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Time-dependent tempered generalized functions and It6’s formula
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The paper introduces a novel It6’s formula for time- dependent tempered gen-
eralized functions. As an application, we study the heat equation when initial
conditions are allowed to be a generalized tempered function. A new proof of the
Ustunel-Itd’s formula for tempered distributions is also provided.

Keywords: generalized functions; Itd’s formula; Hermite expansions; Hermite
functions

AMS Subject Classifications: 46F10; 46F30; 60H99

1. Introduction

The study of stochastic partial differential equations (SPDEs) in algebras of generalized
functions could be traced back to the early 1990s, see [1-4]. The interest for singular
stochastic processes, such as the white noise process, for solving differential equations
driven by these type of processes are the main reasons for treating SPDEs in the framework
of the algebras of generalized functions (see by example [4,5]).

The aim of this article is to present an Itd6 formula for generalized functions in a
strong sense. The main technique is the construction of an algebra of tempered generalized
functions via the regularization scheme induced by expansions in Hermite functions. This
approach allows us to obtain a strong Itd’s formula for elements in the algebra, that is,
the formula is valid in a strong sense of the algebra of tempered generalized functions. In
particular, we deduce the Ustunel-Ito’s formula (see [6]) for tempered distributions (see also
[7,8]). Moreover, we deduce a new 1t6’s formula for time dependent tempered distributions.
See sections 2 and 3 of the present paper to the relevant definitions and details.

As an application of our results, we shall show the existence and uniqueness of the
solution to the heat equation with the initial condition being a tempered generalized function;
this makes crucial use of ours results. See section 4 for details.

2. Generalized functions
2.1. Tempered distributions

Let S(R?) be the Schwartz space on R i.e. the space of rapidly decreasing smooth real-
valued functions on R?.
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‘We shall make use of the multiindex notation; a multi-index is a sequence o« = (o1, ..., ®q)
€ Ng where Ny is the set of non-negative integers. The sum || = Z;=1 a; is called the
order of «. For every multi-index o, we write

a_ al.-. ad
x* =X X,

and
o o,
aazall'nadd

L 0
where 9; = o)

The Schwartz topology on S(R?) is given by the family of seminorms

1
2
1f lap = ( / |x“aﬁf<x)|2dx>
]Rd
d
where o, 8 € NO.

The Schwartz space S'(R?) of tempered distributions is the dual space of S(R?).
The Hermite polynomials H,(x) are defined by

g o2 dt 2
H,(x) = (=1)"e2 i (1
and the Hermite functions h,(x) are defined by
ha(x) = (V27nl) "2 e Hy (x) )

for n € Np.
The a-th Hermite function on R¢ is given by

ha (X1, ..oy Xg) = hg (x1) -+ - hay (Xa)

where @ = (ayq, ..., ag) € Ng.

The Hermite functions are in the Schwartz space on R? and the set {he 1 € Ng} is an
orthonormal basis for LZ(R?).

We consider the directed family of norms {| - |, : n € No} on S(R?), given by

2
lpla ==Y QIBI+d)™ (/Rd <p(x)hﬂ(x)dx) .

d
BeNj

We observe that the families of seminorms {| - |, : n € No}and {|| - llo,p : @, B € Ng}
on S(R?) are equivalent.

Let x € R?, and denote by 7, the translation operator defined on functions by the
formula 7,¢(y) = @(y — x). It follows immediately that 7, (S(RY)) € S(R¥) and that 7_,
is the inverse of ., thus, we can consider 7, acting on the tempered distributions by

o T (p) = T(t—x o).

LemMma 2.1  Letn € Ny. Then there exists a polynomial P, with non-negative coefficients
such that for all x € RY,
|Tx@ln < Pu(lxDleln 3)

forall p € S(RY).
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Proof Using Proposition 3.3 from [9], for each n € Ny there exist constants C1(n) and
C;(n) such that

lpln <Ci1) D llgllap < C2(m)lgl,

lee], | B1<2n
for all ¢ € S(RY).
Thus,
1
2
Te@ln < Ci(n) Y ( / ) y”(aﬁrxgo)%y)dy)
lo], 1 B1<2n
1
2
=Cin) Y < / O +x>2“<a%)2<y)dy)
jal,|p1<2n N F
< Pu(IxDl¢ln.
where P, is a polynomial of degree lower or equal to 2n. Il

Multiplication on S(R?) has the following property: forall n € Ny there exists 7, s € Ny
and C,, € R such that

lp¥ln < Culolr|¥ls “)
for all ¢, ¥ € S(R?) (see for instance [10] ). We shall make use of this property.

The Hermite representation theorem for S (R (S’ (R?)) states a topological isomor-
phism between S (Rd) (&' (Rd )) and the space of sequences sy (sil).
Let s, be the space of sequences
sq = {(ap) € *(N9)) : Z QIBI+d)*" | ap |*< oo, forall n € Np}.
ﬁeNg
The space s, is a locally convex space with the family of norms

1

2

lap)lla =1 D QIBI+d)™ [ag |

d
BeNj

where n € Nj.
The topological dual space to s;, denoted by s/, is given by

s, = {(bg) : for some (C,m) € R x N4, | bg |< CQ2IBI+ d)" for all B},
and the natural pairing of elements from s, and s/, denoted by (-, -), is given by
((bp), (ap)) = ) _ bpap,
peNd

for (bg) € s); and (ap) € sq4.
It is clear that s/, is an algebra with the pointwise operations:

(bp) + (by) = (bp + b))
(bp) - (b) = (bgb),

and sy is an ideal of §/;.
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TueoreM 2.1 (N-representation theorem for S(R?) and S’ (R?)) (a)Leth : S(RY) — sy

be the application
h(p) = ( / go(x)hﬂ(x>dx).

Then h is a topological isomorphism. Moreover,

h(@)lln = l¢ln

forall ¢ € S(RY).
(b) Let H : S'(RY) — s;, be the application H(T') = (T (hg)). Then H is a topological
isomorphism. Moreover, if T € S'(RY) we have that

T =Y T(hphg

BeNg
in the weak sense and for all ¢ € S(R?),

T(p) = (H(T), h(g)).
Proof See for instance [11] p. 143 or [12] p. 260. O

The sequences h(¢) and H(T') will be referred to as the Hermite coefficients of the
rapidly decreasing function ¢ and the tempered distribution 7', respectively.

CorOLLARY 2.2 ForeveryT € S’(Rd) there exists n € Ny, such that

TR, == Y QIBl+d) T (hp)* < co.
peNd

Proof By Theorem 2.1, (T (hg)) € s’d. Thus, there exists (C,]) € R x Ny such that
|T(hp)| < CQ2IB| + d)! forall B € Ng. Now, taking n = [ + 1 the Corollary follows. [

2.2. Tempered generalized functions

The aim of this subsection is to give an extension to the multidimensional case of the theory
of tempered generalized functions introduced by the authors in [13]. Let S} (R?) be the
set of functions f : [0, T'] x RY — R such that for each ¢ € [0, T], f(t,-) € S(Rd) and
for each x € R4, f(-,x) € C!([0, T]). It is clear that 8} (Rd)Ng has the structure of an
associative, commutative differential algebra with the natural operations:

(fp) + (gp) == (fp + gp)
a(fp) := (afp)
(fp) - (gp) == (fpgp)
3% (fp) 1= (3% fp) for each o € N,

In order to define the l—time-dgpendent tempered generalized functions, we consider the
subalgebra H. | , of SHRH)MNo given by

(fs) € SE®RYN - for each n e Ny, < sup | f(t, -)|,,>, ( sup |@(z, -)|,1> es;,}

1e[0,T] refo,7] 9



Applicable Analysis 543

and ‘Hr, 1 4 its differential ideal given by
1 mod\Nd dfp
(fp) € Sp(R)™0 - foreachn € No, | sup [fp(t,)ln |, | sup | = )ln | €Sa.
1€[0,7] refo.7] 91
The 1-time-dependent tempered algebra on R is defined by
Hy R :=H} 4/Hr1a

The elements of HlT (R?) are called 1-time dependent tempered generalized functions. Let
(fp) € H/T 1 ¢ We shall use [ fg] to denote the equivalence classes (fg) + Hr,1,4-

Remark 2.1 In order to introduce the O-dependent tempered generalized functions, we
consider the set 89 (Rd) of functions f : [0, T'] x RY — R such that for each ¢ € [0, T],
f(t,) € S(RY) and for each x € RY, f(-, x) € C([0, T]). Let H. , ; be the subalgebra
given by

{(f,g) e SYRHMN : for each n € Ny, ( sup | fp(t, .)|n) € s;,}
1€[0,T]

and Hr 9,4 its differential ideal given by

{(fﬂ) € ‘S«‘T(]Rd)Ng : for each n € N, ( sup | fp(t, ')ln) € Sd} .

1€[0,T]
The 0-time dependent tempered algebra on R? is efined by
HYRY) :=H] o 4/Hr.04
Remark 2.2 In a similar way we can define the tempered algebra
HRY) = H))/Ha

where ,
H., = {(fp) € SRN)N0 : for each n € Ny, (| f5]n) € Sj}

and
Ha = {(fp) € S(Rd)Ng : for each n € Ny, (| fgln) € sa}.

The elements of 7 (R?) are called tempered generalized functions.
ProrosiTion 2.3 (1) H(R?) is a subalgebra ofH(% (RY) (H]T (R%)).

(2) Let[fg] € HL(RY). Then

D= Y00 e rowa
ILIGR) .—[at @ )}eH(R)

foreveryt € [0,T].
(3) Leth € C'([0, T)) and [ fg] € H(R?). Then h[ f3] := [hfs] € H}(R?).

Proof The proofs are straigthforward from the definitions. O
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We observe that there exists a natural linear embedding ¢ : S'(RY) — H(R?), given by
u(T) = [Tgl,

where Tg = ny 8 T (hy)h,, . Moreover, we have that
(a) Forallg € SRY), (p) = [¢],
(b) Forallg, ¢ € SRY), t(py) = 1(g) - L),
(¢) Foralla € Ng,toi)“ =0%oL
The translation operator 7y : ’H(} (Rd) — ’H(} (Rd) (x € RY) is defined by
o[ fp] = [T f].

It follows from Lemma 1.1 that 7, is well defined. Analogously, t, : HIT(Rd) — HIT(Rd)
(x € R?) is well defined.

In the algebra H(R?), we have a weak equality, namely, the association of tempered
generalized functions. More precisely, we say that the tempered generalized functions [ fg]
and [gg] are associated, and denote this association by [ fg] ~ [gg], if forall ¢ € S(Rd),

lim / (fp(x) — gp(x)ep(x)dx = 0.
B—o0 JRrn

We observe that & is a equivalence relation on H(RY).
ProrosiTioN 2.4

(1) Let T be atempered distribution and x € R?. Then Ut T) = i (T).
(2) Let T and S be tempered distributions such that ((T) ~ ((S). Then T = S.

Proof
(1) Let € S(R?); applying Theorem 2.1 and elementary properties of the translation,
we obtain
tim_ [ 5 Ts0)edy = fim [ Ty0)e-0 02y
B—o0 Jrd B—o0 Jrd
=T (t—x9)
=T (p)

Jim f (0T ()dy.
B—o00 R

2) Forall o € Ng,
T (hy) — S(he) = ﬂ]i—>moo Tg(he) — Sp(hy) = 0.

Theorem 2.1 implies that 7 = S. O

Remark 2.3 'We would like to recall that the algebra H(RY) is identical to (a sequential
version of) the space G gga), introduced by Colombeau [14] and it has been studied
extensively by Garetto and their coauthors (see [15-17]). They introduced the space G gga)
via the family of seminorms {|| - [|¢, 8,00 : @, B € Ng}. Notice that it does not matter which
family of seminorms is being used in this definition, as long as it generates the same locally
convex topology (see [15]).
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Our approach differs in that we have introduced the algebra H (R?)) via the seminorms
Il ll;» since we are thinking in approximations of distributions (induced by Hilbert spaces)
in terms of orthogonal series in contrast with the classical theory where the approximation
is done by convolution. See [5] for an application of this idea to stochastic distributions.

Remark 2.4 We would like to mention that other general properties of H(R?) can be
studied in this setting. For example the concepts of point value, integral and Fourier
transform for elements in H (R?) can be defined, see [13] for the one-dimensional case.

3. Itd’s formula for tempered generalized functions

Let (2, F,{F; : t € [0, T]},P) be a filtered probability space, which satisfies the usual
hypotheses. This is, (€2, F, P) is a complete probability space such that it is filtered by
a non-decreasing right-continuous family {#; : ¢t € [0, T']} of sub o-fields of F and Fy
contains all the events of probability 0. For a recent account of stochastic calculus, we refer
the reader to the book of Ph. Protter [18].

Definition 3.1 Let X be an R?-valued continuous jointly measurable process, V a contin-
uous finite variation process and [ fg] € 'H(} (Rd ). Define the integral of Tx[ f] in relation
to V, from O to ¢, and denoted by fot tx,[ fsld Vy, by:

t
[ /O o, (s, -)dvs] ,

where the integral is given in the sense of Bochner—Stieltjes.

Foreach w € Q and ¢ € [0, T'], we have that [f(; Tx, f8(s, )dVs(w)] is well defined as
an element of H(} (R?). In fact, since Xs(w) fa(s,°) € Sg (R?) and making use of definitions
and the Lemma 2.1 we see that

t
‘/0 Tx, (s, )d V()

t
< [ o o balvi@)
n 0
t
< </ Pn(|Xs(w)|)d|V|s(w)) sup | fp(s, )l (5)
0 5€[0,T]
where | V|, (w) is the total variation of V in [0, 7].

THeorEM 3.1 Let f = [fs] € HIT(R‘I) and X = (X',..., X% be an R%-valued
continuous semimartingale. Then

t

t
‘L’xtf = 'L'Xof —i—/ Txxasf(s, ds — / ‘L’xSVf -d X
0 0

d
1 t o
3 X [ oy paud xi, ©®

i,j=1

where fol tx,Vf - dX; is defined as [Z;jzl fot X, 0; fpd X].
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Proof Applying the classical It6’s formula to f, we have

! d
tx, f5(t, %) = rxofﬁ(o,x)Jr/o Tx, 05 f5(s, x)ds —Z/O x,0; fp (s, x)d X!
i=1

d
] t . .
32 /0 T, 0 f (5, %) d(X', X7)s. )

ij=1
Taking equivalence classes in (7), we obtain that fé wx,Vf-dXs € H(} (R9) and hence
(6) holds in HY.(RY). O

CoroLLARY 3.2 Let f = [fg] € HERY and X = (X1, ..., X9) be a continuous
semimartingale. Then

t 1 d ¢ i '
Tx,f=TXof—/0 o,V f X+ 5 Z/O o, 0y Fd(XT, X7),.

i,j=1

Remark 3.1 From the viewpoint of the authors, the 1t6 formula (6) for nonlinear general-
ized functions is a fundamental step towards the study of generalized solutions of SPDEs
driven by singular stochastic processes.

Remark 3.2 We emphasize that the [td’s formula (6) holds in a strong sense, it is an identity
in the algebra of tempered generalized functions. On the other side, the one-dimensional
1t6’s formula showed in [13] holds in a weak sense of the algebra, it is an identity of
generalized numbers, see [13] for details.

3.1. Ito’s formula for tempered distributions

In order to prove the Ustunel-Itd’s formula for tempered distributions (see [6,8]), we need
the following result from the stochastic integration theory in nuclear spaces (see [19]). Let T;
be a S’ (R?)-valued continuous predictable process and X, be a continuous semimartingale,
then fot Tyd X is the unique S’ (R?) valued semimartingale such that forall ¢ € S (RY),

t t
(/ Tsts> (p) = / T (p)d Xs.
0 0

LemMa 3.1 Let T € S’ (RY), X be an R4 -valued continuous semimartingale and V be a
continuous finite variation process. Then

t t
/IXSL(T)dVS%L</ rXSTdVS>.
0 0

Proof Let «(T) = [Tg] and ¢ € S(Rd). Since limg_, o Tg = T, we have
lim Tx () Tp(@) = Tx,(w) T (¢)
B—o00

forall s and w € Q.
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Applying the Corollary 2.2 and Lemma 2.1, we have that there exists g € Ny such that

1T () TP < |Tgl—¢Tx,(0)®lq
< Py(IXs(@)D 1T lplg-

By the dominated convergence theorem, we obtain
t t
lim f o3, Ty(@)dV, = / o, T(@)dV;.
B—o0 Jo 0
We conclude that
t t
lim / X, () (T)dVs(w)p(p) = lim / X, () Tp(@)d Vs (@)
B—o0 Jo B—0o0 Jo

t
_ /0 ()T (@) Vs (@)

B—o00

t
= lim L(/ fxs(w)Tst(w)> (@), u
0 B

Now, we prove the Itd’s formula for tempered distributions (see Rajeev [8] and Ustunel
[6]) as a consequence of the formula (6).

ProposiTioN 3.3 (Itd’s formula for tempered distributions) Let T € S'(RY) and X =
0. G Xd) be a continuous semimartingale. Then

d t
> / tx, 3 Td (X', X7),.
0

d ot
1
TXtT:TXoT_;/O ‘CXA,al'TdX;—i-Eij_l

Proof Applying Itd’s formula (6) to (7)) and making use of Proposition 2.4 and Lemma
3.1, we deduce that

d
1 t . . t
t TXIT_TXOT_E E /zxsai,-fd(x’,xm %/ %, Vu(T) - dXj.
—~— Jo 0
i,j=1

According to an easy modification of Lemma 3.1 (we make use of the dominated
convergence theorem for stochastic integrals), we can to prove that

' d _
/ VtXA,L(T).dXS%L<Z/ ran,'deg). (8)
0 = /o0

Then, from the Proposition 2.4 and equality (8) we conclude the proof. [l

Let C1([0, T1, S'(R)) be the space of differentiable functions from [0, 7] to S’ (R?).
We observe that C1 ([0, 7], S’(R?)) is embedded in HIT (R?) via the natural extension of ¢,
we leave the details to the reader.

ProrosiTion 3.4 (Itd’s formula for time-dependent tempered distributions)
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Let T, € C'([0, T1, S’ (RY)) and X = (X', ..., X?) be a continuous semimartingale.
Then

t d
T, = rX0T0+/0 x, 85 Ts ()ds —Z/O x, 0; Tyd X'
i=1

d
1 t . .
+5 ,-,-2—1 /0 Tx, 0 Tod (X', X7 ).

Proof Applying Itd’s formula (6) to ¢(7;) we have
t 1t o
((tx, Tr — x, To) ~ / o, 0t (T)ds = 5 ) f X, 0 (T)d (X7, X7 )
0 = 0
i,j=1
1

—i—/ Tx, 05t (Ts)ds.

0

According to an easy modification of Lemma 3.1 we obtain

t t
/ Tx, 05t (Ts)ds ~ (/ Ty, Os Tsds> . 9
0 0

d t d '

E / ‘L’Xsaijt(Ts)d(Xl,Xj)s L E / 1x,0;; Tsd < XL X > ). (10)
ha 0 A 0
i,j=1 i,j=1

t d .
f ":XSVL(Tx) dXs & (E / TXsaiTvdX§> . (1D
0 . 0
i=I

From the Proposition 2.4 and equalities (9), (10) and (11), we conclude the proof. []

4. Heat equation in ’HIT (RY)

Now, we introduce next the concept of expected value (or expectation) for certain H (R9)-
valued random variables. More precisely, let X be a R?-valued random variable with
E(X|") < oo foralln € Ng and let [ = [fg] € H(RY). The expectation of ty f is
E(tx f) = [E(tx f5)].

We observe that E(ty f) is well defined as an element of H(R?). In fact, by Lemma
2.1, it follows that:

forall g € Ng.
The sequel of the present section is concerned with the Cauchy problem for the heat
equation,

Uy = LAy
{uo ]2” € H(RY). (12)
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Definition 4.1 We say thatu € HIT(Rd ) is a generalized solution of the Cauchy problem
(12) if u; = $Au in HY.(RY) and ug = f in H(RY).

ProposITION 4.1  For every f € H(R?) there exist a unique solution to the Cauchy
problem (12) in HIT(Rd).

Proof Step 1  ( Existence) By Itd’s formula (6), we have

t

t
1
TB,fzf_/(; VtBsf'dBS—l_‘/O EATBSde. (13)

We observe that: E(fot Atp fds) = fot E(Atp, f)ds; in fact, this is a consequence of
inequality (5), that E(| B;|") < oo and that ]E(jg |Bg|"ds) < oo for all n € Ny.
Taking expectation in (13), we obtain that

t

1
Mmﬂ=f+A§Ammﬁw.

Thus E(tp, f) solves the Cauchy problem (12).

Step 2 (Uniqueness) Suppose that u = [ug] and v = [vg] are two generalized solutions of
(12), we denote the difference ug — vg by ag . By the definition, ag satisfies

d 1
s = 30ap+hg

(14)
ag(0, ) = gg,

with hg € Hr,0,4 and gg € Hy. Applying the Feynman—Kac formula (see [20]) to ag we
get

~ ~ t ~
ag(t, x) =E(g,g(x+B,)+/0 hg(s, x + By) ds) (15)

where B is a d-dimensional Brownian motion with Eo = Oin an auxiliary probability space.

It follows that sup;, |lag (¢, x)||l» € sq, for eachn € Ny. From this fact and equation (14),
we have that sup, |I%aﬁ(t, X)|ln € sq. We conclude that (ag) € Hr, 1,4 and thus (12) has
an unique solution. [l

Remark 4.1  The proof of existence and uniqueness of Proposition 4.1 can be extended
easily to the following Cauchy problem,

=1
{I/lt —ZAM_’_g, (16)

uo = f € HRY)
where g € H(% (RY).
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