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Exponential critical state model applied to ac susceptibility data
for the superconductor YBa 2Cu3O72d

F. M. Araújo-Moreiraa) and W. A. Ortiz
Departamento de Fı´sica, Universidade Federal de Sa˜o Carlos, C.P. 676 13565-905, Sa˜o Carlos, SP, Brazil

O. F. de Limab)
Instituto de Fı´sica ‘‘Gleb Wataghin,’’ Unicamp 13083-970, Campinas, SP, Brazil

~Received 25 September 1995; accepted for publication 31 May 1996!

We derive new expressions for the average magnetization loops,M (H), based on the exponential
critical state model. The componentsx8 andx9 of the complex susceptibility are calculated and an
algorithm to fit ac susceptibility data is discussed. This algorithm is employed to study the
intergranular responsex8(Hm) and x9(Hm) measured for two samples of YBa2Cu3O72d as a
function of the ac field amplitudeHm . One sample is a porous sintered cylinder and the other is a
very dense melt-textured bar. In both cases good fits of the calculated componentsx8 andx9 are
obtained using an algorithm that involves two free parameters, the full penetration field,Hp , and the
sample quality factor,p. An interesting result for the melt-textured sample is the observation of a
step in x8(Hm) curves at very lowHm , possibly associated with grain clustering. ©1996
American Institute of Physics.@S0021-8979~96!05917-8#

I. INTRODUCTION

Persistent shielding currents circulating on supercon-
ductors can be detected by magnetization and susceptibility
measurements. dc or ac susceptibility may be measured us-
ing direct or alternating magnetic fields.1 These types of
measurements have been widely used to accurately deter-
mine the critical temperature (Tc) of conventional metallic
superconductors and, in recent years, to measure the mag-
netic transition of high-Tc oxide superconductors.2 In these
latter materials, detailed ac susceptibility measurements as a
function of temperature and ac field amplitude,Hm , typi-
cally show two drops in the real component,x8, and two
corresponding peaks in the imaginary component,x9, when
Hm exceeds some threshold value which depends on sample
quality.3,4 This suggests a granular behavior such that super-
conducting regions or grains are coupled through weak links
or Josephson-type junctions, reflecting low values of trans-
port critical current densities,4,5 Jc, typically of the order of
103 A/cm2. An extremely short coherence length, which is
characteristic of high-Tc oxide superconductors, combined
with oxygen deficiency at grain and twin boundaries, seem to
be the main sources of this weak-link behavior. However, it
becomes clear that low critical currents are not intrinsic be-
cause very highJc values have been obtained in single crys-
tals and films of these materials.6,7 On the other hand, ac
susceptibility measurements as a function ofHm and in a
fixed low temperature, typically show two plateaus and two
peaks in the real and imaginary parts, respectively.8,9 The
first plateau at lowerHm values is associated with total mag-
netic shielding of the sample. The second plateau is associ-
ated with shielding of the grains only, allowing magnetic
field along the grain boundaries, generally a very poor super-

conducting material. By increasingHm above the second pla-
teau, exceeding the bulk lower critical fieldHc1 , flux pen-
etrates into the grains.

Susceptibility data for polycrystalline samples are com-
plicated to analyze quantitatively. The fraction of intergranu-
lar material, the shape, size, and demagnetization factors of
the whole sample and grains, the anisotropy of current inside
and between grains, the flux pinning properties of granular
and intergranular materials, the volume distribution of super-
conducting parameters, and the coupling properties between
grains, are the main factors that influence susceptibility data.

In this paper we apply an exponential critical state model
to analyze some ac susceptibility data, obtained for two
samples of the high-Tc superconductor YBa2Cu3O72d . A
good quantitative agreement is found, based on simple phe-
nomenological ideas. Following, we review the main points
of the theory in Sec. II, present some computer simulations
in Sec. III, a discussion of the experimental and fitted results
in Sec. IV, and the conclusions in Sec. V.

II. EXPONENTIAL CRITICAL STATE MODEL

The concept of critical state model was introduced by
Bean10,11and London12 in a successful effort to derive mag-
netic properties of hard type-II superconductors. Different
critical state models,8,13–15which assume that supercurrents
flow inside the sample with a critical densityJc(Hi), where
Hi is the internal magnetic field, have been used to study the
response of type-II superconductors to an external field
H.16–18 In particular Chenet al.17 have shown that the expo-
nential law,Jc(Hi ,T)5Jc(T)exp(2Hi /H0), originally intro-
duced by Fietzet al.,14 is very useful to interpret ac suscep-
tibility data of high-Tc superconductors. Following, we show
the main steps of the calculation which is allowed to express
the complex susceptibility,x5x81 ix9, in terms of the ex-
ponential critical state model.

Cooling a type-II superconductor sample below its criti-
cal temperature a volume fraction of the sample becomes
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superconducting so thatx8 decreases with decreasing tem-
perature. Whenx8 5 21 ~SI units! the sample is completely
shielded by supercurrents circulating on its surface layer. To
interpret ac susceptibility data of high-Tc oxide supercon-
ductors, we use a critical state model where the sample is
considered to consist of superconducting grains, embedded
in a normal or weakly coupled superconducting matrix.
Thus, we can write the complex susceptibility in the form:

x5xgf g1~12 f g!xm , ~1!

wherexg and f g are the complex susceptibility and the ef-
fective volume fraction of grains, respectively, which can be
evaluated directly from the experimental data forx8 as will
be subsequently discussed.xm is the complex susceptibililty
for the remaining volume after removing the grain cores,19 or
simply labeled as the matrix. Assuming an ac field amplitude
lower thanHc1 of the grains for the temperature considered,
we can state thatxg8 5 21 andxg9 5 0. Therefore, the real and
imaginary components ofx in Eq. ~1! can be written as

x852 f g1~12 f g!xm8 , ~2a!

x95~12 f g!xm9 . ~2b!

The values ofxm8 andxm9 are defined as the first components
of the complex harmonic susceptibility20 that come from the
Fourier analysis of the time-dependent magnetization, as fol-
lows:

xm8 5
2

HmpE0
p

M ~u!cos~u!du, ~3a!

xm9 5
2

HmpE0
p

M ~u!sin~u!du, ~3b!

where Hm is the amplitude of the ac magnetic field
H(t)5Hm cos(u), with u5vt, andv52p f being the fun-
damental frequency of the applied fieldH(t).

Equations~3a! and ~3b! are evaluated numerically and
the calculated values are inserted in Eqs.~2a! and ~2b! in
order to obtainx8 and x9. The time-dependent magnetiza-
tion, M (u), which is the same asM (H), can be calculated
by averaging the local magnetization over the sample cross-
sectional area. For the case of an infinite column having
circular or square cross section, of radiusa or side 2a, it can
be readily shown that the averaged magnetization becomes

M5
2

a2E0
a

x8Mi~x8!dx8, ~4!

whereMi(x8)5@Hi(x8)2H# is the local magnetization at
point x8, being directly related to a supercurrent closed path
that is established at a distance (a 2 x8) from the sample
surface. Chenet al.17 have presented the following very gen-
eral form, valid for infinite columnar samples with the cross
section so that the supercurrent closed path length is given
by 4(cx8 1 b 2 a) and the cross section area by 2ca2

14(b2a)a:

M5Fca22 1~b2a!aG21E
0

a

~cx81b2a!Mi~x8!dx8,

~5!

wherea andb are relevant linear dimensions of the cross-
section (a,b), and c is a coefficient appropriate to each
particular geometry. For instance, whenc 5 2, Eq. ~5! de-
scribes a rectangular cross section having sides 2a and 2b.
Whena 5 b, Eq.~5! simplifies to Eq.~4!.

In order to calculateMi(x8), one has to consider all
possibilities for the internal field profile,Hi(x), generated
during the magnetization loop, which is caused by the alter-
nating fieldH. Figure 1 is a qualitative representation of four
typical profiles ofHi(x) occurring when the applied fieldH
varies from 0 up toHm ~generating the initial magnetization
curve! and down to2Hm ~generating the reverse magneti-
zation curve!. For simplicity, the lower critical fieldHc1 is
assumed to be negligible, meaning that the magnetization
process is totally determined by the critical state model.

WhenH increases from zero~e.g.,H5H1 in Fig. 1! a
supercurrent layer is established adjacent to the surface,
shielding the volume surrounded by this layer against the
applied fieldH. In this layer, whose inner boundary is lo-
cated atx5x0 , the induced supercurrent is negative and de-
noted byJ0(x). This boundary moves towards the center of
the sample whenH increases, reaching eventually the center
(x0 5 0! for H5Hp , the full penetration field. ForH.Hp

the supercurrent remainsJ0(x) over the entire cross section.
A new outer layer, having positive supercurrent value
J1(x), is established whenH decreases fromHm ~e.g.,
H5H2 in Fig. 1!. This outer layer is bounded by the sample
surface and intersects the previous inner layer atx5x1 . The
critical current densityJm(x) associated with the inner layer
is established atH5Hm and its inner boundary is located at
x5xm . By decreasingH the boundary atx1 is pushed to-
wards the center of the sample, but the typical profile re-
mains the same ofH5H2 , until H 5 0. WhenH changes its
sign,Hi(x) also reverses its sign in a new outer layer, start-

FIG. 1. Schematic view of typical profiles of the magnetic field inside the
sample, as the external field varies from zero toH1 , Hp , H2 andH3 . The
supercurrent densitiesJ0 , Jm , J1 , J2, andJ3 are associated with the field
gradients in different regions~or layers! whose boundaries are located at
pointsx 5 0, x0, x1, x2, x3, a. The center and surface are located atx50 and
x5a, respectively.
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ing at the sample surface and ending at the intersection point
x5x3 ~e.g.,H5H3 in Fig. 1!. Thus, the supercurrents are
now separated in three regions~or layers! Jm(x), J2(x),
J3(x), with their inner boundaries atxm , x2 , x3 , respec-
tively.

For an isothermal situation the exponential critical state
model predicts

Jc~Hi !5k expS 2
uHi u
H0

D , ~6!

wherek andH0 are positive constants.
Using Ampere’s law we have:

dHi

dx
52Jc~Hi !52k expS 2

uHi u
H0

D . ~7!

By integration of Eq.~7! the following general expres-
sion is obtained:

Jn~x!52sgnS dHi

dx D H0

~x1cn!
, ~8!

where sgn(x) is the sign-function, and the subscriptn iden-
tifies the layer inside the sample~see Fig. 1! which carries
the supercurrent densityJn(x), cn being an integration con-
stant to be determined from boundary conditions involving
adjacent layers.17

The local field,Hi(x), can be obtained by integration of
the supercurrent density,J(x), that forms closed paths distrib-
uted over the sample cross section:

Hi~x!5H1E
x

a

J~x8!dx8. ~9!

Using Mi(x)5Hi(x)2H the local magnetization then be-
comes

Mi~x!5E
x

a

J~x8!dx8, ~10!

whereJ(x’) is generally divided into several contributions
as shown in Fig. 1.

There is an initialM (H) curve that occurs only during
the first half cycle ofH (0→Hm), beginning with the sample
in the virgin magnetic state. After this initialM (H) curve
follow the M (H) reverse curves, that correspond to the cy-
clic response of the sample to the alternating fieldH,
(Hm↔2Hm).

A set of equations for all possibilities ofM (H) appears
in Ref. 17. However, we found that two of these equations
are wrong, namely Eqs.~21d! and ~21e!, corresponding to
termsM6 andM7 . For instance, these expressions diverge
whenH→0. We then derived the following new expressions
which were employed to analyze our data:

M65
Ho

G F2
H

Ho
2 ln~F6!GFcx322 1~b2a!x3

cx2
2

2
2~b2a!x2G

1
Ho
2

kG FcHo

k
1cx31b2aG @11F7 ln~F7!2F7#

2
caHo

2

2pkGF121F7
2S ln~F7!2

1

2D G , ~11!

M752
H

G Fca22 1~b2a!a
cx3

2

2
2~b2a!x3G

2
Ho
2ca

2pkGF 1E2 S 2
H

Ho
2
1

2D 12S p2
1

ED
3S F62F6 ln~F6!2

1

E

H

Ho
2
1

ED G
1
Ho
2ca

2pkG
F6
2F ln~F6!2

1

2G
1
Ho
2~b2a!

kG FF6 ln~F6!2F61
1

E

H

Ho
1
1

EG , ~12!

whereF6 , F7 , G, E, andp5ka/H0 are defined in Ref. 17.
The corresponding expressions for the local magnetiza-

tion that goes into Eq.~5! are

Mi
~6!~x!5E

x

x3
J2~x8!dx81E

x3

a

J3~x8!dx8

5HoF lnS 11
kx3
Ho

2
kx

Ho
D1 lnS 1ED2 ln~F6!G

~13!

Mi
~7!~x!5E

x

a

J3~x8!dx8

5HoF lnS 1ED2 lnS 1E2
ka

Ho
1
kx

Ho
D G . ~14!

III. COMPUTER SIMULATIONS

Three computer programs were written in languageC
that are allowed to simulateM (H) curves ~program 1!,
x(Hm) curves~program 2!, and to plot them~program 3!.
Using programs 1 and 2 in a self-consistent way the best fit
of ac susceptibility data can be obtained quickly, as will be
discussed in Sec. IV.

Figures 2 and 3 show simple simulations ofM (H) and
x(Hm) curves, for a columnar sample having circular or

FIG. 2. Plot simulations ofM (H) for a columnar sample of circular or
squared cross section (a 5 b), for various values of the fitting parameterp.
Whenp increases, the width of the hysteresis loop decreases.
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squared cross section~a 5 b andc 5 2!. A full penetration
field Hp 5 250 A/m and a maximum ac field amplitudeHm

5 1000 A/m were used to generate Fig. 2. Both figures illus-
trate the effect of changing the parameterp between 0.1 and
100. The superconducting transition width, given roughly by
the hysteresis loop width~Fig. 2! or by the peak width of
x9(Hm) ~Fig. 3!, is narrowed whenp increases. From the
definition of the full penetration field,17 Hp5H0 ln(11p), it
can be readily shown that

Jc~0!

Jc~Hp!
511p, ~15!

whereJc(Hp) andJc(0) are the critical supercurrent densi-
ties, respectively, at the surface (x 5 a) and at the center (x
5 0) of the sample, whenH5Hp . This means that for
higher p values the field dependence ofJc(Hi) is stronger
and the gradient ofHi(x) is higher. Therefore, parameterp
can be correlated with the spatial uniformity ofJ(x) inside
the sample21 and could be eventually used to label the
sample quality with respect to its microstructure.

IV. EXPERIMENTAL RESULTS

We have applied the critical state model described in this
paper to analyze ac susceptibility data for two samples of the
high-Tc cuprate YBa2Cu3O72d ~YBCO!. One sample was
sintered using the solid diffusion method, starting from a
stoichiometric mixture of Y2O3, CuO, and Ba2CO3. This
sample, labeled as YBCO-sintered, has a cylindrical shape
with a radiusa51.39 mm and height 6.0 mm. The micro-
structure characterization, using scanning electron micros-
copy in a fractured cross section, revealed a large amount of
porosity and grain sizes below 10mm. Measurements of
x8 vs T curves at zero field showed a relatively broad tran-
sition with Tc ' 92.0 K at the onset point.

The second sample, labeled as YBCO-MTG, was ob-
tained by the partial-meltgrowth method.22 It has grains well
aligned in thec axis direction, checked by an x-ray rocking
curve for the ~005! peak that reveals an angular spread

around 0.5°. The sample is a column having an approxi-
mately rectangular cross section, with sides 2a51.2 mm and
2b52.6 mm. A careful analysis of the microstructure was
done using optical microscopy and scanning electron micros-
copy. A dense array of well aligned platelike grains, with
typical cross section around 400380 mm2, can be observed
with some impurity traces of Y2BaCuO5 and BaCuO2, lo-
cated mainly along the grain boundaries. For the YBCO-
MTG sample, thex8 vsT curve at zero dc field has exhibited
a sharp transition, withTc ' 91.0 K at the onset point.

Figures 4 and 5 show ac susceptibility versusHm data
points, respectively for the sintered and MTG samples, taken

FIG. 3. Plot simulations ofx8(Hm) andx9(Hm) for a columnar sample of
circular or squared cross section (a 5 b), for various values of the fitting
parameterp. Whenp increases, the width of the superconducting transition
sharpens, as seen in both componentsx8(Hm) andx9(Hm).

FIG. 4. Data points for both components of the ac susceptibility as a func-
tion of the magnetic field amplitude for the YBCO-sintered sample. In the
field interval shown only the intergranular material has been penetrated by
the field. Solid lines represent the exponential critical state model fit to the
data.

FIG. 5. Data points for both components of the ac susceptibility as a func-
tion of the magnetic field amplitude for the YBCO-MTG sample. Two pla-
teaus inx8 and the associated two maxima inx9 can be seen atHm'8.5
A/m andHm'334 A/m. Solid lines represent the exponential critical state
model fit to the data.
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at liquid nitrogen temperature~77 K! and using a frequency
of 37.4 Hz for the excitation field whose amplitude varied
between 1 and 1760 A/m. The MTG data were obtained with
the ac magnetic field applied nearly parallel to the grains
c-axis. In Figs. 4 and 5 we also see solid lines that go along
with the experimental points, representing the best fits of the
exponential critical state model. Notice that these data corre-
spond only to the matrix response caused by the field pen-
etration through weak links~grain boundaries, pores, normal
precipitates! and the London surface layer of the grains.19

The process of field penetration producesx8 curves with a
typical ‘‘S’’ shape, showing a plateau that separates the re-
sponse due to intragrain currents at higher fields. The corre-
spondingx9 curves exhibit a maximum in the same field
region of the steepest part ofx8. Figure 5 shows clearly two
plateaus inx8 and the associated two maxima inx9, which
are located aroundHm 5 8.5 A/m (;0.107 Oe! and 334 A/m
(;4.203 Oe!.

Combining Eqs.~2a!–~2b!, ~3a!–~3b!, and the equations
for M (H), we obtain an algorithm that contains onlyHp and
p as free parameters. The effective volume fraction of grains
appearing in Eqs.~2a! and ~2b! is evaluated asf g52xg8
where xg8 is the calibrated experimental value at the first
plateau. Thus, we assume that only the grains remain unpen-
etrated by the magnetic fieldH when this plateau is reached.
For the MTG sample~Fig. 5! the occurrence of two plateaus
prevents a simple and unequivocal determination ofxg8 . Pos-
sibly the first plateau at lower field is an indication of grain
clustering,19 while the second plateau at higher field corre-
sponds to the tightly joined grains inside the clusters. Hence,
a multilevel granular structure would be present, raising
some concern about the application of critical state models
that assume an uniform current distribution across the
sample.

In order to fit the model to our data a recursive approach
for the numerical calculation is employed, by playing with
the two fitting parametersHp and p. The final calculated
curves forx8 and x9, which are represented by the solid
lines in Figs. 4 and 5, are found quickly in a very effective
way. It is important to stress that both components,x8 and
x9, are tied to each other as shown by Eqs.~3a!–~3b!. This
means that when the best values forHp and p are found,
both components become fitted simultaneously.

The result of the fit shown in Fig. 4 for the YBCO-
sintered sample withf g 5 0.645 is excellent, producingHp

5 603 A/m (;7.6 Oe! andp 5 2.07. An overall volume av-
erage of the critical current density iŝJc&5Hp /a '44
A/cm2. These values are comparable to previous results re-
ported by Sanchezet al.23 for a sintered YBCO sample with
f g5 0.733. They foundHp 5 725A/m,p5 7.3 and̂ Jc& 5 86
A/cm2 which are consistent with the fact that they used a
more compact sample having higherf g .

The fit of the model to the MTG sample data~Fig. 5!
was done separately for the two plateaus. We assumed that
the grain boundaries are of two different types; one having a
very small critical current densityJc1 that circulates around
the grain clusters,19 and the other with a higher critical cur-
rent densityJc2 that circulates around the true grains. The
solid lines in Fig. 5 show that the fits are fairly good for the

x8 components and poor for thex9 components. Notice that
both fits usex8 5 21 andx9 5 0 for the maximummagnetic
shielding situation at very low fields,Hm ;0.4 A/m
(;0.005 Oe!. Hence, the same scales forx8, x9, and f g
apply for the whole data independently of theHm region.
This means that the matrix fraction~12 f g) obtained from
the second plateau include the regions between grain clusters
as well as between true grains.

The fitting procedure employed for the MTG sample
produces only approximate results, mainly due to the arbi-
trary choice of the data interval, which does not take into
account superposition effects caused by the simultaneous oc-
currence of the different current densitiesJc1 and Jc2 . In
order to minimize the superposition effects we chose the data
intervals 0.80 A/m<Hm<20.0 A/m and 160<Hm<800
A/m to fit the first and second plateaus, respectively. For the
first plateau we foundf g 5 0.994,Hp 5 8.5 A/m (;0.107
Oe!, p 5 100, and ^Jc1&'1.4 A/cm2, while for the second
plateau these values aref g 5 0.931,Hp 5 334 A/m (;4.203
Oe!, p 5 0.03, and̂ Jc2&'54.3 A/cm2. Although these values
are to be considered as first order approximations, they are
however very consistent and corroborate the hypothesis of a
multilevel granular structure.19

The matrix fraction of about 0.6% associated with
bridges of weak superconducting material that separate grain
clusters are much smaller than the fraction of about 7% as-
sociated with the bridges of stronger superconductivity that
separate the tightly joined grains inside the clusters. The av-
erage critical current densitieŝJc1&'1.4 A/cm2 and
^Jc2&'54.3 A/cm2 are also consistent with the value of
^Jc&'44 A/cm2 calculated for the other sintered sample.
These values suggest an increasing quality of grain coupling
in the following order:~1! poorly joined grain clusters,~2!
usual randomly sintered grains,~3! tightly joined oriented
grains. The sample quality factor,p, take the values 100,
2.07, and 0.03 in this increasing quality sequence, meaning
that smaller is better. Possibly this result is connected
with the more uniform current distribution throughout the
sample matrix whenp is smaller, as stated in Eq.~15!.

The calculated^Jc&5Hp /a is always smaller or, in
some cases, equal to a measured transport current,^Jc& trans,
at zero applied field.19 This difference is expected to increase
with the nonuniformity of the current distribution across the
sample, which can be evaluated through the parameterp.
Therefore, the calculated values of^Jc& for our samples
might be taken as underestimated in relation to^Jc& trans. The
best agreement would be for the tightly joined grains (p
5 0.03) while the worst would be for the weak grain cluster
bridges(p5 100).

The occurrence of a third plateau at higher values of
Hm , associated with twin boundaries in the MTG sample, is
also possible in principle. This would be revealing another
type of granularity, in accordance with the general concept of
multilevel structure. In this case, much smallerp values and
much higher^Jc& would be expected, as a consequence of
the perfect joining at twin boundaries. An angular depen-
dence of the susceptibility can also be predicted, due to the
strong anisotropy involved. However, our homemade
susceptometer24 is limited to a maximumHm ' 1760 A/m
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(;22 Oe!, thus preventing the search for the third plateau in
the present study. Therefore, this possibility remains as an
interesting idea to be tested in the future.

V. CONCLUSIONS

In this paper we discuss the assumptions and the main
steps used to derive the average magnetization loopsM (H),
based on the exponential critical state model for hard type-II
superconductors. Two of the expressions derived here for
M (H), Eqs.~11! and~12!, correct previous results published
by Chenet al.17 Using the expressions forM (H) we show
how the components of the complex susceptibility can be
computed and fitted to the experimental data, with the aid of
two free parameters. We have employed this algorithm to
analyze the ac susceptibility data obtained for two samples of
the high-Tc superconductor YBa2Cu3O72d . One is a porous
sintered sample and the other is a very dense melt-textured
sample. The measurements were done by applying only an
excitation field whose amplitude varied between 1 and 1760
A/m. Therefore, the data essentially represent a response
from the matrix corresponding to the intergranular region of
the samples. A clear observation of two plateaus in the com-
ponentx8 of the susceptibility, associated with a multilevel
granular structure in the MTG sample, was possible with our
homemade high sensitivity susceptometer. Finally, the calcu-
lated componentsx8 and x9 furnish fairly good fits of the
data for both samples studied.
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