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A theoretical and experimental investigation of catastrophic amplification of broadband noise in optical fibers
near the zero-dispersion frequency (n0) pumped by two lasers with frequencies that are symmetrically tuned
relative to n0 is presented. The effect is due to a four-wave mixing (FWM) process, phase matched up to third-
order dispersion, between the spectral components of noise and the lasers. We observed a FWM gain of 16 dB
(10-dB net gain) over a 22-nm bandwidth (limited by fourth-order dispersion) for 18-dBm power lasers at 61
THz (8 nm) from n0 in a 25-km-long dispersion-shifted fiber. A simple analytical model is proposed that will
permit us to investigate this effect numerically in amplified links with concatenated amplifiers and consider
random fluctuations of n0 along the fiber. © 2001 Optical Society of America
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1. INTRODUCTION
Four-wave mixing (FWM) between channels in dense
wavelength-division multiplexing (DWDM) systems is
known to severely limit the transmission capacity of opti-
cal fibers.1 These FWM interactions are particularly det-
rimental if one of the channels operates at the zero-
dispersion wavelength, l0 (Ref. 2) (or, more rigorously
speaking, slightly above l0 in the anomalous dispersion
region3). In this case, the FWM is nearly phase matched,
leading to efficient buildup of FWM products.2 Phase-
matched FWM can also occur between a single channel at
l0 and Fourier components in the amplified spontaneous
emission (ASE) noise from optical amplifiers, leading to
efficient amplification of noise in the fiber.4–10 Following
Marcuse,4 we refer to this efficient mechanism for energy
transfer from lasers into noise as catastrophic noise
buildup.

In this paper we show that catastrophic noise buildup
can also occur in the presence of two lasers, even if nei-
ther one is tuned to l0 . Experimentally, we observed
broadband noise amplification with gain in excess of 15
dB when lasers were tuned nearly symmetrically relative
to the zero-dispersion frequency of the fiber. This effect
is due to a FWM process between two lasers and noise.
The analysis of this process differs from that describing
two-pump parametric amplification of a weak laser
signal11,12 in that the noise field is broadband and sto-
chastic, in contrast with the laser signal field, which is
narrow band and coherent.

In general, with two input lasers (frequencies n1 and
n2) several FWM processes are possible that involves
these lasers and a noise Fourier component at n. These
interactions produce overtones at n1 1 n2 2 n, n1 2 n2
1 n, 2n1 2 n, etc. In addition, FWM among the lasers

(producing tones at 2n1 2 n2 and 2n2 2 n1) and a cas-
caded FWM process along the fiber exhibit a complicated
0740-3224/2001/101428-08$15.00 ©
cacophony as all Fourier components become coupled to
one another. A nonlinear Schrödinger equation (NLSE)
fully accounts for all laser–laser and laser–noise interac-
tions. In fact, we have found good agreement between
our experimental results and numerical solution of the
NLSE. However, this approach does not provide physical
insight into the ways in which the individual FWM pro-
cesses are responsible for the features in the output spec-
trum. In Section 2 we present a different approach in
which we isolate a given FWM process and neglect the
others. The experimental observations are well de-
scribed by the n1 1 n2 2 n process, for which we present
a detailed analysis. We show that, when the lasers are
tuned nearly symmetrically relative to n0 , only this FWM
process is phase matched over a broad range of frequen-
cies, thus giving broadband noise amplification. Our
analysis is performed entirely in the frequency domain,
and we take into account the stochastic nature of the
noise field as well as fiber loss and dispersion to any or-
der. In Section 3 a simple differential equation is derived
that describes catastrophic noise buildup. In the case of
short fibers, for which fiber loss can be neglected, a simple
analytical solution is derived for the gain of this process.
In Section 3 we describe the experimental setup and
present our observations, which are compared with nu-
merical results from the model developed in Section 2 as
well as with those from the NLSE. We complete our
study of this effect by simulating long amplified links for
which the effect of random fluctuations of n0 5 c/l0 along
the fiber is considered. Finally, in Section 4 we draw our
conclusions and discuss possible implications for DWDM
systems.

2. THEORY: FOUR-WAVE MIXING AND
PHASE MATCHING
FWM involving ASE noise differs from that which in-
volves just lasers (coherent sources) in that the statistical
2001 Optical Society of America
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nature of the noise field has to be taken into account. We
consider two strong lasers with frequencies v1 and v2
and input powers P01 and P02 , respectively, interacting
with a background ASE field, E(z, t) (z is the position
along the fiber, and t is time). At the fiber input (z
5 0) we assume that E(0, t) is a stationary random pro-
cess, so the ensemble average of its Fourier transform sat-
isfies

^E0 , v!E* ~0, v8!& 5 const. 3 N0~v!d ~v 2 v8!, (1)

where v is the frequency, N0(v) is the noise input power
spectrum, d (v) is Dirac’s delta function, and the
superscript * denotes a complex conjugate.

We write the field of a monochromatic laser at fre-
quency vn (n 5 1, 2) as E laser n(z, v) 5 pEn(z)d (v
2 vn) 1 pE2n(z)d (v 2 v2n), where E2n 5 En* and
v2n 5 2vn . The total field in our problem is E laser1
1 E laser2 1 E, where E is the noise field (uEu
! uE laser1,2u). The propagation equation, in the fre-
quency domain, is13

F ]2

]z2 1 k2~v!GE~z, v!

5 2
3v2

4c2 (
jk

x jk
~3 !Ej~z !Ek~z !E~z, v jk!, (2)

where k(v) 5 b(v) 2 ia/2, b(v) is the wave vector at v,
a is the attenuation coefficient, x jk

(3)5x (3)(v; v j , vk , v jk),
and v jk 5 v 2 v j 2 vk ( j, k 5 6 1, 62). Equation (2)
follows directly from the definition of the third-order non-
linear polarization13 where we have retained only terms
that are linear in the noise field. We have assumed also
that the total field is linearly polarized, thus allowing us
to disregard the tensorial nature of x (3). We define the
spatially slowly varying amplitudes for the noise and the
lasers: Ã(z, v) 5 E(z, v)exp @ib (v)z 1 a z/2# and Ãn(z)
5 En(z)exp @ik(vn)z 2 ifn(z, vn)#, where f1 5 f1(0)
2 g (P01 1 2P02)@1 2 exp(2az)# /a and f2 5 f2(0)
2 g (P02 1 2P01)@1 2 exp(2az)# /a, where fn(0) repre-
sents the initial (z 5 0) phase of the corresponding laser
and g is the nonlinear coefficient g (v)
5 3vx (3)/4c2«0n0

2 Aeff ( Aeff is the effective cross-sectional
area of the fiber, c is the speed of light in vacuum, n0 is
the linear refractive index, and «0 is the electrical permit-
tivity of vacuum). Amplitude Ãn(z) is related to laser
power Pn(z) by the expression Pn(z)
5 1/2«0n0cuÃn(z)u2 exp(2az) Aeff .

The propagation equation [Eq. (2)] for the noise at fre-
quency v becomes
]

]z
Ã~z, v!

5 2ig $2~P1 1 P2!Ã~z, v!

1 P1 exp~iDbaz 1 i2f1!Ã* ~z, 2v1 2 v!

1 P2 exp~iDbbz 1 i2f2!Ã* ~z, 2v2 2 v!

1 2AP1P2 exp@iDbcz

1 i~ f1 2 f2!#Ã~z, v2 2 v1 1 v!

1 2AP1P2 exp@iDbdz

1 i~ f2 2 f1!#Ã~z, v1 2 v2 1 v!

1 2AP1P2 exp@iDbez

1 i~ f1 1 f2!#Ã* ~z, v1 1 v2 2 v!%, (3)

In deriving Eq. (3) we neglected the small frequency de-
pendence in a and g and assumed that Ã is a slowly vary-
ing function of z (u]2Ã/]z2u ! ub]Ã/]zu) and b(v) @ a.
We also assumed that the pump lasers are not depleted by
the nonlinear interactions, so the attenuation is given by
Pn(z) 5 P0n exp(2a z).

In Eq. (3) we have the wave-vector mismatches intro-
duced by dispersion:

Dba 5 b~v! 1 b~2v1 2 v! 2 2b~v1!, (4a)

Dbb 5 b~v! 1 b~2v2 2 v! 2 2b~v2!, (4b)

Dbc 5 b~v! 2 b~v2 2 v1 1 v! 1 b~v2 2 b~v1!, (4c)

Dbd 5 b~v! 2 b~v1 2 v2 1 v! 1 b~v1! 2 b~v2!, (4d)

Dbe 5 b~v! 1 b~v1 1 v2 2 v! 2 b~v1! 2 b~v2!. (4e)

Equation (3) has six terms on its right-hand side that ac-
count for nonlinear interactions between two lasers and
the background noise. The first term can be interpreted
as cross-phase modulation, although, rigorously speaking,
cross-phase modulation is introduced in the time domain,
whereas Eq. (3) is in the frequency domain. The remain-
ing five terms represent five FWM processes that contrib-
ute to the noise field at a given frequency v. These pro-
cesses, designated in the same order as the element of
Eqs. (4), are FWM (a) between laser 1 and noise at va
5 2v1 2 v, making a contribution at v via 2v1 2 va
5 v; (b) between laser 2 and noise at vb 5 2v2 2 v
(through 2v2 2 vb 5 v); and between the two lasers and
noise at (c) vc 5 v2 2 v1 1 v or (d) vd 5 v1 2 v2 1 v
and (e) v8 5 v1 1 v2 2 v (v 5 v1 1 v2 2 v8). In
this paper we consider the case when the laser frequen-
cies are chosen such that the condition v1 1 v2 5 2v0 is
nearly satisfied. We show below that, for this condition,
only process (e) is wave-vector matched over a broad
range of frequencies. In what follows, we limit our
analysis to FWM process (e) and disregard all other pro-
cesses.

In process (e), a noise Fourier component at an arbi-
trary frequency v is coupled to another component at v8
5 v1 1 v2 2 v (see Fig. 1). To study this process we re-
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tain, on the right-hand side of Eq. (3), only the first and
last terms. We further define A 5 Ã(z, v)exp $2i(P01
1 P02)@1 2 exp(2a z)# /a%. This definition results in the
following set of coupled equations:

]A

]z
5 aA8* ,

]A8

]z
5 aA* , (5)

where A8 5 A(z, v1 1 v2 2 v),

a 5 22igAP1P2 exp~iDbz 1 if !, (6)

Db 5 Dbe , and f 5 f1(0) 1 f2(0) 1 g (P01 1 P02)@1
2 exp(2a z)# /a.

Coupled equations (5) can easily be decoupled, yielding

S ]2

]z2 1 b
]

]z
2 uau2DA 5 0, (7)

where b 5 2(] ln a/]z) 5 a 2 i@Db 1 g (P1 1 P2)#. Equa-
tion (7) is the main theoretical result of our analysis and
describes the fundamentals of noise–signal interaction for
the FWM process considered. It is shown below that Db
is symmetrical relative to the interchange of v and v8,
with the consequence that Eq. (7) is also satisfied by A8
with the same coefficients b and uau2. In general, Eq. (7)
cannot be integrated analytically because uau2 and b are
functions of z. However, Eq. (7) is a linear second-order
differential equation, and its solution can be written as a
linear combination of the initial values of A@A(0, v)
5 E(0, v)# and its first derivative, which, from Eqs. (5),
is given by ]A(0, v)/]z 5 a(0)E* (0, v8):

A~z, v! 5 F~z, v!E~0, v! 1 H~z, v!E* ~0, v8!, (8)

where F and H are deterministic functions of position and
frequency that do not depend on the details of the random
process that describes the input noise field. It is shown
in Appendix A that F and H both satisfy our fundamental
Eq. (7). However, the advantage of working with F and
H (instead of with A and A8) is that these functions are
deterministic, whereas A and A8 are stochastic. The out-
put power spectrum, N(v), is proportional to
^uE(L, v)u2& 5 ^uA(L, v)u2&exp(2aL), and, using Eqs. (1)
and (8), we obtain

N~v! 5 uF~L, v!u2 exp~2aL !N0~v!

1 uH~L, v!u2 exp~2aL !N0~v8!. (9)

Fig. 1. Two monochromatic lasers interacting with background
ASE noise. Spectral components at v and v8, symmetrically lo-
cated relative to vr 5 (v1 1 v2)/2, are coupled to each other by
FWM processes v1 1 v2 2 v8 5 v and v1 1 v2 2 v 5 v8. If
vr 5 v0 (the zero-dispersion frequency of the fiber), these pro-
cesses are phase matched up to third-order dispersion.
Equation (9) expresses the output spectrum as a func-
tion of the input. One can see that the output power
spectrum depends on the input powers at v and at v8
5 v1 1 v2 2 v. With fiber loss neglected (a 5 0),
these functions can be calculated analytically (see below).
For a Þ 0, F and H must be obtained numerically, and we
show, in Appendix A, an efficient algorithm for this pur-
pose.

When a 5 0, coefficients uau2 and b are constants and
Eq. (7) can be readily solved. The solution can be ex-
pressed as

N~v! 5 16g2P01P02

sinh2~ gL/2!

g2

3 @N0~v8! 1 N0~v!# 1 N0~v!, (10a)

g 5 @2Db2 2 2gDb~P01 1 P02!

2 g2~P01 1 P02!2 1 16g2P01P02#1/2. (10b)

It is interesting to note that this solution is similar to
that derived in Ref. 14. In that paper the catastrophic
noise amplification is treated theoretically for the case of
a single laser interacting with noise [equivalent to our
processes (a) or (b) in Eqs. (3) above]. Furthermore, the
gain coefficient [Eq. (10b)] is identical to that obtained for
a two-pump fiber-optic parametric amplifier,15 which is
reasonable because the underlying FWM processes are
the same, irrespective of whether a signal or noise is be-
ing amplified. It is not obvious, though, that such a para-
metric amplifier should give the same black-box gain for a
weak laser signal or noise, given the different natures of
stochastic and deterministic fields. In fact, an important
difference should be noted: the output noise power at v
depends on the input at v8, yielding a gain factor that, for
N0(v8) ' N0(v), is roughly twice as large as that of the
signal. Strictly speaking, the problem considered here
should be compared with that of a parametric amplifier
for which the idler at v8 is already present at the fiber in-
put with an amplitude that is comparable with that of the
signal. As was pointed out in Refs. 3 and 16, which
treated the single-pump case, signal amplification de-
pends strongly on the initial phase relationship among
the pump, the signal, and the idler. That phase sensitiv-
ity of the parametric amplifiers arises from interference
among the interacting waves. In the present problem of
noise amplification, there is no such phase dependence
because noise components at different frequencies are un-
correlated [see Eq. (1)] and do not interfere.

We now describe the derivation of Db that gives wave-
vector matching over a large bandwidth. In terms of the
coefficients of a Taylor expansion of wave vector b(v)
about an arbitrary reference frequency vr ,15 we have
that Db 5 Db2 1 Db3 1 ..., where Db2 is the mismatch
that is due to second-order dispersion, and so on. If we
choose vr 5 (v1 1 v2)/2, then

Dbn 5
1 1 ~21 !n

n!
bn~vr!@~v 2 vr!

n 2 ~v1 2 vr!
n#,

(11)

with bn(vr) 5 ]nb/]vnuvr
. Equation (11) shows that all

odd terms are identically zero. If we further make vr co-
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incident with the zero-dispersion frequency, vr 5 v0
5 2pc/l0 , then b2(vr) 5 0, and the lowest-order disper-
sion contribution to phase mismatch is given by fourth-
order dispersion:

Db 5 Db4 1 Db6 1 ... . (12)

Then FWM combinations of the type v1 1 v2 2 v
5 v8 and v1 1 v2 2 v8 5 v provide quasi-phase-
matched mechanisms to amplify, simultaneously, spectral
components of noise at v and v8 (see Fig. 1). Retaining
only terms to fourth order [see Eqs. (11) and (12)], we
have that

Db 5 Db4 5 ~1/12!b4~vr!@~v 2 vr!
4 2 ~v1 2 vr!

4#.

(13)
Rigorously speaking, Db 5 0 is not quite the phase-

matching condition. A general trend in Eqs. (5) is that
the increasing rate of the noise field will be maximum
when the driving term has a stationary phase, i.e., when
DbTotal 5 Db 1 ]f/]z ' 0. A nonlinear contribution
(]f/]z), which in some cases can be important, is added
to the dispersion contribution. The result expresses a
power-dependent phase-matching condition,3 and the la-
sers at v1 and v2 will be slightly asymmetrical relative to
v0 for exact wave-vector matching.

In dispersion-shifted fibers, efficient FWM interaction
with noise can occur over a large bandwidth for a process
of the type of v1 1 v2 2 v8 5 v when the lasers at v1
and v2 are symmetrically tuned relative to v0 . The mis-
match of FWM processes (a)–(d) cannot be small over a
large bandwidth. This fact is illustrated in Fig. 2, where
Db for all FWM processes is plotted. Figure 2 was gen-
erated with the assumption that v1 2 v0 5 v0 2 v2 (the
laser wavelengths are indicated by the dotted lines), b3
5 0.11 ps3/km, and b4 5 20.00039 ps4/km (see Section 3
below for calculations of b3 and b4). A given FWM pro-
cess is efficient over the range of frequencies at which the
phase mismatch uDbLeffu , p $where the effective fiber
length is Leff 5 @1 2 exp(2a L)# /a%. In long fibers, Leff
' 1/a is typically 20 km. Thus, typically, the bandwidth
for FWM is determined by uDbu , p/Leff ; 0.15 km21.
This region is indicated in Fig. 2 by the nonshadowed
area. We can see from Fig. 2 that process (e) has a band-
width of ;20 nm, whereas all other processes (a–d) have
bandwidths that are smaller than 2 nm.

Fig. 2. Wave-vector mismatch for the five possible FWM pro-
cesses that involve two lasers (symmetrically tuned relative to
v0) and noise. The lasers’ wavelengths are indicated by dotted
lines.
3. EXPERIMENTS
The experimental setup is shown in Fig. 3. We used a
dispersion-shifted fiber with L 5 25 km, a 5 0.05 km21,
l0 5 1551.35 nm, S0 5 0.073 (ps/nm2)/km [S0
5 (2pc/l0

2)2b3(v0) is the dispersion slope at l0] and g
5 2.3 W21/km. All these parameters were measured
by either optical time-domain reflectometry (for a and L)
or the modulational-instability-based method described in
Ref. 17. Two cw tunable external-cavity lasers, with
wavelengths l1 and l2 (l1 , l0 , l2), were spectrally
broadened by 400-MHz phase modulation to prevent
stimulated Brillouin scattering in the fiber and were am-
plified to P01 > P02 > 18 dBm by two cascaded erbium-
doped fiber amplifiers (EDFAs). Using two EDFAs al-
lowed us to control the shape of the noise spectrum and to
study the simplest case of almost flat input noise. We
used a 2 3 2 coupler to monitor the input spectrum (10%
port) and the Brillouin backscattering. The frequency
and the amplitude of the electrical signal driving the
phase modulator were adjusted to eliminate Brillouin
backscattering (,40 dB). Spectra were recorded with an
optical spectrum analyzer that had a 0.1-nm resolution
bandwidth.

In our model we assumed that both lasers and noise
fields had linear polarization and were parallel to one an-
other. In the experiment, however, the input ASE was
unpolarized and the lasers evolved into an elliptical polar-
ization owing to fiber birefringence. We experimentally
analyzed the dependence of noise gain on polarization.
To this end, we added a polarization controller and a po-
larizer at the fiber output and adjusted the controller to
render the output lasers nearly linearly polarized and ori-
ented parallel or perpendicular to the axis of the polar-
izer. It was not possible to obtain perfect linear polariza-
tion for both lasers simultaneously, as birefringence
depends on wavelength. Using this procedure, though,
we could measure the output ASE polarized roughly par-
allel or perpendicular to the lasers. The gain ratio for
parallel (G i) and perpendicular (G') states, for G i

5 16 dB, was measured to be ;10 dB in the spectral re-
gion near l0 . This is in agreement with the expected re-
sult for an ideal fiber without birefringence, for which the
effective third-order susceptibility when the noise field is
polarized orthogonally to the lasers is one third of that for
the parallel case @xyxxy

(3) 5 xxxxx
(3) /3#.

In Fig. 4(a) we show the input and output spectra when
the lasers were tuned at l1 5 1543.5 and l2
5 1559.2 nm, i.e., nearly symmetrical relative to l0 .

Fig. 3. Experimental setup: PC, polarization controller; OSA,
optical spectrum analyzer; DSF, dispersion-shifted fiber.
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We observe that the output ASE level is larger than at the
input by ;10 dB over the whole spectral region between
the lasers. Considering that the fiber and the connectors
provided a total loss of ;6 dB, the FWM gain for noise
was ;16 dB in this case. As can be observed from this
figure, large gain occurs mainly for noise Fourier compo-
nents located from v1 to v2 . This fact is related to the
form of the wave-vector mismatch (Dbc) spectrum plotted
in Fig. 2.

We also show, in the same figure, the simulations per-
formed with our model, the frequency-domain model
(FDM), and by solution of the NLSE, both with the same
parameters as were used in the experiment. We per-
formed all the simulations assuming a flat input noise
spectrum. Compared with the experimental spectrum,
the FDM yields a smaller gain for the innermost frequen-
cies and a larger gain for the outermost ones, whereas the
NLSE gives a larger gain for the entire spectrum, with
larger discrepancies for the outermost frequencies. With
numerical experiments that used the FDM or the NLSE,
we verified that the larger gain for the outermost frequen-
cies is due to the fact that we considered l0 constant
along the 25 km of fiber. It is shown below that varying
l0 along the fiber causes the symmetry to be partially
lost, thus strongly reducing the gain for the outermost
frequencies.

The advantage of the FDM compared with the NLSE
for simulations of laser–noise interactions is that the
FDM calculates deterministic functions (F and H); the
stochastic noise field is included by the input spectral

Fig. 4. Input and output spectra with P01 5 P02 ; 18.3 dBm
and for l1 and l2 located (a) symmetrically or (b) asymmetrically
relative to the zero-dispersion wavelength. In (b) l2 was tuned
;2.5 nm from symmetry.
density N(0, v) at the end of the calculus. In the NLSE
simulations the input noise field is randomly generated,
and we must take tens of thousands of points for a real-
istic description of the stochastic process. Furthermore,
each execution of the NLSE program represents the non-
linear response of the fiber to a single outcome of this ran-
dom process, and, at high pump powers, it is necessary to
average the output from 30 or more simulations. Thus,
for the pump powers considered in this paper, a typical
FDM simulation requires 1 min for execution, whereas
the NLSE program requires ;5 h on the same computer.
The FDM program is useful for testing hypotheses and
getting quick answers but does not compare in accuracy
with the NLSE program. The FDM is particularly useful
for evaluating the contribution of a given FWM process
isolated from the others. The NLSE program correctly
accounts for all other laser–noise FWM interactions as
well as laser–laser FWM and even cascaded FWM pro-
cesses that develop along the fiber, but it does not provide
physical insights into which particular process is respon-
sible for each feature in the output spectrum.

Detuning l1 by 2.5 nm (;0.315 THz) from the previous
symmetric case, we observe [Fig. 4(b)] that the experi-
mental FWM gain is reduced to ;0.5 dB. This clearly
shows that the catastrophic noise amplification is highly
sensitive to detuning, as predicted from the wave-vector
matching analysis.

In the numerical simulations we used b4(v0)
5 20.00039 ps4/km. We obtained this value by consid-
ering that, near the zero-dispersion wavelength, the dis-
persion parameter can be expressed as D(l) 5 S0l(1
2 l0

3/l3)/3. Writing this dispersion relation as a func-
tion of v and expanding in power series of v 2 v0 , we ob-
tained b3 5 ]b2 /]v and b4 5 ]b3 /]v, where b2
5 2l2D/2pc 5 2(2pc)2S0(1/v3 2 1/v0

3)/3. Substitut-
ing the average measured values into our fiber, l0
5 1551.35 nm and S0 5 0.073 ( ps/nm2)/km, we obtained
b3(v0) 5 0.11 ps3/km and b4(v0) 5 23.9 3 1024 ps4/km.

In Fig. 5 we show the FWM gain at l 5 l0 for the sym-
metrical case as a function of input power (P01 5 P02) as
obtained from FDM numerical calculations and measure-
ments, with the same parameters and laser wavelengths
used in Fig. 4(a). At large input laser powers, the FWM
gain should saturate as a result of pump depletion. Our
data in Fig. 5 indicate that, up to the maximum power

Fig. 5. FWM gain as a function of input power P01 5 P02 5 P.
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that we could obtain in the experiment, we did not see
saturation. The agreement between experiments and
FDM is quite good, except at 18.3-dBm input power,
where the measured gain is larger than the calculated
gain. An explanation for this discrepancy could be found
in cascaded FWM processes that are not included in the
FDM.

We now turn our attention to the study of longer links
without in-line amplifiers. We simulated two links, with
L 5 150 km [Fig. 6(a)] and L 5 200 km [Fig. 6(b)] with
input peak powers of 15 and 30 mW, respectively, which
were sufficient to overcome these distances. The two la-
sers were nearly symmetrically located relative to n0 ,
with the same values of l1 and l2 that we used for Fig.
4(a). We observed FWM gains of ;4 and ;8.5 dB, re-
spectively, over a bandwidth of ;22 nm. For comparison,
we plotted our results by solving the NLSE. For noise
frequencies near the laser frequencies, where FWM pro-
cesses (a)–(d) are wave-vector matched, the NLSE simu-
lations showed more gain than for our FDM when only
FWM process (e) was considered. The FDM tends to un-
derestimate the gain and gives a spectral shape that re-
minds one of the form of Db for process (e) (see Fig. 2).

We now consider long links with in-line amplifiers. In
Fig. 7(a) we simulate a link of L 5 400 km with three in-
line amplifiers (100 km between consecutive amplifiers)
with flat gain and with uncorrelated noise added at each
amplifier stage. The input power was P01 5 P02
5 10 mW, and the lasers were tuned to the same wave-
lengths as for Fig. 6. We define the normalized gain as
the noise amplification that is due to nonlinear effects;

Fig. 6. Simulated FWM gain spectra with l1;1543.5 nm and
l2 5 1559.2 nm for (a) P01 5 P02 5 15 mW and (b) P01 5 P02
5 30 mW.
i.e., the 0-dB level is the output noise level in the absence
of nonlinearity. The normalized gain for this case is ;4.5
dB over a bandwidth of 22 nm. For the longer links of
L 5 1000 km that comprise nine amplifiers, the normal-
ized gain is ;11 dB over the same bandwidth. These
simulations, which use input power levels that are typical
in transmission systems but with a constant zero-
dispersion wavelength along all the fibers in the link, pre-
dict large noise buildup. It is well known, however, that,
in an actual fiber, l0 varies randomly along the fiber.18

To investigate the influence of l0 fluctuations, we simu-
lated a link of L 5 400 km (with in-line amplifiers every
100 km), modeling the l0 variation as l0(z) 5 ^l0&
1 Dl0(z) 1 dl0(z), where ^l0& 5 1551.35 nm for all
simulations. dl0(z) is a rapidly varying fluctuation (zero
correlation length) modeled as a Gaussian process with
zero mean and a standard deviation of 0.2 nm. Finally,
Dl0(z) is a slow fluctuation modeled as a constant value
for every 4-km segment and varies randomly from seg-
ment to segment as a Gaussian process with zero mean
and a 10-nm standard deviation.

In Fig. 8(a) we have plotted our results. The normal-
ized gain is now ;1.8 dB and should be compared with
the 4.5 dB obtained for Fig. 7(a). This decrease in noise
amplification is due to fluctuations in l0 . Nevertheless,
the spectral shape is roughly the same as in the case
without l0 fluctuations. Now we detune laser 2 slightly,
by D 5 0.1 nm @D 5 u^l0& 2 (l1 1 l2)/2u#, and the spec-

Fig. 7. Simulated FWM gain spectra with l1 ; 1543.5 nm and
l2 5 1559.2 nm with P01 5 P02 5 10 mW.
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trum is as shown in Fig. 8(b). The normalized gain now
drops to ;0.7 dB over a bandwidth of 15 nm, and for a
detuning of D 5 0.35 nm (;45 GHz) the gain is 0.1 dB
and the spectral shape changes sharply. These results
indicate that (1) fluctuations of l0 tend to reduce gain but
preserve the gain spectral shape, with the important con-
clusion that, essentially, the gain bandwidth is limited by
fourth-order dispersion and slow fluctuations, and (2)
small detunings of the pump wavelengths considerably
reduce the efficiency of this FWM process.

4. CONCLUSIONS
In conclusion, we have investigated four-wave mixing be-
tween two lasers and noise near the zero-dispersion fre-
quency of optical fibers. In general, several FWM pro-

Fig. 8. Simulated FWM gain spectra with l1 ; 1543.5 nm and
l2 5 1559.2 nm with P01 5 P02 5 10 mW for L 5 1000 km.
cesses that involve one or both lasers can occur.
However, when the lasers are tuned symmetrically rela-
tive to the zero-dispersion frequency, a particular FWM
process becomes phase matched up to third-order disper-
sion and dominates. This process leads to catastrophic
noise buildup over a broad spectral range. We have de-
veloped a simple model for this process that takes into ac-
count the stochastic nature of the ASE field, dispersion to
any order, and fiber loss. All details are contained in a
simple differential equation [Eq. (6)], which has an ana-
lytical solution for lossless fibers. Experiments have
validated the essence of our model. For the fiber and la-
ser power used in our experiments, ASE spectral compo-
nents within a ;22-nm bandwidth near l0 are efficiently
amplified up to 10 dB (to 16 dB if we discount fiber loss),
in good agreement with our model. In an ideal fiber, with
no fluctuations of l0 along the fiber length, the bandwidth
of this process is limited by fourth-order dispersion.
When l0 fluctuations are considered, the efficiency is re-
duced, but, for realistic modeling of this fluctuation in
typical fibers, the spectral shape is essentially preserved.
The efficiency depends strongly on the detuning of one the
lasers from the symmetric condition. Our investigations
with two lasers have indicated that noise amplification
will be important whenever the average frequency of any
two channels of a DWDM system coincides with l0 within
a certain tolerance (45 GHz in the case of our fiber). The
conditions for catastrophic noise amplification depend on
the optical power, dispersion, and fluctuations of l0 along
the fiber but are likely to be met in long-haul DWDM sys-
tems operating near l0 with a channel spacing of 100
GHz or less.

APPENDIX A
As established in Eq. (7), we can write the spatially slowly
varying stochastic field in the frequency domain as
A(z, v) 5 FE(0, v) 1 HE* (0, v8). Substituting this ex-
pression into Eqs. (5) gives (]F/]z) 5 aH* and (]H/]z)
5 aF* , which can be decoupled to yield

S ]2

]z2 1 b
]

]z
2 uau2DF 5 0. (A1)

Equation (A1), which coincides with Eq. (7) for A, is
also satisfied by H. The initial conditions for solving Eq.
(A1) are that F(0, v) 5 1 and ]F(0, v)/]z 5 0.

In a numerical resolution, we divide the fiber into N
segments of length Dz 5 L/N, where we take b and uau2

as constant coefficients: b̄ 5 a 2 i@Db 1 g (P1 1 P2)#,
where P1 1 P2 is the average power in each segment and
uau2 5 g2P1P2. With constant coefficients, Eq. (A1) is a
linear, second-order differential equation in each segment
of fiber. The solution, at each end of a segment, can be
expressed as a linear combination of the initial values of
F and ]F/]z in that segment. But, inasmuch as ]F/]z
5 aH* , we write

F F~z 1 Dz, v!

H~z 1 Dz, v8!G 5 T~z !F F~z, v!

H~z, v8!G , (A2)
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T~z ! 5 FT11~z ! T12~z !

T12* ~z ! T11* ~z !
G ,

(A3)

where

T11 5
l2 exp~l1Dz ! 2 l1 exp~l2Dz !

l2 2 l1

, (A4)

T12 5 a~z !
exp~l1Dz ! 2 exp~l2Dz !

l2 2 l1

, (A5a)

l6 5 1/2 @2b̄ 6 ~ b̄2 1 4uau2!1/2#. (A5b)

The solution to Eq. (A1) is then a simple product of ma-
trices:

F F~L, v!

H~L, v8!G 5 TN21 ...T1T0F10 G , (A6)

where Tn 5 T(nDz) (n 5 0 ,..., N 2 1). It is not neces-
sary to take segments of equal lengths, but, for good ac-
curacy, the fiber steps should be maintained as Dz
! 1/uau. In the numerical simulations for L 5 25 km
and P01 5 P02 5 18 dBm, we used a constant step of 12.5
m.

APPENDIX B
A more convenient input–output relation can be derived if
we note that, from Eqs. (5), ](uAu2 2 uA8u2)/]z 5 0, which
implies that the difference

^uA~z, v!u2& 2 ^uA~z, v8!u2& 5 N0~v! 2 N0~v8! (B1)

remains constant during propagation. Substituting Eq.
(B1) into Eq. (8), we obtain

R~v! [
N~v! 2 N0~v!exp~2aL !

1/2@N0~v! 1 N0~v8!#exp~2aL !

5 uFu2 1 uHu2 2 1. (B2)

Note that N0(v)exp(2aL) is the measured output spec-
trum in the absence of FWM coupling. In general, an in-
put asymmetric spectrum N0(v) produces an asymmetric
output N(v). However, Eq. (B2) states that the differ-
ence between pump on and pump off outputs at v, nor-
malized to the pump-off mean of outputs at v and v8, is
independent of noise spectral asymmetries at the input of
the fiber. This makes the ratio R(v) convenient to use
for comparisons of theory and experiment. All terms
that define R(v) in Eq. (B2) are easily measured, whereas
functions F(L, v) and H(L, v) can be calculated.

For the special case of a 5 0, R(v) is given by

R~v! 5 32g2P01P02

sinh2~ gL/2!

g2 , (B3)

where g is as defined in Eq. (10b).
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