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Linear and nonlinear dispersive Alfve “n waves in two-ion plasmas

R. T. Faria, Jr.,¥) Arshad M. Mirza,”’ P. K. Shukla, and O. A. Pokhotelov®
Institut fur Theoretische Physik IV, Fakttélr Physik und Astronomie, RukUniversita Bochum,
D-44780 Bochum, Germany

(Received 5 March 1998; accepted 12 May 1998

A set of coupled nonlinear equations for dispersive Affveaves (DAWS) in nonuniform
magnetoplasmas with two-ion species is derived by employing a multifluid model. The DAW
frequency is assumed to lie between the gyrofrequencies of the light and heavy ion impurities. In the
linear limit, a local dispersion relatiof. DR) is derived and analyzed. The LDR admits a new type

of DAW in two-ion plasmas. Furthermore, it is found that stationary solutions of the nonlinear mode
coupling equations in two-ion plasmas can be represented in the form of different types of coherent
vortex structures. The relevance of our investigation to space and laboratory plasmas is pointed out.
© 1998 American Institute of Physids$1070-664X98)02408-2

I. INTRODUCTION In this article, we shall employ a multifluid model to
) derive a set of nonlinear equations for the DAW in a non-

The Alfven wave is one of the important normal modes uniform magnetoplasma, by assuming that the frequency of
of a two-component electron ion plasma that is embedded ithe DAW is much smallefeither smaller, comparable, or
a uniform magnetic field. The dynamics of nondispersivelargey than the gyrofrequency of the heavier or inertial
Alfven waves is normally governed by ideal magnetohydro-(lighter or inertialessions. The mode coupling equations
dynamic(MHD) equations. In the Alfve wave, the restoring consist of the electron continuity equation, the parallel com-
force comes from the equilibrium magnetic pressure, and thgonent of the electron momentum equation, the conservation
ion mass provides the inertia. The inclusion of nonidealpf the charge current density, as well as an equation which
effects} such as the perpendiculgparalle) inertial force  governs the dynamics of perpendicular velocity of the
of the ions(electrong and the Hall force, is responsible for heavier ion component. In the linear limit, the four field
dispersion of the Alfva wave. The dispersive Alfrewave  equations are Fourier transformed and a general local disper-
(DAW), which is also referred to as the kinetar shearand  sion relation is derived and analyzed in several limiting
inertial Alfvén waves'® accompanies a finite parall@long  cases. It is found that sheared plasma flows can excite the
the ambient magnetic field lines of fojcelectric field, and DA-like waves in plasmas without the density gradient. On
the DAW dynamics is either governed by gyrokinetic equa-the other hand, the nonlinear coupling between finite ampli-
tions or by two fluid equations that include the ion polariza-tude DA-like waves can produce coherent vortex structures.
tion drift and the parallel electron inertial force. The linear Conditions under which the latter appear are given. The rel-
and nonlinear properties of the kinetic Alfveand inertial  evance of our investigation to space and laboratory plasmas
Alfven waves in a two-component electron-ion plasma haves pointed out.
been discussed in depth by several autRdrs It is widely

thought that the DAW can energize both the electrons and
ions, and that it can also be associated with numerous scalk DERIVATION OF THE NONLINEAR EQUATIONS

low-frequency(in comparison with the ion gyrofrequency We consider a nonuniform multicomponent plasma im-
electromagnetic waves in both the laboratory and in Spac%ersed in a homogeneous magnetic fiB[& whereB, is

cosmic plasmas. e -~ .
However, most of the laboratoriguch as the tokamak thetstrer;gth c?;]the ex te_rrnhal mag?te)t!c f'e(;d’ arjtr.‘t the ung

as well as space and astrophysigaich as those in Earth’s velc qrt along hez axis. di etequlll rlutr;: ensi yﬁ(’) a?h
ionosphere and magnetosphere, the solar wind, cometay ocity (919) ave gradients along the axis. Here, ine
ubscriptj is e for the electrons and for the ions. The

tails, etc) plasmas contain multiple ion spedte¥ and inho- ibri dient intained by body f db
mogeneities. Accordingly, it is of practical interest to exam-Squlitonum gradients are maintained by body forces and by
noncontinuous injection of charged particles into plasmas.

ine the properties of linear and nonlinear DAWS in nonuni-W that the st th of sh d tic field

form multicomponent magnetized plasmas with equilibrium r? ﬁssume da debszﬁng %‘bs' eare Tﬁgne IC tle' S

density gradients and sheared plasma flows. which are produced by the equilibrium parallel current, 15
negligibly small in comparison with the strength of the am-

bient magnetic field.
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yvhere the superscripf[(h) s'tands for the Iighte(he.:avi.e) ~ whereD=d,+Vgg-V, Vpo= _(CTe/eBOneO)ixvneO is the
ion component, and; is the ion charge. The negative ion is equilibrium electron diamagnetic drifk,e= ¢/, is the col-
characterized by;<0. _ lisionless electron skin depthy,e=(4mnye?/me)Y2 is the

We assume that the frequency O|f the DIAW is muchgjectron plasma frequency, a@oI(EXVer)/wce is the
smaller than the gyrofrequency,=ZieBy/mic) of the  gjactron shear parameter.
lighter ions, wheree is the magnitude of the electron charge, From the conservation of the charge current density,
m! is the mass of the lighter ions, ands the speed of light. Viz. V-J=V -3 43.VJ..—=0. we obtain

I I A : ez— Y

Thus, the perpendiculaito z) components of the electron L

and lighter ion fluid velocity perturbations in the electromag-CZ; €~ h cZieny, 2 . oh hoh
netic fields of the DAW are, respectively, B, X VMo Vot g g DuVid—ziev-(ngvi
Ve, ~Veg+Vpet (Vep+Vep)— 2) 1. € 4y
e. “VEBT VDeT (Veo T Ve g - B—szJ0~VAZ+ 4—dZVlAZ=0, (7
0 o
and Whel’e Dt|=é’t+v=007z+VEB~V, Joze(niovio_neoveo) iS
| c | vioB. the unperturbed total plasma current density, ahdis the
Vi~Vest B (d+viod,+vi- VIE + By (3 perpendicular component of the heavier inertial ion fluid

- - velocity perturbation. The latter is determined from
where veg=czXV ¢/Bj, and vpe=—(cT./eByng)zXVn,

are theExB,, and the diamagnetic drift velocities, respec-
tively, E=—V¢—(1/c)d,A,z is the electric field vector,
¢ (A,) is the electrostati€z component of the vectpbipo-
tential, andBL=VAZx2 is the perpendicular component of
the wave magnetic field. Furthermors, is the electron
number density and, is the constant electron temperature.
The compressional magnetic field perturbation along zhe
direction has been neglected in view of the I@(<1) ap-
proximation. For simplicity, the motion of cold ions along

the z direction has been neglected.

The parallel(to Z) component of the electron fluid ve-
locity perturbation ¢.,) can be obtained from thecompo-
nent of Ampee’s law,

h 2

) > h Zje cQg.
(Dth+Qch)ViL+W8tvi¢_ B, zxV ¢=0, t)
i

whereDy,= d;+vihd, + VI -V andQ=Z"eBy/mi'c is the
gyrofrequency of the heavier ion component.

Equationg5)—(8) are the desired nonlinear equations for
the study of dispersive Alfiewaves in nonuniform plasmas
with two distinct groups of ions.

Ill. THE LOCAL DISPERSION RELATION

In Sec. lll, we shall present the local linear dispersion
relation for the DAW in a nonuniform plasma by assuming
ver~(ClAmneoe) VZA,, (4)  that the wavelength of the disturbance is much smaller than
the scale lengths of the equilibrium inhomogeneities. Ac-
The relevant equations for nonlinear dispersive Atfve cordingly, we Fourier transform Eq$5)—(8) by assuming

" h
waves in plasmas with two-ion components can easily béhat the pertgrbed guanunegl,vu di anchZ are propor-
derived by substituting Eq€1)—(4) into the continuity equa- tonal to explk-r—iwt), wherek(=yk,+zk,) andw are
tions for the electrons and ions, and into the parallel compoth® wave vector and the frequency, respectively. The unit
nent of the electron momentum equations. Thus, by substiector along the direction is denoted by.

tuting Eq. (2) into the electron continuity equation and by ~ We first present a general dispersion relation for the

whereV? = g2+ .

eliminatingv, by means of Eq(4), we obtain DAW in the presence of an equilibrium density gradient and
equilibrium sheared plasma flows. Accordingly, we Fourier

C . 1. . ;

DN — =2XVNgy- Vhp+ ——2x VA, Vg transform Egs.(5)—(8) by neglecting the nonlinear terms.
Bo eBy From Eq.(5) we have
[ ’ ’ 2

25 _ 1| kyCngg kyJeo  KiKsC
+4ﬂ_eDZVJ.AZ 0, (5 Ney=—— B eB, *ame M| 9)

e__ 2
where Pf_(7t+f’60‘92+VEB'V+(C/47Tr_‘eoe)VLAZ‘9{ » Dz \where we have assumed that>k,v;o and have denoted
=d,+By"VA,X2z-V, .Jeoz—eneoveo is the egwhbnum NLo= dNeo/ IX andJly= ddeo ! OX.
electron current density, amg; (= ne—Negp<<Neo) is the per- On the other hand, we Fourier transform HE) and

turbed electron number density. eliminateny; by means of Eq(9). The resultant equation
Inserting Eqs(2) and(4) into the parallel component of eads

the electron momentum equation, and noting that

=—d,6—c 19,A,, we readily obtain D, A=k, w( 1+ kkLS +wcekyKeP§ b, (10)
(D= N2V2D$)A,+Vpo- VA, +¢(d,+Sy0- V) @ z
. where , ’ D= (1+ kf,)\g)wz—wzk-1>/2D_0—k§czk§)\2De
— —2D,ng; =0, (6) —kykpeQcedeo/€Neg, Ape=(Te/4mNg€”) ™ is the electron

€Neo Debye length,p.=vc/Q is the electron Larmor radius,
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v1e(Qce) is the electron thermal velocitithe electron gyro- IV. NONLINEAR SOLUTIONS

frequency,  ke=Ng/Neo, and  S=(dvee/Ix)/Q , , _ . , ,
E\(/q'o/ﬂ y o 0o (veol )/ {Xee The nonlinear interaction between finite amplitude dis-
el ce

persive Alfven waves in two-ion plasmas can be responsible
for the formation of ordered structures. Although the general
stationary and nonstationary solutions of E@8—(8) cannot

be found analytically, we discuss here stationary solutions in
kyA (1)  some limiting cases. Specifically, in the following, we shall

Finally, we combine Eqg.7) and(8) and Fourier trans-
form the resulting equation. The result is

.
E|¢ J0+k kZC

present vortex solutioAd~"11"1°of Egs. (5)—(8) by assum-
f 2
where ing Athat dxnjo=0, [0 <Qchs Cwcd VA,
<wh|zXV ¢- V| anddZ<VZ . Accordingly, we introduce a
wgh w;Z)th wglw wghw , new reference framé=y+ az—ut, wherea_ andu are con-
“«=|q — 5 | Kyki > > 5 1Ky stants, and assume thatand A, are functions ofx and ¢
ch Qop~w o Qe only. The introduction of the new reference fraréiewith

ith d being the ol f f the heavi constante andu for an inhomogeneous medium is a well
with wpp andwp, being the plasma frequency of the heavier o gapjished fact for cases involving Rossby and gravity dipo-
and lighter ion components, respectwely Furthermore, We1r vortices in fluid213-®as well as for drift-acoustid!2

have denotedy=dJo/dx and x;=(anjo/7X)/nj . and drift-Alfven®>*>7 vortices in nonuniform magnetized
From Egs.(10) and(11) we can eliminated, or ¢, and plasmas

obtain the general dispersion relation In the stationary framé=y+ az—ut, we can replacé;

by —udy, d, by d¢, andd, by ad,. In the absence of the

_Jo+k kzc) (12)  density gradients, Eq5) becomes

DmE| wk kZC Bo

1 kyS
e

NeoVeo Ca _»
uB, At 477euVLAZ ' (19

In the absence of the density gradients and equilibrium DegNer=Dea
sheared plasma flows E(L2) reduces to
where D§¢:(9§_(C/U Bo)(ax¢a§_ &ggf)(?x) and DgA:(Qg
ghﬂgl) + (YaBg) (9A0x— A, d,), andu>v ;o has been assumed.

[(1+KAD) w?— k?czki}\%e]( w?— Q% — From Eq.(6), we have
el c CTe

@o
—k2V2 (02— Q%) =0, (13) Dw[(l—xéVf)Az——cﬁ TR L

o uDgAnel—O, (16)

u

where Vi =BZ/(4mp) is the Alfven velocity and whereag=a+S.

pi(=nl,m) represents the mass density of the light ions.  On the other hand, Eq7) gives

Equation(13) shows that the dispersive Alfaewaves are

linearly coupled with the ion-cyclotron waves involving the DyV2hp=Dp| — eneoV 0

heavy ion component. Fas<Q.y,, Eq. (13) yields auBo
whereVo=~d(veo—vig)/ IX.

We now discuss analytical solutions of E¢E5)—(17) in
some limiting cases. Let us focus on kinetic Alfvevaves
which assume that the scale sizes of the vortices are much
whereVAzc/\/E is the Alfven velocity in two-ion plasma, smaller than the collisionless electron skin depth. Here, we
anda=3;_ ho5/Q% . Equation(14) shows that the phase obtain from Eq.(16)
velocity of the usual kinetic/inertial Alfue wave is de-

—VZAZ), (17)

K2Va+kZc?koN,

2_
w =
2y 2

1+kiNg

(14)

c cTe
creased when an additional ion component is present in plas- ng,(AZ— ﬂg{;) = ¢ ———DaNes - (18)
mas. u €MNeol
It can be readily shown from Eq12) that the DAW in In the ideal MHD limit, the Alfven waves have insignifi-

two-ion plasmas can be driven by sheared plasma flows evefant density perturbations, so we can approximajeby

in the absence of the density gradients. AQuie<w  (cay/u)¢. Substituting the latter into Eq17) we obtain
<Qcp, the instability occurs provided thatkf+k,S)

X (kyk,c+4mwly/Bo)<0. The latter is satisfied for Czaao) V2 eneoCaoVy
; 900

70e0lX=Vig<0 and |Vigllwee>k,/k, provided that |1~ 2 arB, ¢

kyk,c>4mJy/By. The growth rate of that current convective

|nstab|I|ty is k,Valky Vo/k,ocd 2. Finally, we would like to c 23

mention that when the density gradients and sheared plasma ~ g, °13(4.V2)=0, (19

flows are present simultaneously, then one has to resort to a

numerical analysis of Eq12) in order to deduce complete whereJ(f,g)=dyfd.g— 3490,f.

information regarding the growth of dispersive Alfxike In the absence of sheared plasma flows, B®) as-
waves in two-ion plasmas that are inhomogeneous. sumes the form of a stationary Navier-Stokes equation
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5 Clks 5 current convective instability arises because a phase lag be-
IVId— 5 P Vie)=0, (200 tween the parallel electron velocity perturbation and the
0 wave potential appears due to the equilibrium velocity gra-
where ug=(1—c?aj/auv?)/(1-c?aay/au?). dients.
Equation(20) is satisfied by Furthermore, it has been shown that finite amplitude DA

disturbances in two-ion plasmas interact nonlinearly, giving

(21)  rise to the vortex street and the dipolar vortex as possible
stationary states. This has been shown analytically by seek-
ing stationary solutions of the governing nonlinear equations,
Egs.(5)—(8), in two limiting cases.

We have thus reported a possible mechanism for the

1 generation of dispersive Alfvelike fluctuations in the pres-
1- ; cogKf) |. ence of sheared plasma flows in a magnetized plasma con-
s 22) taining two-ion species. The nonlinear mode couplings be-
, o tween finite amplitude DAWSs provide the possibility of the
Forag>1 the vortex profile given by Eq22) resembles the  formation of solitary vortices. We note that a vortex chain
Kelvin-Stuart “cat’s eyes” that are chains of vortices. arises in the absence of the equilibrium sheared plasma

In the presence of sheared plasma flows, @@ admits  flows, whereas the latter are required for the formation of a
a double vortex Solution, the pI‘OfileS of which are similar todip0|ar vortex. '|'hus7 a possib|e saturated state of a current
those given in Refs. 2 and 12. convective instability could appear as a dipolar vortex. How-

Next, we consider the case wheer avi. Here, the last  eyer, the existence of the vortex chain and the double vortex
term on the left-hand side of E¢L6) can be neglected and s only guaranteed if these nonlinear coherent structures are
Eqg. (15 becomes redundant. Thus, a typical solution of Eqstaple against two- or three-dimensional perturbations. In or-

’

4¢pK? F{ 2 ( uBg )
Vigp= exp — —| p— —x
Ld) az d’s ¢ MmsC

S
where¢g, Ks andag are arbitrary constants. The solution of
Eq. (21) is given byt

uBy
Cx+ ds In

b= 2 cosliKgx)+2

M

(16) is der to investigate the stability of our nonlinear vortex solu-
cay tions, we have to perturb the dynamical equations, E)s-
(1-A2V2)A,— — ¢=0 (23)  (8), around the zero order(vortex) solutions, and

subsequently study the vortex stability by employing the
Combining Egs.(17) and (23) we obtain an equation method of Refs. 16 and 17. Although a complete stability

whose solution is analysis of our nonlinear equations is truly tedious, we an-
UB, ticipate that the coherent nonlinear structures should remain
V2h+ Brp— BrA,= F3( d— —x), (24)  stable, because the form of the Jacobean nonlinearity in our
¢ problem is similar to that in the hydrodynamic problé®t’
where B, = aagc?/au’\2, B,= agc/aul?, andF; is a con- In conclusion, we stress that the results of the present
stant. In deriving Eq.24) we have assumed thai=qa, investigation should be useful in identifying the frequency
+)\§eneoV6/BO. and wave number spectra of low-frequency electromagnetic

By substituting Eq(23) into Eq. (24), we finally obtain  fluctuations and the salient features of associated coherent
nonlinear structures which are produced by sheared plasma
Fsu Box=0 (25) flows in a nonuniform, low-temperature, magnetized plasma
cy\g ’ containing two-ion components. The latter are frequently
5 > found in tokamak edges as well as in space and cosmic en-
Where Clzﬂl_Fg,_l/)\e and CZZ[(Fs_Bl)/)\e]

2 . . ! ! vironments.
+cBrap/uNg. Equation(25) is a fourth order differential
equation, which admits spatially bounded dipolar vortex so-
lutions. Specific forms of the latter are given in Refs. 4 andACKNOWLEDGMENTS
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