vivY +-+ ol

where vI" € R",m = 1,...,r, and r; = rank(X;) < n, and we write the trajectory
X (k) as a linear combination of trajectories X*™ (k) associated with initial condition
v}, as follows.

Let z5™(0) = o™ € N(0;). Let z%™(k) € R", m = 1,...,r;, be given by
the difference equation "™ (k + 1) = Ag(yz"™(k), 6(0) = i. Let X" (k) € HY
be the second moment matrix X" (k) = E{z""(k)z""™(k)'1{g(r)=j1}, J € Z. No-
tice that X/"™(0) = v/ and X;’m(O) = 0 for j # i, and we can write X; =
Z ez S X g.m (0). Then, from the linearity of the operator £ we have that, pro-
vided X(0 ) X,

Xo.i(k ZZX“”

jEZm=1
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which leads to

Yol) = 3 (Xa(l), € <z S X, o' >
k=0

k=0 jEZm=1
(40) T [o'e) T
= DX (R),C'C)y =D Vo). O
jEZm=1k=0 jEZm=1

Proof of Lemma 31. (i) Notice that (39) provides that
PXP =0« Po™w™P =0 Vi,m

(41) meN; Vi,m e Yo(vl'i) =0 Vi,m.

From (40), Vo(X) = 0 is equ1valent to Yo(vi™,i) = 0, for each ¢ and m, and, from
(41), this is equivalent to PX P’ = 0.

(ii) We shall show that Yo (x,i) > €|x|* whenever x € N;-. Let X € H®% be defined
as X; =z’ and X; =0, j # i. Since z € N3, we have that Pz =  and it is simple
to check that PX P’ = X and X € N'*. Then, from the assumption in the lemma, we
obtain Yo(X) > €| X | and it follows that YVo(z,i) = Vo(X) > €| X||r = €|x|?. 0

Appendix: Proof of Lemma 40.

Proof of Lemma 40. First we show that (A2) holds for (4,C,P). Notice
that the requirements in Assumption (A2) hold trivially whenever 6(0) = f; indeed,
z(k) =0,k >0, as..

Now consider (0) # f. From the uniform observability of (A4, C,P) we have that
there exists T', ¢ > 0 for which Z E{|y( )T < ko} > €|lzo|?. Then, we define the
stopping time to = inf{k : O(k) = f} and similarly to (32) we evaluate

Vo (x,0) ZE{HJ )P 1g>my} = ZE{MJ W1 ry>1y}

T—-1
= P{ko > T} Y E{ly(k)]*|ko > T} > P{ko > T}elx|.

Since goy < v < 1, we have that P{ky > T} > 0 whenever 8(0) = 6 # f (v(0) # f).
This allows us to write

(42) Vo (,0) > ealal*, 04 f,
where €5 = eP{k:o > T|9 #+ f} > 0.

Now we show that (A1) holds for (A, C,P), that is, we show that Vy(z,0) = oo
provided that Y 77, E{|Z(k)|*} = oo. Note that we can assume that 0(0) # f,
otherwise we have that Y.~ , E{|Z(k)|*} = |z|? < co. We evaluate, for any ¢ > 0,

0 oo (m+1)T+—1
Volz,0) =Y E{lg(k)|*} = Z > E{gk)I
k=0 m=0 k=mT+¢

0o (m+1)T+L-1
>3 > EB{i0) Pl mren }
m=0 k=mT+{
0o (m+1)T+£—1
=Y Plto>mT+0) Y E{|gk)* te>ml +¢},
=0 k=mT+¢

3
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and since ¢ > mT + ¢ implies in particular that §(mT +¢) # f, we get from (42) that

Yolw,0) > Y Pto > mT + O E{|z(mT + 0)*| to > mT + £}
(43) "
= €2 Z E{|z(mT + €)|21{to>mT+€}}'

m=0

Summing up (43) for £ =0,...,T — 1, we obtain

(44) TYo(x,0) >€2ZE{|$ )P 1>k }-
k=0

Now, recalling that 6(0) # f, we evaluate
B{a() 1 yoiy} = Plto > R E{E(0)2|to > k}
(1= gup) B{# ()P to > £} = (1 — qup) E{J2 (k)| to = &}

= W) (g e B3 () to = k)

(45) dnf

1—gqn - n
= Lt ity = (a0 |10 = K} = S B P10,

= E{Z(k)*1it=1y },

where €3 = (1 — ¢ns)/gnys. Finally, (44), (45), and the fact that z(k) = 0 a.s. for each
k > tg lead to

TYo(x,0) >EQZE{|33 )2 Litoskr )
k=0

€3 1+63
1+€3

ZEH?«" P Lgto>ky}

k=0

- 1—|—e (ZE{|$ ‘l{to>k}}+ZE{|x |1{t0 k}}>

— €3 (k) [12Y =
JQHEB;EH:C(;@M } = oo.

:62

We have shown that (A1) and (A2) holds for (A, C,P); Theorem 18 provides the first
assertion in the lemma. For the second assertion, note that Yy(x,0) = 0 whenever
0=f. |
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