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We study the mobility of a particle coupled to a one-dimensional interacting fermionic system,
namely, a Luttinger liquid. We bosonize the Luttinger liquid and find the effective interaction
between the particle and the bosonic system. We show that the dynamics of this system is completely
equivalent to the acoustic polaron problem where the interaction has purely electronic origin. This
problem has a zero-mode excitation, or soliton, in the strong-coupling limit, which corresponds to
the formation of a polarization cloud due to the fermion-fermion interaction around the particle. We
find that, due to the scattering of the residual bosonic modes, the soliton has a finite mobility and
diffusion coefficient at finite temperatures that depend on the fermion-fermion interaction. We show
that at low temperatures the mobility and the diffusion coefficient are proportional to 7% and T®,
respectively, and at high temperatures the mobility vanishes as 7~ while the diffusion increases as

T.

Interest in the dynamics of particles coupled to one-
dimensional systems has increased lately due to the un-
usual properties of these systems with respect to Fermi
liquids® and their similarity to the strongly interact-
ing electronic systems such as the cuprates.? These
properties appear in the anomalous exponents in re-
sponse and correlation functions® and in tunneling prop-
erties at low temperatures.? All these anomalies are
related to the intrinsic nonlinear character of interac-
tions in one dimension which are due essentially to
the lack of phase space for scattering. The topologi-
cal character of the excitations of one-dimensional sys-
tems has been a subject of discussion for many years
and there is an enormous amount of literature on this
subject.® More recently it has been found that the
low-energy physics of interacting electronic models on
the lattice, such as the Hubbard chain,® or interact-
ing bosonic field theories in one dimension, such as
the bosonic model with local interactions,” have soli-
tonlike excitations. Indeed, the soliton formation is
one of the main characteristics of nonlinear field theo-
ries in one dimension and we have shown recently that
the soliton in quantum-field theory undergoes Brown-
ian motion due to the scattering with environmental
excitations.® The same type of Brownian motion can be
found in the motion of ferromagnetic domain walls in
higher dimensions.?

In this paper we discuss the problem of the formation
of solitonlike excitations in one-dimensional systems from
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the point of view of an external particle which is added
to the system. The only difference between the external
particle and the particles of the one-dimensional system is
distinguishability, that is, we can follow the motion of the
external particle without confusing it with the environ-
ment. Then we can make predictions for its mobility and
diffusion in this environment. Of course, a more profound
problem would be to calculate the mobility of particles
inside the system without making use of the artifact of
distinguishability. Here we look at this problem from a
semiclassical point of view, that is, from the point of view
of a random-phase-approximation (RPA)-type scheme.?
We want to understand the formation of a polarization
cloud, and therefore the creation of the quasiparticle,
by probing the system with an external particle. It is
worth noticing that, although one-dimensional interact-
ing electronic systems, such as Luttinger liquids, are not
Fermi liquids because of the vanishing of the quasiparti-
cle residue, their main properties can be described within
the RPA scheme.!! This result is true because the RPA
fulfills all the sum rules at long wavelengths and low en-
ergies and then it is expected to describe the continuum
limit of these models. Moreover, when indistinguishabil-
ity is taken into account, it is natural to suppose that,
instead of an isolated soliton excitation, or quasiparticle,
we end up with a very complex nonlinear theory of inter-
acting solitons which destroys the quasiparticle character
of the excitations.

We limit ourselves to the problem of an external parti-
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cle of mass m moving in a lattice with intersite distance
a and interacting via a local interaction potential with a
system of interacting particles with the same mass and
with same potential interaction. This problem can be
thought of as the problem of the Hubbard chain with
one spin down in a sea of spins up.!? By diagonaliz-
ing exactly the fermionic system via bosonization we ob-
tain the effective interaction between the particle and the
bosonic system, the Luttinger liquid.'® By transforming
this problem back to real space we obtain a Hamilton-
ian which is equivalent to the problem of an electron in-
teracting with acoustic bosons, that is, the acoustic po-
laron problem.'* It means that the particle is dressed by
the fermions of the environment in such a way to form
a solitonlike excitation. This soliton, or quasiparticle,
acquires a new mass, which now depends on the inter-
action within the system and a renormalized coupling
constant with the bosonic environment.® Using the same
technique employed for the strong-coupling limit of the
polaron problem we calculate the mobility and diffusion
coefficients of the soliton as a function of the fermion-
fermion interaction and temperature. This calculation is
a clear example of the nonlinear character of interacting
one-dimensional fermionic systems and illuminates many
aspects of the formation of such types of excitations in
one dimension.

Our starting point is the Hamiltonian for a particle in-
teracting with an interacting fermionic system (we con-
sider spinless fermions for simplicity),

H=Hp+ H; + Hp, (1)

where Hp is the Hamiltonian for the particle alone,

Hp= 1, (2)

Hj is given by
N
Hr =) Uz -g;), (3)
j=1

and it couples the particle to a set of N other particles
at positions z; (j = 1,2,3,...,N). The fermionic system
is described by

N 2
=Y+
= 2m

U(zi — z;). (4)

In the second quantized form the interaction term in (3)
and (4) can be written as U ), n;n;y1, where i labels the
sites on a chain.

Our first step is to diagonalize the Hamiltonian (4)
using the techniques of bosonization of one-dimensional
systems.> We will skip the details here since this tech-
nique is already well known. It is possible to show that
the Hamiltonian for the fermionic system can be written
as (in our units A= Kp = 1)

Hp = Z Eqﬂ;ﬂqv (5)

q>0
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which has exactly the same form as for a set of indepen-
dent harmonic oscillators with energies given by

U

27!'1)1:'.

Eq = vrlq| (6)

Notice that the only effect of the interaction in the spec-
trum is a renormalization of the Fermi velocity vr to a

new value 0 = vp,/1 + Fror -

In this new representation the interaction term (3) is
written as

12
HI=—iZ(2—I;II_L> Ue'"=*sgn(q) (B-q +B}), (7)

where

U

(8)

Now we define new operators for the bosons in the coor-
dinate and the momentum form

Em P_
By = 2 ( Em)

R e T

which obey [Xg, Pyr] = idq,q'-
The Hamiltonian for the problem can also be rewritten
in second quantized form as

E2
H:Zekd;dk+2(ﬂ’2—%+m 2 X, X_ )
k q
ip 1/2
_iUe—¢ [ YF
we-s (22 LS (10)

where dj, and d,t are the creation and annihilation opera-
tors for the particle in the state of momentum k, ¢ = %
is the dispersion relation for the particle (we have the
constraint that there is just one particle in the system
Sk d,tdk = 1 for all states of the Hilbert space), and

p(g) =% d;rc +q0k is the density operator for the particle

(and since the particle is a fermion, {dy, d;’c,} = Okkr)-
Now we go back to real space by defining the following
field operators:

n(a) = 7% S,
(z) = \/_ S, (11)

_ = eik:c
d)(w) - \/E zk: dk’

where L = Na is the length of the system and N is the
number of sites. It is easy to prove that the commu-
tation relation between these above defined operators is

[n(z), (z')] = i6(z — ') and {¢(z), %! (z)} = é(z—2').
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Finally we rewrite the Hamiltonian as

I vid (9n)®, 1 8y! oy
H—/d“’{?; T(‘a—z) * 2m s 0z
o
+D5'1«/ﬂ¢}, (12)
T

where v = m/a and

-\ 1/2
D=ye? (”"—F> =U

™

(2)"

™

is the coupling between the fields. It is amazing to no-
tice that the Hamiltonian (12) has the same form as the
Hamiltonian for an electron coupled to acoustic phonons
where D is the deformation potential coupling.!* We
could therefore apply the results for the strong-coupling
limit obtained in Ref. 14 directly to the problem of the
Luttinger liquid. The strong coupling is obtained when
the deformation energy is much larger than the charac-
teristic bosonic energy scale, that is,

Da u

— = ——/4mpFa >1 14

e ViTaViPre> b 14
where u = 5:{,—‘? is the dimensionless coupling constant

and pr = mvup is the Fermi momentum.

As we have shown in Ref. 14, the physics of the prob-
lem can be understood in terms of the formation of a self-
consistent potential around the particle due to the for-
mation of the polarization cloud. In the strong-coupling
limit the particle stays in the ground state of this po-

tential, with ground-state energy Fo = 5'%, and can
only undergo virtual transitions to excited states. More-
over, the deformation of the bosonic system has the form

Mo(z—vt) = — 315 tanh (ﬂz_;v_t)), where v is the soliton

velocity and g is the renormalized coupling constant of
the theory which is given by

D \? u?
= — ) =4 . 15
g=mv (ﬁpu) 7r1 +uPF (15)

This result shows that the displacement of the bosonic
field has topological character, that is, it interpolates
between two different vacuums in the asymptotic limit
[limz+e0mo(2) = F3Z5]- Thus we see that the soli-
ton rides on the wave produced by the distortions of the
bosonic field.

The reader can find the details of the calculation in
Ref. 14. Here we just sketch the main steps leading to
our results. We use the saddle-point approximation for
the static configuration in order to generate an expansion
of the form 7(z,t) = no(z) + p(z,t). Then we expand the
field configuration up to second order in p(z,t) and end
up with a theory for the renormalized bosons which has
a zero mode with the form

po(x) = \/?)%?sech2 (971:) . (16)
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We can also show that the soliton mass is given by4

32 E, )2 872  wut
M = —m\| — = ————Mm. 17
3 (vFg 3 1+w)?® (a7)

These results give the complete picture of the quasiparti-
cle formation: the interaction between the particle leads
to the creation of a polarization cloud, which renormal-
izes the mass of the particle and the interaction with the
environment.

The existence of the zero mode in the problem leads
naturally to the quantization of its motion via the canon-
ical coordinate formalism.® It is possible to show that
the soliton is scattered by the residual (long-wavelength)
bosonic excitations in the system and it leads to finite
mobility and diffusion.®'® The mobility of the soliton
as a function of the temperature 7T is given by!*

32w M,
wr) = 22 (18)
I (%)
where (Ep = vppp is the Fermi energy),
~ 2
T,=2LF _on—* _Ep (19)

2 Vitu

is the characteristic temperature for the bosonic excita-
tions, and

eSic

I(S)=S/0°°dnn2 R(k) @ =1

(20)

depends on the reflection coefficient R of residual bosons,

which are scattered by the soliton. At low temperatures

T <K T., we can use the long-wavelength result for the
2

reflection coefficient'® R(x) ~ 2-. Thus

167M, (T.\* u® E}
=L ~483—— _—F 21
27¢? (T) (1+u)?®T* @)

w(T) =

This result shows that the soliton is almost free at low
temperatures due to the absence of bosonic degrees of
freedom. Remarkably enough in the strong-coupling
limit the mobility increases with the interaction strength.
This unusual behavior is typical of the nonlinear charac-
ter of this system and it has many interesting properties
in the study of tunneling in one dimension.*

Using the same methods we can also show that the
diffusion coefficient in momentum space is given by

274°AT° 1 78

D(T)~ —=—— = 0.054— ——.
) 16w T# ut vipl

(22)

Again, observe that at low temperatures the soliton
moves ballistically. Observe that, contrary to the mo-
bility, the diffusion decreases with the increasing interac-
tion.

At high temperatures T, <« T, we use the short-
wavelength limit of the reflection coefficient'® R(k) =
4m%k8e =27, One finds
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64t M, T, u? 1
T)= n 87 4145 — 23
WT) = 35 T (1+u)’2T (23)
and
315¢%T ut
D(T) = ~ 10.16——p2.T. 24
(T) = 6.5 T aptr (24)

Observe that both the mobility and the diffusion coeffi-
cient increase with the interaction at high temperatures.

In summary, in this paper we calculate the mobility
and diffusion coefficients of a particle coupled to a Lut-
tinger liquid as functions of temperature and the coupling
constant by mapping this problem in the strong-coupling
regime of the problem of the acoustic polaron. We draw a
picture for the formation of a solitonlike excitation in this

problem which resembles the creation of a quasiparticle.
We calculate explicitly the renormalized mass and cou-
pling constant as a function of the fermion-fermion inter-
action. This problem has relevance for the understanding
of the structure of excitations of one-dimensional inter-
acting systems.
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