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A pulsating Gaussian wave packet
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Abstract. A pulsating Gaussian wave packet for the harmonic oscillator is explicitly constructed.
The mechanism for that behaviour is pointed out.

It is well known that a wave packet describing
the quantum motion of a particle under the
influence of a harmonic oscillator potential
does not spread. The impression that this fact
is always true is conveyed by most textbooks
on quantum mechanics. Nevertheless, it has
recently been shown that the width of the wave
packet can pulsate [1]. This result has, indeed,
been known for a long time. This problem
was recognized in the collection of problems
on quantum mechanics by Goldmanet al
[2], but no explanation of the reason for the
pulsation was given. In this letter, a Gaussian
wave packet with this characteristic feature
is explicitly constructed and an interpretation
of the phenomenon is presented in terms of
interference between the eigenstates of the
harmonic oscillator.

The evolution of a wave packet is
governed by the Schrödinger equation, it
being possible to find the wave packet at any
instantt from the initial wave packet through
the relation

ψ(x, t) =
∫ ∞
−∞

K(x, t; x ′, 0)ψ(x ′, 0) dx (1)

whereψ(x, 0) is the initial wave packet and
K(x, t; x ′, 0) is the propagator.

Let us consider the propagator for the
harmonic oscillator [3]

K(x, t; x ′, 0) =
(

mω

2π ih̄ sin(ωt)

)1/2

× exp

(
imω

2h̄ sin(ωt)

×[(x2 + x
′2) cos(ωt)− 2xx ′

])
(2)

and the initial wave packet

ψ(x, 0) =
(
α2

π

)1/4

exp

(
−α

2

2
(x − A)2

)
.

(3)

Inserting (2) and (3) into (1), we obtain

ψ(x, t) =
(
α2

π

)1/4

×
(

β2

β2 cos(ωt) + iα2 sin(ωt)

)1/2

× exp

(
−α

2β4 [x − A cos(ωt)]2

2
[
δ sin2(ωt) + β4

] )
× exp

(
iβ2 sin(ωt)

×
(
x2δ +A2α4

)
cos(ωt)− 2Aα4x

2
[
δ sin2(ωt) + β4

] )
(4)

where

β =
(mω
h̄

)1/2
(5a)

δ = α4 − β4. (5b)

From (4) it is straightforward to obtain the
probability density

|ψ |2 =
(
α2

π

)1/2(
β4[

δ sin2(ωt) + β4
])1/2

× exp

(
−α

2β4 [x − A cos(ωt)]2[
δ sin2(ωt) + β4

] )
. (6)

The expression for the probability density
permits us to conclude that its Gaussian form
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is maintained at any time. We can also
conclude that its centroid moves as a classical
particle

〈x〉 = A cos(ωt) (7)

and its width pulsates according to

(1x)2 = δ sin2(ωt) + β4

2α2β4
. (8)

It can also be shown that the product1x1p
pulsates with a minimum value equal to ¯h/2,
in agreement with the Heisenberg uncertainty
relation.

The results presented in this letter reduce
to those presented in the literature whenδ =
0. In that particular caseα = β, and
the wave packet becomes the ground state

solution for the harmonic oscillator. On the
other hand, whenα 6= β then the wave
packet is not that simple stationary state but
a superposition of stationary solutions for the
harmonic oscillator. It is this mixing effect
that makes the wave packet pulsate with a
frequency given by 2ω.

References

[1] Tsuru H 1992J. Phys. Soc. Jpn.612595
[2] Goldman I I, Krivchenkov V D, Kogan and Galitskii

1960Selected Problems in Quantum Mechanics
transl D ter Haar (London: Infosearch)

[3] Feynman R P and Hibbs A R 1965Quantum
Mechanics and Path Integrals(New York:
McGraw-Hill)


