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Wave function mapping conditions in Open Quantum Dots structures
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We discuss the minimal conditions for wave function spectroscopy, in which resonant tunneling is the
measurement tool. Two systems are addressed: resonant tunneling diodes, as a toy model, and open
quantum dots. The toy model is used to analyze the crucial tunning between the necessary resolution
in current-voltage characteristics and the breakdown of the wave functions probing potentials into
a level splitting characteristic of double quantum wells. The present results establish a parameter
region where the wavefunction spectroscopy by resonant tunneling could be achieved. In the case
of open quantum dots, a breakdown of the mapping condition is related to a change into a double
quantum dot structure induced by the local probing potential. The analogy between the toy model
and open quantum dots show that a precise control over shape and extention of the potential probes
is irrelevant for wave function mapping. Moreover, the present system is a realization of a tunable
Fano system in the wave function mapping regime. PACS number(s) 73.40.Gk,73.21.Fg,73.21.La

I. INTRODUCTION

Experimental probing of electronic states in systems
showing spatial quantization is probably the most di-
rect visualization of quantum mechanical effects. Such
probing in condensed matter has been a challenge over
decades until the development of artificial model struc-
tures, initially semiconductor quantum wells and more
recently quasi one (or zero ) dimensional mesoscopic sys-
tems. The control over the design and fabrication of these
structures lead naturally to the introduction of well de-
fined local probes of the electronic states. A landmark
in the wavefunction spectroscopy is the optical probing
of quantum-well eigenstates by Marzin and Gerard more
then ten years ago [1]. The basic idea introduced in this
work is that a very thin barrier, which can therefore be
considered as a delta function, is grown within the quan-
tum well at a certain position, leading to a potential
perturbation of the form V δ(z − z0). Such perturba-
tion probes the probability density at z0 by means of the
eigenvalues, Ei, shifts, which in first-order approximation
are simply:

E
′

i = Ei + V |Ψi(z0)|
2 (1)

In the work by Marzin and Gerard, these energy shifts
were obtained by photoluminescence measurements per-
formed in a set of nominally identical quantum wells but
with the perturbative barrier located at different posi-
tions. In other words, such mapping rely on measure-
ments performed on different samples, each one prob-
ing the wave function at a designed position. Later on,
Salis and coworkers [2] performed a wave function spec-
troscopy on a single parabolic quantum well, where the
electron distribution was displaced with respect to a fixed
perturbative barrier by applying an electric field. The
energy shifts were obtained now by magnetotransport
measurements. The great advantage of this procedure,
namely the spectroscopy on a single sample, is somehow
eclipsed by the fact that only a specific system (parabolic

quantum wells) is suitable for it. A variation of this spec-
troscopy is the introduction of monolayers with magnetic
ions embeded in different positions of a quantum well, us-
ing the Zeeman spliting as a probe for the wave function
[3]. An alternative approach, based on energy shifts mea-
sured by means of resonant tunneling, has been proposed
also a few years ago [4]. Now the mapping of the proba-
bility density along the quantum well is related to shifts
of the resonant tunneling current peaks for an ensemble
of double barrier tunneling diodes, where each sample has
a perturbative potential spike located at a specific posi-
tion. This tunneling wavefunction spectroscopy has not
yet been experimentaly verified. Nevertheless, magneto-
tunneling has been used as a tool for imaging of electron
wave functions in self-assembled quantum dots [5].

Imaging of wave functions, in spite of the efforts men-
tioned above, has experienced a growing interest mainly
due to the use of scanning probe microscopes in search-
ing local electron distributions in mesoscopic systems.
Within an already long list of achievements, it is worth
mentioning the study of Bloch wave functions in quasi
one dimensional systems, such as single wall carbon nan-
otubes [6] and imaging of bound states in quantum cor-
rals [7]. In both cases scanning tunneling microscopes
were used. Closely related to the approaches using per-
turbative potential spikes are the use of atomic force mi-
croscopes with the measurement of shifts in the conduc-
tance across a mesoscopic system as a function of the
position of the potential perturbation induced by the tip
of the AFM. An interesting application of this method
is the imaging of coherent electron flow from a Quantum
Point Contact [8].

In the present work we analyse the suitability of such
imaging procedure for quasi-bound states in open quan-
tum dot system in the resonant tunneling regime. It
can be considered the two-dimensional counterpart of the
probing of quasi bound states in double-barrier quantum
wells, considered as a toy model. We are here mainly in-
terested in the conditions that maximize the energy shift
of the resonances in the transmission probability, with-
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out breaking the perturbative regime within the mapping
of the wave function can be established. In the present
situation we are dealing with the quasi-bound states of a
double point contact in the resonant tunneling regime, a
rather different situation than single quantum point con-
tacts [8], theoretically discussed within a similar frame-
work [9]. Although our main concern is the mapping of
quantum dot states, related to resonance shifts in energy,
the analysis could also be extended to the behavour of the
transmission probability plateaus related to the quantum
point contact channels [10].

An important point in the present work is that, if a
wave function mapping could be experimentally achieved,
the open quantum dot system coupled to an AFM tip
would be a realization of a tunable Fano system. Fano
resonances have been recently observed in electronic
transport through a single-electron transistor [11], but
a tunability of the effect has been reached only in the
presence of magnetic fields [12], with the quantum dot in
an Aharonov-Bohm interferometer. The degree of free-
dom introduced by the movable AFM tip opens a new
possibility for such tuning in the absence of magnetic
field effects. Although Fano resonances have been dis-
cussed before in the context of mesoscopic systems, the
present work proposes a possible experimental realization
of former theoretical predictions [13].

II. WAVE FUNCTION IMAGING IN A TOY

MODEL

The wavefunction mapping in double-barrier resonant
tunneling devices is our toy model to discuss how far
can a resonant transmission probability peak be shifted,
within a simple approach that contains the essential fea-
tures related to the problem. The coherent transmission
probability is calculated in the effective-mass approxi-
mation for a double-barrier structure with an embeded
perturbative barrier, as a function of electron incident en-
ergy [14]. Having in mind GaAs/AlxGa1−xAs structures
[15], the double-barrier potential profile, considering the
conduction band Γ minimum, is illustrated in the inset
of Fig.1(a). The relevant parameters are the ratio be-
tween barrier heights, H/Vb; and the ratio between the
characteristic widths, L/LW . Examples of transmission
probabilities as a function of incident electron energy are
shown in Fig. 1(a).

The use of potential spikes at controled positions as a
mapping tool for the probability density inside a double-
barrier resonant tunneling diode has a severe limitation
in the resolution of the energy shifts obtained from rather
broad current-density voltage characteristics peaks. On
the other hand, increasing the energy shift of a quantum
well resonance has an intrinsic upper bound. As an ex-
ample for the lowest state, this upper bound is achieved
when the energy shift ∆E1 = E

′

1 − E1, as a function of

spike position z0, is comparable to the energy difference
∆E12, between the lowest two quasi-bound states of the
system.

The evolution of the energy shift is illustrated in Fig.
1(a) for a quantum well LW = 150Å wide. The prob-
ing potential spike is at the center of the structure with
H/Vb = 1 and L ≤ 30Å. The lowest two resonances of a
unperturbed double-barrier quantum well is set as a ref-
erence (thin continuous line). Energy shifts due to spikes
one and three monolayers thick (dashed line, L = 3Å, and
long-dashed line , L = 10Å, respectively) show the same
qualitative features. Having in mind eq.(1), we see that
the shift of the second resonance should be zero. This
shift, however, is non zero and negative due to the finite
thickness of the spike and second order effects [1]. On the
other hand, the upper limit, ∆E1 ≈ ∆E12 is reached for
L = 30Å (approximately 10 monolayers, thick continuous
line) or L/LW = 0.2. Now, the resonances correspond to
a double quantum well, where each well is L

′

W = 60Å
thick.

An example of wavefunction mapping for the lowest
and second quasi-bound state, given by the energy shift
∆Ei = E

′

i −Ei, as a function of the probe potential spike
position, is shown in Fig.(1b) for the thick probe poten-
tials case, L/LW = 0.2. Two aspects are relevant:(i)
the probability density mapping is possible for thick po-
tential probes, as far as the potential heigth is below a
critical value; and (ii), above a critical potential height
the energy shifts, ∆Ei, as a function of spike position z0
show pronounced singularities, related the fact that ∆Ei

is comparable to ∆E12. Therefore, the mapping of the
envelope wave function is restricted to situations where
∆Ei < ∆E12, i.e., to the left of the crossover shown in
the example of Fig.2: for H = Vb and LW = 150Å, this
crossover occurs at L ≈ 12Å, indicating an upper limit,
∆E1 ≈ 18meV for the energy shifts that still can be
associated to a reliable wavefunction mapping.

A diagram indicating a parameter region for such re-
liable mapping for the lowest state is given in the inset
of Fig.2. Here, ∆Ei ,at the crossover described in Fig.
2, is depicted as a function of a normalized perturbation
strength, HL/LW . The appropriate parameter region for
a wavefunction mapping is the one below the straight line
in the figure. This linear behaviour indicates a scalling of
the energy shifts with the perturbation strength. Energy
shifts up to ∆Ei ≈ 35meV can be achieved, which could
be resolved in experimental I-V characteristics of usual
double-barrier diodes.

However, the main point from such a toy model cal-
culation is that wide perturbative spikes, up to L/LW =
0.2, still lead to reliable wave function imaging, an im-
portant generalization of eq.(1). This one dimensional
result help to understand that extense potential bumps
(provided that they are low enough) induced by AFM,
indeed probe the wave functions in mesoscopic systems.
In what follows we will be able to extend this result in a
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simulation of the wave function mapping inside an open
quantum dot.

III. IMAGING OF WAVE FUNCTIONS IN OPEN

QUANTUM DOTS

A. Model calculation

The transmission probabilities through an open quan-
tum dot are calculated within a Green’s function for-
malism applied to a lattice model in the tight-binding
approximation. This method has already been described
throughout the literature and has been applied in a va-
riety of problems in the context of mesoscopic systems
[18–20]. For the sake of clarity this method is briefly
sketched below.

The open quantum dot structure, emulated by a tight-
binding lattice model is depicted in Fig.3(a). The black
circles represent the lattice sites that define a square
quantum dot conected to two dimensional contacts to
the left and to the right by point contacts. The size of
the quantum dot is SQD = 15a×15a, where a is the host
lattice parameter. The circles inside a square represent
a potential column simulating the perturbation induced,
for instance, by an AFM tip located on the sample at that
position. In what follows we consider perturbations of a
single host lattice site, which corresponds to a extension
relative to the quantum dot are of SP ≈ 4.5× 10−3SQD,
up to a 5× 5 column, corresponding a relative extension
of SP ≈ 0.1SQD.

It should be kept in mind that lattice models, with
nearest neighbor interactions only, are usually thought
as simple, although useful, approximations for superlat-
tices or arrays of quantum dots, where each quantum
well or quantum dot is represented by a site of the lat-
tice, respectively. Apart from this extreme lattice limit,
lattice models are also useful in emulating the bottom of
semiconductor conduction bands that are well described
by the effective mass approximation. In the present
work, the tight-binding hopping parameter is chosen in
order to emulate the electronic effective mass for the
GaAs bottom of the conduction band, m∗ = 0.067m0.
Since, Vx,y = −h̄2/(2m∗a2), Vx,y = 0.142 eV for a lat-
tice parameter of a = 20 Å. Such parametrization repre-
sents quantum dots with lateral sizes up to LD = 300Å,
Fig.3(a), still an order of magnitude lower than the typ-
ical dimensions of actual quantum dots constructed by
litographic methods. However, the present results have
the intention of illustrating the probing of the local prob-
ability density and the relevant scale is the ratio between
the extension of the perturbative spike and the dot di-
mension, SP /SQD.

The AFM tip can also be seen as a controllable im-
purity in a quantum dot and therefore a simple tunable

experimental realization of a multiply connected nanos-
tructure [17]. In the present approach, a continuous sys-
tem is discretized into a tight-binding lattice, considering
a single s-like orbital per site and only nearest-neighbour
hopping elements. These two parameters are the only
ones necessary for describing the electronic behaviour in
lateraly modulated heterostructures near the bottom of
the GaAs conduction band. The device region of a Open
Quantum dot system modeled this way, Fig. 3(a), is
M = 45 sites long and N = 25 sites wide. The total
Hamiltonian, HT , is a sum of four terms: the dot and the
two point contacts regions, described by the HD, and the
left and rigth contact regions, HL and HR, respectively,
and the coupling term between the contacts and the dot
structure, V :

HT = HD +HL +HR + V (2)

We are interested in the transmission, tν,ν
′ , and reflex-

ion, rν,ν
′ , amplitudes, related to the G+(ν′, r, ν, l, E) and

G+(ν′, l, ν, l, E) Green’s functions, respectively. Here,
l(r) stands for a sites column at the left(rigth) of the
OQD device, as indicated in Fig.3(a); while ν(ν′) are
transverse incident(scattered) modes in the contacts at a
given energy E. The first step is calculating the Green’s
functions of the semi infinite contacts, CL and CR:

G+(E) =
∑

ν,µ

|ψνµ >< ψνµ|

E − Eνµ + iη
, (3)

where |ψνµ > and Eνµ are the eigenstates and
eigenvalues of the contact regions, with ν(µ) as trans-
verse(longitudinal) quantum numbers. Actually, we need
the matrix elements of the Green’s functions for the l and
r sites columns, given by:

Gl(r)(n, n
′) =

N
∑

ν=1

χν
n(χν

n′)∗
eiθν

|Vx|
; (4)

with

θν = cos−1[
(E − ǫν)

2Vx

+ 1] (5)

and

χν
n =

√

2

N + 1
sin(

πνn

N + 1
) (6)

The device region can be decoupled in M transverse
chains with N sites each. The Hamiltonian for one of
these chains, i, is writen as:

Hi =

N
∑

n=1

(|i, n > ǫin < i, n|

+|i, n > Vn,n+1 < i, n+ 1| + |i, n > Vn,n−1 < i, n− 1|),

(7)
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where the hopping elements at the edges are VN,N+1 =
V1,0 = 0. The corresponding Green’s function is:

Gi = [(E + iη)I−Hi]
−1 (8)

The Green’s functions G+(ν′, r, ν, l, E) and
G+(ν′, l, ν, l, E) are calculated by means of a recursive
procedure, coupling the Green’s functions of successive
transversal chains along the device, eq.(8), based on the
Dyson equation

G = G0 +G0V G = G0 +GV G0 (9)

The starting point of this iterative procedure is the
Green’s function, given by eq.(4), corresponding to a
transversal chain at the right, r = M + 1 (Gr), of the
open quantum dot structure, successively coupled to the
device chains, Gi, and finally to the left contact, Gl.

The transmited and reflected amplitudes are:

tνν′(E) = i2|Vx|
√

sinθν′sinθνe
i(θνl−θ

ν′r
)G+(ν′, r, ν, l, E)

(10)

and

rνν′ (E) = i

√

sinθν′

sinθν

ei(θν+θ
ν′)l

×[2|Vx|sinθνG
+(ν′, l, ν, l, E) + iδν′ν ] (11)

The total transmission probability, the quantity dis-
cussed in what follows, is given by the Landauer-Büttiker
formula:

T (E) =
N

∑

ν′

(
N

∑

ν

|tν′ν(E)|2) (12)

B. Numerical Results: energy shifts and imaging

The main limitations of resonant tunneling mapping of
the wave function, namely the broadness of measuread
I-V characteristics, as well as the uncertainties related
with a procedure involving a set of different samples, can
be overcomed in the imaging of quasi-bound states in
open quantum dots. The embeded potential spikes are
substituted by the potential bumps induced by a AFM
tip scanned over a single sample and the resonant tun-
neling current, a rather wide integration of transmission
probability resonances, is reduced to single and well de-
fined conductance peaks. Although imaging of coherent
electron flow through a quantum point contact has been
reported [8], where the mapping is achieved by measur-
ing deviations of the quantized conductance plateaus as
a function of AFM tip position, it remains to be properly

discussed the use of energy shifts of conductance peaks
to image the wave function inside a quantum dot.

Typical transmission probabilities as function of inci-
dent energy are shown in Fig.3(b). Here we clearly see
two resonances due to quasi-bound states in the quantum
dot below the threshold of the first quantized conduc-
tance plateau due to the quantum point contacts that
connect the dot to the left and right two-dimensional
reservoirs. The thin continuous line is for the unper-
turbed quantum dot. The other curves are for a poten-
tial bumps at the center of the dot with H = 0.05eV ,
but different sizes. It should be noticed that this is ac-
tually a strong perturbation, since the energy separation
between the two resonances in the bare dot is ≈ 0.01eV .
The dashed line is for a delta function like bump, with
L = 1. It can be seen that a small shift occurs for the low-
est resonance, while the second one remains unchanged
as expexted. The long dashed curve is for a wider bump,
L = 3, with corresponding larger shifts of the resonances.
The thick continuous line is for L = 5 revealing the signa-
ture of a doublet resonance of a symmetrically structured
dot, instead of slightly single quantum dot perturbed lev-
els. A clear analogy to the double barrier structure, Fig.
1(a), can be established.

The mapping of the probability density is obtained by
scanning the potential bump across the quantum dot in
both directions. This procedure introduces asymmetries
in the structure as far as the perturbation is not at center
of the structure, but the figure of merit is the position in
energy of the transmission resonances and not the peak
heigths. For the strength of the perturbation in the re-
sults shown in Fig. 3(b), the mentioned analogy with
the results in Fig. 1(a) should be taken carefully. In-
deed, such a high perturbation potential, H = 50meV ,
strongly affects the transmission channels when placed
near the quantum point contacts. This is illustrated in
Fig. 4, where the energy shifts of the lowest and sec-
ond resonances are depicted as a function of the position
of two different perturbative bumps. Fig. 4(a) repre-
sents a bona fide mapping of the probability densities for
a very low, although spatially extended, perturbation:
H = 5meV and L = 5a; while Fig. 4(b) shows a inade-
quate mapping for H = 50meV and L = 3a. The cusps
in Fig. 4(b) are artifacts due to mode couplings and
show no resemblance with the actual shapes of probabil-
ity densities maxima, while the behavior of the energy
shifts in Fig. 4(a) are qualitatively in agreement with
the probability densities for the two lowest states of the
unperturbed system.

The differences between a fair and a inadequate map-
ping situations become clearer by looking at the contour
plots of the energy shifts as a function of the probing
potential position, Fig. 5, for the same cases shown in
Fig. 4. In Fig. 5(a) we see a fair mapping for quasi
bound states in an open quantum dot with a high prob-
ability density leaking into the quantum point contacts.
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This is not the case in Fig. 5(b), where the heigh of the
potential bump, positioned near the quantum point con-
tacts, strongly suppresses the resonant tunneling chan-
nels, turning the open system into a closed one. An
appropriate mapping is also obtained for a even wider,
L = 7a, low potential bump (H = 5meV ) (not shown
here). The interesting point here is that the lateral size
of the perturbative bump is almost the half of the lateral
size of the quantum dot been probed, corresponding to
a bump to dot areas ratio of SP ≈ 0.2SQD. Therefore,
also for a two dimensional probability density mapping,
the upper limit for the spatial extension of the probing
potential is not crucial, as far as the corresponding heigh
of the potential is kept low enough.

C. Tunable Fano resonances

As pointed out in the introduction, if a wave func-
tion mapping could be experimentally achieved, the open
quantum dot system coupled to an AFM tip would be a
realization of a tunable Fano system. Fano resonances
have been observed in electronic transport through a
quantum dot [11], but a completely tunable resonance
has been reached only with the quantum dot in an
Aharonov-Bohm interferometer [12]. The variation of the
connecting channels, achievable by changing gate volt-
ages may provide a partial tunability [11], but an extra
degree of freedom, introduced by the movable AFM tip,
allows such tuning in the absence of magnetic field effects.

Asymmetric Fano line shapes are the result of the in-
terference between a resonant and non-resonant scatter-
ing paths. For weakly coupled states, the line shapes
of the associated resonances are Lorentzian like. This
is the case of the resonances shown in Fig. 3(b). How-
ever, when such a resonance occurs at energies near the
onset of a conductance plateau, the line shape of the
transmision resonance may change to a Fano like one.
This changing the resonance line shape is illustrated in
Fig.6, for a similar open quantum dot as shown previ-
ously (now SQD = 7a × 7a). Fig. 6(a) and Fig. 6(b)
are for perturbative bumps at the positions indicated in
the insets. It can be seen that the third resonance occurs
at an energy where the transmission probability through
the point contacts can not be neglected as in the case
for the lower ones. Such contribution can be changed
with gate voltages that tune the conection between the
dot and the 2D reservoirs [11,21], with a corresponding
modification of the resonance line shape.

Fig. 6 illustrates how an extra degree of fredom, intro-
duced by the potential spike, keeping the quantum point
contacts fixed, leads to the change from a Lorentzian to
a Fano-like resonance. We believe that such an extra
degree of freedom may permit a complete tunability of
Fano resonances in open quantum dot sytems in absence
of magnetic fields.

IV. FINAL REMARKS

The present work addresses the modeling of wave func-
tions imaging by means of experimental perturbative ap-
proaches. The spectroscopy proposed is based on res-
onant tunneling. First we analyse a one dimensional
problem, a resonant tunneling diode, closely related to
the initial experimental proposals [1], relying on multiple
samples experiments. The second situation studied here
concerns a two dimensional problem, namely an open
quantum dot in the resonant tunneling regime.

A remarkable analogy between both situations is es-
tablished, with an important common result: wavefunc-
tion mapping is achievable with rather spatially extended
perturbative potentials. This is in oposition to the initial
supositions of delta like perturbative spikes [1,2], but pro-
vide a strong support to the imaging using AFM induced
perturbations, where the exact form and extension of the
depletion underneath the tip are not so clearly controled.
We believe that our results open new possibilities to the
imaging experiments carried out so far on single quan-
tum point contacts [8]. An open quantum dot coupled to
the tip of an AFM could also be a new realization of tun-
able resonance line shapes of the conductance through
mesoscopic systems.
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[4] A. Nogueira and A. Latgé, Phys. Rev. B 57, 1649 (1998).
[5] E. E. Vdovin et al., Science 290, 122 (2000).
[6] S. G. Lemay et al., NATURE 412, 617 (2001).
[7] M. F. Crommie et al., Science 262, 218 (1993).
[8] M. A. Topinka et al., Science 289, 2323 (2000).
[9] G-P. He, S-L. Zhu, and Z. D. Wang, Phys. Rev. B 65,

205321 (2002).
[10] A. R. Rocha and J. A. Brum, Braz. J. Phys. 32-2A, 296

(2002).
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FIG. 1. (a) Examples of transmission probabilities, as a
function of electron incident energy, for the structure shown in
the inset with z = LW /2, H = Vb; and L = 0 (continuos line),
L = 3Å (dashed line), L = 10Å (long dashed), and L = 30Å
(thick continuos line). Inset: double-barrier potential profile
with an embeded perturbative barrier. (b) Energy shifts for
the first (left) and second (rigth) resonances of the structure in
(a) as a function of the position, z, of the perturbative barrier
for L = 30Å, for three different perturbative barrier height:
H = 0.043 eV (lower curves), H = 0.172 eV (intermediate
curves) and H = 0.674 eV (upper curves).

FIG. 2. Energy shift, E
′

1 − E1, of the lowest quasi-bound
state ; and the energy separation, E2−E1, between the lowest
and second bound states in a double-barrier structure, as a
function of the perturbative barrier thickness, L. The pertur-
bative barrier is located at the center of the well with H = Vb.
The other parameters are the same as in Fig. 1. Inset: en-
ergy shift ∆E = E

′

1 − E1 at crossovers, as a function of the
perturbation strength, HL/LW .

FIG. 3. (a) Schematic illustration of the open quantum dot
structure. (b) Total transmission probabilities as function
of incident energy for the structure in (a): bare structure
(thin solid line), with a potential bump at the center of the
structure with H = 0.05 eV and L = 1a (dashed line), L = 3a
(long dashed line) and L = 5a (thick solid line).

FIG. 4. Energy shifts of the lowest (left) and second (rigth)
quasi bound states as a function of the position of the poten-
tial bump inside the open quantum dot structure. (a) Bona
fide probability density mapping for a wide and low probe
potential: H = 5 meV and L = 5a. (b) Unrealistic mapping
for a high probe potential: H = 50 meV and L = 3a.

FIG. 5. Contour plots of energy shifts, corresponding to
the situations depicted in Fig.4. The structure probed is an
open quantum dot one and in (a), corresponding to a bona
fide mapping, the contours indicate finite probability density
in the contact regions. (b) high probe potentials isolate the
quantum dot.

FIG. 6. Tuning of the resonance at the conductance
plateau onset with varying tip position: (a) Breit-Wigner like
resonance, and (b), Fano-like resonance.
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