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On the interplay between symmetry breaking, integrability, and chaos
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In this work we present a detailed numerical analysis of the interplay between symmetry breaking,
integrability, and chaos in the two- and three-spin Heisenberg models. The results suggest that a
very simple and powerful tool to convey such information are the plots of the energy level spacings
A, versus the energy level index #, together with the correlation plots A, ;XA,. When
integrability is broken, these plots are shown to identify very sharply an energy below which one has
chaotic behavior. The particularly strong point in favor of such analysis is that it can be useful in
partially chaotic regimes. @ 1995 American Institute of Physics.

I. INTRODUCTION

Among several systems, models characterized by
Heisenberg interactions have been explored through the
years in many different contexts. They have proven to be
valuable tools either in statistical mechanics to understand
magnetic to non-magnetic transition phenomena in lattice
spin systems; or in the few degrees of freedom context to
study chaotic dynamics;' or else to study the consequences
of symmetry breaking in the correspondence between quan-
tum energy spectra and classical periodic orbits in the inte-
grable two-spin Heisenberg model.?

In this work we present a detailed analysis of the inter-
play between symmetry breaking, integrability, and chaos in
the two- and three-spin Heisenberg models. The study is es-
sentially numerical and shows that important aspects of this
interplay can be evidenced in a very conspicuous way by
means of the following plots: the energy level spacings A,
versus the energy level index » and the correlation graphs
A1 XA,. We show that in the three-spin case such plots
give a very clear signature of the energy range where chaos
starts setting in and the one where the corresponding classi-
cal dynamics exhibits coexisting regular and irregular orbits;
also, we can establish a critical value for the energy above
which the classical dynamics is known to have only regular
behavior.

A similar study has been performed in Refs. 3-6 for
infinite Hilbert space systems, ie., systems for which the
classical limit is attained as the energy level index n tends to
infinity. Qur case shows remarkable differences. For in-
stance, the finite Hilbert space coming from spin-like degrees
of freedom (for finite spin size S) gives us finite spectra.
With the large S scaling property, well known for these
Heisenberg models,” we can scale the whole spectra by
JE2S(S+1). This scaling by JA2S(S+1) fixes the lower
and upper extrema of the spectra at values independent of §
(for large $) which means that we can globally explore the
entire spectra in the semiclassical limit, without suppressing

their low energy part as it is usually done for particle system
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spectra. By the same token, since the classical limit for these
spin systems is attained as S increases, controlling § allows
for a control of the approximation to the classical limit for
the spectrum as a whole. It also provides a way to investigate
and control the density of states in a given region of the
spectrum. Thus, the features coming from the finiteness of
the Hilbert space and from the well defined classical limit
settles a different context, as compared to the particle-system
case. In this spin-system situation, it will be shown that the
plots originally used by Hirooka ef al.? in a particle-like con-
text can give much (specific and general) information in a
form that can be easily connected to basic physical concepts.
To carry out this proposal we studied the two- and three-
spin anisotropic Heisenberg models concerning effects that
appear in three distinct situations, namely: ‘

(i)  effect of symmetry breaking (by varying an anisot-
ropy parameter), without breaking integrability;

(i)  effect of increasing the number of spins, keeping in-
tegrability;

{1ii)  effect of symmetry breaking with concomitant break-
ing of integrability.

In the two-spin integrable case, symmetry breaking in-
duces a partial folding in the correlation plot A, XA, . In
the three-spin integrable case the high degree of degeneracy
of the spectrum gives an analogous result once one removes
the degeneracy by a well defined procedure: one takes only
one level as representative of all the corresponding degener-
ate ones and uses the so obtained spectrum to study
A,..1 XA, . Following this prescription one obtains a figure
which is analogous to that obtained for the two-spin isotropic
case. Based on this result a similar procedure is used to study
cases of small departures from integrability.

Despite the possibility of going into the region of the
anisotropy parameter where chaos is most prevalent, we shall
see that the most profitable point of these tools resides in the
possibility of working in the transition region between very
weakly chaotic and moderately chaotic regimes. Namely,
they can be useful to get some guiding information on where

©® 1995 American Institute of Physics 463
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FIG. 1. Spectral distributions of the two-$pin system for spin size =200
and some values of the anisotropy parameter:
o= ~0.5,-0.25,0.0,0.25,0.5. The lowest spectra correspond to the greatest
values of o.

to apply more sophisticated techniques in searching for
quantum manifestations of chaos. Also, they can be easily
applicable in cases where it is not so simple to separate the
symmetries in order to apply techniques based on Random
Matrix Theory.’
The remainder of this article is organized as follows. In
~ Sec. Il we introduce general features of the two- and three-
spin systerns. In Sec. III we review and analyze the two-spin
model, presenting some known results and the plots
A, XA, and A, X#n obtained for it. In Sec. IV the same
procedure is followed for the three-spin model, along with
the appropriate comparisons with the guiding integrable two-
spin model of Sec. IIl. To facilitate the presentation and the
understanding of the role played by the symmetry breaking,
both sections are divided into three parts: a brief review of
the model in question, the isotropic case and the anisotropic
one. A last section is devoted to discussions and concluding
remarks. Finally in Appendix A we deal with the approxima-
tion to the classical limit and in Appendix B we study some
wavefunctions of the nearly integrable three-spin case to give
support to the procedure taken in the plots for this same case.

Il. THE MODELS: TWO-SPIN AND THREE-SPIN
SYSTEMS

In this work we deal with two- and three-spin models
represented by Hamiltonians

Hy=J(S8;-S,+ 0r8%5%) (1
and

3
H3=JE (S,“S,‘+1+O'S%S§+1)i (2)

i=1

15 .
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FIG. 2. Spectral distributions of the two-spin system for a single value of
the anisotropy parameter, o=—10.5, and several values of the spin size,
$=10,20,30,...,80. Notice how the spectral distribution attains a limiting
curve as § increases.

where 8,=8,, J and the anisotropy parameter o are real
numbers, and $7,57,8% (i=1,2,3) correspond to the usual
SU(2) spin operators. Special attention is paid to the transi-
tion from the isotropic case (0=0) to the anisotropic one
(0#0), carried through the variation of the symmetry break-
ing parameter o. Throughout this work we set =1 and
[S:|=5 (i=1,2,3).
Some general features to be noticed are the following:

TRy

{1 The Hilbert spaces associated with systers (1) and
(2) are finite. This feature comes from the $T/(2) Lie
algebra of spin operators and guarantees that the en-
ergy spectrum is itseif finite.

(i)  Systems (1) and (2} have well defined classical limits.

As stressed in Ref. 2, these Heisenberg models belong

to a class named Curie-Weiss models and are charac-

terized by a large S scaling behavior. This scaling
property guarantecs the existence of their classical

]imits, whi(‘h can he chnwn to he nuninue frr theee

limi hich can be shown to be unique for these
Heisenberg models.®

{(iii) The isotropy breaking has important effects on the
integrability of the models. While the two-spin system
is integrable for all values of ¢, the three-spin system
is shown by Nakamura and Bishop' to be integrable
for o=0 and non-integrable for o#0 (and §>1/2).
This last case presents associated classical phase
space and energy spectra possessing, both, regions of
regular motion associated with periodic orbits, and re-
gions of irregular motion associated by the authors to
chaos followed by destruction of KAM tori.

lIt. TWO-SPIN MODEL

The integrable anisotropic Heisenberg two-spin model is
given by Hamiltonian (1):

CHAQS, Vol. 5, No. 2, 1985
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H2=J(Sl'SZ+ O'SZI.S'i)

From the equation above it is easily seen that, besides

the energy, this model has the z-component T35 of the total
spin

Tz = Sl + Sz (3)
as a constant of motion:
[HZ » 5] =0. (4)

Since we have set [S;|=[S,| =S, we diagonalize H, us-
ing as basis states the tensor product of spin states, defined as

1
|m1m2)E i['saml;S=m2>i|S,m2;S1ml)]: (5)

where the +(—) sign corresponds to bosonic (fermionic)
states. Throughout this section we work within the subspace
where {T5)=0 which implies the relation m;+m,=0 for
my and m,, the quantum numbers corresponding to the
z-projection of the spin operators S, and 8,, respectively.
Also, we restrict ourselves to the antiferromagnetic case
J>0, with /=1 (Ref. 9) and integer values for S, meaning
that we deal here with the bosonic case [+ sign in Eq. (5)]."

Figure 1 shows typical spectra for the spin size S=200
(sufficiently large to illustrate the results) and some values of
the anisotropy parameter o.

The large § scaling behavior can be observed in Fig. 2:
as the spin size tends to infinity, the quantum spectrum tends
to its classical limit in the form of a universal curve. We
remark here that, for this model, the spectra are all non-
degenerate. As we can see, in all these figures the energy is
scaled by JA2S(S+1). This scaling tends to fix the end-
points of the finite scaled spectrum at values that, in the
classical limit, do not depend on §, depending only on o.
From Fig. 2 it can easily be seen that, for a given value of
o, the number of energy levels increases with §, diminishing
in this way the energy difference between two neighboring
levels, the scaled energy range being now fixed. This allows
the control of the approximation to the classical limit by
changing the value of 5. Details of this aspect are given in
Appendix A.

B. Isotropic case (o=0)

Figures 3(a)-3(c) show altogether the two-spin isotropic
case (o=0) for §=200. The spectrum is shown in Fig. 3(a)
and in Figs. 3(b) and 3{(c) we plot respectively A, XA,
and A, X n where, in general,

An=€n+l—en (6)

is the (scaled) energy difference between the (n+41)-th and
the n-th levels. These figures show typical quantum rotor
spectra. Moreover, they are useful to establish concepts and
vocabulary which will appear in the next sections.

One of the points to explore is to see numerically how
the classical limit of the spectrum is approximated. The
analysis using the data of Fig. 3(a) is given in Appendix A,
and shows that for $=200 one is essentially working with
%=25X107> Once we have made sure that we are in a re-
gime which can be considered nearly classical, let us present

some useful associations concerning the plots. For example,
the plot of Fig. 3(c) reflects the density of states p per energy
unity

1

P~ deldn’
which is higher at lower energy values. In a sense we can say
that the region around the minimum in Fig. 3(a), with
e=—1.0, meets semiclassical characteristics “faster” than
other regions, a feature that can be used to indicate where we
can safely apply the semiclassical methods much in use to
study chaos and other classical structures.!! In similar ways,
this behavior seems to be common to other integrable sys-
tems with finite Hilbert space, like the SU(2) Lipkin
model.'?

In Ref. 2 advantage was taken of the existence of the
classical limit to link the quantum spectra to the classical
actions of periodic orbits, obtained for this model via the use
of coherent states. Here we present a simple argument after
which this link can be made straightforward with the use of
the plot A, Xn. In Fig. 3(c) the step length in the variable n
is dn=1. Thus we have plotted in fact

@

_Ea+dn™ <
Ept+1 €y ™ dn .

In the classical limit this is simply de/dn and n is, apart
from scale factors, the action %7 of the periodic orbit with
energy €. Thus we have in Fig. 3(c)

ity

€nt+dn” €n ~A E_

dn T4

the (scaled) frequency v of the corresponding periodic orbit

(the constant A stands for the scale factors). It can be seen in

Fig. 3(c) that, as a result of the finiteness of the associated

Hilbert space and of the integrability of this case, the plot

A, Xn reveals a finite range of well defined frequencies for
the periodic orbits."

As a final remark concerning isotropy, we observe that a
characteristic that comes immediately into sight is the single
line showed by Fig. 3(b). This is reflected in Fig. 3(c) as a
one-to-one correspondence: to each allowed frequency is as-
sociated a unique energy, or a unique periodic orbit.

Av, ' )

C. Anisotropic case (o#0)

The two-spin anisotropic case is represented in the set of
Figs. 4(a)-4(c) with the illustrative values o=—0.5 and
§=200. Notice that the isotropy breaking changes the spec-
tral curve, there appearing an inflection point at energy
€;,=— 1.0+|o| for —1.0=<0=<0.0 [see Fig. 4(a)]. Further-
more the point of the spectrum with highest density of levels,
shown as an inverted peak in Fig. 4(c), accompanies this
inflection point. The discussion on the classical limit is still
valid and Fig. 4(b) shows that there is a correlation between
A,y and A, in this case also, Although not so simple a
correlation as in the =0 case, one can argue (see Appendix
A) that here again we are in a safe ground concerning clas-
sical approximation, and the isotropic case can be used to
calibrate such approximation.

CHADS, Vel. &, No. 2, 1995
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FIG. 3. The two-spin isotropic case ($=200 and 0=0.0): (a) spectral dis-
tribution; (b) energy difference correlation plot 4,4, XA, ; (¢) energy level
difference A, versus the energy level index n.

FIG. 4. The same as in Fig. 3. Here it is shown the two-spin anisotropic case
(S=200 and o= -(.5).
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FIG. 5. (a) Spectral distributions of the three-spin system for spin size
§=50 and some values of the anisotropy parameter:
o=—10.5,—-025,00,0.25,0.5. The lowest spectra correspond to the greatest
values of o; (b) blow up of the squared region in {a}, where the solid circles
exemplify the procedure of picking up appropriate spectra for two cases:
o=0.0 and o= —0.5 (upper points).

Figure 4(c) displays, as in the previous subsection, a
finite range of frequencies with a special peint where the
frequency tends to zero as the classical limit is attained.
Since this inverted peak corresponds to the inflection point in
the spectrum, we can be sure of the existence of a periodic
orbit—for the system is integrable—with an infinite period.
This is in complete agreement with the results presented in
Ref. 2 where the inflection point in the spectrum is shown to

correspond to a separatrix orbit with analytically calculated

infinite period. Besides, as can be seen in Fig. 4(c), this in-
flection point is in the center of the region of highest level
density. It can be shown that the density of levels p has its
maximum variation with increasing § at the inflection point,

40 ¥ Al T T T

2.0

0.0

(SN2 ¢ [ SRR SRS R S PO PO S T S R S - | P
0.00 0.15 0.30 .45 0.60

n/[S(S+1)]

FIG. 6. Spectral distributions of the three-spin system for a single value of
the anisotropy parameter, o= —0.5, and several values of the spin size,
§==10,20,30,40,50. Notice how the spectral distribution attains a limiting
one as § increases.

i.e., dp/dS has a (positive) maximum at the inflection point.
We therefore expect stronger manifestations of chaotic be-
havior (in the non-integrable case) to occur in this region. In
Ref. 14 one can learn that the two-spin model can become
chaotic after the introduction of local anisotropies. In this
way Fig. 4(c) suggests that the region around the inflection
point, i.e., around the separatrix orbit, would be the appro-
priate region where to look for manifestations of classical
chaotic dynamics. This suggestion agrees with our expecta-
tion that, as chaos sets in, it is in the separatrix region that
irregular orbits start appearing.

Concerning the isotropy breaking, we see in Fig. 4(b)
that the straight line of the isotropic case [see Fig. 3(b)]
presents a folding. Notice that the lower string in Fig. 4(b)
correspends to the one at the left side of the inverted peak in
Fig. 4{c). We can also see in Fig. 4(c) that in this anisotropic
case the one-to-one correspondence between frequencies and
energies is broken: in the region around the vanishing fre-
quency there exists two different energies, i.e., two different
periodic orbits, with the same period.

IV. THREE-SPIN MODEL
A. Brief review of the model

The aniSotropic Heisenberg three-spin model is given by
Hamiltonian (2),

3
Hy=T12 (S;-Sp 1 + 08355 ),
i=1
where S4ES, . We will concentrate on the antiferromagnetic

interaction J>0, fix J=1 and choose equal all the spin val-
ues, |S;|=S (i=1,2,3).

CHADS, Vel. 5, MNe. 2, 1995
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FIG. 7. The three-spin isotropic case (§=30 and o=0.0): (a) spectral dis-
tribution selected according to the procedure shown in Fig. 5(b) ; (b} energy
difference correlation plot A, ;X A, ; (c) energy level difference A, versus
the energy level index x.

As in the previous two-spin case, this model has as a
constant of motion the z-component T5 of the total spin:

T;=8,+8,+8,, (10)
since

and we will be working within the subspace where
(T%)=0. For future reference we note that the operator T5 is
also a constant of motion for the isotropic case o=0. Since
each 87 is individually a constant, the expression for T3 re-
sulting from Eq. (10} is

3 .
TE=38(S+1)+2> 8; 81 (12)

i=1

Notice that the second term on the right-hand side of Eq.

(12) is just the Hamiltonian Hy with o=0 (and J= 1/2).
The diagonalization of H4 has been done using the (an-

ti)symmetrized spin states for § (half) integer:

1
|t momy)y= 3T {18.m;8,my;8,m3)+(8,m3;8,my;8,my)

+{8,my;8,mz;S,m ) £[|S,mq;8,mq;8,m )
+ 1S7m1 ;S’mB ;S’m2)+ |S,m2';S,m1 ;S,m?:)]}
(13)

Here, once more, the -+(—) sign corresponds to bosonic
{fermionic) case, and we restrict ourselves to integer values
for § [+ sign in Eq. (13)],'® while m, +my+m;=0 leading
to (T5)=0.

Typical finite spectra for the three-spin model [Eq. (2)]
are shown in Fig. 5(a) for §==50 and some illustrative values
of the anisotropy parameter . The squared region of the
entire spectra is blown up in Fig. 5(b). From these figures we
can see that the spectrum of the isotropic case is highly de-
generate, therefore exhibiting a staircase shape. This is due
to the many possible ways of constructing the same value of
T3 combining three spins, with (75)=0. As we slowly turn
the anisotropy parameter o on, the steps of the isotropic
spectrum become adiabatically distorted [see Fig. 5(b)].
Moreover, for a given value of o, this departure from the
degeneracy is more pronounced in the lower parts of the
anisotropic spectrum, whereas in its upper parts it seems to
remain closer to the shape of the isotropic (¢=0) case. This
transition occurs smoothly, so that no sharp values of energy
seems to exist to clearly mark such a change of character
along the spectrum.

Figure 6 shows the large-§ scaling behavior for this
three-spin systermn. This behavior is similar to the one ob-
served in Fig. 2 for the two-spin system, except for the fact
that here we have degenerate or nearly degenerate spectra.
Though this fact prevents us from speaking of a vniversal
limiting curve, there exist a universal limiting spectrum.
Apart from this detail, the whole analysis of Fig. 2 can be
transported to Fig. 6. It is interesting to notice that the spec-
tra obtained for the anisotropic cases (e.g., o=—0.5) show

CHAQS, Vol. 5, Ne. 2, 1995
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- clearly two regions of distinct curvatures resembling a pres-
ence of inflection point as in the integrable two-spin spectra.

On the other hand, degeneracies and near-degeneracies
do make considerable differences in the plots A, X A, and
A, Xn. Degenerate levels yield points at the A, =0 axis for
the isotropic case (o=0), and it is not appropriate to consider
them if we want to compare with the plots obtained for the
two-spin system (non-degenerate). In order for the compari-
son to make sense, the most natural and simple thing to do is
to eliminate the degeneracies just by counting as one level all
the degenerate ones. [Since, as shown by Eq. (12), to each
step there corresponds one value of T%, this means taking
the spectra modT2.] It is important to stress the fact that
here, in contrast to the two-spin system, we are considering »
just as a counting index without any physical interpretation.
This procedure gives us a hint of the possible strategy to be
followed when we depart slightly from the o=0 case:
narnely, for the anisotropic spectra we pick up those points
corresponding to the first in each stair step of the isotropic
{o0=0) spectrum. Such a procedure is illustrated in Fig. 5(b),
by counting only the energies marked with solid circles. The
resulting spectrum contains only one level representative of
the nearly conserved quantity T%.ls

For small values of |o], the overall behavior does not
change if we change our criteria and pick up the second point
{or the middle point) in the deformed stair steps instead of
the first ones. This reflects the fact shown in Appendix B that
the eigenstate corresponding to each point of a deformed
stair step has a dominant component in one of the states of
the corresponding isotropic stair step.’® As we further in-
crease the value of &, it does make difference which se-
quence of points we are choosing for the plots. This is not
surprising since the deformation of the stair steps becomes
large for larger values of o; and this is also expected to be so,
since one can no longer speak of a dominant value of T% in
the expansion of the anisotropic eigenstate in the basis states
of the integrable isotropic case.

In the following subsections we give the details of the
above mentioned plots: in Sec. IVB we compare the two-
and three-spin isotropic systems, both integrable cases; and
in Sec. IV C we discuss the effect of breaking isotropy and
integrability concomitantly for the three-spin system.

B. Isotropic case (o=0)

A selected spectrum and corresponding  plots
A, XA, and A, X for the three-spin isotropic case {o=0)
for §=50 are shown in Figs. 7(a)-7(c). Comparing them
with the set of Figs. 3(a)-3(c) of the two-spin system, one
can see that both sets are completely analogous, either in the
parabolic shape of €,Xn or in the plots A, XA, and
A, Xn. This result is not at all obvious, for, if we think in
terms of classical phase spaces, we are adding two more
dimensions and more constraints. But such a surprising anal-
ogy allows us to extend the discussion about the classical
limit and the relations implied on the value of £ (see the end
of Appendix A).

From a broader point of view we note that the isotropic
two- and three-spin models are one degree of freedom sys-

tems, possessing both of them classical integrable
analogues.>! The integrability of this =0 case is reflected
in Fig. 7(c). This typically smooth behavior, simultaneously
with the regularity implied by relations (A3) and (A4), re-
flects the existence of only periodic orbits for this case, that
is, for o=0 the system is integrable. In this sense our analy-
sis of the regularly spaced (selected) energy levels, seen in
Fig. 7(cy, agrees with the analysis of this integrable case
presented by Nakamura and Bishop in Ref. 1, where the
regular stair steps of clustered levels are seen as quantum
counterparts of classical periodic orbits.

C. Anisotropic case (o+0)

As mentioned before, Ref, 1 shows that the isotropy
breaking produces also the breaking of integrability for the
three-spin system (breaking the constant of motion T%). The
corresponding classical analogues exhibit coexisting regular
and irregular orbits in a regime depending on the absolute
value of o: the greater is |of, the more chaotic is the regime.

Figures 8(a)-8(c), 9(a}-9(c), and 10(a)-10(c) show the
plots for selected spectra picked up from the full ones, ob-
tained for §=50 and o=—0.05, —0.1, —0.3, respectively.
The already explained procedure of picking up levels from
the deformed stair steps is what allows for a comparison with
the corresponding figures of the anisotropic two-spin model
(no comparison would be possible without our picked up
spectra). To begin with, we assure that also here we do have
a good_control of the approximation to the classical limit
since, for each value of o, the spectrum of the isotropic case
can be regarded as a gauge. The second point to be noticed is
that it can be seen from Figs. 8—10 that the spectra for o+#0
have critical values of level index, n,, above which they
show regular and correlated sequential energy differences
A, . This critical value n_ is a function of ¢, increasing with
increasing |o]. In Sec. IV A we advanced this tendency of the
full spectrum to recover the staircase shape of the integrable
o={ case, noting however that there it could be difficult to
point out a definite value for the energy at which this would
happen. These plots A, Xn give us, instead, a precise value
for », and a corresponding value for a critical energy e,
above which we can state the regularity of the spectrum, This
analysis agrees with the analysis of the quantum spectra pre-
sented by Nakamura and Bishop,' their indicative values for
€, lying slightly below those provided by the plots A, X n.

In the integrable two-spin model the breaking of anisot-
ropy was associated with the appearance of an inflection
point in the corresponding spectrum, marking the presence of
a separatrix orbit in its classical analog. In the plots A, Xn
this inflection point is translated as an inverted peak denoting
both an infinite period for the separatrix orbit and a region of
high density of states. We then argued that this region should
be the appropriate region to look for manifestations of chaos
in a chaotic version of the model. These ideas can be pursued
also here. First we notice that, as we go farther from =0,
the spectra in Figs. 8(a)—10{a) acquire two distinctive curva-
tures as if they had an inflection point with a behavior similar
to the one observed in Fig. 4(a). Of course this is not a true
inflection point since the spectra are not smooth curves, as
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we can see in Figs. 8(c)-10(c). Even so, the global behavior
of the points in Figs. 8(c)-10{(c) suggests the presence of an
inverted peak accompanying this pseudo-inflection point in
the spectrum [compare with Fig. 4{c)]. Analogously to what
we did with the two-spin model, here we believe that the
region around this inverted peak is the good region to see
where chaos starts setting in as |o] increases. In fact, the
Poincaré sections of Ref. 1 indeed corroborates this idea,
showing some of the most chaotic sections around the energy
of the pseudo-inflection point.

Figures 8(c)—10(c) suggest the following values of level
indices n;, and corresponding energies €;, for the inverted
peaks, according to the value of o

(@) for e=—0.05, n;,~10 with €;p~— 1.45;
(b) for e=-0.1, n;;~12 with €p~—1.42;
(c} for e=—03, n;,~22 with ¢;,~—1.26.

The regions of the corresponding spectra around these
values represent the energy range where chaos is more easily
observed. As we go farther away from these regions, regular
orbits are more and more likely to coexist with the irregular
ones, until those become predominant. As we cross the criti-
cal energy €., we enter the completely regular part of the
spectrum where only regular orbits can be observed. We re-
mark that this inflection-point approach agrees with the
analysis proposed by Nakamura and Bishop' using second
order differences of the energy with respect to ¢. In special
we note that the regions around the values presented in items
(a}, (b}, and (c} lie inside the chaotic regions presented in
Ref. 1, not excluding the possibility that, for greater values
of o, regular orbits can be observed even at low energies
near the ground state.

We finish this section with a few remarks concerning the
transition isotropy — anisotropy. Figures 8(b)—10(b) show
points lying in a planar region of the coordinate system
A XA, It is suggestive that the anisotropy already
caused a folding below certain n (o) in the line appearing in
the integrable two-spin piots A, XA, . In these three-spin
cases we seem to have a combination of folding and *“mix-
ing” of the points below the corresponding n (o). This sur-
prising behavior calls one’s attention to its similarity with the

- behavior presented by other sets of points that appear in the

studies related to fractal dimension.!” Interesting in its own
right, this suggestion is presently being investigated.

V. DISCUSSION AND CONCLUSIONS

In the present contribution we studied several cases of
spin models, making use of simple energy difference plots
A, XA, and A, X n. In special we showed that much in-
formation can be obtained from these plots concerning the
transitions isotropy < anisotropy and integrability — non-
integrability, together with the breaking of a constant of mo-
tion. More specifically we studied these transitions in the
cases:

. (i}  isotropy breaking keeping integrability for the two-

spin model, where we confirmed the presence of an
inflection point in the spectrum, associated with a
separatrix orbit;

CHAQOS, vol. 5, No. 2, 1895



472 Pellegrino, Furuya, and Nemes: interplay in the Heisenberg system

-1.3 + 7

Ene,
+
.
.
:
:

1.4 | A 1

—1.5 L N P BT S S
0 10 20 30 40

(a) - Nt

1.00 T Y LR e s —)
075 ]

Q.50 ]

2
[l

025 | 1

0.00 _‘..||‘ I‘..-II.,

—0.25 1 PP |

(b) n

1.00 T T T

0.75 F —

0.50 b

2
gl

0.25 | “

0'00 ....... O PR

-0.25 . e

© n

1.00 — ——

0.75 | ]

0.50 E

2
1, of

o.25 | i

0.00 _...||. |

-0.25 Lo —

(d) . n

FIG. 11. (a) Blow-up of the region of the spectra for o= 0.0 (solid circles) and o= —0.05 (crosses) from where the states |¢,} are chosen [the horizontal axis
refers identically to both indices 4 and # and the vertical axis refers to the energy levels e, (crosses) and €, (solid circles)]; (b) projection coefficients
ey, #|2 versus the isotropic energy level index # for =73 (c} the same as in {b) for x=35§; (d) the same as in {b) for #=9.

(ii)  increasing of the number of spins keeping integrabil-
ity, where we showed that the plots used allow one to

coinpare, on the basis of simpie concepts, such dis-
tinct systems as those obtained in going from two to
three spins;

(i) isotropy breaking with concomitant breaking of inte-
grability for the three-spin model, where surprisingly
the nearly integrable behavior of the two-degree-of-
freedom system can be understood in terms of the
integrable one-degree-of-freedom two-spin system.

In addition we have shown that, in general, the plots
used provide a way to control the approximation to the clas-
sical limit in these systems, a procedure that can be very
useful in numerical calculations. Also, the information so

obtained could be translated in terms of basic physical con-
cepts such as separatrix, the derivative of the energy with
respect to the action and so on.

The fluctuation properties of spectra of systems with co-
existing integrable and non-integrable behavior is not yet
completely understood in the context of Random Matrix
Theory.'® In such a mixed, non-ergodic regime, the plots we
use in the present paper may be helpful in the sense that they
can give guiding clues in the study of these regimes. We
emphasize herein that these plots are not intended to have the
same status of the above mentioned theory; in fact, they are
not really comparable. To make this distinction clear, two
points are in order. First, Random Matrix Theory, based on
rigorous mathematical grounds, provides a detailed and
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quantitative description of the properties of chaotic system
spectra; while the plots here used provide an indicative and

qualitative analysis of energy regions where chaos manifests

itself. Second, Random Matrix Theory to be applied asks for
a complete knowledge of the symmetries involved and also
of how to separate them, which can be a difficult task. The
main practical advantage of the plots we present resides, in-
stead, in their simple construction and ready applicability.
Thus, Random Matrix Theory and our analysis act on differ-
ent domains and at different informational levels, providing,
nevertheless, information which can be complementary and
helpful to one another. This discussion was shown to be par-
ticularly justified in the perturbative regime of small depar-
tures (small |of) from the isotropic case in the three-spin
meodel (supported by the wavefunction analysis presented in
Appendix B). But the plots can also be surprisingly mean-

CHEADS, Vo

ingful for larger values of |o], which means much stronger
chaotic regimes. More detailed wavefunction analysis for
these last regimes is under investigation.

Although in this paper we studied the particular case of
the Heisenberg models, we believe the procedure to be quite
general and useful in the study of other spin systems and in
special to other Curie-Weiss systems such as the Lipkin
model'® and the Pairing model.?® Work along these lines is in
progress.
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APPENDIX A: APPROXIMATION TO THE CLASSICAL
LIMIT

The control of the approximation to the classical limit by
changing the value of S, can be stated more explicitly after
the observation that, in these spin systems, that limit is at-
tained by making S—o and £—0 with the quantity
£+S(S+1) held fixed.'"**' Therefore, by choosing the value
of §, or else the energy difference between two neighboring
levels, we are in fact choosing the value of the Planck con-
stant k. Qualitative at this level, this control can be made
more quantitative with the use of the data plotted in Figs.
3(a)}-3{c} for the isotropic two-spin case.

Figure 3(a) shows a finite spectrum for this case, which
makes valid the whole discussion on the control of the en-
ergy differences, also of the value of the Planck constant %,
by changing the spin size S. The well behaved curve (a
straight line) A, . | X A, appearing in Fig. 3(b) clearly shows
a correlation between subsequent energy differences. In fact,
numerical inspection of the spectrum in this case shows that

A=A, tA=Ag+nd (A1)

where A is constant throughout the spectrum, Ay is a refer-
ence difference valid after a few first levels and & depends

only on # as
5=4#2 (A2)

In this case the obtained constant & gives #~5X 1072, con-
firming the scaling relation AS(S+1)=1 for §=200.
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Equations (A1) and (A2) can be easily inferred just by ob-
serving spectra obtained for different values of S with # held
fixed, and comparing thexr energy differences with those for
spectra obtained for different values of # with § held fixed.
These relations reveal a property that can be very useful i m
numerical calculations where one has to simulate (semi)clas-
sical carves by what is in practice a discrete set of points. As
expected, the energy difference between neighboring levels
is not constant for all levels, but in these systems it increases
as the upper parts of the spectra are attained [see Eq. (A1)].
Using Eq. (A2), by choosing a value for A sufficiently small
as to prevent computational discrepancies with the classical
results, one chooses in fact the Planck constant &2, which can
be accomplished by an appropriate value of S. This proce-
dure can be followed for that part of the spectrum where
A, has its largest values: controlling this region we control
the spectrum as a whole. -

"For the anisotropic two-spin case, however, it can be
seen from Fig. 4(b) that the correlation between A, ., and
A, is not so simple a relation, as Eq. (A1) is for the isotropic
one. Despite the fact that in the anisotropic case this more
complicated relation could still be found.in. principle, it is
actually not necessary. For energy differences greater than
0.01—this means, for that part of the spectrum where the
classical approximation would be poorer—Fig. 4(b) repro-
duces a straight line similar to that given by Eq. (Al). So we
can follow for this case the same procedure presented after
Eq. (A1). In this sense, the isotropic case can be used to
calibrate this checking of the value of Planck constant nec-
essary to a good classical approximation.

-A similar analysis can be made with the data obtained
for the three-spin model, for which we find

Ay =D, *A=Ag+nd (A3)
and, with a minor éhange in Eq. (A2), ‘
S=h2. (a4)

The constant & obtained for the isotropic three-spin model
sets A=~2X107% as .expected from the relation

ﬁ\/S(S-i-l 1forS 50.

APPENDIX B WAVEFUNCTION ANALYSIS

In this Appendix we report the study of some eigenstates
of the nearly integrable three-spin case with o=-0.05. To
give support to the procedure of selecting a spectrum out of
the full (nearly) degenerate one, we have studied the projec-
tions of the anisotropic eigenstaies ]v,b#) given by

Hy(o#0) i) =€,/ ¢,) (B1)
onto the isotropic eigenstates |¢,) given by

HS(O' 0)|¢n> €n|¢n) ) (BZ)

Figures 11-13 show the prOJectlon coefficients

|anﬂ|2=.!(¢ﬂ|¢p¢>|2 (B3)

of the ,u.—states |,y versus the level index n of the isotropic
spectrum €, cotresponding to the states |g,). 16 In Figs.
11(a}—-13(a) we have the blown-up portions of the full spec-
tra for =00 (points denoted by solid circles) and
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=--005 (points denoted by crbsses) from where the

u-states |v,bﬂ) were chosen. From the figures we can see that

{a) as we have argued, the upper parts of the amsotroplc
spectra remains closer to the isotropic one, recovering
the =0 staircase shape; '

(b) the eigenstatés [a,l;#) corresponding to each point of a
given deformed anisotropic stair step has a dominant
component in one of the isotropic steps;

{c}) despite of being broken- as a.constant of motion, T3
shows a nearly conserved behavior in the sense that the
projection of |¢,) concentrates on the states |¢,) of
the corresponding isotropic stair step {(which has a defi-
nite value for T5). This means that we still can associ-
ate the set of states. |e;’1#) of a given deformed aniso-
tropic sta1r step with the eigenvalue of T% of the
corresmndmg isotropic- one. This reflects the perturba-
tive nature of the transition isotropy — anisotropy and
allows us to pick up of-a given deformed stair step one
representative of the values of T;.

We remark that, while the behavior described in item (a)
is valid for even greater values of ||, the observations stated
in items (b) and (c) are valid as long as we deal with small
departures from the value o=0. As we go farther away from
o=0, the projections shown in the figores exhibit sparser
distributions over isotropic states | ¢,,) belonging to different
stair steps, thus preventing us from speaking of a dominant
value of T3.
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