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The problem of the response of a hybridized system to an external probe is discussed from a completely
quantum-mechanical point of view. An exactly soluble model, which describes qualitatively the mixed-valence
states of rare-earth compound solids, is presented. We show that it is possible to obtain regimes of “single
response”’—e.g., isomer shifts—as well as regimes of “two responses”—e.g., photoelectron emission spectra.
The calculation does not involve real time fluctuations. We point out that it would be worthwhile to
investigate experimentally intermediate regimes where the characteristic energy of the probe is comparable to

the energy separation of the hybridized states.

I. INTRODUCTION AND FORMULATION

Hybridized systems are a common occurrence
in nature. The phenomenon, known for a long
time to quantum chemists as configuration inter-
action, orbital hybridization, etc., has gained
renewed interest among physicists lately because
of the spectacular properties exhibited by some
rare-earth solid compounds, in particular cerium
metal® and the samarium salts.?*3

In these compounds it is found that the number
of 4f electrons is not a good quantum number for
describing the ground state.*'® The 4f electrons
are on the other hand strongly correlated among
themselves—they cannot be treated as itinerant
Bloch electrons—and this results in solids in
which only two configurations, say (4f)" and
(41)™1, coexist in the ground state. Such a state
is known as a state of mixed valence.

Many properties of the rare-earth solids are
strongly dependent on the number of 4f electrons.
In particular lattice parameters,® magnetic sus-
ceptibility,® photoelectron emission spectra,’
hyperfine spectra,® isomer shifts,? and transport
properties!® are, among others, sensitive func-
tions of the rare-earth—ion valence. Experimen-
tally it is found that certain properties, e.g.,
lattice parameters and isomer shifts, yield results
which are intermediate between the two valences,
i.e., a weighted average between the values which
correspond to the pure (4f)" and the pure (4f)"?!
configurations. In contraposition other experi-
ments, e.g., photoelectron emission spectra,
yield not an average but a superposition of the
results obtained from each of the pure configura-
tions.

The two different behaviors have led to some
confusion in the interpretation of the data and in
the understanding of the nature of the ground state.
It is also the reason for the misleading introduc-
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tion in the literature of the word “fluctuation”
when refering to some properties of the ground
state.

We present in this paper a very simple con-
ceptual model, which can be solved exactly, and
which clearly illustrates the essential physical
aspects of the problem. The model system con-
sists of:

(a) An electronic system with two quantum
states, | a) and |b), such that in the absence of
hybridization they have energies E, and E, (we
choose E, <E,):

H,=E,|a)(a|+E,| b)(b]. 0))

(b) A hybridization term which mixes | a) and
| 5):

Hy=V(|a)(b|+]|b)(al). (2)

By a proper choice of phases we have made V a
real positive quantity (V =0).

(c) An outside probe, which we take to be a
harmonic oscillator of creation and destruction
operators ¢’ and c, respectively, which has a
characteristic frequency w, when the electronic
system is in state |a), and a frequency w, when
the electronic system is in state |b):

H,y, = (Bw,| @) (al| + hiw,| b) (b])c"c. (3)
(d) The total Hamiltonian is now
H=H,+H,+H . (4)

It is evident that N, =c'c commutes with the
Hamiltonian and the number of oscillator quanta
is a good quantum number. For each value of N,
there are two eigenstates of the total system which
can be obtained by straightforward diagonalization
of a (2x 2) matrix. These states can be labeled
| N,a) and |N,8), chosen so that E(N,a) <E(N).
The ground state of the system is therefore |O0a).
This ground state |0a) is coupled by the outside
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probe —the harmonic oscillator—to two states:
| 1a) and |1B) with two characteristic frequencies
wqand wg,

hwy,=E(la)-EQa),

(5)
hwg=E(18) -E(0a),
with oscillator strengths given by
fa=|<la|cfloa>|2, (6)

fo=1(18l c"|0a)|?.

For this model system we can study exactly sev-
eral features which are common to this and to
real (many-body) systems. These include initial-
and final-state configuration interactions and non-
orthogonality of ground and excited states. We
may also examine a full range of orders of mag-
nitude for the relevant parameters. So, although
the model is extremely simple and the formalism
elementary, there are many “regimes” in which
we obtain qualitatively distinct results. These
results are presented and discussed in Sec. II.

II. RESULTS AND DISCUSSION

In order to study the various regimes we define
the following dimensionless parameters.

x= 22 _>0; (M
h—lwb_wal
2V
= =20; 8
YT = ©
2= 2= % _ g (9)
Iwb—wal

The results for the frequencies of the coupled sys-
tem are expressed as

wa,Bzé(wa*’wb)*'%lwb_walVa‘B' (10)

We distinguish the two cases z=+1and z=-1 and
present the results in Fig. 1 and Tables I and II.
In Fig. 1 we plot the response frequencies (arbi-
trary units) for states.a and 8 and the respective
oscillator strengths using the values given in
Tables I and I for v,, fq, Vg, and fz. The analy-
sis of the results shows the following interesting
features:

(i) The low-frequency v, is such that

-l<sy,<1,

so that w, is always between w, and w,. The
high-frequency vy is such that vy =1, i.e., wg is
larger than both w, and w,.

(ii) Whenever wg> w,,w,, the oscillator strength
fs associated with it is very small.

(iii) A special case of (ii) occurs when

Ey,-E,»H| wy—w,| and E, -E,>2V;
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FIG. 1. Frequencies and oscillator strengths of the
coupled system. The left-hand side shows the results
for z =1 wp>w,) and the right-hand side, the results
forz =—1 (wp <w,). Values of the hybridization param-
eter y are indicated on the left part of the figure. The
energy separation between the electronic levels x is
plotted on a logarithmic scale at the bottom of the figure.
The ordinates are the response frequencies in arbitrary
units (extreme left and extreme right) and the oscillator
strength (center). The response frequencies are indi-
cated by the thin solid and dashed lines. The oscillator
strengths are indicated by the thick solid and dashed
lines. The solid lines are associated with state o, the
dashed lines with state . Note that for y =10.0 and
y =100.0, the response frequencies for state 8 are out-
side the scale of the picture and the respective oscilla-
tor strengths are completely negligible (see text for a
more complete discussion).
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TABLE 1. Frequencies v and oscillator strengths f for z=1 (w, >w,).?

y=0 y=0.01 y=0.1 y=1 y=10 =100

x=0 -1 —0.990 -0.905 —0.414 —0.050 —-0.005
? 0.505 0.550 0.854 0.998 1.000

+1 1.010 1.105 2.414 20.05 200.0

? 0.495 0.450 0.146 2x1073 2x107°

x=0.01 -1 ~0.996 —-0.914 —0.421 —0.051 —0.015
1 0.857 0.599 0.855 0.998 1.000

1.02 1.024 1.115 2.421 20.05 200.0

0 0.143 0.401 0.145 2x1073 2x107°

x=0.1 -1 ~1.000 —-0.963 —0.482 —0.060 —0.006
1 0.998 0.884 0.871 0.998 1.000

1.2 1.201 1.246 2.492 20.1 200.0

0 2x1073 0.116 0.129 2x1078 2x107°

x=1 -1 —1.000 —0.998 —0.822 —0.148 -0.015
1.000 0.999 0.974 0.998 1.000

3 3.000 3.007 3.650 20.2 200.0

0 6x107% 6x107* 0.026 2x1073 2x107°

x=10 -1 —1.000 —1.000 —0.995 —0.724 —0.104
1 1.000 1.000 1.000 0.999 1.000

21 21.0 21.0 21.1 29.0 201.1

0 2x107 2x1077 2x107° 6x10~ 2x107°

x=100 -1 —1.000 —1.000 —0.999 —0.995 —-0.709
1.000 1.000 1.000 1.000 1.000

201 201.0 201.0 201.0 202.0 283.6

0 2x10713 2x1071 2x107? 2x1077 6x1078

2In each entry the upper number is either vy, or

fqoOr f g See text for definition of x, y, 2, and v.

vg, the lower number is the corresponding

in that case f,= 1, Wy~ w,.
(iv) A second case of (ii) appears when

2V>» 7| w, - w,| and E, -E, <2V ;

in this case f,= 1, wq=3(w, +w,).

(v) In the absence of hybridization, V=0, only
the w, frequency is observed: f,=1; wy=w,.

(vi) Two different frequencies of comparable
oscillator strength are observed only if

Ey,—E,<F|wy— w,| and 2V <7 |w, - w,].
These are necessary but not sufficient conditions.
(vii) If conditions (vi) are satisfied and
E,-E <2V,

then the two frequencies have comparable strengths

fazfﬂ‘

(viii) If conditions (vi) are satisfied, but

E,-E,>2V and w,>w,,

then w,~*w, and f,~1, i.e., a pure “unhybridized”
state dominates.

(ix) If wy<w,,2V<7|w,-w,| and E, -E,
= ii(w, — w,), then both frequencies are very
similar w,= wg=w, and have comparable oscilla-
tor strengths

fazfﬂ'

(x) Finally if w,<w, and E, - E, = 3#(w, - w,) 2
special case appears: The lower-frequency w,
is always equal to the average frequency

Wo=3(w, +wy),

but its strength varies from f,=0 for small V to
f«= 1 for very large V.
From the above observations it can be seen that
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TABLE II. Frequencies v and oscillator strengths f for z=~1 (w, <w,).?

y=0 y=0.01 y=0.1 y=1 y=10 y=100
x=0 -1 —0.990 —0.905 —0.414 —0.050 —-0.005
? 0.505 0.550 0.854 0.998 1.000
1 1.010 1.105 2.414 20.05 200.0
? 0.495 0.450 0.146 2x1073 2x107°
x=0.01 —-0.98 —0.976 —0.895 —-0.407 —0.050 —-0.005
0 0.150 0.500 0.852 0.998 1.000
1 1.004 1.096 2.407 20.05 200.0
1 0.850 0.500 0.148 2x1073 2x107%
x=0.1 -0.8 —0.800 -0.764 —0.340 —0.040 —0.004
0 3x1073 0.188 0.837 0.998 1.000
1 1.001 1.047 2.350 20.04 200.0
1 0.997 0.812 0.163 2x1073 2x107°
x=0.5 0 0 0 )} 0 0
0 4x10™ 0.038 0.800 0.998 1.000
1 1.000 1.020 2.236 20.02 200.0
1 1.000 0.962 0.200 2x1073 2x107°
x=1 1 0.990 0.905 0.414 0.050 0.005
p 0.505 0.550 0.854 0.998 1.000
1 1.010 1.105 2.414 20.05 200.0
(1-p) 0.495 0.450 0.146 2x1073 2x107°
x=10 1 1.000 1.000 0.994 0.687 0.095
1 1.000 1.000 1.000 0.999 1.000
19 19.000 19.00 19.11 27.60 200.9
3x107? 3x1077 3x107° 7x1074 2x107°
x=100 1 1.000 1.000 1.000 0.995 0.705
1 1.000 1.000 1.000 0.100 1.000
199 199.0 199.0 199.0 200.0 282.1
0 2x10713 3x107M 3x107? 2.5x1077 6x107%

4In each entry the upper number is either v, or vg, the lower number is the corresponding

f«Or f g See text for definition of x, y, 2z, and v.

the signals obtained by the outside coupling of a
measuring system (harmonic oscillator) to a
hybridized system cannot be naively interpreted
without detailed analysis.

In the “adiabatic” or “static” limits in which
7| w, - w,| is much smaller than either V or
b, - b,, only one frequency is observed. This fre-
quency is the averaged value, with proper weights,
of w, and w,. This limit corresponds to measure-
ments of, for example, lattice constants® and
isomer shifts.® In this last case since the mea-
suring energies involved (~107° eV) are several
orders of magnitude smaller than the configura-
tion energy difference or the hybridization matrix

element (both approximately 107*, 10 2eV) only one
line is observed.

In the “sudden” or high-frequency approximation
when 7| w, — w,| is of the order of or larger than
both the energy difference and the hybridization
energy, it is possible to observe two distinct sig-
nals of comparable strength—this happens only
when condition (vi) is satisfied. Such is the case in
the photoemission experiments’ in which the ener-
gy separation between responses of the configura-
tions (5-10 eV) is several orders of magnitude
larger than both the configuration energy differ-
ence and the hybridization energy.

We would like to point out that our treatment,
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through the use of the time-energy uncertainty
relation, can be qualitatively cast into a language
of “measuring time” |w, - w,| ~* versus “fluctua-
tion times,” either #/V or #/(E, - E,), and a com-
parison between them. Such an approach is, how-
ever, misleading since we are concerned here
with ground-state properties which are, by
necessity, stationary.

In conclusion we would like to point that the
region in which #| w, - w,|, V, and E,- E, are all
comparable exhibits the most complicated and
interesting behaviors. It would be therefore of
great interest to explore the mixed-valence solids
with probes whose typical energy is in the 0.01-~
0.1 eV region, where such behaviors are bound to
occur.
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