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Canonical symmetrization for the unitary bases. Il. Boson

and fermion bases”
Chris W. Patterson and William G. Harter

Instituto de Fisica, Departamento de Eletronica Quantica, Universidade Estadual de Campinas, Caixa Postal

1176 Campinas, S.P. Brazil
(Received 5 November 1975)

The canonical Weyl basis described in Paper I is generalized to give a boson and fermion calculus which
generates the symmetric and antisymmetric bases of U(nm) respectively contained in the irreducible bases
of U(n)x U(m). The boson calculus may be used to find the multiplicity free Clebsch-Gordan coefficients

of U(n).

I. INTRODUCTION

In works by Biedenharn, Baird, Moshinsky, Louck,
and Seligman, !=% extensive use has been made of boson
operators to generate an irreducible basis of U(x)

X U(m) which is simultaneously a symmetric basis of
U(nm). Louck has shown that this boson basis is a
basis for the n-dimensional, m-particle harmonic
oscillator. ® However, symmetrization of this boson
basis using the “boson calculus” has so far failed to
generate all the independent bases in this space which
we shall denote as U(n) *« U(m). The construction of a
complete basis is presently a tedious task using lower-
ing operator techniques. "1 Furthermore, the boson
calculus itself has no justification other than a con-
structional validity.

In this work, we shall show the simple relationship
between the boson basis and the canonical Weyl basis
described in an earlier work!! (denoted hereafter as I).
This relationship leads to a new boson calculus capable
of generating all the independent bases of U(n) * U(im).
Furthermore, we show that the canonical Weyl basis
may be considered as the “special” boson basis of sub-
space U(n) xS, or S, * U(n) of U(n) » Um) first noted
by Moshinsky. 12 This clarifies the fact that the genera-
tors of the unitary group can be used as elements of the
permutation group S, when acting on this particular
basis. We also show that the canonical Weyl bases of
the subspace S, * S, form a basis for the regular
representation of S,. As a result of this new boson
calculus, it becomes a straightforward task to deter-
mine the matrix elements of the irreducible representa-
tions (IR’s) of U(r), and by means of the factorization
lemma, ' to calculate the multiplicity-free Clebsch—
Gordan coefficients of U(nr).

In a similar manner, we develop a fermion calculus
to generate an irreducible basis of U{n) xU(m), which
is simultaneously an antisymmetric basis of U(nm), We
shall denote the subspace of all such irreducible bases
of U(n)xU(m) as Un) ¥ U(m), The fermion calculus
enables us to find the antisymmetric bases of U(rem)
contained in the irreducible bases of U(n)xU(m). This
is a very important task when dealing with fermions in
atomic and nuclear physics. For example, in atomic
I-shells one often needs to find the antisymmetric con-
tent of U(4l +2) in symmetrized orbit—spin states of
U(2l +1) xU(2). Similarly, in nuclear shells one often
needs to find the antisymmetric content of U(8! +4) in
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states of U(2l +1) X U(4) since the spin states now in-
clude isotopic spin, In the atomic case, closed form
expressions already exist for the antisymmetric con-
tent in symmetrized orbit—spin states which were
derived using a canonical Weyl basis.

{l. IRREDUCIBLE BASES FOR U(nm) AND U(n} XU(m)

Let |¢}) fori=1,2,...,nand 1¥}) for j=1,2,...,m
form bases for the I/th particle of the fundamental
representation of U(n) and U{m) respectively with
generator relations:

eim1¢§> = élkémp‘(bb,

e 8) = B1a0ng | ). @
The pth direct products
[puy=|oh ol o),
1732 P (2)

|99 = [wftefz- - v
form a reducible bases of U(r) and U(m) respectively
with the generators:
b

)

As we have seen in I, we may reduce direct products
(2) using the canonical projection operators of S, as in
(4) to form a canonical Weyl basis for U(n) and U(m)

respectively:

]\ vturple

(s) (m)>‘Ng Pulloay, (4a)
0] \_ bormor| G

(1) (1’)>‘Nf[ PRI, (4b)

The upper bar (™) denotes permutations of the super-
scripts and the lower bar (_) denotes permutations

of the subscripts. The reason for the change in notation
for the Weyl basis on the left of (4b) will become
evident later.

We define the direct product basis |&{()) in Eq. (5):
lob) x o] = [@]@) (5)

Then the |®{()) for i=1,2,,..,nandj=1,2,...,m
form bases for the [th particle of the fundamental
representation of U(nm) with generator relations:
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em (l)'q)q k» _61k mp nq‘(b’(l»; (6)

where ej(l)=e!, xei",

The direct product basis

[bay x|y = 'q’{l( )4’12(2) “’ (o) =|edd. (7)

is a reducible basis of Un) x U(m) w1th generators
E;nXE", We may reduce this basis using (4) and find
the irreducible bases |} x [{2} of U(n)xU(n) are
simply

3
(s) (m)>><
)

The pth direct product basis & ;) also forms a
reducible bases of U{nn:) with generators:

[v] > ;
oy () = NNSPRRS 2 ), (8)

»

Eim= 17‘1 eim(@). 9)
Again, we may reduce the bases of U{ns) using the
canonical projection operators of S, to form a canoni-
cal irreducible Weyl basis |,y as in (10):

A \_, j
o (o)>“‘V PEEle (10)

11l. BOSON BASES
A. Boson calculus

From (10) we find the symmetric states of U(nmn) are

1
= ZJ
We may construct linear combinations of these sym-
metric states of U(um) from the irreducible bases of
U(n) XU () in (8) using the Clebsch—Gordan coefficients
of the canonical bases of S, since the bases in (8) are
also irreducible bases l([“]) X \([ﬁb of S,xS,. We find that

l[p0.. [q]|@3). 68))

[1e] [u])
{s) * (1)> 1[u] “2 {s) (n)>>< () (7'>> ’
V[“]A rlu]
___772 P[u]PEuJI‘I’(”> (12)

T )

is symmetric under all permutations [¢] of S, as can
easily be verified directly:

(4123 PP = 25 (q1PR g Poy
n n

= 2, Dila\Dila )P R

_ Dlulplul
*?/Ptrfts .

Hence, |<$,[‘;](r>> must be some linear combination of
symmetric bases (11) of U(nm) We shall denote the
subspace of all bases |<s,*<,)> of the direct product
space |®{3}) as U(n) » U(m). We wish to find the sym-
metric content of U(wn) in our bases | %,,) of
U(n) * U(m), This is equivalent to determining the sym-
metric canonical irreducible bases of U(nm) contained
in the irreducible basis |4} x |1y of U(r) X U(n).

We shall accomplish this task by using boson opera-
tors to generatc our bases., We may write our sym-
metric basis in terms of boson operators as in (13)
below:
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2 all#th=—= % (glalf]0, 13)
4

&S, vpl e

where a{}10) ;afia’2 a’g 10y, and af'=al. The boson
operators obey the tzollowmg commutation relations:

[af, af)=[a},a}}] =0, (14a)
[ﬁf, aiﬂ =0;48;4n (14b)
We may now expand the generators of U(r), U(m), and
U(nm) in terms of the boson operators as follows!®:
»
Ein= 24 ajy, (15a)
P
e 21 alay, (15b)
Ef, =ala]. (15¢)

From (13) we see that | %},,) may be put in terms of
boson operators as in (16):

[] NN

D Lul,, G
(s)x(ry/ = @™t/ 2 Proptai}|o). (16)
It follows from (14) that
[@la} |0 =[g)ad}| 0 (17)
and, hence,

Pirai}|0) = Pai|0). (18)

Using (18), we may simplify the expression for 1<s)[';](,)>
n (16) to find

14 )
<S>[*]<1’>> = Nﬁ"]Ns["](l [u]/p ! )1/225210:3 ‘ 0). 19)

If we let
1vu[u] V[“]N[“](l [u]/p 1yl /2 (20)

then we have the following relation between our basis of
U(n) * U(m) and the boson operators:

u “ ;
<S>[*]<,,>>:Mﬁslfﬁzlaézi 0 (21a)
or, similarly,
) <S>> MAPai)| 0). (21b)

Equations (21) illustrate the reciprocity between upper
and lower projection operators for bases of U(m) *x U(n)

Since P =0 where ¢! is a positive constant,
and since the seminormal canomcal projection opera-
tors Of? may be easily generated, we now have a con-
venient and straightforward method of finding the sym-
metric content of U(nz) in the irreducible bases of

U(n) xU(im) which we call the boson calculus. As an
example of the use of the boson calculus, we find the
highest weight bases [§') x 13') of U(3)xU(3) in terms

of boson operators. Using Eq. (21a) with seminormal
projection operators, we have

01[51(1)2]01”1“2 |0) =28;,A3Sppalala} | 0),
= 8(alald} - alala})| 0).

Normalizing, we find 13') x13!) in terms of the sym-
metric Weyl bases of U(6) with three particles

C.W. Patterson and W.G. Harter 1138



I 1) (|1 2 2)- f)/m -
Similarly,
0[210 ala3d}| 0) = 25,4 3S1palaias| 0)
3 —2(2ala}a} + 2akalal - alalad - afala]
- alala} - aldda})| 0y, (23a)
0f3'3 alatad| 0) = 45,,[ 2814 ,0lala}| 0)
e =4(alala} + aldla} - alddal - alakal|0),
(23D}
0"%%%alaial | 0) = 4S;p3alafa}| O)
= (alaid] + aldial + akdial + alalatl
+alalal + alalald) | 0). (23¢)
Collecting terms and normalizing, we find
1Y Lo 1/vE 1/ [f 2 ;>
(;3>x ;2>: 0 -1/V21/V2 ﬁ ; §> (24)
|123)x[122) \1/¥3 1/V3 1/V3 i ; §>

The bases generated by our boson calculus must be
identical to those generated by Baird and Biedenharn!®
by antisymmetrizing the columns of the “boson tableau”.
However, column antisymmetrization can only be ap-
plied to derive certain bases, and merely represents a
simplification of the permutational content of the
canonical projection operators when acting on such
bases. Column antisymmetrization can be used for all
bases |{4) x|y where both |{4) and |{4) have non-
degenerate weights, For example, using column sym-
metrization to generate the basis in Eq. (22), we have

1\ |11\ 1 [d} a}]
<=7 o

(ala} - aja}) | al] 0)

(afa}d} - afala})| 0). (25)

1l

.L
L
=

We have antisymmetrized with respect to the subscripts
of the columns in the “boson tableau.” Because of the
reciprocity in Eqs. (21), we could have equally well
antisymmetrized with respect to the superscripts,

In the case where one of the bases |{4) or |{¥) has a
gemimaximum weight [a highest weight for U~ 1) or
U(m - 1) respectively] and the other has a nondegenerate
weight, we may again use column antisymmetrization to
derive a boson basis. Thus, corresponding to our pre-
vious result, we have

sl e

(ajaf -

2
= ajas)a| 0)

F
A

192 9
(a}a3al ~ afaiad)|0).

73 (26)
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. C
However, in most cases where 1/} or |{%}) have

degenerate weights, column antisymmetrization fails to
generate an orthonormal basis, and lowering operator
techniques must be employed Thus to find 112> x|§

we must lower the basis 13') x |£®) as shown below:

1)y )
2204 o

(- 2a}dial + alalal + aladal) | 0).

a|~ ﬁL S&I“

(27)

In general, this lowering technique is very tedious and
our boson calculus represents a considerable simplifi-
cation for deriving the boson bases.

B. Weyl bases

Let m=p and |%%,,) be a basis of U(n) » U(p), where
(¥) has a weight with maximum degeneracy; that is, let
9 =yidd . - - ¥ so that the standard tableau of U(p)

T& is the same as the standard tableau of S,, T,

Then from Eq. (21a) we have

<S>[1:‘](1’)>

Comparing this with Eq. (4a), we see there is a one-to-
one correspondence between the boson bases I(s>*m>
and Weyl bases I(s) i»). Since |<S>*,,)> transforms like
a Weyl basis under permutations [_] and generators
E;;, we have

-”[u]P[u] 14

1, (28)

-af;P\o>.

<s>[i]<v>>: o) 292)
when T8 =T,
Also,

I[u] N[u] (ng)
when T = T4

The commutivity of boson operators in Eq. (28) illu-
strates the fact that a reordering of the notation for
single particle states leaves the Weyl basis unchanged.
It is evident that the Weyl bases | *),,) form a sub-
space U(r) =S, < Ulr) x U(p).

Now let n=p and |, “,,) be a basis of U(p)* U(m),
where (s) has a weight with maximum degeneracy; that
is, let ¢, =olo}: - - ¢% so that T{]=T(%. Then from
Eq. (21b) we have

(30)

w1 Dlulag . .
(s) * <7/>> MMPWaliafe. . . alp|0).

Comparing this with Eq. (4b), we see there is a one-
to-one corespondence between the boson bases | (s?;](r))
and the Weyl bases | %,,). Since | %,,) transforms
like a Weyl basis under permutations [g] and generators

EY, we have
]
(s) <’V>>

[u]
(8) (1)
when T84 =T
Also,

(31a)
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M = NI (31b)

when T =T,
It is evident that the Weyl bases |4},,) form a sub-

space S,* U(m)}C U(p)+ U(m). The reason for our choice
of notation in (4b) is now clear.

Moshinsky!” has shown that for the “special” Gel’fand
bases |(;*,,) of U)xS,

E™E™ = (1) + (mn) (32a)}

and similarly for the “special” Gel’fand bases |,%,,)
of S, x U(in):
EppEpn= (1) + (2m2).

nm—'mn

(32Db)

Equation (32a) is easily verified since both generators
E™ of U(n) and state permutatlons (g) of S, commute
with the particle operators P . Thus, we have

EnmEmnP[u]!¢(l)>

r ""m>'--
:fr:]EnmEmn| ¢1112 im"'gp

Culf | 41 2 soemeorsqmoecog \ o | 1 Zuevepees e
:Erzl[‘ (blllz 7ln )(1)1,1{2 ;nm.. I:P ]

r e eve
:I_Jrzj[(l)ﬂL(nm)H IR ..im...gp

=[(@) + (um)] )P |®y)

Equation (32b) may be verified in a similar manner,
Other more complicated expressions may also be
derived for the 7-cycles of S, in terms of the genera-
tors of U{n) or U{m) when operating on these “special”
Gel’fand bases. However, it is more important to note
that the upper and lower Gel’fand invariant operators

_ m
= Z} IOSLE L LE U S L R (33a)
ifs i ecerip
n
1=, iy 2.2 i, PiginFigig  Eigig (33b)

of U(m) and U(n) may be expanded in terms of the upper
and lower siaie - cycle class operators of S, K‘;m for
r=1,2, , k and K "for r=1,2, , R respectively as
has been shown in I The boson bases ety in (21a)
are eigenvectors of these upper and lower class opera-
tors since these bases transform like irreducible bases
{y of S, under lower permutations (g), and like
1rreduc1ble bases |E$§> of S, under upper permutations
(@). 1t is for this reason that the projected bases
Lol ) forms a Gel'fand bases (%)) x 1{4) of U(n)
xUGu) for ditferent standard tableaus 7! = Tt¢, of
U(n) and different standard tableaus T = T14¢'? of

U(m).
Finally, let m=p, n=p, and T3 =T8T =T,
Then the boson basis

| ] wl plu
1(3) * (1‘)> PP ata - -} 0)

is a canonical irreducible basis of S, under permuta-
tions {g] and [G]. The bases 1(5)*m> form a subspace
S, xS, U(p)xU(p) and are a bases for the regular
representation of 5,.

From Egs. (29b) and (20) we have the relation
vl L
(Z(u]//) ! )1 /2.\75“]&3"] _ ‘\'su]

when Tt =T, Therefore,
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NCuJ — (p!/l(u])l/Z _

when T8 =T, This also follows directly from

evaluating (3, 25) of I

H{u). {34)

C. Factorization lemma'?

One of the most important aspects of the boson
calculus is that we may use it to determine the matrix
elements of the IR’s of the unitary group. Then, by
means of the factorization lemma, we can generate the
multiplicity-free Clebsch—Gordan coefficients of the
unitary group.

Let D")(U) be the fundamental or self-representation
of U(n) given by

uy

DUNU) = (35)

and let n=m so that | ,/*,,) is a basis of U(z) * U(n).
We multiply the boson bases |,,",,) by the constant
L({u]) such that

L{[u))

($) * (1')> L({u)MEPMai} | o)

contains the term a{}|0) just once when (7) and (j) have

highest weight in U{xz). Then Louck has proven thatt?
D (U) = L[ M P, (36)

where u () =uiluiz. . u’P. For example, from Eq. (25)

we have that L([210])—f‘ From (24) it follows that

1[%1?%([]) -V2  V2/2 VI/2\ bl
DEYW) = | 0 -VE/NT T3/ Efubddd. @)
D (D) 1 1 1 whudad

Ciftan and Biedenharn have shown that®

L([u]) =VH{u]), (38)
where H([u]) is the product of hook-lengths described in
1.

We now have an explicit means of calculating the
canonical Clebsch—Gordan coefficients of U{r) by using
the factorization lemma. Let

VA MR Al

The factorization lemma can then be written as

Dy (a

{u] (]
<<s> (9 | P @) <n>*<m>>
i/2
~(BDY” 7 crepmepass )

where [#]° is the 6th IR [«] contained in the direct prod-
uct [2]x[A]. Since the left-hand side of (39) can be
calculated explicitly using the seminormal canonical
projection operators, we can directly evaluate the
product of Clebsch—Gordan coefficients of the unitary
group on the right of (39). Because of the sum on the
right on (39), only the multiplicity-free coefficients can
be uniguely determined,

C.W. Patterson and W.G. Harter 1140



IV. FERMION BASES

From (10) we find the antisymmetric states of U(nmn)
are

1t 1) =2 2 elall2id). (40)

We may construct linear combinations of these anti-
symmetric states of U{zm) from the irreducible bases
of U(n) X U(m) using the Clebsch—Gordan coefficients
of the canonical bases of S,. We find that

<s>[u(]n)>x (i)[ﬁg%>

2 o PRI 2 103) (41)

[w] \_ _ 1
<s>;<,~/>>~ TEDRE ?Eﬁm

1VL§]N£"]
= { u])i /2

is antisymmetric under all permutations [¢] of S, for
any standard tableau TE",,,]). This can be shown, using

(1. 23) of 1, since
[4) 2 €6,y PP = Ee, [q1PE g P

€t D 1D g1 PHPLE)
Ny by t*

€om Oin

=¢q 2 €a,, PHPI.

Hence, l(s)[’:}(;)) must be some linear combination of
ant1symmetr1c bases (40) of Ulum). From (8) we see the
basis \<s>*<7>> is an irreducible basis |{*}) x | &) of

U(n) X U{m). We shall denote the subspace of all bases
L85y of the direct product space |®]}) as

U(n) ¥ U(m).

It is important to determine the antisymmetric con-
tent of U(nm) in our bases |(,%%,) of U(n) % U(m), for
this will be equivalent to determining the antisymmetric
irreducible bases of U{nm) contained in the irreducible
basis i) x| ) of U(n)xU(m). In what follows we shall
show a simple and straightforward means of finding this
antisymmetric content,

For this purpose it is convenient to use fermion
operators to generate our bases. We may write our
antisymmetric basis in terms of fermion operators as

n (42) below:
T edal|@i) ==  clalad}]o 42
&5, q[QH i VBT ok H)l s (42)

where a{i)10) = a{%a{% -ajp 0), and af' =ai. The fermion

operators obey the followmg anticommutation relations:

la],al)y=[a],al), =0, (43a)
(@}, afls = 6,050 (43b)
We may also expand the generators of U(n), U(m), and

U{nm) in terms of the fermion operators as in (15).
From (42) we see that | ,¥1;,) may be put in terms
of fermion operators as in (44):

[u]lv[u] — ful (s
(l[u]pl 1/§Z’€0n P ]Puaj ‘0> (44)

()% <5’>>

By using the anticommutation relations (43), it follows
that

[@la}| 0 =¢ g ]aif3}| 0). (45)
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From the above relation and (1.23) of I, we have
PEa}|0) =€, Prilaid}| 0. (46)

Using (46), we may simplify the expression for

L3z, in (44) to find

n ~ :
<S>[;]<77>> — Ng“lx\/gu](l (u]/[)! )I /2607,,.1_)5:]“8; l 0>.
If we let

‘/]_Eu] — V;EmN[“](Z [u]/p 1 )1 /2

Mpg =4 s ' s

then we have the following simple relation between our
basis of U(rn) ¥ U(m) and the fermion operators:

u u .
<s>[;]<;> =¢, MPYa)|0), (472)
or similarly,
(77)[;](3}:6“ gL u]p[u]a(;;}[)) (@7b)

Equations (47) illustrate the reciprocity between upper
and lower projection operators for bases of U{m)* U(n)
and U{n) ¥ U(m).

We now have a convenient and straightforward method
of finding the antisymmetric content of U(um) in the
irreducible bases of U(n) xU(m) which we call the
fermion calculus. From the expression Pi¥a(}10), we
may find the antisymmetric content of U(nm) in the
bases l<"3) x #E:}} when the a) are fermion operators,
or we may find the symmetric content of U(nm) in the
bases | {4y x |{4)) when the a{}} are boson operators.
Hence, the fermion calculus can be generated by the
seminormal projection operators 05‘;1 acting on fermion
operators, and the boson calculus can be generated by
the same seminormal projection operators acting on
boson operators.

To illustrate this point, we use the results of Egs.
(23a) and (23Db) to find the antisymmetric content of
135 x 133 and 13 x 113 respectively by letting the a{f)
be fermion operators. Our case is somewhat special
since (#) =(#. The fermion basis analogous to Eq.

(23c) is shown below.

2 2 2
000gla3al | 0) = 4A psaladas| 0),

122, 1929 1929
=4(ala}dl - alajd; + aiaial - a}dia}

2 1

+ alalal - alaiad) | 0).

For convenience we let ¢! =¢*, 2 =y, &} =&, etc.
Collecting terms and normalizing the above bases,
we find

1-
1/V2\ |2°

3#
13\ |\~ v
Y00 =] 28 -1 1 ). ae

3-

1 1*
2 x|+-- \NV3 13 1/VE[ |2
3 13-

0o -1/V2
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