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A method to calculate the real and imaginary parts of the magnetic permeability and 
susceptibility of nonmagnetic metals by using Kelvin functions is presented. The exact 
treatment is shown for the massive cylindrical geometry. An expression for a hollow circular 
cylinder is discussed and expanded to the thin-shell limit. 

!. INTRODUCTION 

It is well known that the electrical resistivity of a metal 
can be measured by the eddy currents induced in the sam­
ples. j Most of the methods applied in that determination 
require a thorough knowledge of the analytical expression 
for a relative magnetic permeability2 or of the relative mag­
netic susceptibility3,4 in accordance with the magnetic exci­
tation used. In the particular case in which the excitation is 
an alternating magnetic field and the related geometrical 
symmetries are cylindrical, the expressions obtained for the 
real and imaginary parts of the magnetic susceptibility as a 
function of the frequency ofthe external field, the geometry, 
and the electrical conductivity of the sample involve Bessel 
functions with imaginary arguments.s For samples with sol­
id circular cylindrical geometry, the magnetic susceptibility 
was deduced in an approximate form6 using expansions de­
veloped by Fraser and Shoenberg.7 In this paper we used the 
so-called Kelvin functions8 to get the magnetic susceptibility 
and the behavior of its real and imaginary parts for two dif­
ferent cylindrical geometries submitted to an alternating 
magnetic field type excitation. In Sec. II we give an exact 
treatment for the solid circular cylindrical geometry, the 
same analyzed by Chambers and Park. 6 A similar treatment 
is developed for hollow cylindrical geometries in Sec. HI. 
The limits for the massive cylinder and the metallic cylindri­
cal shells are analyzed. 

It MAGNETIC SUSCEPTIBILITY OF A MASSIVE 
CYLINDER 

Let us consider the response of an infinite, nonmagnetic 
solid circular cylinder of radius a and conductivity (J'to an 
external alternating magnetic field oriented along the axis of 
the cylindrical sample. 

The magnetic field is of the form 

H(t) = Ho exp(iwt)Zo (1) 

The relative magnetic permability of the system is de-
fined by 

pew) = (Hi)/Ho, (2) 

where (Hi) is the mean value of the magnetic field over the 

transversal section of the sample. 
To find the permeability one has to solve Maxwell's 

equations for the inner cylindrical regions, i.e., 

aH 
V X E = - Ito -- , at 

JE 
VXH=aE+Eo-at 

(3) 

(4) 

Assuming a time dependence of the form (1) and con­
sidering the symmetry requirements [H = H(r)z and 
E = E(r)¢L we can combine Eqs. (3) and (4) to get 

1 d I dH\. 2 
- - I r -) - l(uf.LnH - (j) €(/.1oH = 0, (5) 
r dr \ dr 

or, neglecting displacement currents, 

ld(dH\ . 
- - r-) - u(Jf.touH = O. 
r dr \ dr 

(6) 

The above equation is known as Kelvin's equation of 
zero order, and has the following general solution: 

H(r) = A()[bero(Kr) + i beio(Kr)] 

(7) 

where 

K = (OJj.l()U) 1/2, (8) 

and Ao and Bo are constants. 
The functions bero and beio are Kelvin functions of zero 

order and first kind, defined by 

bern (x) + i bei ll (x) = In [X exp C;i)] , (9) 

where n is a real number, x is a non-negative real value, and 
I n is the Bessel function of order n and first kind, 

Equivalently, the functions kero and keio are Kelvin 
functions of zero order and second kind, defined by 

kern (x) + i kei" (x) = e - (lI2)"'T
iK n [x exp (itr/4)], (0) 

where Kn is the modified Bessel function of order nand 
second kind. 

The constants Ao and Bo are determined from the 
boundary conditions. Since keio is infinite at the origin, we 
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must have Eo = O. The continuity of the tangential magnetic 
field at r = a is expresed by the equation 

H(a) =Ho=Ao[beroCKa) + ibeio(Ka)]. (11) 

Therefore, we arrive at the following expression for the 
magnetic field inside the sample: 

H(r) = Ho[beroCKr) + ibeioCKr)]I 

[bero(Ka) + ibeioCKa)]. (12) 

Going back to the definition of the relative magnetic 
permeability, we find 

(w) = _ '2 (1 +i) (berl(Ka) +ibeUKa) ) 
fl 'Ii Ka bero(Ka) + ibeio(Ka) , 

(13) 

where ber I and bei l are the Kelvin functions of order 1 and 
first kind as defined in Eq. (9). 

The magnetic susceptibility is then established from the 
magnetic permeability described in Eq. (3) obeying 

X(w) = - 1.0 + fl(w), 

such that 

Re(w) = -1.0- J2 ( berl(x) 
x bero(x) + beio(x) 

+ bell (x) ) 
bero(x) - beio(x) 

and 

Im(w) = J2 ( berl(x) 
x bero(x) + beio(x) 

+ bei] (x) ) 
bero(x) - beio(x) , 
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where Re and 1m are the real and imaginary part of the 
susceptibility, respectively, and 

X=Ka = (Wflou)1/2a. (17) 

The behavior of (15) and (16) as a function of X is 
shown :in Fig. 1 (a) and agrees with the approximate treat­
ment given by Chambers and Parker.6 

III. MAGNETIC SUSCEPTIBILITY OF A HOLLOW 
CIRCULAR CYLINDER 

The same procedure we developed in the last section will 
now be adapted to the case in which the sample has the geo­
metrical configuration shown in Fig. 2. To find the magnetic 
permeability of the hollow circular cylinder, one has to solve 
Maxwell's equations for regions 1 and 2. 

The pertinent Maxwell equations for region 1 are 

VXE1 = - U o aH1 (18) . at 
and 

(19) 

Assuming the same time dependence as in Sec. II and 
considering that the conductivity in region I is zero, we get 
from the combination of Eqs. (18) and (19) the following 
equation: 

1 d (dH1 ) 2 - - r -- - OJ €rJ.loHl = 0, 
r dr dr 

(20) 

which has the exact solution 

(21) 
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FIG.!. Negative real and imaginary parts of the relative magnetic susceptibility as a function of x for Ca) massive cylinder; (b), (c), and (d) hollow cylinders 
with a = 0.5, 0.7, and 0.9, respectively. X M denotes the crossover between the two curves. 
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where 

K j = (J)(EoJ.1,o) 1i2, 

FIG. 2. Geometrical configura­
tion of the metals. The cross sec­
tion of the hollow circular cylin­
der shows the two different 
regions. 

(22) 

A 1 and Blare constants to be determined from the boundary 
conditions, and 10 and Ko are modified Bessel functions of 
order 0 and 1, respectively. Since Ko is infinite at the origin 
we must have B 1 = O. 

It is interesting to comment on the behavior of 10 in this 
region. Supposing that the samples have diameters of 1 em 
and the range of frequencies for the external magnetic field 
does not go beyond 108 Hz, the maximum argument value of 
10 will be 

(23) 

In this case 10 goes to unity9 and solution (21) can be 
approximated by a constant. This solution corresponds to 
the case in which the displacement currents that appear in 
Eq. (20) are neglected (see the Appendix). 

Following the same procedure used in Sec. II, we get the 
magnetic field in region 2 the solution 

where 

y" (z) = ber" (z) + i bei" (z), 

An(Z) =ker,,(z) +ikei,,(z), 

(32) 

(33) 

The behavior of the real and imaginary parts of the sus­
ceptibility as a function of x is shown in Figs, 1 (b), 1 (c), and 
1 (d) for a = 0.5, 0.7, and 0.9, respectively. One can see that 
for a metal with electrical conductivity (J, the crossover of 
the real and imaginary parts, denoted by X M , increases con­
siderably with a. This effect is caused by the magnetic 
screening boundary condition at the inner surface which 
tries to maintain the magnetic field in the hole so that the 
field must diffuse all the way to the other surface in order to 
escape. 

In the limit of the massive cylinder, a goes to zero and as 
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H 2 (r) = C1 [bero(K2r) + i beio(K2r)] 

+D,[kero(K2r) + ikeio(K2r)], (24) 

where 

(25) 

The constants A 1> C1, and D j are calculated by imposing 
the following boundary conditions: 

(i) The continuity of the tangential magnetic field at 
r=b: 

Ho = C1 [bero(Kzb) + i beio(Kzb) J 

+ D j [kero(K2b) + i keio(K2b)], (26) 

and at r = a: 

A 1= C 1 [beru(K2a) + i beio(K2a} 1 

+ DI [kero(K2a) + i keio(K2a)). (27) 

(ii) The continuity of the tangential electric field at 
r=a: 

dHz I - i(J)PoO" La H ( ) d -- --- 2rr r 
dr i r= a a 0 

(28) 

or 

axA I = - (1 + n,j2{Cdber l (ax) + ibel! (ax)] 

+ Ddkerl (ax) + i kei,(ax) n, (29) 

where 

X=.K2b and a = a/b. 

Using the definition for the relative magnetic permeabil­
ity given by 

20U" i b 

) fl((J) =-2'- H1(r)rdr+ H 2 (r)rdr. 
b Ho 0 a 

(30) 

we find for a hollow circular cylinder with conductivity (J 

lim Yl(ax) = - 00. 
a-O 

Equation (31) can be simplified to the form 

1· () - Ii (1 + I') Yl (x) , ImpH W = ,,-0 x Yo(x) 

which is exactly the same expression we got in ( 13), regard­
less of the strong boundary condition imposed on the inner 
surface of the hollow cy Hnder described in Eq. (30). 

Another interesting limit is the case a-I, which corre­
sponds to the transition to a cylindrical metallic shell. 

Expanding to the first order in (D /a)[ == (b - a)1 
a ~ 1] for the Kelvin functions of argument ax, i.e., 

R. F. Jerdim and B. Leks 4507 

'.- '.-.'.-.-, .- ••• -.n ·.·.·.·.·.~.·.·.·.;·:·:.;·;·.·.'.· ......... ·~.;.:.:.;.;.x .. v ...•. ~ .•... ·.-.·.·.·;:-.:.:.-... ;.; ........................ "' .. -.-.-.. _~ ....................... _ ... _ ..• _ .. .-.-. ... <T •• y'_ 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

143.106.108.149 On: Wed, 24 Jun 2015 15:43:04



:II 
H 

"-

" ... 
g:: 

:II 
H 

... .. 
... 

I%: 

U) (a) <X'C.S -.-----
0.7 
0.11 
0.3 

0.4 

0.3 

0.2 

0.1 ~~-L~ __ ~-L~~ __ ~ __ ~~~~ 

U)O 2.00 3.00 4.00 5.00 6.00 1.00 e.oo 9.00 10.00 

X 

1.0 (c I ex.. 0.96 
/RE 

0.1 ...., 
0.5 /0 

0.5 /. 

0.+ 

0.3 

0.2 XM 

0.1 ~~ __ ~ __ ~ __ ~~~~ __ ~ __ -L~ 
2.00 4.00 11.00 &.00 10.00 12.00 14.00 111.00 111.00 20.00 

)( 

1.0 (b) CX,. 0.94 

0.7 
0.& 
0.5 

:II 
0.4 H 

::; 0.3 

'" 0.2 a: 

0.1 
tOO 2.00 3.00 4.00 5.00 11.00 7.00 11.00 11.00 Kl,oo 

)( 

1.0 (d! (1. 0.99 

0.7 
0.6 
0.3 

l!I OA 
H 

0.3 .. 
" "X '" 0.2 
It: 

III 

0.1 
2.00 4.00 5.00 1.00 10.00 12.00 14.00 IS.OO 18.00 20.00 

X 

FIG. 3. Comparison between the results for magnetic susceptibilities for several a. Solid lines correspond to the exact calculation and the dashed lines to the 
first-order approximation. 

and 

Yn(ax) =Yn(x) +K2 (b-a)[O-i)/.J:i]YnI-J (x) 
(34) 

An (x) = YI1 (x) + K2 (b - a) [( 1 - i)1.JiJ Yn -t ; (x), 
(35) 

one can find, after some algebra, for the magnetic permeabil­
ity: 

}. (\ 1 
1m J.l H (i)) = 

a-O 1+i(x2DI2a) 
(36) 

The accuracy ofthe results in first order obtained for the 
magnetic susceptibility in shown in Fig. 3. One can see that 
the expansion gives good results as a goes to 1, even without 
considering two additional effects: 

(a) The length-to-diameter ratio of the specimen is fi­
nite. Our treatment assumes infinite length for the sample. 
However, this can be taken into account when the measure­
ments are done following the experimental procedure ex­
plained by Clark, Deason, and Powell. 10 

(b) Size effects: For a sample in which thickness is com­
parable to skin depth we must consider size effects. II A mini­
mum sample thickness such that size effects could be ne­
glected was considered in our treatment. 

IV. CONCLUSION 

A method was discussed to calculate magnetic proper­
ties of nonmagnetic metals and alloys with cylindrical geo­
metries. The principal advantages of the Kelvin functions 
used in the determination of the real and imaginary parts of 
the relative magnetic permeability and susceptibility are that 
they allowed work with real arguments. The results that 
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were obtained for the massive cylinder are exact and agree 
with the approximate calculation done by Chambers and 
Parker. 6 An equivalent calculation was performed for the 
hollow circular cylinder. In addition, an approximate 
expression was obtained for the case ofthe cylindrical shell. 

APPENDIX 

Consider Eq. (20): 

1 d (rdHI) 2 - - -- - (tJ ErJloHJ = O. 
r dr dr 

(Al) 

Neglecting the displacement currents, one can find the 
general solution in the form 

(A2) 

The logarithmic infinity at the origin requires B = 0, 
such that the final solution is 

HI(r) =A. (A3) 

'J. A. Delaney and A. B. Pippard, Rep. Prog. Phys. 35, 677 (1972). 
2R. F. Jardim, B. Laks, and C. Santos. J. AppJ. Phys. 61,5237 (1987). 
'w. Wejgaard and U. S. Tomar, J. Phys. 5, 395 (1974). 
45. N. Zhurav!ey, O. L Ostrovskii, and V. A. Grigoryna, High Temp. 20, 
551 (1982). 

'L. D. Landau and E. Lifshitz, Electrodynamics of Con tin uous Media, 2nd 
ed. (Addison-Wesley, Reading, MA, 1959), p. 194. 

"R. G. Chambers and J. G. Parker, Hr. J. AppL Phys. 12, 507 (1961). 
7 A. R. Fraser and D. Shoenberg, Proe. Cambridge Philos. Soc. 45, 680 
(1949). 

8M. Abramowitz and I. A. Segun, Handbook of Mathematical Functions 
(Dover, New York, 1965), Chap. 9. 

90. N. Watson, A Treatise on the Theory of Bessel Functions, 2nd ed. (Cam­
bridge University Press, Cambridge, 1966), p. 698. 

lOA. F. Clark, V. A. Deason, and R. L. Powell, Cryogenics 12,35 (1972). 
"G. Bnmdli and P. Cotti, J. Low Temp. Phys. 1, 153 (1969). 

R. F. Jardim and B. Laks 4508 

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

143.106.108.149 On: Wed, 24 Jun 2015 15:43:04


