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Quasienergy spectra of quantum dynamical systems
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We present a technique that yields in analytic fashion the quasienergy spectrum of bounded quan-
tum systems in the presence of time-periodic perturbations. It also allows for the calculation of sta-
tistical averages using simple algebraic manipulations and provides tractable solutions even for sys-
tems with a large number of levels. We also report on numerical calculations for systems with few
number of levels in and out of resonance, and which show the recurrences predicted by the Hogg-
Huberman theorem [Phys. Rev. Lett. 48, 711 {1982);Phys. Rev. A 28, 22 {1983)].

I. INTRODUCTION II. QUASIENERGY SPECTRUM

The dynamical behavior of quantum systems with
time-periodic Hamiltonians is of fundamental interest in a
number of fields. In particular, it has been the focus of
much activity in the field of atomic and molecular spec-
troscopy, where the main concern is to predict the time
behavior of such systems when subjected to laser radia-
tion. ' At a more fundamental level, the existence of
classical, nonintegrable dynamical problems with chaotic
solutions has led to investigations of their quantum coun-
terparts, which surprisingly do not seem to display any of
those features.

Recently, several studies of periodically driven, bound-
ed quantum systems, showed that the energy does not
display the diffusive behavior commonly associated with
chaotic dynamics. ' '" Moreover, a theorem of Hogg and
Huberman' showed that if the quasienergy spectrum of a
quantum system is discrete, then the system behaves in a
recurrent, quasiperiodic fashion. Since the proof of the
theorem is not constructive, the problem remains of deter-
mining the quasienergy spectrum of any periodically
driven quantum dynamical system given its Hamiltonian.
This paper presents a method which allows for its analytic
determination in the case of time-periodic Hamiltonians.
As will be shown, our technique also allows for the calcu-
lation of statistical averages using simple algebraic manip-
ulations, and provides tractable solutions even for systems
with a large number of levels.

In Sec. II we consider a many-level system in the pres-
ence of an external electromagnetic field and transform it
into a time-independent problem through a suitable
canonical transformation. Using an algorithm developed
by Eckmann and Guenin' for time-independent problems
we then calculate the quasienergy spectrum of the system.
We show that for bounded quantum systems in the pres-
ence of a periodic perturbation, the quasienergy spectrum
is indeed discrete, leading to the recurrences predicted by
Hogg and Huberman. Finally in Sec. III we present nu-
merical results using our technique and show the quasi-
periodic nature of the observables.

A. Quasienergies and quasiperiodic states

Consider a system whose Hamiltonian oscillates in time
with period T-

H(t+T)=H(t) .

Using Floquet's theorem, ' it can be shown' ' that the
solutions of the Schrodinger equation can be written as

%(t)=gPk(t)e '
k

where

'0 k(t) 0k(t+~) '

ek is called the quasienergy and pk(t) the quasiperiodic
state, which obeys the equation

~4'k
[H(t) —ek]Pk(t) =iA'

In the following subsections we develop a method for cal-
culating the quasienergies for a system of N coupled oscil-
lators.

B. The many-level system

Consider a system of N levels, with energies
Ei,Ez, . . . , E~ in ascending order, in the presence of an
external periodic field which couples only adjacent levels.
The corresponding Hamiltonian in the rotating-wave ap-
proximation is given by ' '

N N —1

H(t)= QEJaj aj+ g yj J+iajaj+&e +H.c. ,
—I COf

j=1 j=1
(2.1)

where we have set %=1 and y,&, the oscillator strength, is
given by

Ytj'= Ptj ''@o—
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N

U(t) =exp iso—t g (j —l)a a.
J=1

the new Hamiltonian becomes'

(2.3)

H = Ut(t)H (t) U(t) t Ut(t)— (2.4)

or, in terms of the renormalized frequencies co;,

N N —1

H=g t;o;aa+ g y, ,+,a,a, +, +H.c. , (2.5)

with p,j. the dipole matrix element, I'0 the external field,
and the boson operator a; (a;) represents the creation (an-

nihilation) of an atom or molecule in state i T. he normal-
ization condition is determined by

g(a;a;) =1.N
(2.2)

i=1

In order to study the time evolution of both the level pop-
ulation, (a; (t)a;(t ) ) and the energy of the system, (H(t})
we first perform a canonical transformation, U(t), on Eq.
(2.1) which renders it time independent. By defining U(t)
as

~v—:(adH)OA =—A (2.11)

{t)=exp[&tG H, A lm (2.12)

The matrix GH z can be shown to transform into the
matrix Hamiltonian whose eigenvalues are the quasiener-
gies of the system, as defined by Zel'dovich' (see also
Ref. 19) using a similarity transformation. It is easy to
show that the matrix Hamiltonian is then defined by

~nn=~n ~

Hntn =3 n, n+l~tn, n+1 ~

where co„'s are known as the detuning factors, and y„„+1
are the Rabi oscillators. ' Note that with these defini-
tions the eigenvalues of this matrix are always real.

Since the matrix which transforms the matrix GH „
into the matrix Hamiltonian is also the matrix which
transforms the basis for u&1t1, into the basis for A(t), it
follows that finding the eigenvectors of G ~ ~ is

equivalent to finding the eigenvectors of H, i.e., the quasi-
periodic energy states of the system.

where

to; =E; (i —1)t—o . (2.6)

A (t) =exp(iHt)A exp( iHt) . — (2.7)

Using the HH theorem, ' '" we can say that A (t) and H
are bounded, which in turn implies that A (t} is equal to
its power-series expansion

A(t)= g, [H, [H, . . . , [H,A] . . ]],
0 n!

(2.8)

where there is an n-fold nesting of the commutators and
which we will write as

A (t) =g, (adH)"A,
0 n!

(2.9)

with the operator (adH)"A being defined by Eqs. (2.8) and
(2.9). Thus, the operator A becomes associated with a
vector in a 4 -dimensional space where m is the number
of degrees of freedom (here equal to the number of lev-
els). ' We now define a subspace of dimension less than
or equal to 4, spanned by the vectors (adH)"A. In this
subspace the operation adH is described by multiplication
to the left by a matrix G~ z, and such that

G tt g u g [H, A ]—:HA AH—— —
I

with

(2.10)

C. The Eck~ann-Guenin method and quasiperiodic states

Having transformed the original problem into a time-
independent one, we now show how the eigenvectors of
the Eckmann-Guenin (EG) algorithm transform into the
quasiperiodic states of the Hogg-Huberman (HH) theorem
on quantum recurrences. The quantity of interest is the
time evolution of an operator A, i.e.,

D. Algorithm for the quasienergy spectrum

1 1 1 1
u 4 ——au 1+Pu 2+ yu 3,

with

(2.17)

~12~3 o31y121 ~11 Y231

0=
I y121 +

I y231 ~1~2 ~2~3 ~1~3 ~

f=@0~+6)2+C03 .

(2.18)

In order to make the calculational procedure transpar-
ent and easy to compare with known results, we will first
treat a resonant three-level system. Our aim is to find the
level population as a function of time. Since we first need
an expression for a;(t), let us proceed with the calculation
of the vectors (adH)"a;. This is accomplished through
the following steps.

(i) Select the level whose population evolution in time
we want to study, e.g. a i.

(ii) Define: u 1
——a i.

(iii) Define the basis vector: y„'=(adH)" 'a i. We
then generate vectors until one of them, let us say u „'+1, is
a linear combination of the previous n vectors. For the
Hamiltonian given by Eq. (2.5), n =N, the number of lev-

els in the system. We thus find

v& ——a&, (2.13)

v 2=co/a ) +y j2a 2 (2.14)

1 2
u 3——(coi +

I y 12 I
)a 1 +y 12(coi +co2)a 2+ y 12y23a 3, (2.15)2

u 4 [~1(~1+ I y121 }+
I Y121 (~1+~2)]a 1

+y12(~1+~&+~1~2+ I y» I

'+
I
Y231'}a 2

+y12y23(tol+to2+~3) —3 ' (2.16)

At this stage we notice that the fourth vector can be ex-

pressed as a linear combination of the other three, i.e.,
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(iv) Construct the matrix G ~ t. It is an n x tl matrix,
H, a,

1 ~

n being the number of linearly independent y;, with the
ith column given by the vector v,'+1 in the I v,'I represen-
tation, i.e.,

Oou
G~,t= 10P

I.OO

As we discussed it in Sec. II C, 6 H 1 can be transformed' —a, a&

into a time-independent Hamiltonian matrix by a similari-

ty transformation. The eigenvalues are therefore real, and
they cannot depend on the particular operator whose
dynamics we are calculating.

(v) For the resonant case: E3 E, =—2co (also known as
"no detuning" ' ), or co3 —col ——0. The quasienergy spec-
trum is then given by the eigenvalues of G, i.e.,

XO=CO1 ~

~1=(CO1+CO2)/2+V[(CO1 —CO2)/2] +y

~2 (CO1+CO2)/2 +[(~1 ~2)/2] + Y

(2.19)

with y =
I y12 I + I y23 I

The eigenvectors are in turn
expressed as

CO1CO2 —f2

l.OO
+
V

0.50—

X 1= —(COl+CO2) (2.20a)

x 2 —— —(co2+2col —A 1)/(colA2) (2.20b)
0.00 l

l000
'I

3000
I

4000

I /(CO1A, 2)

X 3 — (CO 2 +2CO 1
—A2 )/ ( CO 1A, 1 )

I /(CO 1k,1)

(2.20c)

where llew; are the components of the vector vl =(1,0,0) in
the basis I x; J. After some simple algebra we obtain

Notice that the eigenvalues of G t coincide with those—H, a)
of Bial'ynicka-Birula et al. , Eq. (17), for the case where
co1 ——0 and all y's are equal to one.

(vi) In order to express the time evolution of the opera-
tor a 1 (t), we now need to compute'

a 1(t)= g e '
lM,;x;, (2.21)

FIG. 1. The expectation value of the fourth-level population,
as a function of the number of "maximum period"
(=2m/minimum of the absolute value of the quasienergies).
The different figures show the variation in the response for dif-
ferent energy levels. For the lower figure EI ——1.0, E2 ——1.1,
E3—2.5, E4 ——4.0, with one pair of resonant levels, and for the
upper figure E~ ——1.0, E2 ——1.1, E3——3.0, E4 ——4.0 with three
pairs of resonant levels. Equal-Rabi case.

P1———1/y

I 2 [(~2 ~1)~1~2]/[(~2 ~l)y']

P3 [COl~l(~l ~1)]/[(~2 ~1)y']

(2.22)

It is now clear from Eq. (2.21) that the eigenvalues of G
determine the periodicity or quasiperiodicity of the sys-
tem. Substituting Eq. (2.22) into Eq. (2.21), we find

1 1 tkot' a 1(t)= —
2 [A1A2v 1

—(col+ co2)v 2+ v 3]ey'
(A 2

—CO1)CO1A 2

(A,2 —A, l)y
1V1—

CO2+ 2CO1 —A, 1

CO]A, 2

1 1 1 iAI t
U2+ U3 8

CO1A,2

m, a,(~,—7, )

(A2 —A, l)y
1U1—

CO2+ 2CO1 ~Z 1 1 1 Q,2t
V 2+ U3 8

CO1 1 CO]A, ]
(2.23)
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where U 11, U 31, and U 3 are given by Eqs. (2.13), (2.14), and (2.15), respectively. After that substitution into Eq. (2.23), we

find

jtgtt ~2 tol tA tt ~1 ~1 t~2te'+
A A

e'+
I, A,

e'u3
(2.24)

which determines the time-dependent population of level 1 through multiplication by its complex con3ugate and by tak-

ing statistical averages with appropriate initial conditions.
In order to calculate the time evolution of any other operator, we have to go back to step one and define a new basis

l u J J, with u J
——(adH)" 'a J. This basis, although different from the one we first computed, will still ~enerate the same

matrix 6 t. Notice however, that to find the time evolution of the operator aj, it is the vector U 1 =(1,0,0), which—H, ai
now enters into Eq. (2.10). Therefore, Eq. (2.23) can be generalized to read as

I.oo I.OO

N 5 Ns4

0.50

A,
tOa l.00

+
PO

l I I l l l I I

A

I.OO

V
N 4

l l I I

0.50 0.50

0.00 1

xno 4000 5000 IOOO 2000 5000 5000

(b)

FIG. 2. The ex ectation value of the Eth level population, as a function of the number of maximum periods. The upper figures

have y +&
—— m y&z with y» ——1, and the lower figures show the equal-Rabi case, for (a) E=3, (b) N =4.
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l20t (~2 Col )~1~2 g (~2+ ~1 ~1) „1 „ i2,,~

a „(t)= —
2 [A1A2U 1

—(c01+c02)U 2+v 3]e + Vp+ U3 e
(g2 —$1)y2 C01A2 C01A2

C01A, 1(C01—A, 1) „(C02+2C01 —A 2) „1 „122t
(2.25)

In order to obtain results which can be compared with existing ones, we itnpose the initial conditions (a 1a 1)=1,
(L2 2a 2) = (a 312 3) =O. Multiplying Eq. (2.25) by its complex conjugate and taking statistical averages, we find

N 20

0.50—

I.oo 00 I & & & I
'

I 0 s & a m

0.50

i.oO
Z

V N=3

. I.oo

N 8

0.50 0.50

0,00
0

I 1

3000
I I

6000 i2000 i5000
0.00

0 3000
I

9000
I

l2000

FIG. 3. The expectation value of the Wth level population, as a function of the number of maximum periods, for different levels
systems, in the equal-Rabi case.
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(2.26)

(2.27)

(a 2(t)a q(t)) = —,'(y /M )(1+a)sin (Mt)

(a 3(t)a 3(t) ) =
4 (1—a ) I1+cos (Mt)+(6/2M) sin {Mt)—2cos[(h/2)t]cos(Mt) —(6/M)sin[(h/2)t] sin(Mt) j,

where

M=(A( —A2)/2= [[(co)—co2)/2] +y I'

b, /2 —M =coi —A,i,
(2.28)

(2.29) H(t)= gE;a; a;+ g y~aj+&are ' +H.c. , (2.32)

external frequencies impinging on a quantum system. In
this case the Hamiltonian can be written as6

b, /2+ M =to, —A,2,
~=(

I y» I'—
I y» I')/y'

(2.30)

{2.31)

E. Multifrequency fields

These results are identical to those obtained by Senitzky
using completely different methods.

where coj is the frequency of the jth laser beam,

yJ = —p,J..F7J., and 8'J measures the amplitude, phase,
and polarization of the plane wave with frequency coj.

To apply the EG method once again we need a time-
independent Hamiltonian, which is obtained by perform-
ing the unitary transformation

The techniques which we have developed in the previ-
ous sections can be simply generalized to the case of n

N

U(t) =exp it g—tokakakak
k=1

(2.33)

I.OO 1.00

+g
& o.5o--
0

I.oo
II 'I I

I.oo I I I I

+
o 0.50
D

+
0.50

I I

{a)
5000

0.00

I-II

'

0 40
I I I I

80 120

(b)

FIG. 4. The statistical average of the first (lower figure) and fourth (upper figure) level, for a four-level system, with ~4—m&-0
-(resonant), as a function of the number of maximum periods (n): (a) n =5000; (b) n =200 to show the two-level behavior in detail
The oscillator strengths are all equal to one.
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The transformed Hamiltonian becomes

II= ge;a;a;+ g (ytajat+i+y*a +ia )

with

and the a s are recursively related by

aj+~coj+~ —ajcoj ———coj .

III. NUMERICAL RESULTS

(2.34)

(2.35)

(2.36)

tor strengths are all equal. Figure 2 shows behavior of the¹hlevel population in time for N=3 [Fig. 2(a)] and
N=4 [Fig. 2(b)] as we change the oscillator strength.
Figure 3 shows how the level population varies, and al-
ways recurs, increasing the number of levels, all in the
equal-Rabi case. Finally, Fig. 4 shows the behavior of
two-resonant levels. Figure 4(b) has an expanded axis so
that one can compare the two-level behavior with that ob-
tained by Shore. We see in all figures that the quantum
system recurs in time as predicted by the Hogg-Huberrnan
theorem.

IV. SUMMARY
We now present some numerical results which illustrate

the points made in the previous sections. As it will be-
come clear for all conditions studied we have recurrence
in the system. In general all the curves are more compli-
cated than those shown in Ref. 5. This can be easily un-

derstood, by looking at the form of the quasienergies
given by Eq. (2.19). It is clear that the quasienergies will
be incommensurate even for the case. where all the Rabi
oscillator strengths are equal. This in turn implies quasi-
periodicity in the response of the system to the external
field.

In all the figures shown, we have used the boundary
condition that at t=0 the system is in its ground state.
The horizontal axis measures time in units of 2tr/A, ;„,
where A, ;„ is the minimum of the absolute values of the
quasienergies, and the vertical axis depicts the level popu-
lation.

We have considered only two cases, (i) all y,j's equal to
one (equal Rabi case), and (ii) the harmonic case,
y + i ——V m yi 2 and yi 2

——l. In all cases, the external
frequency was set to co =0.9999.

Figure 1 shows the time variation of the fourth-level
population for a four-level system. For the upper figure,
Ei ——1.0, Ez ——1.1, Es ——3.0, E4 ——4.0, with three almost
resonant sets of levels (tot —toJ ——0): first and third, first
and fourth, and third and fourth. For the lower figure,
we have changed Es to 2.5. For both figures the oscilla-

In this paper, we have presented a general technique
which allows for the calculation of the quasienergy spec-
tra of bounded quantum systeins in the presence of time
periodic perturbations. We showed that it is possible to
transform the problem into a tractable algorithm first
proposed by Eckmann and Guenin for tiine-independent
problems, and which can then be used to study the analyt-
ic nature of the quasienergies. A.t a more fundamental
level, this work allows for a priori criteria for deciding
whether the conditions of the Hogg-Huberman theorem
for quantum recurrences are satisfied.

These techniques ought to be of use in problems dealing
with the interaction between strong electromagnetic radia-
tion and matter, as we illustrated through a few examples.
Finally, we should also point out that a different numeri-
cal technique has recently been proposed by Nauts and
Wyatt, ' and which could become complementary to our
methods.

ACKNOWLEDGMENTS
We wish to thank Xerox do Brasil, the support of

which made this collaboration possible. H. A. C. and E.
Z. Da S. thank Conselho Nacional de Desenvolvimento
Cientifico e Tecno16gico do Brasil (CNPq) for a Research
Fellowship. We are also grateful to Professor M. E.
Foglio and Professor J. B. Salzberg for advice on numeri-
cal calculations.

'Present address: Department of Physics, Rutgers University,
Piscataway, NJ 08854.

R. S. McDowell, H. W. Galbraith, B.J. Krohn, C. D. Cantrell,
and E. D. Hinkley, Opt. Commun. 17, 178 (1976).

R. V. Ambartsumyan, Yu. A. Gorokhov, V. S. Letokhov, and
A. A. Puretskii, Pis'ma Zh. Eksp. Teor. Fiz. 22, 374 (1975)
[JETP Lett. 22, 177 (1975)]; R. V. Ambartsumyan, Yu. A.
Gorokhov, V. S. Letokhov, G. N. Makarav, and A. A.
Puretskii, Phys. Lett. 56A, 183 (1976).

I. R. Senitzky, Phys. Rev. Lett. 49, 1636 (1982).
48. W. Shore and J. Ackerhalt, Phys. Rev. A 15, 1640 (1977).
5J. H. Eberly, B. W. Shore, Z. BiaIynicka-Birula, and I.

Biarynicka-Birula, Phys. Rev. A16, 2038 (1977).
Z. Bial'ynicka-Birula, I. Bialynicka-Birula, J. H. Eberly, and B.

W. Shore, Phys. Rev. A 16, 2048 (1977).
78. W. Shore and R. J. Cook, Phys. Rev. A 20, 1958 (1979).
88. W. Shore, Phys. Rev. A 24, 1413 (1981).

D. M. Larsen and N. Bloembergen, Opt. Commun. 17, 254
(1976).
T. Hogg and B.A. Huberman, Phys. Rev. Lett. 48, 711 (1982).

~~T. Hogg and B. A. Huberman, Phys. Rev. A 28, 22 (1983).
See also, R. Kosloff and S. Rice, J. Chem. Phys. 74, 1340
(1981); S. Fishman, D. R. Grempel and R. E. Prange, Phys.
Rev. Lett. 49, 509 (1982).
J. P. Eckmann and M. Guenin, Nuovo Cimento 16B, 85
(1973).'

isF. R. Moulton, Differential Equations (MacMillan, New York,
1958), Chap. XVII.

Jon H. Shirley, Phys. Rev. 138, B979 (1965).
i5Ya. B. Zel'dovich, Sov. Phys. JETP 24, 1006 (1967) [Zh. Eksp.

Teor. Fiz. 51, 1492 (1966)].
T. H. Einwohner, J. Wong, and J. C. Garrison, Phys. Rev. A
14, 1452 (1976).

i7W. Heitler, The Quantum Theory of Radiation, 3rd ed. (Ox-



30 QUASIENERGY SPECTRA OF QUANTUM DYNAMICAL SYSTEMS 1759

ford University, London, 1954), p. 147.
The four basic operators being 1, a, a ~, and a~a; subjected to
the commutation relations: [a,a]= [at,at] =0 and
[a,at] = l.

M. V. Kuz'min and V. N. Sazonov, Sov. Phys. JETP 56, 27
(1982) [Zh. Eksp. Teor. Fiz. 83, 50 (1982)].

OF. Gesztesy and H. Mitter, J. Phys. A 14, L79 {l981).
A. Nauts and R. E. Vfyatt, Phys. Rev. Lett. 51, 2238 {1983).


