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The variational procedure in the effective-mass and parabolic-band approximations is used in order to
investigate the effects of crossed electric and in-plane magnetic fields on the electronic and exciton properties
in semiconductor heterostructures. Calculations are performed for bulk GaAs and GaAs/Ga1−xAlxAs quantum
wells, for applied magnetic fields parallel to the layers and electric fields in the growth direction, and it is
shown that the combined effects on the heterostructure properties of the applied crossed electric and magnetic
fields and the direct coupling between the center-of-mass and internal exciton motions may be dealt with via
a simple parameter representing the spatial distance between the centers of the electron and hole magnetic
parabolas. Exciton properties are analyzed by using a simple hydrogenlike envelope excitonic wave function
and present theoretical results are found in fair agreement with available experimental measurements on the
diamagnetic shift of the photoluminescence peak position of GaAs/Ga1−xAlxAs quantum wells under in-plane
magnetic fields.
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I. INTRODUCTION

In the last two decades or so, a considerable amount of
both experimental and theoretical studies have been devoted
to the understanding of a number of physical properties of
semiconductor heterostructures and nanostructures. Such
semiconductor systems are of significant importance for the
development of electronic, optoelectronic, and spintronics
devices. Of course, a detailed knowledge of the optical prop-
erties of semiconductor heterostructures may be of signifi-
cance for device applications. In that respect, the study of
exciton properties in those systems is of great importance, as
such coupled electron-hole �e-h� excitations, which arise
from the e-h Coulomb interaction, may considerably modify
the interband optoelectronic properties of semiconductor het-
erostrutures. For a number of reasons, heterostructures such
as GaAs/Ga1−xAlxAs superlattices �SLs�, quantum wells
�QWs�, quantum-well wires �QWWs�, and quantum dots
�QDs� constitute the semiconductor systems that have at-
tracted the most attention in the literature. Here, we are most
interested in the effect of excitonic excitations on the opto-
electronic properties of GaAs/Ga1−xAlxAs QWs. When the
electron and hole carriers are confined in the same region of
the direct space and in the same point of the inverse k-space,
a large overlap of the single-particle wave functions occurs,
and the excitation is called a direct exciton; alternatively, if
the carriers are confined in different regions of the direct
space and/or in different points of the inverse k-space, large
changes in the physical properties may be observed due to
the small electron-hole wave functions overlap, and the ex-
citon is termed as an indirect exciton. Exciton effects on the
optical spectrum of such systems usually consist of discrete
states each having a dispersion that reflects the movement of
the coupled e-h pair as a whole. As the photon momentum is
quite small, �10−4 Å−1, optical experimental studies usually
would not give much information about the finite center-of-

mass �CM� momentum of exciton states. Studies in exciton
dispersion and related properties have been recently per-
formed both experimentally, through photoluminescence
�PL� and magnetoabsorption experiments,1–7 measurements
of the Fano line shape for resonant states,8 the exciton-mass
dependence of the recombination time,9 experimental data on
polariton effects,10,11 and recent PL measurements12 of
modulation-doped GaAs/AlGaAs QWs and heterojunctions,
as well as theoretically.13–24

Evidences on the magnetic-field induced indirect funda-
mental band gap in modulation-doped InxGa1−xAs QWs �Ref.
1� and in-plane magnetic-field induced transitions in multiple
GaAs/Ga1−xAlxAs extremely-shallow QW heterostructures2

have been experimentally reported. Whittaker et al.1 have
shown that the presence of the in-plane magnetic field may
modify the nature of the subband structure due to the rela-
tionship between the in-plane momentum, perpendicular to
the field, and the position of the orbit center on the growth
axis, whereas Fritze et al.2 suggested that extremely shallow
QWs confine the exciton as a whole and observed a cross-
over from a three-dimensional to a two-dimensional-like ex-
citon behavior associated with the dynamical coupling13 of
the CM and relative e-h motions, controlled by the in-plane
magnetic field. Chang et al.20 studied the quantum-confined
magneto-Stark effect in a diluted-magnetic-semiconductor
coupled-QW structure and reported a transition from the op-
tical active exciton state to an indirect dark exciton state
under increasing in-plane magnetic fields. Also, lumines-
cence measurements of a GaAs/Ga1−xAlxAs double QW un-
der in-plane magnetic fields up to 22 T have been reported
by Orlita et al.5 They have studied the properties of spatially
direct and indirect excitons and concluded that the dominat-
ing radiative recombination of localized indirect excitons
does not allow one to observe the quenching of the spatially
indirect exciton luminescence and the quadratic shift of their
energy under in-plane magnetic fields,4,6 with the conse-
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quence that the possibility of an exciton dispersion
engineering3,4,19 would then be limited in these kinds of
samples. By theoretically studying infinite-barrier GaAs
QWs, under an externally applied electric field and a crossed
strong in-plane magnetic field, Niculescu23 found that the
electric field breaks down the degeneracy of the states sym-
metrically positioned in p-space, and that, by controlling the
values of the externally applied fields, one may enhance or
reduce the energy and spatial separation of the electron and
hole in the QW leading to a nonparabolic subband structure.
It was then argued that this may be used to study single and
multiple QW heterostructures without the need of the growth
of many different samples. Moreover, combined theoretical
and experimental studies from Ashkinadze et al.12 for the
effect of an in-plane magnetic field on the PL spectrum of
modulation-doped heterostructures have suggested that there
are remarkable spectral modifications of the PL spectra in
both modulation-doped QWs and high-quality heterojunc-
tions, due to B�-induced modifications in the direct optical
transitions in QWs, and effects on the free holes in hetero-
junctions, respectively. Also, studies on the magnetic-field
effects on indirect excitons3,6,17,24 in coupled GaAs/
�Ga,Al�As QWs reveal that the exciton effective mass is en-
hanced as the growth-direction magnetic field increases and,
at high fields, it becomes larger than the sum of the e and h
masses, suggesting that a magnetoexciton is an excitation
with effective mass determined by the coupling13 between
the CM motion and internal structure rather than by the
masses of its constituents. Recent theoretical calculations by
Reyes et al.24 suggest that the inclusion of both the effects of
the finite-width barrier and well confining potentials as well
as of the appropriate electronic band structure could be im-
portant for a realistic description of the experimental results.

The aim of the present work is to study the magneto-Stark
effect for confined excitons in single GaAs/Ga1−xAlxAs
QWs within a variational procedure in the effective-mass and
parabolic band approximations. The magnetic field is consid-
ered perpendicular to the growth direction of the heterostruc-
ture, whereas the applied electric field is along the growth
direction. It is demonstrated that the joint effects of the ap-
plied crossed electric and magnetic fields and the direct cou-
pling between the center-of-mass and internal exciton mo-
tions may be dealt with via a simple parameter representing
the spatial distance between the centers of the electron and
hole magnetic parabolas. We note that the present study, al-
though very much related to the previous theoretical work by
Reyes et al.,24 in fact describes a substantially different
physical situation: previously we dealt with coupled
GaAs/Ga1−xAlxAs QWs under magnetic fields applied per-
pendicular to the layers, with the additional assumption that
the electron and hole forming the exciton were considered
confined either in the same plane or in different planes,
whereas in the present work we are concerned with a semi-
conductor heterostructure under crossed electric and mag-
netic applied fields, and proper consideration is taken of the
finite well widths and confinement along the z-growth direc-
tion. Moreover, the exciton variational wave function, in the
effective-mass approximation, is considered in some detail,
with some results presented within a hydrogeniclike varia-
tional wave function depending on one, two, or three varia-

tional parameters. Here we emphasize that, although the
present calculations are performed for GaAs/Ga1−xAlxAs
QWs, the present theoretical framework may be straightfor-
wardly generalized to apply for a general semiconductor het-
erostructure, and, in that respect, it constitutes a major ad-
vance with respect to our previous study.24 Also, we note that
Coli and Bajaj25 used a many-body approach in order to
calculate the exciton binding energies in semiconductor QWs
over a large range of QW widths, and their results were
found in very good agreement with those obtained by An-
tonelli et al.26 who used a variational approach. Moreover,
the effective-mass and parabolic approximations have been
used quite successful in the understanding of experimental
measurements related to shallow Coulomb-bound states27–29

�shallow donors, acceptors, and excitons� in
GaAs/Ga1−xAlxAs QWs and QWWs. The paper is organized
as follows. In Sec. II we detail the present theoretical ap-
proach. Section III is concerned with the results and discus-
sion, and finally, our conclusions are given in Sec. IV.

II. THEORETICAL FRAMEWORK

In the present study, we are concerned with the properties
of heavy-hole exciton states in a semiconductor
GaAs/Ga1−xAlxAs heterostructure, grown along the z axis,

under applied magnetic �B� � and electric �E� � fields. Here, for
simplicity, we will work within the effective-mass and
nondegenerate-parabolic band approximations. Therefore the
Hamiltonian for the exciton may be given by

Ĥ =
1

2me
*�p�̂e +

e

c
A� e�2

+
1

2mh
*�p�̂h −

e

c
A� h�2

+ Ve�ze� + Vh�zh�

−
e2

��r�e − r�h�
+ eE� . �r�e − r�h� , �1�

where A� e=A� �r�e� and A� h=A� �r�h� are the vector potentials as-

sociated to the magnetic field, p�̂e, p�̂h and me
*, mh

* are the
momentum operators and the effective masses of the electron
and heavy hole, respectively, Ve and Vh are the electron and
hole confining potentials, respectively, e is the absolute value
of the electron charge, and � is the dielectric constant. The
above-mentioned parameters for bulk GaAs and Ga1−xAlxAs
barrier were taken at low temperatures from the data col-
lected by Li.30 For the dielectric constants and electron and
heavy-hole effective masses, we have considered the same
values as in GaAs throughout the heterostructure.31

As the heterostructure is grown along the z direction, the
Schrödinger equation with the above Hamiltonian is invari-
ant under simultaneous translation of both the e and h coor-
dinates parallel to the �x ,y� plane and the corresponding
gauge transformation, which leads to the conservation of the

P�̂ = �P̂x , P̂y� transverse components of the exciton CM mag-
netic momentum.13,24 By choosing the in-plane applied mag-

netic field along the x direction, B� =Bx̂, using the Landau

gauge A� �r��=−zBŷ, and a crossed electric field in the growth

direction, E� =−Eẑ, one may write the common eigenfunc-

tions of both Ĥ and P�̂ as
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�exc�r�e,r�h� =

exp� i

�
P� · R� �

�S
���� ,ze,zh� , �2�

where P� =�K� is the two-component eigenvalue of the exciton

transverse CM P�̂ magnetic momentum, R� = 1
M �me

*�� e+mh
*��h�

is the in-plane exciton CM coordinate, M =me
*+mh

* is the
total exciton mass, S is the x−y transverse area of the het-
erostructure, �� =�� e−��h is the in-plane internal exciton coor-
dinate, and ���� ,ze ,zh� �with corresponding exciton energy
EX� is the eigenfunction of

Ĥ = H0
ˆ −

e2

��r�e − r�h�
, �3�

where

H0
ˆ =

p̂ez
2

2me
* + Ve�ze� +

p̂hz
2

2mh
* + Vh�zh� + ĥ , �4�

with

ĥ =
1

2me
*�me

*

M
P� + p�̂� + ze��	2

+
1

2mh
*�mh

*

M
P� − p�̂� − zh��	2

− eE�ze − zh� , �5�

p�̂�=−i���, and �� =− eB
c ŷ. In order to find the exciton eigen-

functions, we first obtain the eigenfunctions of H0
ˆ , by ignor-

ing the e-h Coulomb interaction in Eq. �3�, and write

Ĥ0�0 = E0�0. �6�

As before, due to the translational invariance of Ĥ0 in the

�x ,y� plane, the p�̂� noncorrelated e-h pair transverse momen-
tum is conserved, and one may write the eigenfunction of
Eq. �6� as

�0 =
exp�ik� · �� �

�S
F�ze,zh� , �7�

where p� =�k� is a two-component eigenvalue of p�̂� and
F�ze ,zh� is the eigenfunction of the Hamiltonian

Ĥ0 =
Px

2

2M
+

px
2

2�
− KylB�eElB� −

�eElB�2

2�0
+

p̂ez
2

2me
* + Ve�ze�

+
1

2
me

*	e
2�ze − ze

0�2 +
p̂hz

2

2mh
* + Vh�zh� +

1

2
mh

*	h
2�zh − zh

0�2,

�8�

corresponding to the eigenvalue

E0 =
Px

2

2M
+

px
2

2�
− KylB�eElB� −

�eElB�2

2�0
+ E


e �ze
0� + E�

h�zh
0� ,

�9�

where 
, �=0,1 ,2 ,3. . .. are the Landau magnetic subband
indices, �0= �2

MlB
2 , lB=� �c

eB is the Landau magnetic length �or
cyclotron radius�, � is the e-h reduced mass,

ze,h
0 =

c

eB
�py ±

me,h
*

M
Py� ±

eE

me,h
* 	e,h

2 �10�

are the noncorrelated e and h orbit-center positions along the
growth direction, and 	e,h= eB

me,h
* c

are the corresponding cyclo-
tron frequencies. Note that

� = ze
0 − zh

0 = lB�KylB +
eElB

�0
� �11�

represents the spatial distance between the centers of the
noncorrelated electron and hole magnetic parabolas,13 and is

given by the magnitude of the vector ��0= c
eB2 B� 
 �P� + Mc

B2 B�


E� �, which connects the two local minima associated with
the e-h Coulomb interaction and the effective magnetic para-
bolic potential.

The above result for the noncorrelated e-h pair allows one
to variationally obtain the ground-state exciton energy and
corresponding eigenfunction. The trial envelope variational
wave function is chosen as

� = �0��� ,ze,zh�f�r�� , �12�

with r�=r�e−r�h,

f�r�� � e−�r �13�

is a hydrogenic 1s-like wave function and � is a variational
parameter.33 The exciton binding energy is given as Eb
=E0

gs−EX, where E0
gs is the ground-state energy associated to

the noncorrelated e-h pair 
cf. Eqs. �6� and �9��, which de-
pends on the confining heterostructure potentials, applied
electric and magnetic fields, and Ky = Py /�. The E0

gs ground-
state energy is obtained from Eq. �9�, with 
, �=0, through
a minimization procedure with respect to ze

0 or zh
0, for a given

value of �=ze
0−zh

0 
cf. Eq. �11��. By using the corresponding

Fgs�ze ,zh� ground-state eigenfunction of Ĥ0 
see Eq. �8��, we
now define

h�ze,zh� = Fgs
2 �ze,zh� , �14�

g�z� = �
−�

+�

h�ze,zh�dZ , �15�

where Z=
meze+mhzh

M is the z-direction CM coordinate, and z
=ze−zh is the corresponding e-h distance in the growth di-
rection, and straightforwardly obtain the binding energy
through a maximization �variational� procedure of

Eb��� = −
�2�2

2�
+

e2

�
� gf2

r
d3r�

� gf2d3r�

. �16�

Here we note that, for bulk GaAs, there are no confining
potentials, one obtains

E0
gs =

Px
2

2M
+

px
2

2�
− KylB�eElB� −

�eElB�2

2�0
+

�	exc

2
, �17�

with 	exc= eB
�c ,
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Fgs�ze,zh� =
1

���lB

exp�−
�ze − ze

0�2

2lB
2 	



1

���lB

exp�−
�zh − zh

0�2

2lB
2 	 , �18�

and therefore Eq. �15� reduces to

g�z� =
1

�2�lB

exp�−
�z − ��2

2lB
2 	 , �19�

which may be used in Eq. �16� in order to obtain the Eb
exciton binding energy in bulk GaAs.

In the case of a semiconductor GaAs/Ga1−xAlxAs hetero-
structure grown along the z axis, the determination of the
eigenfunctions and eigenvalues of Eq. �8� involves a simple
characteristic problem for the electron �or hole�, associated
with the Hamiltonian

Ĥe,h = −
�2

2me,h
*

d2

dz2 +
1

2
me,h

* 	e,h
2 �z − ze,h

0 �2 + Ve,h�z� , �20�

which may be readily solved via an expansion in terms of
sine34 or harmonic-oscillator35 functions.

Finally, in the quantitative study of the optical properties
of excitons in semiconductor heterostructures, it is necessary
to evaluate the matrix elements for the interband optical tran-
sitions, which �by neglecting the photon wave vector� are
proportional to15

� �exc�r�e = r�,r�h = r��d3r� = �K� ,0Ioverlap, �21�

where K� is the exciton wave vector 
cf. Eqs. �2�, �7�, and
�12��, and

Ioverlap = �S�
−�

+�

���� = 0,ze = zh = z�dz �22�

defines the e-h overlap integral. Later on, we will devote
special attention to the quantitative study of this magnitude.

III. RESULTS AND DISCUSSION

Due to the importance of the � parameter in the study of
the exciton states in GaAs/Ga1−xAlxAs semiconductor het-
erostructures under growth-direction applied electric �E� and
in-plane magnetic �B� fields, we show in Fig. 1 the relation
between �, E, and B, contained in Eq. �11�, for Ky =0. It
follows that �, the spatial distance between the centers of the
electron and hole magnetic parabolas, for a fixed value of the
in-plane magnetic field 
see Fig. 1�a��, is an increasing �lin-
ear, as �
E� function of the growth-direction applied elec-
tric field. This is the expected result as the applied electric
field tends to spatially separate or polarize the e-h pair. No-
tice, however, that as �=eElB

2 /�0
E /B2, for a fixed value
of E 
cf. Fig. 1�b��, is a decreasing function of the magnetic
field, the effect of increasing B is to reduce the separation or
the polarization of the e-h pair, as the cyclotron radius is
reduced. We believe this last result may be used to under-

stand the physical mechanism responsible for the increase in
the e-h wave-function overlap with increasing magnetic
field, as suggested recently to explain the modification of the
PL spectrum of high-quality heterojunctions12 for filling fac-
tors ��2. Moreover, note that �→� when B→0 for each
value of E�0, which is due to the fact that the electric field
tends to ionize the e-h pair in the limit of vanishing magnetic
field. Figure 1�c� shows that the electric field is a parabolic
function of the magnetic field for given value of the spatial
separation between the electron and hole magnetic parabolas.
Of course, a similar analysis and discussion may be carried
out for Ky �0. Note that, as we have considered E�0 in Fig.

FIG. 1. Results obtained from Eq. �11� for Ky =0, by using the
bulk GaAs parameters �see text�: �a� � /a* as a function of the
growth-direction applied electric field, for various crossed-direction
in-plane applied magnetic fields �1: B=4 T; 2: B=8 T; 3: B=12 T;
4: B=16 T; 5: B=20 T�; �b� magnetic-field dependence of the spa-
tial distance � between the centers of the electron and heavy-hole
magnetic parabolas, for various values of the crossed-direction
�growth-direction� applied electric field. The � distance is given in
units of the a*=118 Å heavy-hole exciton Bohr radius �1: E
=1 kV/cm; 2: E=5 kV/cm; 3: E=10 kV/cm; 4: E=20 kV/cm; 5:
E=50 kV/cm; 6: E=100 kV/cm�; �c� magnetic-field dependence
of the crossed-direction �growth-direction� applied electric field for
fixed values of the � parameter �1: � /a*=1; 2: � /a*=2; 3: � /a*

=3; 4: � /a*=4; 5: � /a*=5; 6: � /a*=10�.
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1, then ��0. In the following, for simplicity, we will only
consider this range of values of E and � even when Ky �0.

A. Electronic and exciton states in bulk GaAs

We first present the calculated results for bulk GaAs under
a �−z�-direction applied electric field and x-direction mag-
netic field, i.e., under crossed electric and magnetic fields.
We then display in Figs. 2–4, for bulk GaAs, the heavy-hole
exciton binding energy Eb, the average e-h distance �ze−zh�
along the z direction, and the e-h overlap integral Ioverlap, as
functions of the spatial distance � between the centers of the
electron and heavy-hole magnetic parabolas, and applied
electric and magnetic fields. As one can see from Figs. 2�a�
and 2�b�, for a fixed value of the magnetic field, the exciton

binding energy is a decreasing function of the � parameter
and applied electric field, respectively 
notice that �, E, and
B are related via Eq. �11��. This result may be understood as
follows. As in the bulk the noncorrelated electron and hole
oscillate around the ze

0 and zh
0, respectively, and the binding

energy is determined by the e-h attractive Coulomb interac-
tion, which tends to zero with the e-h distance, it is obvious
that Eb, for a fixed value of B, must diminish with both the
�=ze

0−zh
0 parameter or with the applied electric field E


B2� 
see Eq. �11� with Ky =0�. As expected,36 the present
calculations for �=0 and E=0 show an increase in the exci-
ton binding energy as one increases the strength of the ap-
plied magnetic field, i.e., as the confinement effects due to
the magnetic field increases. On the other hand, note in Fig.
2�a� that Eb decreases with increasing values of the applied
magnetic field for relatively high �fixed� values of �. This
behavior is due to the increasing confinement, for a fixed
value of �, of the electron and hole around their correspond-
ing equilibrium positions �near ze

0 and zh
0, respectively� as the

FIG. 2. Heavy-hole Eb exciton binding energies, for bulk GaAs,
under crossed electric and magnetic fields, as functions of �a� the
spatial distance � /a* between the centers of the electron- and
heavy-hole magnetic parabolas, �b� applied electric field, and �c�
applied magnetic field. In �a�, � is given in units of the exciton
effective Bohr radius �a*=118 Å� and the binding energy is in units
of the heavy-hole exciton Rydberg �R*=4.9 meV�. In �c� curves
1–6 correspond to E=0, E=0.1 kV/cm, E=1 kV/cm, E
=5 kV/cm, E=10 kV/cm, and E=20 kV/cm, respectively. The ar-
row at E=B=0 in �c� indicates the bulk GaAs value of the exciton
binding energy. Results in �b� and �c� correspond to Ky =0 �see
text�.

FIG. 3. Average e-h distance �ze−zh� along the z direction, for
an exciton in bulk GaAs, under crossed electric and magnetic fields,
as functions of �a� the spatial distance � /a* between the centers of
the electron- and heavy-hole magnetic parabolas, �b� applied elec-
tric field, and �c� applied magnetic field. In �c� curves 1–5 corre-
spond to E=0.1 kV/cm, E=1 kV/cm, E=5 kV/cm, E
=10 kV/cm, and E=20 kV/cm, respectively. The dashed line in �a�
corresponds to the representation of �ze−zh�=�, and results in �b�
and �c� are for Ky =0 �see text�.
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magnetic field increases. With respect to the theoretical re-
sults presented in Fig. 2�a�, it is interesting to notice the
following: as the exciton binding energy is given as a func-

tion of the parameter �= �elB
2 /�0�Ẽ, with Ẽ=E+�0Ky /e,

these results describe the exciton Ky dispersion for a fixed
applied electric field, and Eb as function of the parameter

�=eElB
2 /�0, or applied electric field, for Ky =0. Note that Ẽ

is the effective electric field acting on the e-h pair, which is
the sum of the externally applied field E, and electric field
�0Ky /e, which is felt in the CM frame of the e-h pair moving
in the externally applied magnetic field.13,17 Moreover, as for
Ky =0 the applied electric field is related to the spatial sepa-
ration � between the electron and hole magnetic parabolas
by the relation E=�0� / �elB

2�
B2�, it is obvious that � de-
creases with increasing B for a given value of E and there-
fore the binding energy must increase as B increases, for a
fixed applied electric field, as shown in Fig. 2�b�. The
magnetic-field dependence of the exciton binding energy,
shown in Fig. 2�c�, clearly indicates that, in the absence of

applied electric or magnetic fields, the exciton binding en-
ergy goes to the bulk GaAs value 
note the arrow at E=B
=0 in Fig. 2�c��, and increases with the applied magnetic
field as confining effects due to the field increases 
see curve
1 in Fig. 2�c��. Also note that, for E�0, the Eb exciton
binding energy tend to zero as B→0 ��→��: As the e-h
pair, in bulk GaAs, is in the presence of an applied electric
field, both the electron and the hole are free to move in the
system, and the exciton is unbound. The decrease of Eb with
increasing E, for a fixed value of B, is of course due to the
increase of �
E /B2 with the strength of the electric field.

In Fig. 3, we display the results of the present theoretical
calculations for the average e-h distance in the z direction,
for an exciton in bulk GaAs, as functions of � and applied
electric and magnetic fields. Calculations were carried out by
substituting the bulk function g�z� 
see Eq. �19�� into

�ze − zh� =� �ze − zh���exc�r�e,r�h��2d3r�ed
3r�h

=
� zg�z�exp−2�rd3r�

� g�z�exp−2�rd3r�

, �23�

where �exc�r�e ,r�h� is the ground-state exciton wave function.
Of course, �ze−zh� may also be straightforwardly evaluated
for GaAs/Ga1−xAlxAs semiconductor heterostructures by us-
ing the corresponding g�z� function 
see Eq. �15��. As shown
in Figs. 3�a� and 3�b�, �ze−zh�=0 for �=0 and E
B2�=0
for a finite value of the magnetic field, as one would expect.
This also follows from Eq. �23�, for B�0, if one notes that
the bulk g�z� function 
Eq. �19�� is an even function of z for
�=0 and E=0. Moreover, the other properties of the average
e-h distance displayed in Fig. 3�a� may be understood as
follows: �i� as ze

0 and zh
0 are, respectively, the oscillation cen-

ters of the noncorrelated electron and hole in the bulk, it is
obvious that �ze−zh�=ze

0−zh
0=� for the noncorrelated e-h

pair, and �ze−zh��� 
see full curves in Fig. 3�a�� for the
correlated e-h pair, as the corresponding Coulomb interac-
tion is attractive; �ii� as the e-h Coulomb interaction tends to
zero as �→�, it is evident that �ze−zh�→� in the limit of
high � 
see each full curve in Fig. 3�a��; �iii� as �z
−��2 /2lB

2 in the exponent of the bulk g�z� function is propor-
tional to B�z−��2, the main contribution to the two integrals
in Eq. �23�, for high magnetic fields, comes from a small
region around z=�, and therefore �ze−zh�→� and the full
curves in Fig. 3�a� tend to the dashed line as B increases. As
shown in Fig. 3�b�, the average e-h distance �ze−zh� in-
creases with E
B2�, for a fixed value of B, as the � spatial
separation between the magnetic parabolas increases with the
applied electric field. As also shown in Figs. 3�b� and 3�c�,
�ze−zh� decreases with increasing values of the applied mag-
netic field, for fixed E, as �
E /B2 decreases with increas-
ing strengths of the magnetic field.

The e-h overlap integral, for an exciton in bulk GaAs, as
a function of � and crossed electric and magnetic fields, is
depicted in Fig. 4. The rapid decrease of Ioverlap with � and E

FIG. 4. e-h overlap integral Ioverlap, for bulk GaAs, under
crossed electric and magnetic fields, as functions of �a� the spatial
distance � /a* between the centers of the electron- and heavy-hole
magnetic parabolas, �b� applied electric field, and �c� applied mag-
netic field. In �c� curves 1–4 correspond to E=1 kV/cm, E
=5 kV/cm, E=10 kV/cm, and E=20 kV/cm, respectively. Results
in �b� and �c� correspond to Ky =0 �see text�.
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observed in each curve of Figs. 4�a� and 4�b�, respectively, is
due to the fact that the e-h distance in the z direction in-
creases with �, for a fixed applied magnetic field. This con-
clusion is, of course, in agreement with the analytical expres-
sion for the e-h overlap integral, which may be obtained
from Eq. �22� and the corresponding ground-state solution
���� ,ze ,zh� derived above for the bulk GaAs 
see Eqs. �7�,
�12�, �13�, and �18��, i.e.,

Ioverlap � e−�2/4lB
2
. �24�

Notice that the e-h overlap integral decreases with in-
creasing strengths of the applied magnetic field for a fixed
value of � 
see Fig. 4�a��, whereas it increases with B for a
given value of the applied electric field 
see Figs. 4�b� and
4�c��. This may be understood if one notes that �2 / lB

2 in Eq.
�24� must be taken as proportional to B�2 or E2 /B3 in the
analysis of the results presented in Fig. 4�a� and Figs. 4�b�
and 4�c�, respectively. Also, by taking into account, for Ky
=0, the relation �
E /B2 between the � spatial separation
between the magnetic parabolas and the externally applied
electric and magnetic fields, one obtains that, for a fixed
value of the applied electric field, � decreases as the value of
B increases. Therefore the attractive Coulomb interaction be-
comes stronger, and as a consequence both the exciton bind-
ing energy and e-h overlap integral should increase 
see Figs.
2�c� and 4�c��. Again, for E�0, Ioverlap tend to zero as B
→0 ��→��, as the e-h pair is in the presence of an applied
electric field, and the exciton is unbound. Also, it is interest-
ing to note that the magnetic-field dependence of the e-h
overlap integral, established above, for Ky =0 and a fixed
value of E, is essentially the same physical effect associated
to the modification of the PL spectrum of high-quality
heterojunctions12 for filling factors ��2, as mentioned be-
fore.

B. Electronic and exciton states in GaAs/Ga1−xAlxAs QWs

We now turn to the study of the effects of crossed growth-
direction electric E and in-plane magnetic B fields on the
exciton states in GaAs/Ga1−xAlxAs QWs. Figure 5 displays
the ground-state magnetic subbands Ee=E0

e�ze
0� and Eh

=E0
h�ze

0−�� 
see Eq. �9�� associated with the noncorrelated
electron and heavy hole, respectively, as functions of the ze

0

center of the electron parabola, for an L=100-Å
GaAs/Ga0.7Al0.3As QW in the presence of a B=10-T in-
plane applied magnetic field, and for various values of the
parameter �=ze

0−zh
0. Also depicted in Fig. 5 is the sum 
cf.

Eq. �9�� of the electron- Ee and heavy-hole Eh energies
�dashed curves in Fig. 5�. The arrow in each figure indicates
the position of � in the ze

0 axis. Moreover, Eq. �11� deter-
mines, for B and � given, the corresponding relation be-
tween the growth-direction electric field E and exciton Ky
CM momentum. Note that in each one of these figures,
where � is given, the value ze,m

0 of ze
0 corresponding to the

minimum of Ee+Eh determines the exact spatial position of
the centers of the electron and heavy-hole �zh,m

0 =ze,m
0 −��

magnetic parabolas. This allows us to obtain the noncorre-
lated e-h eigenfunction Fgs�ze ,zh� of the Hamiltonian �8� as-
sociated to the corresponding noncorrelated e-h ground-state

energy E0
gs. With this observation, we stress the fundamental

role played by � and ze,m
0 in the determination of the exciton

states in GaAs/Ga0.7Al0.3As semiconductor heterostructures.
Also, it is important to note the following: as ze,m

0 is the
solution of the equation

dE0
e�ze

0�
dze

0 +
dE0

h�ze
0 − ��

dze
0 = 0 �25�

and the first term in this expression reaches finite values
greater that the absolute value of the second one for all ze

0,
��0, it is obvious that when � increases from zero, ze,m

0

also increases from zero, reaches its maximum value, and
then starts decreasing to zero due to the fact that the second
term in the above expression tends to zero as �→� �not
shown in Fig. 5�. This means that when ��0 is increased,
the center of the electron magnetic parabola remains en-
closed, and the center zh,m

0 =ze,m
0 −� of the hole magnetic pa-

FIG. 5. ze
0 dependence of the ground-state magnetic subbands

Ee=E0
e�ze

0� and Eh=E0
h�ze

0−�� 
see Eq. �9�� associated with the non-
correlated electron and heavy hole, respectively, for an L=100-Å
GaAs/Ga0.7Al0.3As QW in the presence of a B=10 T in-plane ap-
plied magnetic field, and for various values of the � parameter. The
dashed curve represents the sum of the Ee electron- and Eh heavy-
hole energies. The values of the corresponding growth-direction
applied electric field and exciton Ky CM momentum are related to
� via Eq. �11�, for B=10 T.
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rabola shifts to −�. Taking into account the preceding obser-
vations and Eq. �9�, for Px= px=�Ky =0, we have calculated
�see Fig. 6� the E0

gs noncorrelated e-h transition energies as
functions of the growth-direction applied electric field, for
GaAs/Ga0.7Al0.3As QWs of different L well widths and vari-
ous values of the B in-plane applied magnetic field. The
present calculation shows an increase in the noncorrelated
transition energy as the electron and hole confinement in-
creases, i.e., with the decreasing width of the QW or, alter-
natively, with the increasing strength of the applied in-plane
magnetic field. The evolution of the applied electric-field de-
pendence of the noncorrelated E0

gs transition energy when the
well width goes from L=50 Å, where E0

gs is clearly a slowly
varying function of the E electric field 
see Fig. 6�a��, to L
=500 Å, where E0

gs is a strongly varying function of E 
see
Fig. 6�d��, may be understood as follows. For narrow QWs
�L /2� � lB�, the potentials associated to the electron and
hole magnetic parabolas in Eq. �8� may be considered as a
small perturbation, and the first-order eigenvalue E0 
see Eq.
�9�� of the Hamiltonian �8�, corresponding to the 
=�=0
Landau magnetic subbands, is given by

E0 = Eg + Ec −
�eElB�2

2�0
+

1

2
me

*	e
2�ze

0�2 +
1

2
mh

*	h
2�zh

0�2,

�26�

where Ec is an electric-field independent constant and Eg is
the GaAs gap, which must be added to Eq. �9� to have the
correct expression for the noncorrelated e-h transition en-
ergy. It is easy to show now that the minimum value of E0 in
Eq. �26�, for a fixed �=ze

0−zh
0, is exactly E0=Eg+Ec. This

result, obtained in first-order approximation, and the fact that
the higher-order correction to E0 in Eq. �26� are relatively
small, explain why the noncorrelated e-h transition energy is
a slowly varying function of the applied electric field for L
=50 Å, as shown in Fig. 6�a�, for in-plane magnetic field
ranging between B=4 T and B=20 T. Note that in this range

of magnetic-field values, the Landau length varies from lB
=128 Å �for B=4 T� to lB=57 Å �for B=20 T�, and there-
fore �L /2=25 Å� � lB�. Moreover, as the
GaAs/Ga1−xAlxAs QW width is increased and becomes of
the order of Landau length lB, it is not anymore possible to
apply perturbation theory and both the QW and magnetic
potentials play similar roles in the determination of the
electric-field dependence of E0

gs. However, in the limit of
wide GaAs/Ga1−xAlxAs QWs �L /2� � lB�, the barrier-
potential effects on the electron �hole� states are extremely
small when the distance between the center ze

0�zh
0� of the

electron �hole� magnetic parabola and the QW edges situated
at z= ±L /2 is appreciable greater that the Landau length lB.
This means that the noncorrelated magnetic subband E0

e�z0
e�


E0
h�z0

h�� is essentially flat as a function of ze
0�zh

0� for the men-
tioned distance, and therefore the electric-field dependence
of the noncorrelated e-h transition energy E0

gs is essentially
determined by the fourth term in Eq. �9�. This result explains
the strong dependence of E0

gs on the electric field shown in
Fig. 6�d�. Thus the transition from the regime where the QW
potential effects dominate to the regime where these effects
are negligibly small explains the evolution of the noncorre-
lated e-h energy transition with the growth-direction applied
electric field.

The heavy-hole Eb exciton binding energy is shown in
Fig. 7 as a function of the spatial distance � between the
centers of the electron- and heavy-hole magnetic parabolas,
for GaAs/Ga0.7Al0.3As QWs of different L well widths, and
for various values of the in-plane magnetic field B. The re-
lation between the corresponding growth-direction applied
electric field E and Ky CM momentum, for fixed values of �
and B, is determined by Eq. �11�. As the fundamental pur-

FIG. 6. Noncorrelated e-h energy transitions �for Ky =0� as func-
tions of the growth-direction applied electric field, for
GaAs/Ga0.7Al0.3As QWs of different L well widths and various
values of the in-plane applied magnetic field.

FIG. 7. Heavy-hole exciton binding energy, in units of the
heavy-hole exciton Rydberg R*=4.9 meV, as a function of the spa-
tial distance � /a* �a*=118 Å is the heavy-hole exciton effective
Bohr radius� between the centers of the electron- and heavy-hole
magnetic parabolas, for GaAs/Ga0.7Al0.3As QWs of different L
well widths, and for various values of the in-plane magnetic field.
The values of the corresponding growth-direction applied electric
field and exciton Ky CM momentum are related to � and B via Eq.
�11�.
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pose of our discussion is to study the barrier-potential effects
on the � dependence of Eb, we first note that the results
depicted in Fig. 7�d�, for an L=500-Å GaAs/Ga0.7Al0.3As
QW, is essentially the same as those displayed in Fig. 2�a�
for bulk GaAs. This is the result expected for finite values of
� and sufficiently wide QWs. Another expected result,
clearly seen in Figs. 7�a�–7�c�, is the increase of Eb as the
confinement effect associated to the QW increases, i.e., as
the QW width L decreases. Note also that, as the QW width
L decreases, Eb tends progressively towards a slow function
of �, which becomes essentially flat for L=50 Å and for the
lowest magnetic fields considered 
see Fig. 7�a��. These
fields correspond to Landau lengths lB� �L /2, i.e., to the
case of narrow QWs considered above. This result may be
understood if one takes into account that, for lB� �L /2 and
zh,m

0 =ze,m
0 −� localized inside the QW, the effect of the mag-

netic field is weak and the exciton binding-energy structure
is essentially dominated by the barrier confining potential.
For lB� �L /2 and zh,m

0 =ze,m
0 −� localized outside the QW,

but finite, the Eb dependence on � is essentially flat because
the effect of the magnetic field is still weak, and the average
e-h distance along the z axis practically does not vary due to
the fact that the electron and hole are localized, respectively,
around ze
0 
see comment after Eq. �25�� and zh
−L /2. In
this last case, the localization of the hole around zh
−L /2,
and not around the center zh,m

0 of the hole magnetic parabola,
is due to the fact that the combined action of the barrier
potential and the magnetic potential, for zh,m

0 �−L /2, creates
a second well with the minimum at zh
−L /2. Since the
confinement effects associated to this second well increases
with the magnetic field, the e-h overlap decreases and there-
fore the corresponding exciton binding energy must decrease
with � for zh,m

0 �−L /2, as shown in Figs. 7�a�–7�c�.
We display in Fig. 8 the heavy-hole Eb exciton binding

energy as a function of the growth-direction applied electric
field E, for GaAs/Ga0.7Al0.3As QWs of different L well
widths, Ky =0, and various values of the in-plane magnetic

field B. In this case, the relation between E, B, and the spatial
distance � between the centers of the magnetic parabolas is
displayed in Fig. 1 and may be expressed as �
E /B2 or
E
B2�. Let us first of all consider the results shown in Fig.
8�d�, for a GaAs/Ga0.7Al0.3As QW of L=500 Å well width.
As this system corresponds to a relatively wide QW, it is
useful to compare these results with those displayed �and
already discussed� in Fig. 2�b� for bulk GaAs. One sees that,
in the range of electric fields and exciton binding energies
considered, the curve associated to the lowest magnetic field
�B=4 T� in Fig. 8�d� exhibits a behavior clearly different
from the corresponding one in Fig. 2�b�. It is also clear that
these differences tend progressively to disappear as the mag-
netic field increases. Notice, for instance, that for B�8 T,
the corresponding results in both Figs. 2�b� and 8�d� may be
considered essentially the same. The above described behav-
ior of the exciton binding energy in an L=500-Å wide
GaAs/Ga0.7Al0.3As QW, as compared to those of bulk GaAs,
is determined, of course, by the barrier-potential effects. In
fact, when the growth-direction applied electric field E is
increased from zero, these effects first affect the curves as-
sociated to the lowest magnetic fields B as the E dependence
of the � parameter, for fixed values of the magnetic field, is
stronger than the corresponding one for higher magnetic
fields 
see Fig. 1�a��, and the carriers �electron and hole� are
less confined for low values of the magnetic fields. The rapid
increase of � with E, for B=4 T, also explains the rapid
decrease of the corresponding exciton binding energy as E
increases 
see Fig. 8�d��. Moreover, notice now, for instance,
that, for B=20 T, the � parameter varies from 0 to 100 Å

see Fig. 1�a�� when the electric field goes from
0 to 20 kV/cm, and therefore �� �L=500 Å. This result,
together with the strong confinement of the carriers �electron
and hole� by this magnetic field, imply that the barrier-
potential effects on the carriers are very weak and may be
neglected in a first approximation, which explains why the
results shown in Figs. 8�d� and 2�b� are essentially the same
for B=20 T. Similar considerations may be used for other
values of the magnetic field. Of course, these barrier-
potential effects tend to disappear when L further increases.
An expected result, clearly seen in Fig. 8, is the increase of
Eb as the confinement effects associated to the QW and to the
magnetic field increase, i.e., as the QW width L decreases
and/or magnetic-field strength B increases. Note also that, as
the QW confinement increases, Eb tends progressively to-
wards a slow function of the applied electric field, which is
due to the fact that, for sufficiently narrow QWs, the barrier-
potential effects dominate.

The electric-field dependence of the PL exciton peak en-
ergies, or correlated e-h transition energies EX=E0

gs−Eb, is
shown in Fig. 9 for GaAs/Ga0.7Al0.3As QWs of different L
well widths, Ky =0, and various values of the applied mag-
netic field. Results presented in Fig. 9�d�, for a QW of L
=500-Å well width, are compared with those of bulk GaAs,
shown as dotted lines. Note first that, in the range of growth-
direction applied electric field considered, �0, 20 kV/cm�,
the spatial distance � between the centers of the magnetic
parabolas takes values 
see Fig. 1�a�� in the intervals �0,
2900 Å�, for B=4 T; �0, 720 Å�, for B=8 T; �0, 320 Å�, for
B=12 T; �0, 180 Å�, for B=16 T; and �0, 120 Å�, for B

FIG. 8. Heavy-hole exciton binding energy as a function of the
growth-direction applied electric field, for GaAs/Ga0.7Al0.3As QWs
of different L well widths, Ky =0, and various values of the in-plane
magnetic field.
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=20 T. From these values, and the confinement of the carri-
ers �electron and hole� by the magnetic field, it is obvious
that only the curves associated to low and moderate strengths
of the magnetic field can be affected by the barrier-potential
effects. This is clearly seen in Fig. 9�d�, for B=4 T and B
=8 T. The B=12-T curve is only slightly affected in the part
corresponding to high values of the electric field; and the
curves associated to higher magnetic fields, i.e., B=16 T and
B=20 T, are essentially the same as the corresponding ones
for bulk GaAs. Of course, these last curves may be affected
by barrier-potential effects, for electric field E of sufficiently
large strength, i.e., for E� �20 kV/cm. The interpretation
of the remainder results depicted in Fig. 9, where the PL
exciton peak energy increases with confinement effects �with
decreasing L and increasing B�, and tends progressively to-
wards a slow function of the electric field, as the QW con-
finement increases, is similar to the interpretation given
above in relation with Figs. 6–8.

In Fig. 10, we present our results for the PL peak energy
for an L=200 Å GaAs/Ga0.7Al0.3As QW, as a function of the
in-plane applied magnetic field, for Ky =0, and different val-
ues of the growth-direction applied electric fields, i.e.,

EPL = Eg −
�eElB�2

2�0
+ E
=0

e �ze
0� + E�=0

h �zh
0� − Eb, �27�

where Eg corresponds to the GaAs band-gap energy. For a
fixed value of B �see the different curves in Fig. 10� and
increasing values of the applied electric field, one has a de-
crease in the e-h binding energy as the polarization of the e-h
wave function increases, and a decrease in the energies of the
e-h noncorrelated pair. These two effects lead to a blueshift
or a redshift, respectively, of the PL peak energy. As the
width of the GaAs/Ga0.7Al0.3As QW is quite large �L
=200 Å� the decrease in the energies of the e-h noncorre-
lated pair �under growth-direction applied electric fields� is

clearly the dominant effect, and one should obtain a redshift
effect on the PL peak for fixed values of the magnetic field
and increasing strengths of the applied electric field. On the
other hand, for a fixed value of the growth-direction electric
field, increasing confining effects with increasing values of
the applied magnetic field lead to an increase in the e-h
overlap and to a larger exciton binding energy, and would
result in a redshift of the PL peak energy. Of course, again
there is a competing effect from the increase in the energy of
the e-h noncorrelated pair due to the magnetic-field effects
on the electron and hole Landau electronic states, and this
effect is the dominant one as the value of magnetic field
increases, which leads to a blueshift of the PL peak energy,
as expected. In Fig. 11, present theoretical results, in the
absence of the applied electric field �E=0�, and for Ky =0, for
the magnetic-field-dependent diamagnetic shift of the PL
peak position, for an L=200-Å GaAs/Ga0.7Al0.3As QW, are
compared, with fair agreement, with recent experimental
data by Ashkinadze et al.12 Note that one could argue that,
for high values of the applied magnetic field, a reliable cal-
culation should involve a more realistic type of wave func-
tion which would appropriately take into account magnetic-
field induced anisotropic effects. In that respect, we have

FIG. 9. PL peak energy �or correlated e-h energy transition� as a
function of the growth-direction applied electric field, for
GaAs/Ga0.7Al0.3As QWs of different L well widths, Ky =0, and
various values of the in-plane applied magnetic field. Results for
bulk GaAs are also shown as dotted lines in �d�.

FIG. 10. PL peak energy �or correlated e-h energy transition� for
an L=200 Å GaAs/Ga0.7Al0.3As QW, as a function of the in-plane
applied magnetic field, for Ky =0, and different values of the
growth-direction applied electric fields �1: E=0 kV/cm; 2: E
=5 kV/cm; 3: E=10 kV/cm; 4: E=15 kV/cm; 5: E=20 kV/cm�.

FIG. 11. Diamagnetic shift of the PL peak position for an
L=200 Å GaAs/Ga0.7Al0.3As QW, in the absence of the applied
electric field �E=0�, and Ky =0, calculated as a function of the in-
plane applied magnetic field, compared with the experimental mea-
surements �full squares� by Ashkinadze et al. �Ref. 12�.
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performed calculations, for an L=200-Å GaAs/Ga0.7Al0.3As
QW, of the exciton binding energy with hydrogeniclike
variational wave functions depending on one ���, two �� and
��, and three ��, �, and �� variational parameters,37 i.e., we
have taken the 1s-like wave function in Eq. �12� as f�r��
�e−�r, f�r���e−�r−��2

, and f�r���e−�r−��2−�z2
, respectively.

Calculated results are displayed in Fig. 12, and theoretical
values for the exciton binding energies, with different 1s-like
wave functions, differ at most by 4% and, as the magnetic-
field-dependent resulting curves are essentially parallel, it is
clear that these changes in the exciton binding energies
would not affect the diamagnetic shift displayed in Fig. 11. A
better quantitative description of the experimental data
would certainly require a more realistic description of the
exciton wave function with combinations of the solutions
corresponding to different QW confined states and Landau
levels, and by taking into account nonparabolicity effects and
modifications of the nature of the subband-level structure
due to crossed applied electric and in-plane magnetic fields.
Most probably, this would at the same time improve the
quantitative result for the diamagnetic shift and produce a
more general symmetry for the magnetoexciton states. In ad-
dition, for shallow QWs, the light-hole band should come
into play, as its energy distance is comparable to the Larmor
energy for high magnetic fields.

IV. CONCLUSIONS

In conclusion, in the present work we have performed a
systematic study of the effects of crossed growth-direction
electric and in-plane magnetic fields on the electronic and
exciton properties of bulk GaAs and semiconductor
GaAs/Ga1−xAlxAs QWs. We have adopted the effective-
mass and parabolic-band approximations, and the theoretical
formulation we have presented allows a simple treatment of
the combined effects of the applied crossed electric and mag-
netic fields on the electronic and exciton properties in bulk
GaAs and semiconductor GaAs/Ga1−xAlxAs QWs, with the
direct coupling between the exciton CM and internal exciton
motions dealt with through a simple � parameter represent-
ing the spatial distance between the centers of the electron
and hole magnetic parabolas. The exciton properties were
calculated by using a simple hydrogenlike variational enve-
lope excitonic wave function and therefore calculated results
should be viewed as only qualitatively if confinements ef-
fects due to the in-plane magnetic or electric fields are com-
parable or larger than the spatial QW-barrier confinement.
Present theoretical results, for low values of the in-plane ap-
plied magnetic field, were found in fair agreement with re-
cent experimental measurements by Ashkinadze et al.12 on
the dependence of the exciton PL peak on applied in-plane
magnetic fields. Of course, the present theoretical framework
may be used with more sophisticated and reliable exciton
variational wave functions, if one is interested in a more
realistic description of the excitonic properties. Moreover,
the present approach could be readily extended in order to
treat optoelectronic properties in modulation-doped single
and multiple QWs, QWWs, QDs, heterojunctions, superlat-
tices, quasiperiodic superlattices, and essentially any other
semiconductor heterostructures of interest.
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