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Recently, a method for obtaining diffraction–attenuation resistant beams in absorbing media has been
developed in terms of suitable superposition of ideal zero-order Bessel beams. In this work, we show that
such beams keep their resistance to diffraction and absorption even when generated by finite apertures.
Moreover, we shall extend the original method to allow a higher control over the transverse intensity
profile of the beams. Although the method is developed for scalar fields, it can be applied to paraxial
vector wave fields, as well. These new beams have many potential applications, such as in free-space
optics, medical apparatus, remote sensing, and optical tweezers. © 2010 Optical Society of America
OCIS codes: 140.3300, 260.1960, 350.7420.

1. Introduction

About six years ago [1,2], an interesting method was
developed that is capable of delivering beams (in
nonabsorbing media) whose longitudinal intensity
pattern (LIP) can be chosen in advance. This method,
named “FrozenWaves,” is based on the superposition
of copropagating Bessel beams, all with the same fre-
quency. This method has been further generalized
[3], allowing us to model the LIP of propagating
beams in absorbing media. As a particular case, dif-
fraction–attenuation resistant beams were obtained,
that is, beams capable of maintaining both the size
and the intensity of their central spots for long dis-
tances compared to ordinary beams.

The method for absorbing media was developed
from appropriate superpositions of ideal zero-order
Bessel beams. This has two fundamental implica-
tions: (a) beams with an infinite power flux (due to
the use of ideal Bessel beams), and (b) beams with

a spotlike transversal profile (due to the use of
zero-order Bessel beams).

We shall extend the above method so as to obtain
more efficient control over the transversal intensity
profile of such beams by adopting superposition of
higher-order Bessel beams.

We will also show that diffraction–attenuation re-
sistant beams can maintain their interesting charac-
teristics even when generated by finite apertures,
i.e., even when we transversely truncate the Bessel
beams that compose the desired beams. This demon-
strates that, once the generation scheme is chosen,
be it with antennas (in microwaves and millimetric
waves), holograms, or spatial light modulators (in op-
tics), the resulting beam may possess characteristics
analogous to those of the ideal case, at least until a
certain field depth. Although the method is devel-
oped for scalar fields, it can be applied to electro-
magnetic waves in the paraxial regime, and we will
elucidate this point. These new beam solutions have
many potential applications in medicine, remote
sensing, free-space optics, and optical tweezers.
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2. Outline of the Method: Ideal Diffraction–Attenuation
Resistant Beams in Absorbing Media

In [3], Zamboni-Rached developed a method capable
of furnishing, in absorbing media, beams that are
resistant to the effects of diffraction and, more impor-
tantly, capable of assuming any previously chosen
LIP, in ρ ¼ 0, in the range 0 < z < L. As a particular
case, this method is capable of furnishing diffrac-
tion–attenuation resistant beams for long distances
compared to ordinary beams. With “diffraction–
attenuation resistant” we mean that the central
spots of these new beams maintain their shapes
and also their intensities while propagating along
an absorbing medium.

Such a method is based on suitable superpositions
of equal-frequency zero-order Bessel beams and the
core idea is to take on an extreme level the self-
reconstructing property of the nondiffracting waves
[4–30]. The obtained beams possess (initial) trans-
verse field distributions capable of reconstructing
not only the shapes of the central spots, but also
the intensities of these spots. This happens without
active action of the medium, which continues absorb-
ing energy in the same way. This section presents the
method developed in [3] with more details and some
new results.

In an absorbing media with a complex refractive
index given by

nðωÞ ¼ nRðωÞ þ inIðωÞ; ð1Þ

a zero-order Bessel beam can be written as

ψ ¼ J0½ðkρR þ kρIÞρ� expðiβRzÞ expð−βIzÞ expð−iωtÞ;
ð2Þ

where βR þ iβI ≡ β and kρR þ kρI ≡ kρ are the (com-
plex) longitudinal and transversal wavenumbers,
respectively, with their real and imaginary parts
being given by

βR ¼ nRω
c

cos θ; βI ¼
nIω
c

cos θ; ð3Þ

kρR ¼ nRω
c

sin θ; kρI ¼
nIω
c

sin θ; ð4Þ
where 0 ≤ θ ≤ π=2 is the axicon angle of the beam.
Note that k2ρ ¼ n2ω2=c2 − β2. One can clearly see that
the Bessel beam in Eq. (2) suffers an exponential de-
cay along the propagation direction “z,” due to the
term expð−βIzÞ.

The absorption coefficient of a Bessel beamwith an
axicon angle θ is given by αθ ¼ 2βI ¼ 2nIω cos θ=c, its
penetration depth being δθ ¼ 1=αθ ¼ c=ð2ωnI cos θÞ. It
is interesting to note that, because the transverse
wavenumber kρ is complex, the beam transverse pro-
file decays as a Bessel function until ρ ≈ 1=2kρI, be-
yond which it will suffer an exponential growth.
This physically undesirable behavior occurs because
Eq. (2) represents an ideal Bessel beam that needs to

be generated by an infinite aperture. This problem,
however, is solved when the beam is transversely
truncated, i.e., when we use finite apertures in its
generation. In these cases, the exponential growth
along the transverse direction (for ρ > 1=2kρI) must
cease for a given value of ρ, and when the radius
R of this aperture is such that R < 1=2kρI, this expo-
nential growth does not even occur [3]. It is impor-
tant to remember that the efficient generation of a
Bessel beam [5,6] occurs when the aperture radius
[31] is such that R ≫ 2:4=kρR.

From the two conditions for R mentioned above,
one can show [3] that, in an absorbing medium, a
Bessel beam generated by a finite aperture of radius
R will possess acceptable characteristics when
nR ≫ nI, i.e., when the coefficient of absorption for
a plane wave is such that α ≪ 1=λ → δ ≫ λ, where λ
is the considered wavelength and δ is the penetration
depth.

All cases considered here must obey this condition.
Now that the basic characteristics of a Bessel beam

in an absorbing medium are understood, let us pre-
sent the method developed in [3]. The idea is to
achieve, in an absorbing medium with a refractive
index nðωÞ ¼ nRðωÞ þ inIðωÞ, an axially symmetric
beam [32], Ψðρ; z; tÞ, whose LIP along the propagat-
ing axis (i.e., on ρ ¼ 0) can be freely chosen in a range
0 ≤ z ≤ L. Let us say that the desired intensity profile
in this range is given by jFðzÞj2. To obtain a beam
with such characteristics, the following solution is
proposed:

Ψðρ; z; tÞ ¼
XN

m¼−N

AmJ0ðkρmρÞeiβmze−iωt

¼ e−iωt
XN

m¼−N

AmJ0ððkρRm

þ ikρImÞρÞeiβRmze−βIm z; ð5Þ
with

k2ρm ¼ n2 ω2

c2
− β2m; ð6Þ

which implies that

βRm

βIm
¼ kρRm

kρIm
¼ nR

nI
; ð7Þ

where βm ¼ βRm
þ iβIm and kρm ¼ kρRm

þ ikρIm .
Equation (5) is a superposition of 2N þ 1 copropa-

gating Bessel beams with the same angular
frequency ω. In Eq. (5), the coefficients Am, the long-
itudinal (βm), and the transverse (kρm) wavenumbers
are yet to be determined. The choice of these values is
made such that the desired result (i.e., jΨðρ ¼
0; z; tÞj2 ¼ jFðzÞj2 within 0 ≤ z ≤ L) is obtained. The
following choice is made:

βRm
¼ Qþ 2πm

L
; ð8Þ
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where Q is a constant such that

0 ≤ Qþ 2πm
L

≤ nR
ω
c
; ð9Þ

for −N ≤ m ≤ N.
The condition in Eq. (9) ensures forward propaga-

tion only, with no evanescent waves. In Eq. (8) Q is a
constant value that can be freely chosen, as long as
Eq. (9) is obeyed, and it plays an important role in
determining the spot size of the resulting beam (low-
er values of Q imply narrower spots), as we will show
below. Additionally, Q can be chosen such as to guar-
antee the paraxial regime in an electromagnetic
beam. In this case, Q must possess a value close to
nRω=c. We will see this in detail in Section 3.

With the choice of Eq. (8), the superposition of
Eq. (5) is written as

Ψðρ; z; tÞ ¼ e−iωteiQz
XN

m¼−N

AmJ0ððkρRm

þ ikρImÞρÞei
2πm
L ze−βIm z; ð10Þ

where, by inserting Eq. (8) into Eq. (7),

βIm ¼
�
Qþ 2πm

L

�
nI

nR
; ð11Þ

and kρm ¼ kρRm
þ ikρIm is obtained through Eq. (6).

The maxima and minima of the imaginary parts of
the various βIm are given by ðβIÞmin ¼ ðQ − 2πN=LÞ
nI=nR and ðβIÞmax ¼ ðQþ 2πN=LÞnI=nR, and the
central value (for m ¼ 0) is given by ðβIÞm¼0 ¼
QnI=nR ≡ �βI.

Now, let us consider the ratio

Δ ¼ ðβIÞmax − ðβIÞmin
�βI

¼ 4π N
LQ

: ð12Þ

For Δ ≪ 1, there are no considerable numerical dif-
ferences among the various βIm and we can safely ap-
proximate them by βIm ≈ �βI, which implies that
expð−βImzÞ ≈ expð−�βIzÞ. In these cases, the series in
Eq. (5) evaluated on ρ ¼ 0 can be (approximately)
considered a truncated Fourier series, multiplied
by the function expð−�βIzÞ. Therefore, this series
can be used to reproduce the desired longitudinal
profile jFðzÞj2 (on ρ ¼ 0), within 0 ≤ z ≤ L, as long
as we make

Am ¼ 1
L

Z
L

0
FðzÞe�βIze−i2πmL zdz: ð13Þ

Essentially, this is the method developed in [3]. It is
interesting to note that countless beams with the
same desired LIP, but with different values of the
parameter Q, can be constructed. The basic differ-
ence among them will be their spot radius (Δρ),
which can be estimated as being

Δρ ≈
2:4

kρRm¼0

¼ 2:4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2
Rω

2

c2
−Q2

q : ð14Þ

So, besides choosing the desired LIP of the beam in
an absorbing medium, we can stipulate its spot size.
In Section 4 we will show that amore efficient control
over the beam transverse intensity pattern is ob-
tained by using higher-order Bessel beams in the
superposition of Eq. (5).

In summary, we wish to obtain a propagating beam
in an absorbing medium possessing, inside the inter-
val 0 ≤ z ≤ L, a previously chosen LIP (on ρ ¼ 0) given
by jFðzÞj2. To achieve such a profile, we write the de-
sired beam as a superposition of 2N þ 1 copropagat-
ing Bessel beams [Eq. (5)] by suitably choosing the
longitudinal (βm ¼ βRm

þ iβIm ) and transverse (kρm ¼
kρRm

þ ikρIm ) wavenumbers, and the coefficients Am
according to Eqs. (8), (9), (11), (6), and (13). We can
also stipulate the spot radius, Δρ, of the beam
through a suitable choice of the parameter Q in
Eq. (14).

The method demonstrates to be efficient in situa-
tions where [33] α ≪ 2=λ and Δ ¼ 4πN=LQ ≪ 1, al-
lowing us to obtain a great variety of beams with
potentially interesting intensity profiles as, for exam-
ple, beams capable of maintaining not only the size of
their central spots, but also the intensity of these
spots until a certain chosendistance along the absorb-
ing medium in question. We can call these types of
beams “diffraction–attenuation resistant beams.”

We finish this section with an example [34] of the
above-mentioned beam.

Example
Consider an absorbing medium with a refractive

index n ¼ 1:5þ i0:49 × 10−6 in λ ¼ 308nm (i.e.,
ω ¼ 6:12 × 1015 Hz). In this bulk, at this angular fre-
quency, we have the following behaviors for the fol-
lowing wave solutions: (a) a plane wave possesses
a penetration depth of δ ¼ 1=α ¼ c=ð2ωnIÞ ¼ 5 cm;
(b) a Gaussian beam with initial spot of radius
5:6 μm, besides suffering attenuation, is also affected
by a strong diffraction, having a diffraction length of
only 0:6mm; and (c) an ideal Bessel beam with a cen-
tral spot of radius 5:6 μm (which implies an axicon
angle of 0:0141 rad) can maintain its spot size, but
suffers attenuation, possessing a penetration depth
of δθ ¼ 1=αθ ¼ c=ð2ωnI cos θÞ ¼ 5 cm.

Now, we are going to use the method exposed in
this section to obtain a beam with spot radius
Δρ ¼ 5:6 μm, capable of maintaining the size and
the intensity of its central spot until a distance of
25 cm, i.e., a penetration depth 5 times greater than
those of the Bessel beam and of the plane wave [35],
and a diffractionless distance 100 times greater than
that of the Gaussian beam. We also demand that
the spot intensity suffers a strong fall after the
distance z ¼ 25 cm.

This diffraction–attenuation resistant beam can be
obtained through the solution of Eq. (5) by choosing
the desired LIP jFðzÞj2 (on ρ ¼ 0), within 0 ≤ z ≤ L,
according to
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FðzÞ ¼
�
1 for 0 ≤ z ≤ Z
0 elsewhere ; ð15Þ

putting Z ¼ 25 cm, with, for example, L ¼ 33 cm. The
stipulated spot radius, Δρ ¼ 5:6 μm, is obtained by
putting Q ¼ 0:9999nRω=c in Eq. (14). This value of
Q is used for the βRm

in Eq. (8), and we choose N ¼
20 [36]. The values of βIm and kρm are calculated from
Eqs. (11) and (6), respectively. Finally, we use Eq. (13)
to find the coefficients [37] Am of Eq. (10), defining in
this way the desired beam.

We can see that the resulting beam fits very well all
the desired characteristics, as is shown in Fig. 1(a),
which is the three-dimensional field-intensity, and
in Fig. 1(b), which is the orthogonal projection in loga-
rithmic scale. The resulting beam possesses a spot
radius of 5:6 μm and maintains the size and intensity
of its central core until the desired distance of 25 cm,
suffering after that an abrupt intensity fall.

As we will see in Section 5, the truncated version of
this beamwillmaintain these characteristics if the ra-
diusR of the finite aperture used for truncation obeys
R ≥ 3:8mm. This is already suggested by Fig. 1(b),
which shows the ideal (i.e., not truncated) beam.

3. Electromagnetic Beams: the Paraxial Regime

It should be clear to the reader that the present
method is exact, i.e., the obtained beams (with the
desired LIPs) in absorbing media are exact solutions
to the scalar wave equation and can possess trans-
verse spots of any sizes, from wavelength dimensions
to infinity. Although the method has been developed
for scalar fields, it can be used in electromagnetism
(optics, microwaves, etc.) in the paraxial regime,
where the scalar beam Ψ of Section 2 would repre-
sent the transverse Cartesian electric field compo-
nent of a linearly polarized electromagnetic beam,
jΨj2 being proportional to the time-averaged electro-
magnetic energy density. In these cases, the beam
spot size must be much greater than the correspond-
ing wavelength. This can be done by choosing the
parameter Q of Eq. (8) as Q ≈ nRω=c.

We are going to elucidate all these points.
Consider an absorbing, linear, homogeneous and

isotropic medium without boundaries and without
free charges and free currents. The electric (andmag-
netic) field obeys, in the monochromatic case, the
Helmholtz equation:

∇2Eþ k2E ¼ 0; ð16Þ
with E ¼ Eðx; y; zÞe−iωt, and where k is the complex
wavenumber:

k ¼ ω
c
nðωÞ ¼ ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μðωÞϵðωÞ

p
¼ ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ
�
ϵb þ i

σ
ω

�s
; ð17Þ

where ϵbðωÞ is the electric permittivity due to bound
electrons, σðωÞ is the electric conductivity, and μ ≈ μ0
is the magnetic permeability. Writing k as

k ¼ kR þ ikI; ð18Þ

and considering a frequency not so close to the
resonance regions [38], we have [39]

kR ≈ ω
ffiffiffiffiffiffiffiffiffiffi
μ0ϵb
2

r � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

� σ
ϵbω

�
2

s
þ 1

�
1=2

; ð19Þ

kI ≈ ω
ffiffiffiffiffiffiffiffiffiffi
μ0ϵb
2

r � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

� σ
ϵbω

�
2

s
− 1

�
1=2

; ð20Þ

with the absorption coefficient [40] α ¼ 2kI.
Let E be an electric field given by

E ¼ Exex þ Ezez; ð21Þ

and let us apply our scalar method to the Cartesian
component Ex:

Fig. 1. (Color online) (a) Three-dimensional field intensity of the resulting beam. (b) Orthogonal projection of the resulting beam intensity
(normalized with respect to its maximum value, jΨj2max) in logarithmic scale.
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Exðρ; z; tÞ ¼ e−iωt
XN

m¼−N

AmJ0ðkρmρÞeiβmz

¼ e−iωteiQz
XN

m¼−N

AmJ0ððkρRm

þ ikρImÞρÞe−βIm zei
2π
Lmz; ð22Þ

where, as before, βm ¼ βRm
þ iβIm and kρm ¼

kρRm
þ ikρIm are chosen according to Eqs. (8), (9),

(11), and (6), and Am is calculated through Eq. (13),
with jFðzÞj2 as the desired LIP to the electric field
component Ex. Now, to satisfy the Gauss law ∇ · D ¼
0 (no free charges), withE ¼ Exex þ Ezez, in themono-
chromatic regime, we must have

Ez ¼ −

Z
∂Ex

∂x
dz: ð23Þ

Using Ex as given by Eq. (22), we found

Ezðρ;ϕ; z; tÞ ¼ e−iωt
XN

m¼−N

Am
kρm
βm

J1ðkρmρÞ cosϕeiβmz:

ð24Þ

The paraxial regime is characterized by beams in
which thewave vectors of the constituent planewaves
are almost parallel to their propagation directions. In
our case, this direction is “þz”and theparaxial regime
is reached by putting Q ≈ nRω=c, implying that
jkρm=βmj ≪ 1, which, in turn, implies that jEzj
≪ jExj. So, in this circumstance, we can use the so-
called paraxial approximation and write the electric
field in Eq. (21) as

E ≈ Exex ¼
�
e−iωt

XN
m¼−N

AmJ0ðkρmρÞeiβmz
�
ex

ðparaxial approximationÞ;
ð25Þ

The associated magnetic field can be found through
Faraday’s law:

B ¼ −
i
ω∇ × E: ð26Þ

Considering the electric field given by Eqs. (21), (22),
and (24), it is easy to show that, in the paraxial
regime, Eq. (26) can be approximated as

B ≈ −
i
ω
∂Ex

∂z
ey ¼

�
e−iωt

XN
m¼−N

Am
βm
ω J0ðkρmρÞeiβmz

�
ey

ðparaxial approximationÞ:
ð27Þ

Remembering that βm ¼ βRm
þ iβIm ¼ βRm

þ iðnI=nRÞ
βRm

, and that 0 ≤ βRm
≤ Qþ 2πm=L, the paraxial

regime (Q ≈ nRω=c) implies that βRm
≈ nRω=c, and,

in this case, βm=ω ≈ n=c (where n ¼ nr þ inI is the
complex refractive index). So, we can make another
approximation in Eq. (27), writing

B ≈
n
c

�
e−iωt

XN
m¼−N

AmJ0ðkρmρÞeiβmz
�
ey; ð28Þ

or

B ≈
n
c
ez × E ¼ n

c
Exey ðparaxial approximationÞ:

ð29Þ

By using Eqs. (25) and (29), we immediately see that
the time-averaged energy density for monochromatic
electromagnetic fields, u ¼ ð1=4ÞReðE · D� þ B ·H�Þ,
can be approximated as

u ≈
1
4
Re

�
ϵ� þ jnj2

μ�c2
�
jExj2 ∝ jExj2

ðparaxial approximationÞ:
ð30Þ

So, we can use our scalar method to obtain, in absorb-
ing media, paraxial electromagnetic beams whose
time-averaged energy densities on the propagation
axis can assume any desired patterns within an
interval 0 ≤ z ≤ L.

4. Extending the Method to Nonaxially Symmetric
Beams: Increasing the Control over the Transverse
Intensity Pattern

The method developed in [3] allows strong control
over the LIP (on ρ ¼ 0) of beams propagating in ab-
sorbing media. Once we have controlled the beam’s
LIP, the transverse intensity pattern (TIP) can be
shaped in a limited way; more specifically, the spot
size of the resultant beam can be chosen by a suitable
choice of the parameter Q via Eq. (14).

In this section [41], we are going to show that it is
possible to get more efficient control over the TIP,
maintaining, at the same time, strong control over
the LIP. It will be possible, for instance, to shift
the desired LIP from ρ ¼ 0 to ρ ¼ ρ0 > 0. In other
words, we will be able to construct the desired LIP
over cylindrical surfaces (instead of over the line
ρ ¼ 0). Below we explain this new procedure.

To obtain these new beams, we proceed as before,
choosing the desired LIP on ρ ¼ 0 within 0 ≤ z ≤ L,
choosing the values of Q and N [observing Eq. (9)],
and calculating the values of Am through Eq. (13).
Having done this, we replace the zero-order Bessel
beams in the superposition of Eq. (10) with higher-
order ones. The new beam is written as

Ψðρ;ϕ; z; tÞ ¼ e−iωteiQzeiμϕ
XN

m¼−N

AmJμðkρmρÞe−βImzei
2π
Lmz;

ð31Þ
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with μ as a positive integer, and all other parameters
(Q, N, L, and Am) given and calculated as before.

For the situations considered here, we have that
nI ≪ nR → kρIm ≪ kρRm

. This implies that, for each
Bessel function in Eq. (31), the following is valid:
Jμ½ðkρRm

þ ikρImÞρ� ≈ JμðkρRm
ρÞ for 0 < ρ ≪ 1=kρIm,

and in this range each Bessel function reaches its
maximum value at ρ ¼ ρ0m, ρ0m being the first positive
root of the equation ðdJμðkρRm

ρÞ=dρÞjρ0m ¼ 0. The
values of ρ0m are located around the central value
ρ0m¼0 and we can expect a shift of the desired LIP
from ρ ¼ 0 to ρ ≈ ρ0m¼0.

We have confirmed this conjecture in all situations
considered by us, mainly in the cases where there is
no considerable difference among the values of kρRm

.
With this extension of the original method, it is pos-
sible to model the LIP over cylindrical surfaces, ob-
taining very interesting static configurations of the
field intensity. In particular, we can construct hollow
beams resistant to the attenuation and diffraction
effects.

To illustrate this method, we are going to obtain a
cylindrical light surface of constant intensity in an
absorbing medium with nR ¼ 1:5 and α ¼ 20m−1

(at λ ¼ 308nm → ω ¼ 6:12 × 1015 Hz), which implies
that nI ¼ 0:49 × 10−6. At this angular frequency, an
ordinary beam would possess a depth of penetration
of 5 cm in this medium. Let us choose, within
0 ≤ z ≤ L, a LIP as that in Section 2, Eq. (15):

FðzÞ ¼
�
1 for 0 ≤ z ≤ Z
0 elsewhere ; ð32Þ

where Z ¼ 25 cm and L ¼ 33 cm.
As in Section 2, we putQ ¼ 0:9999nRω=c in Eq. (8).

With the chosen values of Q and L, the maximum
value allowed for N is N ¼ 154, but for simplicity
we choose N ¼ 20.

Using Eqs. (8), (9), (11), (6), and (13) we evaluate
all the βm, kρm, and Am. But, as we have explained
in this section, instead of using all these values in
Eq. (10), we use them in the superposition in Eq. (31),
where we choose μ ¼ 4. According to the previous dis-

cussion, we can expect the desired LIP over a cylind-
rical surface of radius ρ ≈ 5; 318=kρRm¼0

¼ 12:289 μm
(that is where the function J4ðkρRm¼0

ρÞ assumes its
maximum value).

We can see in Fig. 2(a) the resulting intensity field
in a three-dimensional pattern. Its orthogonal projec-
tion, shown in Fig. 2(b), clearly confirms the cylindri-
cal surface of light intensity. Figure 3 depicts the
transverse intensity pattern at z ¼ L=2. It is possible
to note that the transverse peak intensity is located at
ρ ¼ 12:285 μm, a value near the predicted one. This
interesting field configuration is resistant to the at-
tenuation and diffraction effects until the distance
z ¼ 25 cm.We should remember that any other ordin-
ary beam propagating in the same medium at the
same frequency would have a penetration depth of
only 5 cm.

5. Finite-Aperture Generation of Diffraction–
Attenuation Resistant Beams

As we have seen, the solution in Eq. (5), with Eqs. (8),
(9), (11), (6), and (13), represents propagating beams
in absorbing media with the remarkable characteris-
tic of allowing us to choose the desired LIP on ρ ¼ 0,
within 0 ≤ z ≤ L, with the spot sizes regulated by the
values of the parameter Q. The same occurs with so-
lution in Eq. (31), which in turn allows us to choose
the desired LIP on a cylindrical surface.

Now, we must remember that although the beams
of Eqs. (5) and (31) are exact solutions, they do not
represent beams generated or truncated by finite
apertures. Actually, the fields given by these solu-
tions in all points of space would require infinite
apertures to be generated.

If a Bessel beam given by Eq. (2) is truncated by a
finite aperture of radius R ≫ 2:4=kρR situated on the
plane z ¼ 0, the radiated field—in the spatial region
0 < z < R= tan θ ≡ Z (the diffractionless distance of a
truncated Bessel beam) and 0 ≤ ρ ≤ ð1 − z=ZÞR—can
be approximately described [2,3,6,42] by Eq. (2).

Taking into account that the solution in Eq. (10) is
a linear superposition of Bessel beams, we can expect
that, when it is truncated by a finite aperture of

Fig. 2. (Color online) (a) Three-dimensional field intensity of the resulting beam and (b) its orthogonal projection.
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radius [43] R ≫ 2:4=kρRm¼N
, the radiated field in the

region [44] 0 < z < R= tan θm¼−N ≡ Zm¼−N and 0 ≤ ρ ≤

ð1 − z=Zm¼−NÞR will be approximately given by
Eq. (10).

Now, as we are interested in controlling the LIP of
the truncated beamwithin 0 ≤ z ≤ L, we have to guar-
antee that all Bessel beams in Eq. (10) maintain
their characteristics until z ¼ L after the truncation.
This is possible if the following two conditions are
satisfied [45]:

R ≫
2:4

kρRm¼N

; ð33Þ

Zm¼−N > L →

R
tan θm¼−N

> L → R > L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2
R

c2
ω2

β2Rm¼−N

− 1

s
:

ð34Þ
So we can expect that, by choosing a finite aperture of
radius R large enough to satisfy Eqs. (33) and (34),
the truncated versions of the diffraction–attenuation
resistant beams will maintain their characteristics,
i.e., we will continue to be able to control the beam’s
LIP. To confirm our expectation, examples shall be
presented below, where we choose desired LIPs and
obtain the corresponding ideal beam solutions,
Ψðρ;ϕ; z; tÞ, through Eqs. (5), (8), (9), (11), (6), and
(13). These ideal solutions, in turn, are used to obtain
their truncated versions, ΨTðρ;ϕ; z; tÞ, through
numerical calculation of the Rayleigh–Sommerfeld
diffraction integral for monochromatic waves [46],
namely,

ΨTðρ;ϕ; z; tÞ ¼
1
2π

Z
2π

0
dϕ0

Z
R

0
dρ0ρ0 e

ikD

D

×
�

∂

∂z0
Ψðρ0;ϕ0; z0; tÞ

�
z0¼0

; ð35Þ

where a circular aperture of radius R, on the plane
z0 ¼ 0, is used for the truncation, and D ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz − z0Þ2 þ ρ2 þ ρ02 − 2ρρ0 cosðϕ − ϕ0Þ
p

is the separa-
tion distance between the source and the observation
points.

A. First Example

Here, we are going to calculate numerically the trun-
cated version of the ideal diffraction–attenuation
resistant beam obtained in the example of Section
2 and in [3].

The medium in question has refractive index n ¼
nR þ inI ¼ 1:5þ i0:49 × 10−6 for λ ¼ 308nm (i.e.,
ω ¼ 6:12 × 1015 Hz). The ideal beam in that example
was constructed to possess (for ω ¼ 6:12 × 1015 Hz)
a spot radius Δρ ¼ 5:6 μm and a constant intensity
of its central spot until a distance of25 cm.These char-
acteristics were reached through the fundamental
ideal solution of Eq. (10), with Eqs. (8), (9), (11), (6),
and (13), by choosing the desired LIP jFðzÞj2 (on
ρ ¼ 0), within 0 ≤ z ≤ L, according to Eq. (15), putting
Z ¼ 25 cm andL ¼ 33 cm. The values ofQ andN were
chosen to be 0:9999nRω=c and 20, respectively. This
ideal beam solution is used as the aperture excitation,
Ψðρ0; z0; tÞ, in theRayleigh–Sommerfeld diffraction in-
tegral, Eq. (35), which is numerically calculated to
yield ΨTðρ; z; tÞ, i.e., the truncated version of
this beam.

According to our discussion above, the truncated
beam shall possess a behavior very similar to the
ideal one provided that the aperture radius R satis-
fies the conditions in Eqs. (33) and (34), which fur-
nish, in this case R ≥ 4:9mm. However, due to the
fact that the chosen on-axis LIP has null value within
Z < z < L, we can replace L in the condition of
Eq. (34) with Z, obtaining in this case R ≥ 3:8mm.
We choose R ¼ 3:8mm. After numerical calculation
of Eq. (35), we obtain the result plotted in Fig. 4.
Comparing Fig. 4 with Fig. 1(a) of the ideal beam of
Section 2, we can see that our expectations were cor-
rect, i.e., by choosing an aperture radius big enough,
the truncated version becomes very close to the ideal
solution in the spatial region of interest.

B. Second Example

In [3], Zamboni-Rached obtained, in an absorbing
medium,anideal (i.e.,not truncated)beampresenting
an interesting and counterintuitive characteristic.
There, amediumwasconsideredwith refractive index
n ¼ nR þ inI ¼ 1:5þ i0:46 × 10−6 (which implies a pe-
netration depth of 5 cm) at ω ¼ 6:12 × 1015 Hz. At this
angular frequency, an ideal beam was shaped to pos-
sess a spot radiusΔρ ¼ 5:6 μmand amodest exponen-
tial growth of its intensity until a distance of 25 cm,
suffering after this a strong intensity fall. To reach
these characteristics, the desired on-axis LIP,
jFðzÞj2, within 0 ≤ z ≤ L, was chosen according to

FðzÞ ¼
�
expðz=ZÞ for 0 ≤ z ≤ Z
0 elsewhere ; ð36Þ

Fig. 3. (Color online) Beam’s transverse intensity pattern at
z ¼ L=2.
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with Z ¼ 25 cm and L ¼ 33 cm. Taking into account
Eq. (14), Q ¼ 0:9999nRω=c and the value of N was
chosen to be N ¼ 20.

With this, the (ideal) desired beam, Ψðρ; z; tÞ was
obtained in [3] through the fundamental solution
in Eq. (10), with Eqs. (8), (9), (11), (6), and (13). The
resulting ideal (i.e., not truncated) beam is plotted in
Fig. 5.

In this example, we are going to use Eq. (35) to ob-
tain the truncated version, ΨTðρ; z; tÞ, of the above
ideal beam. By using the conditions in Eqs. (33)
and (34) for efficient finite-aperture generation, we
obtain that the aperture radius should obey the con-
dition R ≥ 4:9mm. But, for the same reason as in the
previous example, we can adopt R ≥ 3:8mm, and we
choose R ¼ 3:8mm. The numerical calculation of
Eq. (35) yields the truncated beam plotted in Fig. 6.
We can see an excellent agreement between the ideal
beam and the truncated one in the region of interest,
confirming that the method works very well in more
realistic situations close to the experimental ones.

6. Conclusions

A few years ago [3], an interesting theoretical method
was developed that allowed the construction, in ab-
sorbing media, of axially symmetric beams whose
longitudinal intensity pattern (LIP) can be chosen in
advance.Asaparticular case,diffraction–attenuation
resistant beamswere obtained, that is, beams capable
of maintaining both the size and the intensity of their
central spots. In this paper, we have elucidated how to
apply this scalar method to paraxial electromagnetic
wavesandextendedittoincludenonaxiallysymmetric
beams,allowinginthisway,besidesstrongcontrolover
the longitudinal intensitypattern, acertainamountof
control over the transverse one.With this extension, it
is possible to model the LIP of the beams over cylind-
rical surfaces. In particular, we can construct (in
absorbing media) hollow beams resistant to attenua-
tion and diffraction effects.

We have also used the Rayleigh–Sommerfeld dif-
fraction integral to obtain truncated versions of these
new beams, verifying that the truncated beams pos-
sess the same interesting characteristics of the ideal
beams provided, that the aperture used for trunca-
tion is big enough. Such a verification is important
because it confirms that the method works very well
in more realistic situations close to the experimental
ones. These new beams have many potential applica-
tions, such as in free-space optics, medical apparatus,
remote sensing, and optical tweezers.
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Fig. 4. (Color online) Truncated version of the ideal
diffraction–attenuation resistant beam obtained in the example of
Section 2.

Fig. 6. Truncated version of the beam with exponential growth.

Fig. 5. Ideal beam presenting a moderate exponential growth in
an absorbing medium.
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