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Numerical Solutions for Flow of an Oldroyd Fluid

Confined between Coaxial Rotating Disks

R. K. BHATNAGAR,* Institute of Mathematics, Statistics and
Computer Science, Universidade Estadual de Campinas,

Campinas (SP) Brazil, and M. G. N. PERERA,t Department of
Chemical Engineering, University of Dortmund, Dortmund, West

Germany

Synopsis

The problem of flow of an elasticoviscous fluid characterized by a four-constant
Oldroyd model is treated when such a fluid is ccnfined between a pair of infinite coaxial
parallel disks. The governing system of nonlinear coupled differential equations for
the stresses and the velr-city field is expressed by the corresponding finite difference
analogs and solved by usmg the SOR method. For the case of one disk held at rest,
the solutions are provided for Reynolds numbers 10 and 100, while for the case of
counterrotations of the disks, they are also provided for the intermediate value of 20.
The graphical representations of the velocity functions bring out some very interesting
differences in the behavior of a Newtonian, slightly elastic and an elastic liquid.

INTRODUCTION

Recently, Bhatnagar and Zago- provided solutions for the flow of
a viscoeleastic fluid of the Rivlin-Ericksen type confined between a
pair of coaxial rotating disks by integrating the governing equations
numerically. The finite difference analogs of the governing nonlinear
ordinary differential equations were obtained, and the resulting
system was solved using the point-successive overrelaxation (SOR)
method, under the appropriate boundary conditions of the problem.
In the work of Bhatnagar and Zago.! two cases of interest were treated,
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20 BHATNAGAR AND PERERA

namely, (1) where one disk is held at rest while the other rotates with
a constant angular velocity, and (2) where both the disks rotate with
same constant angular velocity but in opposite directions. Typical
examples for flow have been given for the Reynolds number Re in the
range 10 < Re < 100 and the results have been compared with those
for a Newtonian fluid. 2- 9 There have also been studies reported in
the literature for flow of non-Newtonian liquids between rotating
disks lO- 12 where use of either perturbation techniques or numerical
procedures was made.

The purpose of the present investigation is to discuss the same
problem as in ref. 1 but for an elasticoviscous fluid characterized by
a four-constant Oldroyd model. It may be noted that this model is
superior to the Rivlin-Ericksen model used for the same problem in
ref. 1.

The equations of state relating the stress tensor Sik and the rate­
of-strain tensor Eik = (1/2)(Uk,i + Ui,k) for an idealized incompressible
elasticoviscous fluid as given by Oldroyd-" have the following form:

aTik . ( VEik)
Tik + Al -- + ,uoTJ.Eik = 2770 Eik + A2--vt J bt '

(1)

(2)

where u, denotes the velocity vector, gik the metric tensor, Tik the
part of the stress tensor related to change of shape of a material ele­
ment, and P an isotropic pressure; 110 represents the viscosity of the
fluid and AI, A2. and JLo are constants having dimensions of time.

If Bik is any contravariant tensor, then the convected time deriv­
ative blM in Eq. (2) is defined as

V aBik Ok' . k k'
-Bik =--+ uiB'· + QI Bmk - E' Bm - E B,m (3)at at ] m m m.

where Qik = (1/2)(Uk,i - Ui,k) is the vorticity tensor,
It is shown by Oldroyd-" that if the equations of state [Eqs. (1) and

(2)] are to represent certain important non-Newtonian flow properties
over the whole range of rates of shear. then Al' A2. and JLo must satisfy
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NUMERICAL SOLUTIONS FOR OLDROYD FLUID FLOW 21

the relations
Ai ~ A2 ~ 1/9 Ai > 0, f.io > O.

In the present investigation we shall be considering the same two
cases of the boundary conditions as in ref. 1.

EQUATIONS OF MOTION

Consider the steady motion of a mass of elasticoviscous fluid, which
is characterized by the rheological equations of state [Eqs. (1) and (2)]
and is confined between two infinite coaxial parallel disks. Choosing
a cylindrical polar coordinate system (R, 8, Z), let the lower disk in
the plane Z =0 rotate with an angular velocity Q and the upper disk
located in the plane Z = d rotate with an angular velocity aQ. Let
U, V, and W represent the physical components of the velocity vector
in this sytem of coordinates.

For the above motion, the boundary conditions can then be written
as

U= W=O,
U= W=O,

V=RQ
V=RaQ

onZ =0,

onZ = d.
(4)

In order to derive the governing system of equations, we write the
equations of continuity and momentum in cylindrical coordinate
system. The momentum equations contain components of stress
which are given by Eqs. (1)-(3) written out in cylindrical coordinate
system.

Before proceeding further, we first reduce these ten equations, viz.,
six for the stress components and four as equations of momentum and
continuity, to their nondimensional form using the following substi­
tutions:

(5)
V = dQu,R = dr, Z = dz, U = dQu

W =dQw, Tik = TJOQtik, P = pQ2d 2p ,

where tik represents the physical components of the partial stress
tensor.

As is clear, the above set of equations after nondimensionalization
will involve the Reynolds number Re defined as Re = d2Up!T/o and
other three positive parameters (J = (:\2/Al)' E = (llo/A1), and S = AIr!.
It may be noted that (J and E represent dimensionless physical con­
stants of the material, whereas S, the Weissenberg number, charac­
terizes the memory of the elasticoviscous fluid under consider­
ation.

 Redistribution subject to SOR license or copyright; see http://scitation.aip.org/content/sor/journal/jor2/info/about. Downloaded to IP:  143.106.108.185 On: Fri, 28 Nov 2014

20:04:06



22 BHATNAGAR AND PERERA
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Fig. 1. Velocity functions G. H, and H' for a Newtonian fluid and non-Newtonian
fluid with t.z = 0.02, a = 0, Re = 10, )'1 = 0.10, A2 = 0.02, /LO = 1.00.

In view of Eq. (5), the nondimensionalized boundary conditions
become

u = 0,

u = 0,
u =r, W =° on z = 0,
u = ar , W = 0 on z = d.

(6)

In order to solve the set of ten nonlinear partial differential equa­
tions for the problem under consideration, we first transform them
to a set of ordinary nonlinear differential equations with the help of
the following similarity transformations:

u = - 1/2 rH'(z), U = rG(z), w =H(z); (7)

t r r = F 1(z) + r 2F
2(z), too = FI(z) + r 2G

2(z),

tzz = HI(z) + r 2H 2(z), toz = rKI(z),

(8)

where a prime denotes differentiation with respect to z.
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Fig. 2. Comparison of functions G, H, and H' for an elastic fluid (-) where Xl =
2.00, A2 = 0.33, /-lo = 0.50 with those for a slightly elastic fluid (.. -) where Al = 0.10,
1\2 =0.02, fJ.o = 1.00; t!J.z = 0.02, Or: = 0, and Re = 10.

With the choice of u, v, and w, as in Eq. (7), it can be easily verified
that the equation of continuity is identically satisfied.

Reduced Form of the Stress Equations

Substituting the expressions for t", too, etc., from Eq. (8) into the
stress equations, we get the following set of ordinary differential
equations satisfied by the functions F1, F z, Gz, H t , Hz, K 1, L1, and
u:
F 1 + S(HF~ + H'F t ) -lfz H'ES(2F1 + Hd

= - H' - as(HM + H'Z), (9)
F z + S(HF~ + ML 1) - 112H'ES(Fz + Gz + Hz) = -lJz a8M2, (10)
Gz + S(HG; - 2G'Kt ) -ljz H ' ES (Fz + Gz + Hz) = -2aSG'2, (11)
H 1 + S(HH~ - 2H'H1) + H'ES(2F1 + H 1)

= 2H' + (J"8(2Hm - 4H'Z) , (12)

Hz + S(HH~ - 3H'Hz ) + H'ES(Fz + Gz + Hz) = 0, (13)
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24 BHATNAGAR AND PERERA
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Fig. 3. Comparison of velocity functions G, H, and H' for a Newtonian fluid (-)
with those for an elastic fluid (- - -) where Ai= 2.00, A2 =0.33, Po =0.50; 11z =0.02, CI'

=O,Re =10.

K I + S(HK~ - G'Hd
+ 112 G'ES(2FI + HI) = G' + a"8(HG" - 2HIG'), (14)

L l + S(HL~ - HILI + %MH l ) - %MES(2F I + Hd

= - %M + ~S (3H'M - HM'), (15)

and

M l + S(HM~ + %MK I - G'L l ) = uSMG', (16)

where

H" =M. (17)

Reduced Form of the Equations of Motion

We now make use of the expressions in Eqs. (7) and (8) to reduce
the equations of motion to more suitable forms.

It can be easily verified that the equation of motion in the 8 direc­
tions transforms to
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Fig. 4. Comparison of velocity functions G, H, and H' for a Newtonian fluid (_. -)
with those for a slightly elastic non-Newtonian fluid (-) where 1\1 =0.50, 1\2 = 0.08,
Ilo = 2.00;~ = 0.02, a = 0, Re = 100.

Re(HO I
- H'O) = 4M1 + K~. (18)

Eliminating the pressure p between the equations of motion in the
radial and axial directions and making use of Eqs, (7) and (8) in the
resulting equation, we get, after making simplifications,

Re(HMI + 400') = 2(G~ - 3F;) + 4H; - 2L~. (19)

The associated boundary conditions for Eqs. (18) and (19) are

0(0) = 1, O(l) = a, H(O) = H'(O) = 0, H(l) = HI(l) = O. (20)

Now if we write
E, = -HI +1\, F 2 = l"2, O2 =O2,

H i=2H'+Hb Hz = Hz, Ki=O'+Ki,
L 1 = -lJz M + £1, M i = M«,

then Eqs. (18) and (19) reduce to the forms,

G" + Re(H'G - HO') = -(4Mi + K~),

and

(21)

(22)
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Fig. 5. Comparison between velocity functions G, H, and H' for a non-Newtonian
slightly elastic fluid (- - -) having Al =0.50, A2=0.08, ItO = 2.00 with those of an elastic
fluid (-) having Al = 1.50,112 = 0.25,}LO = 0.67; ll.z = 0.02, a = 0, Re = 100.

M" - Re(HM' + 4GG') = 2L~ - 2«(i~ - 3P~) - 4H~. (23)
The equations satisfied by K 1 and £1 can be deduced easily with the
help of Eqs. (14) and (15). If8 = 0, the above set of Eqs. (22) and (23)
reduces to the well-known equations for the flow of a classical viscous
fluid.

Using the conditions on the velocity functions as given in Eq. (20)
in conjunction with the Eqs. (9)-(16), we can easily write the values
of the functions F I s F 2, G2 , H b H 2, K 10 L band M 1 at the two disks.
Thus, it can be easily checked that

F 1(O) = 0, F 2(O) = 112 S(I - O')[M(O)]2,

G2(0) = 28(1 - O')[G'(O)]2, H 1(O) = 0, H 2(0) = 0,

K 1(0) = G'(O), L 1(0) = - %M(O),

M 1(O) = 8(0' - I)M(O)G'(O); (24)

and
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Fig. 6. Comparison of velocity components for a Newtonian fluid (-) with those
of an elastic fluid (- - -) having), 1 = 1.f" ),2 = 0.2f" !'-(} = 0.67; !1z = 0.02, O! = 0, Re =
100.

FlO) = 0, F 2( l) = 1/2 SO - fT)[M(l)]2,

G2(1) = 28(1 - cr)[G'(l)j2, H 1(1) = 0, H 2( l) = 0,

K1(l) = G'(l), L1(l) = -lfz M(l),

M 1(1) = S(cr - l)M(l)G'(l). (25)

In the next section we describe the numerical procedure adopted
to solve the system of coupled ordinary nonlinear differential Eqs.
(9)-07), (22), and (23) using the boundary conditions in Eq. (20) and
the conditions on the stress functions given by Eqs. (24) and (25).

NUMERICAL PROCEDURE

The system of Eqs. (9)-(17), (22), and (23) are solved using finite
difference methods. The dimensionless distance z between the two
disks is divided into 50 equal parts. The detailed description of the
finite difference approximations of the Eqs. (7), (22), and (23) have
been already given in ref. 1 so that we shall not discuss the method
of obtaining their finite difference analogs here.
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Fig. 7. Comparison of velocity functions for a Newtonian fluid (- - -) with those

of a slightly elastic non-Newtonian fluid (-) having Al =0.20, A2 = 0.03, JJ.O =5.00;
.:1z =0.02, a =-1.0, Re = 10.

The Solution of Stress Equations

It is now our purpose to discuss the method of obtaining the finite
difference analogs ofthe equations for stress components Eqs. (9)-(16)
which constitute a set of eight first-order coupled differential equa­
tions. We solve these equations as a set of simultaneous equa­
tions.

In solving matrix equations of the form AX = B by iterative
methods, it is necessary for the local convergence of the iterative
scheme and helpful for global convergence to have each iterative
matrix diagonally dominant.w!" especially when coupled sets of
equations are involved. To achieve this, a sort of upwind differencing
scheme is employed to discretize the stress Eq. (16). To show the
details of this procedure, we first write Eqs. (9)-(16) as a single
equation in the form

() 8

SH ()z Pi + CiiPi + ~ CijP) = Xi, i = 1,2, ... , 8, (26)
l=~
J¢'

 Redistribution subject to SOR license or copyright; see http://scitation.aip.org/content/sor/journal/jor2/info/about. Downloaded to IP:  143.106.108.185 On: Fri, 28 Nov 2014

20:04:06



NUMERICAL SOLUTIONS FOR OLDROYD FLUID FLOW 29

Fig. 8. Comparison of velocity function for an elastic non-Newtonian fluid (-)
having Al =1.25, A2 = 0.21,1-'0=0.80 with a slightly elastic non-Newtonian (- - -) fluid
with Al = 0.20, A2 = 0.03, /10 = 5.00; t!.z = 0.02, a = -1.0, Re = 10.

where Pi represents the components of stress. It may be noted that
in Eq. (26) summation is not implied for repeated indices except where
indicated. Furthermore, S is taken to be greater than O. The de­
rivative ()!oz is discretized using one-sided differences, backward or
forward depending on the signs of Cii and H. We note that no sum­
mation is implied in the repeated indices in Cii.

Let k be a grid point corresponding to a point z and k + 1, k - 1 the
neighboring grid points on either side of k.

If H > 0, Ci i > 0 at k, then we write

oPi/oz = (Pf - Pf-1)!tiz, (27)

so that the discretized form of Eq. (26) is
8

SH(P~ - P~-l)!tiz + c.t» = X~ - s ou» (28)
t l U l l i...J is J'

j=~
j "t',

giving

k (SH )-l( k 8 k k k-l SH)p. = +C· X· - L c·p· +p., liz " 'j=I.·)) I .::i.z'
J "t'.

(29)
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Fig. 9. Comparison of velocity functions for a Newtonian fluid (-) with those of
an elastic fluid (- - -) having Al =1.25, A2 =0.21, Ito =0.80; t:.z =0.02,0' =-1.0, Re =
10.

Since Hand Cii are both greater than 0,

(
S IH I )-1( 8 SH)

P~ = --+ IC"] x: - 'L.CI>.p1i +p~-l-
, 6..z " 'i = 1. sr » , 6..z·

} ¢,

(30)

It is easily seen that the iterative matrix corresponding to Eq. (30) is
diagonally dominant.

IfH < 0, c; > 0, we take

oP;/oz = (Pf+1 - Pr)/6..z, (31)

which gives

k (SIHI )-1( k 8 k k k+1 SH)p. = + IC··I X- L CP -p.
I 6..z " I 1=1. '} J z 6..z·

J""

(32)

IfH > 0, c; < 0, we write

oPjoz = (Pf+l - Pf)/6..z

giving
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Fig. 10. Comparison of velocity functions for a slightly elastic non-Newtonian fluid
(-) having Al =0.20, '\2 =0.03,1'0 = 5.00 with those of a Newtonian fluid (- - -}; ~z
= 0.02, a = -1.0, Re = 20.

pI! = _ (SIHI+ 1Cnl)-1(XL L.S Cl!pl! _ p!<+1 SIi\ (33)
I b.z zz 'j=l_ 'J J I t1z J'

J""

Lastly, if H < 0, Cii < 0, we write

oP;/oz = (Pf -N-1)/ b.z, (34)

so that

k (SIHI )-1( k 8 k k· k-1 SH)p. = - + IC·-I X-- r,C·p· +P-
I ll.z u. l j =1. 'J J -, ll.Z·

J'" ,

(35)

To form a single equation for Pi at the grid point k from the Eqs. (30),
(32), (33), and (35), we introduce three integers c, HMAX, and HMIN
such that

Cii > 0 implies c = 0,
Ci, < 0 implies c = 1,

H> 0 implies HMAX = 1, HMIN = 0,
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Fig.I1. Comparison of velocity functions for an elastic fluid (-) having 1.1 = 1.25,
1.2 == 0.21, Jlo == 0.80 with those of a slightly elastic non-Newtonian fluid (-) having
1.1 == 0.20, 1.2 == 0.03, 110 == 5.00; L!lz == 0.02, a == -1.0, Re == 20.

H < 0 implies HMAX = 0, HMIN = l.

The equations for Pi can then be written as

(36)

k /(~ ) [k 8 k kPi = (1-2c) D.z + leii! Xi - '];\ CijP}

J""

+ (1 - c) (HMAX. Pf-l ~~ - HMIN· N+1 ~~)

+ c (- HMAX. pi>+1 SH + HMIN . pi>-l SH)] (37)
• ~z I ~z'

To form the successive overrelaxation scheme for Eq. (37), the value
of Pf is relaxed at each inner iteration, for all the grid vlaues to be
calculated, using a relaxation parameter P po We denote the converged
value of the inner iteration loop, by pfm ), and call it the outer iterative
solution, where m represents the number of the outer iteration. This
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Fig. 12. Comparison of velocity functions for a Newtonian fluid (-) with those

of an elastic fluid (- - -) having Al=1.25, A2 =0.21, lJ.o =0.80;!J.z =0.02, CI' = -1.0, Re
=20.

outer iterate solution is then smoothed using a smoothing parameter
1fp given by

(38)

except at the boundary points where a separate smoothing parameter
1fbp is used.

We say the solution is convergent when a certain convergence cri­
terion is satisfied. For the stresses, this criterion is of the form

II
P (m- l) - p(m)11

I p~J.' < Ep for all i. (39)

Pmax is a norm used for the stresses and in the present case is taken
as the maximum value of P in the field at the previous outer iteration.
The convergence tests for H, G, and M are similar to the one given
above and their specific forms are already given in ref. 1. Thus we
shall not list them here.
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Fig. 13. Comparison of velocity functions for a slightly elastic non-Newtonian fluid
(-) having Al =0.40, A2 =0.07, ,",0 =2.50; with those of a Newtonian fluid (- - -): ~z
=0.02, a = -1.0, Re =100.

Stability and Convergence

It is known that for Reynolds numbers that are greater than ap­
proximately 250, the problem under consideration exhibits multiple
solutions.f It has not been our interest in this work to look for such
solutions. In fact results presented are only up to Re = 100. The
highly nonlinear nature of the problem makes the solution scheme
rather unstable even in the Newtonian case. Often in such situations
iterative solutions require a fairly large number of iterations before
convergence is attained, if at all. In the particular problem under
consideration, we seek the solutions on a straight line rather than on
a two- or three-dimensional grid. This makes it easier to follow the
progress of the iterative scheme. As far as the relaxation parameters
for the variables H, G, and M are concerned, normally even for the
viscoelastic case they can be the same as those for the Newtonian case.
The Gauss-Seidel iterative scheme is used for the stresses Pi.
However, in the extreme case, i.e., when both the elasticity and the
Reynolds number are large, the variable M must be heavily smoothed,
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o
Fig. 14. Comparison of velocity functions for an elastic fluid (-) having t"1 = 1.00,

A2 = 0.17, 1J.o = 1.00 with those of a slightly elastic non-Newtonian fluid (- - -) having
A] = 0.40,).,2 = 0.07,IJ.O= 2.50;.6.z = 0.02, a = -1.0, Re = 100.

its inner iteration tolerance increased or even the inner iteration loop
done away with altogetherp,18

The magnitude ofthe tolerance for inner iterative convergence must
be chosen carefully. The relative tolerance for each variable must
correspond to the relation between the discretization errors of these
variables.l? and also to the relative sensitivities of variables to a change
in a given variable. Exact analytical expressions for these relations
are not available, but approximate relations could be obtained by
considering the discretization schemes and the manner of coupling
the variables. It is also possible to obtain some of these relations in
real situations by numerical experiments. The shortest way to
achieve the convergence seems to depend very much on this choice.
The case in which both the disks rotate in opposite directions is much
more difficult to handle. Here the convergence could be attained only
for fairly restricted values of the material parameters. This is espe­
cially true when Re = 100. During the iterative process the largest
absolute changes take place in the stresses. In fact, they are the last
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\
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Fig. 15. Comparison of velocity functions for a Newtonian fluid (-) with those
of an elastic (- --) fluid having Xl = 1.0, X2 = 0.17, 1'0 = 1.00; t:.z = 0.02, a = -1.0, Re
= 100.

to settle down before convergence is attained. Actually convergence
is attained in an oscillatory mode at least in some variables. The
period of oscillation is not every other iteration but rather a group of
such successive iterations. The number of outer iterations in this
group decreases as convergence is achieved.

DISCUSSION

We present the results for two different cases, namely (1) a =0, i.e.,
one disk is held at rest while the other rotates with a constant angular
velocity, and (2) a = -1, i.e., the disks rotate with constant angular
velocities but in opposite directions. For case (1), solutions for two
values of Reynolds number are considered, i.e., Re = 10 and 100. On
the other hand, for case (2), we consider the solutions for Re = 10, 20,
and 100. The reason for this is the desire for inspecting the results
in between Re = 10 and 100. This forms a set of six solutions. Each
of these six sets, in tum, is comprised of three subsets, these being (a)
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Fig. 16. Changes in G, H, and H' when Re = 10,20, 30, and 50 for a fixed amount
of elasticity and shear thinning. !:l.z = 0.02, a =0, A) = 1.50, A2=0.25, 11-0 =1.00.

the Newtonian solution, (b) elastic solution with the highest relaxation
time A1 for which convergence was possible, and (c) the slightly elastic
solution which represents the solution for the least relaxation time
for which convergence was possible, keeping the product A1,.,,0 constant
as Al is decreased. For all elastic solutions, we have chosen A1""0 =
1 S2. The solution with slight elasticity can simulate the non-New­
tonian solution in the elastic case!? when A1 is small enough. In the
solutions provided, the least '\1 differs for different solutions. As.the
influence of A1 is not exactly known in each case, the solutions with
the least value of A1 cannot be considered as the exact non-Newtonian
solution with the same shear thinning behavior as the other elastic
solutions, since varying degrees of elasticity may be contained
therein.

For all of our calculations, we have chosen the grid size fj"z = 1/50
and Q = 1. Thus, the parameter S is always equal to A1.

Figures 1-6 depict the graphical representation of the velocity
functions G, H, and H' for Reynolds number Re = 10 and 100.
Choosing a = 0, Figure 1 shows the curves of G, H, and H' for a
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Newtonian fluid and a non-Newtonian fluid characterized by A1 =
0.10, A2 = 0.02, and ~Q = 1.00. We note that in this case the curves
for two types of fluid are the same. Figure 2 compares the functions
G, H, and H' for an elastic fluid characterized by A1 = 2.00, A2 = 0.33,
and ~Q = 0.50 with those for a slightly elastic non-Newtonian fluid.
The differences are quite significant. We note that the transverse
velocity has a linear variance with z for a slightly elastic fluid while
it is not quite so if the fluid is sufficiently elastic. In the central region
the transverse velocity is increased because of elasticity, whereas it
is decreased near the two disks. The axial velocity suffers only minor
changes, owing to elasticity. The point where H' becomes zero is
nearer to the rotating disk for an elastic fluid than for a fluid which
is only slightly elastic. We observe similar features in Figure 3 in
which G, H, and H' are plotted for a Newtonian fluid and an elastic
fluid with A1 = 2.00, A2 = 0.33, and J.Lo = 0.50.

Figures 4-6 depict the results for Re = 100. In Figure 4, we com­
pare the velocity functions for a Newtonian fluid with those for a
slightly elastic non-Newtonian fluid having A1 = 0.50, A2 = 0.08, and
~Q = 2.00. Figure 6 compares the velocity components for a Newto­
nian and an elastic liquid characterized by A1 = 1.5, A2 = 0.25, and J.Lo
= 0.67. The transverse velocity does not remain linear even for a
Newtonian fluid. The elasticity, small or large, decreases the
transverse velocity in comparison to a Newtonian fluid. Near the
rotating disk, it decreases rapidly within a short distance from this
disk, and shows slight increase in the central region before going to
zero at the stationary disk. If the fluid has elasticity, the increase in
the central region is not so much observable. Looking at the curves
for the radial velocity, the boundary layer character of the fluid is more
noticeable for Newtonian as well as an elastic fluid, especially near
the rotating disk. In both these figures, however, we note that the
effect of the elasticity is to decrease the radial velocity near the ro­
tating disk, thereby increasing it at the stationary disk. The point
where it vanishes is shifted toward the stationary disk. In Figure 5,
comparison is made between G, H, and H' for a non-Newtonian
slightly elastic fluidhaving A1 = 1.50, A2 = 0.25, and ~Q = 0.67. The
general nature of the curves is similar to those in Figures 4 and 6. If
the elasticity is high, the transverse velocity is decreased compared
with a fluid with slight elasticity. The reverse holds for the axial
velocity, which remains always negative for all subcases in which one
disk is held at rest. The radial velocity, however, is positive near the
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rotating disk because of setting up of a radial outward flow at this disk
and is negative near the stationary disk because of a compensatory
radial inflow at this disk.

Figures 7-15 depict the corresponding results for the case (2) when
Re = 10,20, and 100. From Figure 7 in which G, H, and H' are plotted
for Re = 10, we do not see much difference between a Newtonian and
a slightly elastic liquid (AI = 0.20,1\2 = 0.03, Jlo = 5.00) except in the
profile for the radial velocity. Comparison is made in Figure 9 be­
tween a Newtonian liquid and an elastic liquid (A1 = 1.25,1\2 = 0.21,
Jlo = 0.80). Figure 8 depicts the differences in the behavior of a
slightly elastic liquid (choice of of A], A2, Jloas in Fig. 7) and an elastic
liquid (choice of All A2 , lLoas in Fig. 9). We note that if the fluid has
elasticity, the transverse velocity is no longer linear. The axial ve­
locity is negative in the lower-half region and is positive in the
upper-half region. The radial velocity is positive near the two disks
and is negative in the central region. The effects of elasticity are quite
clear in Figures 8 and 9. Figures 10-12 demonstrate the results for
Re = 20 comparing the behavior of a Newtonian, slightly elastic, and
an elastic liquid. We note that the flow characteristics are similar
to those for Re = 10.

Figures 13-15 demonstrate the curves of G, H, and H' for Re = 100.
We observe some clear differences in the behavior of an elastic liquid
in comparison with that of a Newtonian fluid. From Figure 13 we
notice that the transverse velocity is no longer linear even for a
Newtonian fluid and that the slight elasticity in the liquid (1\1 = 0040,
A2 = 0.07, Jlo= 2.50) increases the transverse velocity in the lower-half
region and decreases it in the upper-half. As regards the radial ve­
locity, it is smaller than that for the Newtonian fluid near the two
counterrotating disks and larger in the central region. The boundary
layer character of the flow is also clear from the curves of radial ve­
locity in the neighborhood of the disks. As far as the axial velocity
is concerned, the slight elasticity in the liquid increases the axial ve­
locity in the lower-half region and decreases it in the upper-half
compared with a Newtonian fluid. Similar features are also observ­
able in Figure 15 in which G, H, and H' are plotted for a Newtonian
fluid and a fluid with high elasticity (A1 = 1.0, A2 = 0.17, !-to = 1.0).
From Figure 14, however, the slight or high elasticity in the liquid does
not show significant differences except in the transverse velocity,
contrary to the similar situations in which one disk is held at rest (see
Fig. 5).
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Figure 16 is unique in the sense that it shows the changes in G, H,
and H' when Re = 10, 20, 30, 50 for a fixed amount of elasticity and
shear thinning (AI = 1.5, A2 = 0.25, J.to = 1.00), if one of the disks is held
at rest. We note that as Reynolds number increases, the transverse
velocity decreases.

The same is true for the radial velocity but only in the upper-half
region. In the lower-half region, however, the radial velocity shows
increase with increase in the Reynolds number. The changes in axial
velocity are not so significant. We may again point out that although
the qualitative characteristics of the flow are similar to those in ref.
1, the fluid model and the numerical procedure utilized in the present
study are much superior to that of ref. 1. The convergence is achieved
for quite high values of the elastic parameters contrary to the case of
a Rivlin-Ericksen fluid where only slight deviations from Newtonian
fluid could be considered.
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