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A method to calculate the real and imaginary parts of the magnetic permeability and
susceptibility of nonmagnetic metals by using Kelvin functions is presented. The exact
treatment is shown for the massive cylindrical geometry. An expression for a hollow circular
cylinder is discussed and expanded to the thin-shell limit.

LINTRODUCTION

It is well known that the electrical resistivity of a metal
can be measured by the eddy currents induced in the sam-
ples.’ Most of the methods applied in that determination
require a thorough knowledge of the analytical expression
for a relative magnetic permeability” or of the relative mag-
netic susceptibility™” in accordance with the magnetic exci-
tation used. In the particular case in which the excitation is
an alternating magnetic field and the related geometrical
symmetries are cylindrical, the expressions obtained for the
real and imaginary parts of the magnetic susceptibility as a
function of the frequency of the external field, the geometry,
and the electrical conductivity of the sample involve Bessel
functions with imaginary arguments.’ For samples with sol-
id circular cylindrical geometry, the magnetic susceptibility
was deduced in an approximate form® using expansions de-
veloped by Fraser and Shoenberg.” In this paper we used the
so-called Kelvin functions® to get the magnetic susceptibility
and the behavior of its real and imaginary parts for two dif-
ferent cylindrical geometries submitted to an alternating
magnetic field type excitation. In Sec. II we give an exact
treatment for the solid circular cylindrical geometry, the
same analyzed by Chambers and Park.® A similar treatment
is developed for hollow cylindrical geometries in Sec. IIL
The limits for the massive cylinder and the metallic cylindri-
cal shells are analyzed.

i MAGNETIC SUSCEPTIBILITY OF A MASSIVE
CYLINDER

Let us consider the response of an infinite, nonmagnetic
solid circular cylinder of radius ¢ and conductivity o to an
external alternating magnetic field oriented along the axis of
the cylindrical sample.

The magnetic field is of the form

H() =H, exp(iwt)%. (1)

The relative magnetic permability of the system is de-
fined by

,LL(&)): <H,)/Hus (2)
where (H,} is the mean value of the magnetic field over the
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transversal section of the sampie.
To find the permesability one has to solve Maxwell’s
equations for the inner cylindrical regions, i.e.,

IH
VXE = — y 3
X Mo E (3
VXHZaEJreo‘%_. (4)
(4]

Assuming 2 time dependence of the form (1) and con-
sidering tAhe symmetry requirements [H = H(r)Z and
E = E(r)¢], we can combine Eqgs. (3) and (4} to get

/ \
L9 I opo — e =9, 5)
rdr\ dr
or, neglecting displacement currents,
U d{ dEN
— = r— — iwp,cH =0. 6
rodr\ dr} “to ©)

The above equation is known as Kelvin's equation of
zero order, and has the following general solution:

H{r) = Aylber(Kr) + i beiy(Kr}]
+ B,ikero(Kr) + i keig{ Xr) ], (7

where

K = (0pe0)'?, (8)
and 4, and B, are constants.

The functions ber,, and bei, are Kelvin functions of zero
order and first kind, defined by

ber,(x)} + ibei, (x} =J, [x exp (%H, (9)
where # is a real number, x is a non-negative real value, and
J, is the Bessel function of order » and first kind.

Equivalently, the functions kery and keiy are Kelvin
functions of zero order and second kind, defined by

ker, (x) + ikei, (x) = e~ VDK [xexp (in/4)], (10)

where K, is the modified Bessel function of order » and
secend kind.

The constants 4, and B, are determined from the
boundary conditions. Since kei,, is infinite at the origin, we
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must have B, = 0. The continuity of the tangential magnetic
field at » = @ is expresed by the equation

H(a) = H,= Ay[bery(Ka) + i beiy(Ka) 1. (11)

Therefore, we arrive at the following expression for the
magnetic field inside the sample:

H(r) = H,[ber,(Kr) 4+ i bei,(Kr)]/

[bery(Ka) + i beig(Ka)]. (12)

Going back to the definition of the relative magnetic
permeability, we find
2 (140 (ber,(Ka) + i bei,(Ka) )’

Ka ber,{Ka) + i beiy(Ka)

plw) = —

(13)

where ber; and bei, are the Kelvin functions of order 1 and
first kind as defined in Eq. (9).

The magnetic susceptibility is then established from the
magnetic permeability described in Eg. (3) obeying

X(w) = — 1.0+ plw), (14}
such that
Re(w) = — 1.o—£( ber (x).
x \berg{x} + beiy(x)
beil(.x)' ) (15
bery(x) — beig(x)
and
’I)_
Im(w) = N2 ( berl(x).
X berg(x) + beig{x)
bexl(x). ) (16)
bery(x) — beiy{x)}
RE
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where Re and Im are the real and imaginary part of the
susceptibility, respectively, and

X=Ka = (op0)a. (17)

The behavior of (15) and (16) as a function of X is
shown in Fig. 1(a) and agrees with the approximate treat-
ment giver: by Chambers and Parker.®

iif. MAGRETIC SUSCEPTIBILITY OF A HOLLOW
CIRCULAR CYLINDER

The same procedure we developed in the last section will
now be adapted to the case in which the sample has the geo-
metrical configuration shown in Fig. 2. To find the magnetic
permeability of the hollow circular cylinder, one has to solve
Maxwell’s equations for regions 1 and 2.

The pertinent Maxwell equations for region | are

IH,

VXE; = —u
1 ] 51‘

(18}

and

VxH, = oF, + € 3;} .

Assuming the same time dependence as in Sec. I and
considering that the conductivity in region I is zero, we get
from the combination of Eqs. (18) and (19) the following
equation:

(19)

14 (r 44, ) — PegtoH, =0, (20)
r dr dar
which has the exact solution
H (r) =A (K1) + B KK 7)), z1)

i) (L=0.5 /
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FIG. 1. Negative real and imaginary parts of the relative magnetic susceptibility as a function of x for (2) massive cylinder; (b}, (¢), and (d) hollow cylinders
with @ = 0.5, 0.7, and 0.9, respectively. x,, denotes the crossover between the two curves.
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TR g FIG. 2. Geometrical configura-
~ tion of the metals. The cross sec-

\]‘r’ tion of the hollow circular cylin-
- der shows the two different
%.9.4,5 _,; regions.

REGION |
a&/goello

where
)2, (22)
A and B, are constants to be determined from the boundary
conditions, and J,; and K, are modified Bessel functions of
order O and 1, respectively. Since X, is infinite at the origin
we must have B, = Q.

1t is interesting to comment on the behavior of 7, in this
region. Supposing that the samples have diameters of 1 cm
and the range of frequencies for the external magnetic field
does not go beyond 10® Hz, the maximum argument value of
Iy will be

Kia=w(eg,) ?a~033x10"2«l.

K, = ofeg,

(23)

In this case F, goes tc unity® and solution {21) can be
approximated by a constant. This solution corresponds to
the case in which the displacement currents that appear in
Eqg. (20) are neglected (see the Appendix}.

Following the same procedure used in Sec. I, we get the
magnetic field in region 2 the solution

H,{r) = C,ibery(K,r) + i beig (K, ]

+ Dy [kerg(K,r) + i keip(KLr) ], (24)

where
K, = (ﬁ)ﬁog)uz- (25)

The constants 4,, C,, and D, are calculated by imposing
the following boundary conditions: ,

(i) The continuity of the tangential magnetic field at
p=b:

Hy = C,[bery(K,b) + i beiy(K,b) ]

+ D fker (K,b) + i kel (KLb) ], (26)
andatr=a:
4, = CIbery(K,a) + ibeig(K,a}]
+ D {kery(K,a) + i keig{ K a)]. 2N

(it} The continuity of the tangential electric field at
r=a

aH; - lopgo f H,(ryrdr (28)
di‘ ir:a [} 0
or
axA; = — (1 + )J2{C,[ber,(ax) + ibei,(ax)]
+ D [ker,(@x) + i kei,(ax)1}, (29)
where

X=K,b and a=a/b.

Using the definition for the relative magnetic permeabil-
ity given by
2.0 ga H {ryrdr+ j-b Hy(r)r dr),
b 2H0 4] a
we find for a hollow circular cylinder with conductivity o

plw) = (30}

3D

}
pylw) = [Q/x){y (ax)A (x} — A (@x)y, (0] +ief (1 + /A2 Aglax)y (x) — polax)i (x)}
H - T s
(1 — 1)/2{ye0) A (ax) — yi(ax)Ao(x) ] + [ (1 + /22 axvelax)dg(x) — vo(x)dolax)]
f
where lim y,(ax) = — .
@—0
v, {2z} =ber, (z) + ibei, (z), (32)
A,(2) =ker, (z) + ikei, (z). (33)  Equation {31) can be simplified to the form

The behavior of the real and imaginary parts of the sus-
ceptibility as a function of x is shown in Figs. 1(b), 1 (¢}, and
1{d) for @ = 0.5, 0.7, and 0.9, respectively. One can see that
for a metal with electrical conductivity o, the crossover of
the real and imaginary parts, denoted by x,,, increases con-
siderably with «. This effect is caused by the magnetic
screening boundary condition at the inner surface which
tries to maintain the magnetic field in the hole so that the
field must diffuse all the way to the other surface in order to
escape.

En the limit of the massive cylinder, a goes to zero and as

4507 J. Appl. Phys., Vol. 85, Na. 12, 15 June 1889

impy (o) = — 2 g ppnx

a=0 X Yo{X)

which is exactly the same expression we got in (13), regard-

less of the strong boundary condition imposed on the inner

surface of the hollow cylinder described in Eq. (30).
Another interesting limit is the case o — 1, which corre-

sponds to the transition to a cylindrical metallic shell.
Expanding to the first order in (D/a}{=(b—a)/

@€ 1] for the Kelvin functions of argument ax, i.e.,

R. F. Jardim and B. Laks 4807
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FIG. 3. Comparison between the results for magnetic susceptibilities for several a. Solid lines correspond to the exact calculation and the dashed lines to the

first-order approximation.

v (ex) =y, (x) + K, (b —a)[ (1 — D/2)y, ., (x)
(34)
and

An(x) =7, (0) + Ky (6 — ) [ (1 = D)2y, (0),
{35}
one can find, after some algebra, for the magnetic permeabil-
ity:
S N
1+ ix*D /2a)

The accuracy of the results in first order obtained for the
magnetic susceptibility in shown in Fig. 3. One can see that
the expansion gives good results as o goes to 1, even without
considering two additional effects:

{a) The length-to-diameter ratio of the specimen is fi-
nite. Our treatment assumes infinite length for the sample.
However, this can be taken into account when the measure-
ments are done following the experimental procedure ex-
plained by Clark, Deason, and Poweil.'

{b) Size effects: For a sample in which thickness is com-
parable to skin depth we must consider size effects.’’ A mini-
mum sample thickness such that size effects could be ne-
glected was considered in our treatment.

(36)

mpy(w) =

a-0

V. CONCLUSION

A method was discussed to calculate magnetic proper-
ties of nonmagnetic metals and alloys with cylindrical geo-
metries. The principal advantages of the Kelvin functions
used in the determination of the real and tmaginary parts of
the relative magnetic permeability and susceptibility are that
they allowed work with real arguments. The results that
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were obtained for the massive cylinder are exact and agree
with the approximate calculation done by Chambers and
Parker.® An equivalent calculation was performed for the
hollow circular cylinder. In addition, an approximate
expression was obtained for the case of the cylindrical shell.

APPERDIX
Consider Bq. (20):
,}_i(r_d_ﬂ) _[,)25(}[10}{1 :0. (Al)
rdr\ dr

Neglecting the displacement currents, one can find the
general solution in: the form

H,(r)y =4+ Bln(r).

The logarithmic infinity at the origin requires B = §,
such that the final solution is

H(r) =A.
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