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CONVERGENCE TO SUITABLE WEAK SOLUTIONS FOR A FINITE ELEMENT
APPROXIMATION OF THE NAVIER-STOKES EQUATIONS WITH
NUMERICAL SUBGRID SCALE MODELING
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ABSTRACT. In this work we prove that weak solutions constructed by a variational multiscale method
are suitable in the sense of Scheffer. In order to prove this result, we consider a subgrid model
that enforces orthogonality between subgrid and finite element components. Further, the subgrid
component must be tracked in time. Since this type of schemes introduce pressure stabilization, we
have proved the result for equal-order velocity and pressure finite element spaces that do not satisfy
a discrete inf-sup condition.
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1. INTRODUCTION

Incompressible Newtonian fluids are governed by the Navier-Stokes equations. The existence of
solutions is known from the works by Leray [30] and Hopf [26]. However, uniqueness is still an open
question. The loss of regularity is related to turbulence [23], and Leray denoted weak solutions as
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turbulent solution. Scheffer defined the concept of suitable weak solutions in [34] and proved a bound
for the Haussdorff dimension of the singular set of a weak suitable solution. This result was later
improved by Cafarelli, Kohn, and Nirenberg [9], proving that this dimension is smaller than 1. This is
the sharpest regularity result so far.

Suitable weak solutions of the Navier-Stokes equations can be constructed by regularization (see,
e.g., [32]). More recently, Guermond proved that inf-sup stable finite element (FE) approximations
having a discrete commutator property also converge to suitable weak solutions, first for periodic
boundary conditions in the three-dimensional torus [21], and next on general domains and no-slip
boundary conditions [22]. The Fourier method does not satisfy the required assumptions, and it is still
an open question whether it provides suitable solutions.

The Navier-Stokes equations have a dissipative structure, due to the viscous term. The system
has a singular limit in the assymptotic regime as the Reynolds (Re) number, which is the ratio of
inertia forces to viscous forces, goes to infinity. The singular limit and the fact that the system is
indefinite complicate its numerical approximation. The first property requires to introduce some kind
of convection stabilization, whereas the second prevents the use of the same FE space for both the
velocity and pressure unknowns, the discrete system is unstable.

At the continuous level, the nonlinear convective term transfers energy from the largest to the
smallest scales, till reaching the Kolmogorov scale, where energy is dissipated. In direct numerical
simulations (DNS) the mesh needs to be fine enough to capture the smallest scales in the flow. How-
ever, this approach is unacceptable for industrial turbulent flows, due to the limits in computational
resources. In real applications, under-resolved simulations are needed. The smallest scales that can be
captured in these simulations are far from the Kolmogorov scale and dissipation is negligible. Thus,
one has to add so-called large eddy simulation (LES) turbulent models that add artificial diffusion
mechanisms. The concept of suitability and the fact that energy is dissipated at the mesh scale in a
physically consistent way have been related in [23]. Otherwise, an energy pile-up occurs at the smallest
grid scales, leading to instabilities.

Convection stabilization and turbulence models are strongly related. In this sense, many authors
have considered so-called implicit LES (ILES) methods that do not modify the original Navier-Stokes
equations but introduce additional numerical artifacts when carrying out the discretization [7, 17].
In the frame of FE techniques, one approach is to consider variational multiscale (VMS) methods
[27, 28]. The idea is to use a two-scale decomposition of the original problem and provide a numerically
motivated closure for the fine scale (see, e.g., [20]). A similar stabilization procedure can be used for
the convective term and the pressure term, leading to methods that do not require to satisfy a discrete
inf-sup condition. An alternative to traditional residual-based methods is to consider subscales that
are in some sense orthogonal to the FE space. This idea has been proposed by Codina [11], where
L?(€2) orthogonality was used. This method involves global projections, which has motivated the use
of local projections (see, e.g., [5, 2]). The treatment of the time dimension in the subgrid model has
also been object of active research. In particular, the use of dynamic subscales methods that track the
subgrid scale in time have been proposed in [11].

Even though DNS is impractical in real applications, it is better understood than stabilized or ILES
schemes. The groundbreaking works by Guermond have proved that the FE Galerkin method leads to
weak suitable solutions in [21, 22]. However, the extension to ILES methods is not straightforward, due
to the introduction of additional terms to the numerical formulation. The analysis of these methods has
usually been restricted to a priori error estimates for smooth enough solution (see, e.g., [10]). Residual-
based VMS schemes are not amenable for weak convergence analysis, due to the proliferation of terms,
e.g., including new velocity-pressure coupling terms. However, enforcing the modelled subgrid scales
to be orthogonal to the FE space and considering the dynamic formulation in [11], the authors have
proved in [4] that the resulting scheme converges to weak (turbulent) solutions of the Navier-Stokes
equations. For the same scheme, long-term stability estimates and existence of a global attractor
have been proved in [3]. Further, a very detailed numerical experimentation of these methods for
isotropic and wall-bounded turbulent flows can be found in [12], proving that these subgrid models act
as accurate turbulence models. Theoretical analyses supporting these results can also be found in [19].
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In this work, we want to analyze whether VMS-type FE ILES schemes converge to suitable weak
solutions in the sense of Scheffer. We prove that subgrid closures that are orthogonal and dynamic
converge in fact to suitable solutions for equal order FE pairs for the velocity and pressure unknowns.

The outline of the work is the following. First, we state the problem and introduce the notation
in Section 2. The FE approximation based on the VMS-type ILES scheme is introduced in Section 3.
Section 4 includes some technical results in fractional Sobolev spaces. Energy estimates are proved in
Section 5. Finally, the convergence towards weak and suitable solutions is proved in 6.

2. STATEMENT OF THE PROBLEM

Throughout this paper we follow faithfully the notation used in [25] and [22] so that the reader can
trace with ease the main differences between these two works and the one presented herein.

2.1. Notation. Let {2 be an open subset of R3. For p € [1, o], we denote by LP(2) the usual Lebesgue
space, i.e.,

PQ)={v: Q>R : v Lebesgue—measurable,/ [v(x)Pde < oo},
o

with the usual modification when p = oo. This space is a Banach space endowed with the norm
[ollpe) = (fg, [v(@)|Pda) /P if p € 1, oo) or ||U||L00(Q) = esssupweg |v(x)| if p = oo. In particular,
L?(Q) is a Hilbert space. We shall use (u,v) = [, u( x)dx for its inner product and || - || for its
norm. For m € IN, we denoted by H™(Q) the classlcal Sobolev Hilbert spaces, i.e.,

H™(Q) ={veL*Q) : v e L2(Q)V |k| <m}

associated to the norm

Wiy = | 32 1% 0l2em|
0<|k|<m
where k = (ky, ..., kq) € N4 is a multi-index and |k| = Z?Zl k;. Let D(Q) be the space of infinitely times
differentiable functions with compact support in €2, i.e. the space of test functions on 2. Thus HJ"(2) is
defined as the completion of D(£2) with respect to the H™()-norm. Fractional-order Hilbert-Sobolev
spaces are defined by the real method or K-method of interpolation due to Peetre and Lions [1]. Thus,
we consider two spaces: H*(Q) = [L*(Q), H'(Q)]s, for s € (0,1), and HS(Q) = [L*(Q), H}(Q)] for
€ [0,1]. Moreover, for s € (0,1), H3(2) is the closure of D(2) with respect to the H*(£2)-norm.
Note that the spaces H*(£2) and H(f2) coincide for s € [0, 3], with uniform norms [24, Th 11.1], and

the spaces H*(Q) and H(Q) coincide with equivalent norms [33] for s € [0, ). We also consider
H*(Q) = [HY(Q), H*>(Q)], for s € (1,2] and H(Q) = H*(Q) N H(Q) for s € (1,2].

The dual space of D(€), the space of distributions, is denoted by D’(). Moreover, for s < 0, H*(Q)
is the dual of H, *(€2) and the space H, *(€2) is the complexion of D(£2) under the norm
(v, w)

[ll-s@y = sup e,
weD(NQ)\{0} ||wHHS(Q)

We use (-,-) to denote the duality pairing. For s € [0,3) U (3,3), H™*(Q) coincides with Hy % ().
We will use boldfaced letters for spaces of vector functions, e.g. L?(Q) in place of L?(Q)%.

We will make use of the following space of vector fields:
d={veD():V-v=0in Q}.

Related to the space 9, we consider the closures in the L*(Q) and H'(2)-norm, which are characterized
by

H {uc L*(Q):V-u=0in Qu-n=0on N},

\%4 {fuec H(Q): V-u=0in Q,u =0 on §Q},
where 7 is the outward normal to © on 9€2. This characterization is true for locally Lipschitz-continuous
domains (see [36, Theorems 1.4 and 1.6] for a detailed proof). Furthermore, L?:O(Q) (resp. H}:O(Q))
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is the space of zero-average L?(Q)-functions (resp. zero-average H'(Q)-functions ). Thus, by the real
method of interpolation, H}ZO(Q) = [L[:O(Q), H}:O(Q)] for s € (0,1) (see [24]).

Let X be a Banach space. Thus, LP (a,b; X) denotes the space of Bochner-measurable, X-valued
functions on the interval (0,T) such that fOT [£(s)[%ds < 00if 1 < p < 00 or esssupye(o 1) 1/(5)llx <
oo if p = 0.

Moreover, W11(0,T; X) is the space of functions f € L'(0,7;X) and %f € LY0,T; X) such
that fOT(Hf(s)HX + |5 f(s)]x)ds < oo and W,y (0,T; X) is the closure of D(0,T; X) with respect
to the W1(0,T; X )-norm, with D(0,T; X) being the space of infinitely times differentiable functions
defined on (0,7") having values into X with compact support in (0,7"). Additionally, the dual space
of Wol’l(O, T; X) is denoted by W=1°°(0,T; X') provided that X is separable and reflexive.

The Fourier transform of a function f € L*(R; X) is denoted by

FIE) = / e par

— 00

Let H be a Hilbert space and let S’'(R; H) be the space of tempered distributions taking value in H.
Thus, for v € R, one defines

HY(R; H) = {v € S'(R; H); /}R (1+ [€)2 | Fol2de},

where H is a Hilbert space. Additionally, the space H”(0,T; H) is made up of tempered distributions
in §’(0,T; H) with the norm

v gy = inf 0 H)»
ol oy = ,_nk 9l s
where v is the extension of v by zero off (0,T) belonging to S’'(R; H).
Note that throughout this paper we use the symbol C' (with or without subscripts) to represent
generic positive constants which can take different values at different places.

2.2. The Navier-Stokes equations. The Navier-Stokes equations for the motion of a viscous, in-
compressible, Newtonian fluid can be written as

ou—vAu+(u-Viu+Vp = f in Qx(0,7T), (1)
V-u = 0 in Qx(0,7),

with 2 being a bounded, three-dimensional domain and with 0 < 7' < +o00. Here u : Q x (0,7) — R3
represents the incompressible fluid velocity and p : Q x (0,7) — R represents the fluid pressure.
Moreover, f is the external body force which acts on the system, and v > 0 is the kinematic fluid
viscosity.

These equations are supplemented by the no-slip boundary condition

u=0 on 0J00x(0,T), (2)
and the initial condition
u(0)=wuy in Q. (3)

The first authors dealing with the concept of weak solutions for the Navier-Stokes equations were
Leray [30] for the Cauchy problem in the whole space and later Hopf [26] for the initial-boundary value
problem in bounded domains. Particularly, weak solutions were called turbulent by Leray due to the
possible connection between the lack of regularity of weak solutions and turbulence.

Definition 2.1. A function w is said to be a weak solution of problem (1)-(2) if:

w € L=(0,T; H)N L*(0,T; V) (4)
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and
T

T T
—/ (u(t),atv(t))dt+/ ((u(t)-V)u(t),v(t))dt+/ V(Vu(t), Vo(t)) dt
0 T 0 0
=ummm»+/<ﬂmvmwn
0

for all v € WH(0,T; V') with v(T) = 0. Moreover, the energy inequality

1 k 1 k
IO v [ [Tu) s < Glul + [ (7). u)as )
holds a. e. in [0,T].
An equivalent definition for weak solutions involving the pressure term is defined as follows.

Definition 2.2. A pair (u,p) is said to be a weak solution of problem (1)-(2) if:
we L0, T; H)NL*(0,T;V) and pe W 12(0,T,L*(Q)/R)

and
du+ (u-Vu—vAu+Vp=Ff in W50, T; H '(Q)),
u(0)=wuy in H.

Moreover, the energy inequality

t t
IO v [ [Vu s < glu? + [ (#(s).u)as
holds a. e. in [0,T].

We refer the reader to [15, Th. 1.3, Ch. V] for a proof of the equivalence between Definitions 2.1
and 2.2 with p € D’((0,T) x ), that can easily be extended to p € W=1°°(0,T; L?(2)/R), by using
de Rham’s Lemma in [35, Lm. 2].

The two previous definitions of weak solutions can be proved for €2 being a bounded, Lipschitzian
domain, and f € L?(0,T; H™*(Q)) only. The weak solution that will be proved in this paper requires
Q to be, for instance, convex, and f € L*(0,T + 1; H ' (Q)) N LP(0, T + 1; LY(Q)), with p € [1,2] and
q € [1, 3] satisfying % + % =4.

Definition 2.3. A pair (u,p) is said to be a weak solution of problem (1)-(2) if:
we L0, T; H)NL*(0,T;V) and pe H(0,T, H};B(Q))

with s € (3,15 and r>7=3 — 5, and

du+ (u-Viu—vAu+Vp = f in HT(0,T;H, (Q)),
u(0) = wy in H.

Moreover, the energy inequality

1 ¢ 1 !

SO+ [ IFuds < Glunl?+ [ (£(s)uls)) ds
holds a. e. in [0,T).

Scheffer [34] introduced the definition of suitable weak solutions so as to prove a partial regularity
theorem. Afterwards, Caffarelli, Kohn, and Nirenberg [9] improved Scheffer’s results, and F.-H. Lin
[31] simplified the proofs of the results in [9].

Definition 2.4. A weak solution (u,p) is said to be suitable if the local energy inequality
1 1 1
8t(§u2) +V- ((§u2 +pu) — Z/A(§u2) +v(Vu) - f-u<0
holds in D'((0,T) x Q; R™).
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3. FINITE ELEMENT APPROXIMATION

3.1. Hypotheses. Throughout this paper we will assume the following hypotheses:

(H1) Let Q be a connected, bounded, open subset of R? having a polyhedral boundary such that
there exist v € VN H?*(Q) and p € H}zo (Q) satisfying

—Av+Vp = g in
Vo = 0 in Q.

(H2) Cousider {7} }r>0 to be a shape-regular and quasi-uniform family of simplicial and conforming
meshes of ) such that Q = Uge7, K with h = maxger, hx where hy = diam K.

(H3) Let {Wh}tnso and {Qp}r>0 be two families of finite-element spaces associated with {75 }n>0
such that W, ¢ H é(Q) and @y, C H}zO(Q). Moreover, the finite-element spaces are required
to satisfy the following conditions. Let mw, : L*(Q) — Wy, and mg, : L*(Q) — Qp be
the orthogonal projections onto W and @, respectively, with respect to the LQ(Q)—inner
product. Furthermore, we denote 7y, (-) == (-) — 7w, (-) and 75, (-) == (-) — 7q, ().

(a) There exists a constant Ci,y > 0, independent of h, such that, for all wy, € W,

_s3
|whl L) < Cinvh™ * |wal Lr ) (6)
and
IVwh| gk @) < Cinh ™ lwhl|Lx gy (7)
for k € [2, 0],
||’wh||H1(Q) < CinvhilJrS”wh”I:If)(Q) (8)
for each s € [0, 1], and
lwnllgs o) < Cinh™®[lwnll  and  [lwal| < Cinvh™*[lwa|l g (@) (9)

for s € [0, 1].
(b) There exists a constant Cyt(s) > 0, independent of h, such that, for s € [0, 2),

lrw @l g2 o) < Cse(9)[wl gz () for all  w e Hy(Q), (10)

(¢) There exists a constant Cjyt > 0, independent of h, such that, for all [ and s, satisfying
0 <! <min{l,s} and I < s < 2, there holds

7, 0l g ) < Coneh™ 0]z for all - w € HY(), (1)
and
||7r$hq||Hz(Q) < Cinth37l||qHHs(Q) forall gqc€ H.?:O(Q). (12)
(d) There exists Ceom > 0, independent of h, such that, for 0 <l <m <1and ¢ € W027°°(Q),
”,ﬂ_‘J}_Vh (prh)”Hl(Q) < Chl“l’m*lehHH’nl(Q)||SD||W(;V‘VL+1,OO(Q) for all  wy € Wy, (13)
and
I, (ean) ey < CRY* ™ lgullzzm o @l gy forall — qn € Qn: (14)

(H4) Let up € V and f € L*(0,7 + L, H () N LP(0,T + 1; L9(Q)), with p € [1,2] and ¢ € [1, §]
satisfying % + 3 =4.
Hypothesis (H1) is ensured for domains having a C1'! boundary or being a convex polygon (cf. [29]
or [18]) or polyhedron (cf. [13] ), with continuous dependence on f.
Hypothesis (H3) is extremely flexible and allows equal-order finite-element spaces for velocity and
pressure. For instance, let Py (K) be the set of piecewise polynomial functions of degree less than or
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equal to k on K being a tetrahedra. Thus the space of continuous, piecewise polynomial functions of
degree less than or equal to k on a mesh 7}, is denoted as

Xy ={v, €C%Q) : vyl € Pr(K), VK € Ty},
We choose the following continuous finite-element spaces
Wi =X, NHy(Q) and Q= XuN Li (%),

for approximating velocity and pressure, respectively.

The shape-regular and quasi-uniform properties of {7, }n>0 assumed in (H2) suffice to ensure the
properties of (H3)(a). We recommend the books [8, Sec. 4.5 ] and [14, Sec. 1.7] for a proof of (6) and
(7), Appendix A for a proof of (8), and [16] for a proof of (9). Moreover, the error estimates stated in
(H3) make use of (H2) as well (see [25, Lm A.3, Rm 2.1] for a proof).

The local approximation properties for the orthogonal projection operators 7y, and mg, guarantee
hypothesis (H4). The reader is referred to [6].

Remark 3.1. Let p and q be as in (H4). We know from Sobolev’s embeddings that ﬂS(Q) is embedded
in LY (Q), where % + % =1and s = 3(% — 1); hence LY(Y) is embedded in ﬁ;S(Q) Moreover,
H"(R; H) is embedded in v (R; H), where i —l—% =landr>r=1— % with H being a Hilbert space;
hence LP(R; H) is embedded in H~"(R; H) . Let § be the extension of f outside [0,T) as zero. Then,
by Hausdorff-Young’s inequality for the Fourier transform, we have

hS]

1FF ety < CIFF o gy < Clflinmazs@y = Clflroroay.  (15)
Therefore,
feHT(0,T;H, () (16)
As a reference for further development, it is well to point out, here, the conditions for p, q, s and 7:
(C) Let s = 3(% —3) and 7 = 1 — % be defined for p and q as in (H4).

P
3.2. The discrete problem. Find uj, € HY(0,T;W34), pn € L*(0,T;Qp) and @, € HY(0,T; W},)
such that, for all (v, 0p,qn) € Wi, x Wy X Qp,
{ (&guh, 'vh) + b(uh, Up, vh) + V(Vuh, Vvh)
—(pn, V- vp) = b(up, vp, an) = (F1,, vn),
(Uh, th) + (ﬁhv th) = 03 (17b)

(17a)

By, on) + b(wn, wp, Op) (17¢)
+T71(’lfbh, 'l~)h) + (Vph, 'f’h) =0,
up(0) = uop, (17d)
where
1 h?
7_ — = )
Cop 4 Cellunlizw — Cov + Cehllun]|L=(o)

with Cg and C, being algorithmic positive constants, and f; € W, is defined by duality as (f;, w,) =
(f,wp), for all w, € W,. Let us define

b(un, v, wn) = (N (un, v1), wh),

where N (up, vp) = (up - V)op + 2(V - up)vp.
Let {%,}i=1,...n, be a basis of W, and let {¢;}i=1,... n, be a basis of Qp, where n, and n, denote
the space dimension for W, and @, respectively. Thus, one defines

Wh = span{wﬁ;h (N(¢i7 ¢’j))a Wﬁ/h (Vor)},
and W, = W, & W, Moreover, one defines
V,={v, € W, : (vp,Van) + (v, Vgn) =0 for all ¢, € Qp}.
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which is a non-conforming approximation space of V.
The initialization of the discrete problem can be obtained by the following projection problem: find
ugp € Vi, ugp € Vi and &, € @, such that

(won,vn) = (€n, V-vn) = (uo,vp), forall vy, €Vy,
(ﬁOhaq}) + (Vghai}) = (u()vi}h)v for all i’h € Vh7 (18)
(V- won,qn) — (@on, Van) = 0, for all g € Qp.

3.3. Discrete operators. This subsection is devoted to introducing the discrete operators that are
used throughtout this paper.
Firstly, we will consider a conforming and non-conforming approximation of the Laplace operator
~A:H é(Q) — L*(R2). The non-conforming approximation is based on a stabilizing technique.
Consider —Ay, : H(2) — W, to be the discrete Laplacian operator defined as:

—(Ahw,ﬂ;h) = (th,V{uh) for all w; € Wy,

The restriction of this operator —Aj, to W, C H (l)(Q) gives a self-adjoint, positive-definite operator.
Therefore, we are allowed to define the fractional power of —Ay,, say (—Ap)®, for all s € R, by the
Hilbert-Schmidt theorem. The domain of definition of (—Ap)*® is D((—Ap)®) = W, since dim W, <
oo. Hence, W makes reference to W, equipped with the Hilbert norm

lwhlw: = ((—An) 2wy, (—Ap)Fwy)?.

The family {W7 }scr is a scale of Hilbert spaces with respect to the real method of interpolation.
Analogously, consider —A, : W, — W, to be the stabilized discrete Laplacian operator defined as

—(Aw,,w,) = (Vrw, wy, Viw, wy) + h =2 (mitw,, mitw,)  for all  w, € W,.

It is easy to see that —A,w, = —7mw, A, w, — Wﬁ,hA*'w* = —ApTw, Wi — h’%r{;vhw*. We have that
—A, is self-adjoint and positive-definite. Therefore, we are also allowed to define the fractional power
of —A,, say (—A,)®, for all s € R, by the Hilbert-Schmidt theorem. Thus, W3 is W, equipped with
the Hilbert norm
lwllws = (AL Fw,, (~A,) Fw,).

Secondly, we will consider a non-conforming approximation of the Stokes operator A := P(—A) :
V N H?*(Q) — H where P is the Leray-Helmholtz projector operator.

Let A, : V, — V, be defined as

(Av,,02) = (Vaw, vs, VIiw, 0.) + b2 (i, Ve, T, 0x)  forall o, € V.
Equivalently, one can write A, = mw, Ax + W‘J;Vh A, = Ay, + Ay, satisfying
(Apvy, wp) +~(Vrh,wh) = (Vrw,vs,Vwy) forall wp € Wy,
(Apve, Van) + (Apvs, Vap) = 0 for all g € Qn, (19)
(Ah’v*,’lbh) + (VT‘h,ﬂ)h) = h_Q(ﬂ"%Vh’v*,ﬁJh) for all w; € Wy,

Again, A, is a self-adjoint, positive-definite operator. Therefore, the fractional power of A,, say A%,
is well-defined for all s € R. Moreover, V3§ denotes V', equipped with the Hilbert norm
= s 1
||v*||Vi = (Af Ve, A7 'U*) 2.

The family {V']}scr is a scale of Hilbert space with respect to the real method of interpolation.
Next we will consider a non-conforming approximation of the Leray-Helmholtz projection operator.
Let P, : LQ(Q) — V., be defined as

(Pov,vy) = (v,0,) forall v, €V,.
Equivalently, one can write P, = mw, P + Wﬁ,hp* =P, + Ph satisfying

(Prv,wp) + (NVrh,wh) = (mw,v,wy) forall w,ec W,

(Prv,Van) + (Phv,Var) = 0 for all  qn € Qn, (20)
(th,ﬁjh) + (V’I‘h,’lbh> = (W‘%Vh’v,ﬁ}h> for all w; € Wy,
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Finally, we define the stabilized Ritz projection operator onto V. Let R, : H(IJ(Q) = Tw, H(l) D

W‘Jj/hH(l)(Q) — V, be defined as
(Vrw, R, Viw, v,) + b2 (1, Rov, Ty, 0) = (Vrw, v, Vriw, v.) + b2 (T, v, T, Ds),

for all v, € V,. Equivalently, one can write R, = mw, R, + w{,‘vh R, := Ry + Rh satisfying

(VRpv, Vwy,) + (~Vrh,wh) = (Vaw,v,Vwy) foral w,eW,
(Rh;l), th) + (Rh'v, th) = 0 for all qn € Q}f’ (21)
h_Q(Rh’U, ﬁ}h) + (V?‘h,’lbh) = h_Q(ﬂ"%Vh’U, ﬁ)h) for all w; € Wy,

4. TECHNICAL PRELIMINARY RESULTS

This section is mainly devote to some technical results concerning equivalence between norms and
inf-sup conditions in fractional-order Sobolev spaces.

Lemma 4.1. Suppose that conditions (H1)-(H3) hold. Then there exist two positive constants ¢,C
such that, for all s € R,

c(lwnllw; + 2~ |lwnl]) < lwillws < Cllwnllw; + 2™ |lwnl), (22)
for all wy, = wy, + wy € W,

Proof. The proof follows by observing that (—A,w,)® = (—Amw, w,)® + h*SﬂW,Lw* for all w,.
O

Corollary 4.2. Suppose that conditions (H1)-(H3) hold. Then there exist two positive constants c,C
such that, for all s € (—3,3),

clwnll gz + B lon]) < lw.llws < Clwnl gy + b= lonl), (23)
for all wy, = wy, + wy € W,
Proof. The proof is based on the result of [25, Lemma 2.2]:
clwnllgs < llwnllw; < Cllwnllg:  forall  wp € W
with s € (=3, 3). O

In the next lemma, we prove the stability of the stabilized discrete Leray-Helmholtz operator P, =
P, + B,

Lemma 4.3. Assume that conditions (H1)-(H3) are satisfied. Then there exists a positive constant
C, independent of h, such that, for all s € [0, %),

HPh’UHgg(Q) +h78|| Pyl < C||'U||HS(Q) forall wve fié(Q), (24)
where P, = Py, + P, is the L* (Q)-orthogonal projection operator onto V.

Proof. Let v e H S(Q) Then, by the Helmholtz-Hodge decomposition, there exists r € H}ZO(Q) such
that

v = Pv+ Vr,
whose variational formulation reads as:
(Pv,0) + (Vr,o) = (v,8) forall oe L*(Q),
{ (v,Vq) = 0 for all H}»ZO(Q)7 (25)

Note that problem (20) is the stabilized discrete counterpart of (25). From [16, Chapter II, Theorem
1.1], we get

) o B . .
|P.v = Pl +[Vr, = Vrl| < C(inf [[Po—w. |+ inf [[Vr = V) (26)
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Using the fact that P, = P, + P, with P, and P, being L? (2)-orthogonal by definition, we have

|Pov — Po||> = [Py — Pv|?+||Pyw|? — 2(Pv, Pyv)

| Pnv — Pol|® + ||]5hv||2 —2(Pv — mw, Pv, phv)

|Pho — Po? + || Pyol|? — 2| Pv — mw, Po||* — || Pyol|?
| Pyv — Pol|> + 1| Pyv||? — 2| Pv — 7w, Pol|*.

v

Inserting this back into (26), we obtain

|Pyv — Pol|| + ||V, — Vr| + th’UH <C( inf ||Pv—wy||+ inf |[Vr—Val).
wrEW, qn€QR

From (11) and (12), we find that
1Pvv — Poll + || Pyoll < Ch® o]l g3 (27)
and
BBl < Cllolgs o (28)
In view of (9), (10), (11) and (27), we write

1Prv — 7w, Pollag o) + 7w, Pavll g2 o)
Ch=*||Pyv — mw, Po|| + C||Po| g2 o
Ch=*(||Pyv = Pol| + | Pv — 7w, Pol|) + C||P|| g2 o

Clivll gz o)-

1Prol| g2 )

(29)

IAIA A IA

In the last line we have made use of the inequality ||Pv| ;) < CH””I:IS(Q) for all s € [0,4). For a

proof, see [25, Lemma 1.1]. Also see [25, Remark 3.1] for an explanation of the restriction of s € [0, 1).
Finally, the proof follows by combining (28) and (29). O

As a consequence of Lemma 4.3, we immediately obtain the following.

Corollary 4.4. Assume that conditions (H1)-(H3) hold. Then there exists a positive constant C,
independent of h, such that, for all s € [0, %),

|Pawy||w: < Cllwi|lws:  forall w, € W,, (30)
where P, = P, + P, is the L* (Q)-orthogonal projection operator onto V.
Proof. Let w, € W such that w, = wp, + wyp,. Take v = wy, in (24) to get
[ Prwnl| g2 0y < Cllwall g5 0)- (31)
Next, select v = wy, in (20). Now, pick wy, = Pywp, qn = 7, and wp, = thuh to obtain
- 1, ~ _ 1, .
| Ppion||? + iHPh’wth < §||wh||2.

In particular, we have

W2 || Bron||* < h°|don]|?. (32)
Combining (31) and (32), we prove (30) by Corollary 4.2. O
The following lemma sets up the equivalence between || - ||w: and || - [|v:.

Lemma 4.5. Suppose that (H1)-(H2) are satisfied. There exist two positive constants C, ¢ such that,
for each s € (—3,2),

clvdlwe < |lvillve  forall v, €V, (33)
and, for each s € [—2,2],
|lvillvs < Clloilws  forall v, eV,. (34)
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Proof. Assertion (33) is proved as follows. Take v, € V, such that v, = v, + ;. Let s € [0,2].

Define (v,7) € (V N H(Q)) x H}:O(Q) such that

—Av+Vr = A, in Q,
Vv = 0 in Q.

By virtue of (H1), we have that ||Av|| + |[Vr] < C||A,v4||. Moreover, we have that (vp,on,7h) €
W x Wy, x Qy, satisfies, for all (wh,ﬁ)h,qh) e Wy, x Wy x Qp,

(Vop, Vwy,) + (Vrp,wy) = (Ao, wp),
(vn, Van) + (O, Van) = 0,
hiQ(i’haﬁjh) + (Vrp,wy) = (Asvs, wy).

Comparing both problems, we get the following error estimates, that can be found in [3, Lemma 3.2 |:
IV (v — )| + hH|on]| < Chl|Asv,]l. (35)
Next, let us write

—(Awe, wy) = (V(rw, v —v), VIw, w,) + hiZ(Wé_th*’Tﬁ/hw*) — (Av,wp),

where we have used the fact that —A,v, = —Ap7w, v, — h_zwﬁ,hv*. Select w, = —A,v, to find,
from (9) and (35), that
A v, ? IV(wn = o) [[[Vrw, Avvull + 272 |7y, vl 755, Asvl| + [[Av|[[[ Ao

IN I

A IA L + Cl A, A0,
Thus, we obtain
[Av.]| < Cll Ao (36)
Equivalently,
[villwz < Cllolve.
We also have
[vellwo < Cllodlve.
By interpolation, one then deduces
[villws < Clloelvs. (37)
for all s € [0,2].
Let s € (—%,0]. Then
loullws = s e gy, oBao)
weew: oy [Willwre o ewr ooy 10xllw

In view of (30), we have

P
Hv*HWi < C sup M <C sup M
wew, oy 12wl e = o ev oy lwsllvo
[willy -
< CHU*HV‘i sup — < C”'U*”Vj~

w, €V \{0} Hw*”w:s
Assertion (34) is proved as follows. Pick v, € V,. Let s € [0,2]. It should be first noted that
A, R, w, = P.A,w, for all w, € W,. Then, it follows that

[Rew.lve: = [ARw. | = [PAcw. | < [|[Aaw, | = [[w.dlw:. (38)
Next, we have that

[Rew, | < Cllw,| (39)

holds for all w, € W, i.e., ||R*w*||vg < C”whHW,DL for all w, € W,. Indeed, let RT : V, — W,
the adjoint operator of R,, namely R = —A, A7, since R, = —A;'P,A,. It is clear that if

IRY vl < Cllo.] (40)
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holds for all v, € V,, then (39) is true. But (40) is a consequence of (36). By interpolation between
(38) and (39) for w, = v,, we obtain [|v,|vs < C|lv,|lws for all v, € V, and s € [0,2].
Let s € [-2,0]. From (37), we have

<C sup

[villvs = sup M M

: 0B .
v, €V, \{0} ||v*||v;s v, €V, \{0} ||U*||W;S

It completes the proof. O
As a corollary to Lemma 4.5, we have the following inequality whose proof needs Corollary 4.2.

Corollary 4.6. Suppose that conditions (H1)-(H2) are satisfied. Then there exist two positive con-

stants C, ¢ such that, for each s € (—%, %),

cllvnll gz + 277 lonl) < llodlve  forall v, €V, (41)
and, for each s € (—3,3),

[villve < Cllvnll gz oy +h"llonll)  forall v, € V. (42)

We are now concerned with the proof of an inf-sup condition in the framework of fractional Sobolev
spaces.

Lemma 4.7. Under conditions (H1)-(H3), it follows that, for s € [0, 1],

Van, w
sup Van, w.) 2 lanllms@),
w, W, \{0} ||"”*||W1*S

Proof. Let qn, € Qp. From (10) and (11), we have

YVan, YVan, _ YVan,
sup (Van, wp) > sup (Van, mw,w) > sup (Van, mw,w)
wnew (0} [Wnllgr—+q) werry @0y 1Tl o) werry @0y 1@l @)
\Y% Van, Tk, w
> ot sup 7( G, W) — Ot sup (Van, T, w)
weH\(0) ”wuﬁéﬂ@ wer\foy ITw, Wl gri-s q)
> Cy llanllms) — Cs Cinth” " *[|Vanl|.

Moreover, we have, by (9),

Vap, wp w, Van|? 11—
aup AV TSI ooy, V|
w,eWR\{0} HwthIé_S(Q) ||7TWh Qh”ﬁ(l)—s(g)
Combining the previous two estimates, we get
(VCIhv wh) _
sup  ————— > C1lgnll =) — C2h'~* |73, Vaul|,

wLEW,\{0} ||wh||H;*S(Q)
where C7! = 0 Ch and C5 1 = (Cs + CintCiny ). Since 7k, (VQp) C Wh, we find that
1 2 2 Wi

(thv ﬁ’h)

> b0y, Vanl-
h3_1||'lbh|| = ||7rWh qh”

sup
WrEW,\{0}
At this point, we have proved that
Van, Vap, u
sup (Van, wp) L0, sup (g_qf 1~Uh)
wpeWL\{0} Hwh‘lflé"*(g) w, W, \{0} h ”wh”

Finally, observe, by (22), that

> Cillan |l s (-

sup (Van, wy) sup (Van, wp)

weewnior Tl ~ w,ewigo) T@nl 1)
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and

(Van, w,) sup (Van, wp)

W, W, \{0} he~t Hwh H .

sup
w,eWw \{0} || Willypr1-s

Then it follows that -

, W

(1+Cy) sup N, w,)

w, W, \{0} ||w*||W1*S

or equivalently, for any g, € @, there exists an element w, € W, with norm ||w*||W17s =1, such
that (Van,vi) > Cllqull g+ (o). It easily proves the lemma. O

> Cillgnll 52 ()

5. A PRIORI ENERGY ESTIMATES

In this section we derive a series of a priori energy estimates resulting in that the sequence of the
approximate solutions (wy,pp) to scheme (17) approaches to a weak solution and a suitable weak
solution in Section 6.

Theorem 5.1. Under assumptions (H1), (H2), and (H4), there is a positive constant C, independent
of h, such that
lwnll Lo 0,122 (@)nL2 0,113 (@) T+ 18nll Lo (0,7:22(Q))nr—1 L2 (0,1:22(0)) < C- (43)
Proof. Take vy, = wuy, in (17a), ¥, = @y, in (17¢) and g, = pp, in (17b) to get
1d (
2dt
Next we estimate the term (f},, up). Thus, we have

| + ll@nll?) + vl Vun)* + 77 @nl* = (£5, wn)-

1 v
(Frsun) < N Fla-—@lIVunll < =1 F 151 0) + 5 1Vunl®
2v SR
Therefore, we obtain
d B . 1
3 (lenll® + @) + vIIVan|* + 77 Hl@n* < 1 f 171 0),
which, integrated over (0, ), leads to the desired result. O
Remark 5.2. From (43), we have
Huh”LT(O,T;HZ/"(Q)) + Huh”L’“(O,T;Lk(Q)) <, (44)
where 2 + 2 = 2 with r € [2,00] and k € [2,6]. The proof is based on the interpolation inequality
2 1 .
between L*(Q)) and H" (), i.e., ||wHH%(Q)

embedding H%(Q) — L*(Q) for t1=3—2 andr> 3.

_z 2
< CHwH;(}Z)HwH;{l(Q) for r € [2,00], and the Sobolev

Consider uw, = up, + @,. Then problem (17) reads as follows. Find u, € H(0,T;W,) and
pn € L2(0,T;Qp) such that

(atu*a w*) + b*(u*, Uy, w*) - V(A*U*» w*) - (Vpiu w*) = (.fha ™W,, (w*)), (45)
for all w, € W, with the initial condition w.(0) = wop + @op, where
b*(u*7 U*a w*) - b(TrW;LUﬁH 7TWh'UJ*, w*) - b(ﬂ-W;Lu*? ﬂ-W;Lw*) W‘%th*) + 7-0_01 (WJ{;th*7 ﬂﬁ/hw*)
with 7';31 = ch. We now define the operator N, : W, x W, — W:l via duality by the

formula
</\/'*(u*, ’U*),’UJ*> = b*(u*,v*,'w*).
Lemma 5.3. Suppose that assumptions (H1)-(H3) hold. Let q be as in (H4), but q € [1, %), and let s
be as in (C), i.e, s € [3,3). Then it follows that
_1
[N (s, w)lyy o < Cllw, well s ) (VW wal| + 772 |7, )

with%—i—%:%.
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Proof. By definition of b(-, -, ), we have

W(TW ), U, T, U, Wi) = (N (Tw, U, T, U ), W) < ||N(7TWhu*a7TWhu*)”W;S||'w*HWia
which, combined with (22), gives

N (7w, W, Wer“*)HW;S < O|N (mw,, s, ’/TWh’U,*)”I:IJs(Q) + ChP N (mw ), s, T, U |-
From the continuous embedding IEIS(Q) — Lq/(Q), with % + % = 1, we bound

IN (7w, e, Tw, (W)l —s < ClINw(Tw, W, Tw, 64 [ La () + BN (Twr, e, T, w0 |-
Next, using (6), the definition of s, and the relation ; + 3 = % gives

[N (mw ), s, T, w) | La) < VW, wallllmw, wa | Lr 0)

and

RN (rw ), e, Tw, ) | < CR° [[mw, | oo (o [V, wel| < ClIVrw, wsllmw, well Lr )
which imply that

b(rw ), to, T, U, i) < [ Vaw, wil[[mw, wal | e o) l|w[ws -
Next, for s € [%, 1], we write

bW, U, T, W, Ty k) = (T, Ui - V) Tww, Wi, Ty, W)
+3(V - Tw, U ﬂwhw*,ﬂﬁ,hu*)

< aw wlpe @ [Vaw, wal |7, .l
31V - mw, sl e o lmw, wil | L o) v, sl

< Cht H7TWhU*HLk(Q)h_HsHWth*HI;{g(Q) ||7T‘%th*||
+Ch M lmw, sl oo 7w, Wil Lo o 1757, us |

< CHWW;LU*HL'@(Q)T_%||7T1%th*\|||7fwhw*\|ﬁg(n)

< rw sl ey 2 I, vl lwslwe,

where we have utilized (6) and (8), the relation + + 2 = 1 and the definition of s. Moreover, we have
also utilized |[mw, u.ll Lo ) < Cllmw, wsll g5 () @' € [3,00], and the relation (23). The estimate for

s € (1, %) follows readily from applying the above arguments and the continuous embedding H (S](Q) —

H(9).

Finally,

T (T, s T, W) T i, wallll o, wal
Ceh™Hmw, el oo (o a7, w33, w.|

Cllrw, well pr @) 73, wslh% |75, w.l.

IA I IA

A duality argument shows then that

_1
IVt ) e < O Iy, wall + [ Vrw, | 7w, v £ () -

O

Corollary 5.4. Suppose that assumptions (H1)-(H3) hold. Let p be as in (H4), but p € [1,2), and s

be as in (C), but s € [%, %) Then there exists C > 0, independent of h, such that

HN*(u*a u*)”Ll"(O,T;W:S) S C

Proof. The proof follows by using the L"(0,T; L*(2)) estimate stated in (44).

O

Lemma 5.5. Suppose that (H1)-(H3) hold. Let s and 7 be as in (C), but s € [3,3) and 7 € [0, 3).

Then there exists C' > 0, independent of h, such that
||N*(u*, u*)HHfT-(R;WIS) < C,
with r > 7.

(46)
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Proof. Let M, be the extension of N, by zero off [0, T]. We have, by the Hausdorfl-Young inequality,
that

19 ()| ey = /}R (L4 1672 [P (e ) [y -
< NI, g R (s ) o
S C”m*(u*vu*)HLp(o,T;W:S)-
Observe that ||(1+ &)~ 2THL27 ® = [(1+1€)~ 7|1 (r)y < oo if £ > 1. In particular, it holds for r > 7.
It completes the proof. O

Before proceeding with a priori energy estimates for dyup, and 9y, let us write (45) as a nonlinear
heat equation
Opuy +vAu, = Pog,
where
g :=f — Ni(u,,uy).

Theorem 5.6. Suppose that assumptions (H1)-(H4) hold. Let s and 7 be as in (C), but s € [%, %) and

7 €0, %) Then there exists C > 0, independent of h, such that

”atu*HHBfl(o wreyt ”u*”Hﬁ(o rwrey S C, (47)
for all « satisfying 0 < a < s < 1+2a < 2, and for all 3 satisfying B < [ := 1+§(%+%). Furthermore,
”A*u*”Hfr(o#T;W:S) <C (48)

for v satisfying r > 7 = % —-5= % — %

Proof. Let g be the extension of g by zero off [0,T]. Let us define

for t € (—o0, —1],
) (t+1ug,. for € [-1,0],
i BV for € [0, T +1],
0 for €T +1,0).

Fix a cutoff function ¢ € D(2) which equals 1 on [0, T] and vanishes on (—1,7 4 1). Define u, = ou,,
and

- [ QA+ )P uo + puox + (1 +t)pAcug., forte (—1,0),

8= pg + p'u,, otherwise.
Write

o, +vAa, =Pg in S'(R,V,).
Applying the Fourier transform, we get
2ri€Fu, + vAFu, = P, Fg. (49)
Let a € R*. Multiply (49) by the complex conjugate of A;*Fu, and take the imaginary part to get
27| || Fee |2 co < H}—§”W:S”A:a]:ﬁ*“wi
< H}—QHW:S”-F’:‘*Hvi*?%
where we have applied (33) for s € [0,2). For a < s <1+ 2a, i.e. —a < s—2a <1, we interpolate to
get
~ ~ ~ 11—
1Fttllyz2e < IF0 o 1Py
2a+1—s
14+

where v = . Therefore,

2ré || Finl % < CIF8llyy

]-'u*||

and hence
7)

1777 H | Fif e < O+ |€|)_“||f§|| ||fu*|\
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where p = 22

s equality gives

2(1—~)
/Waz~ﬂuun?.%<cwwszwr T[T
which implies that
9 9 5 2(1—v)
/mﬂvmnw<mquww [T, (50)

for B < B with B := llii‘(l — 7) coming from the definition of v, p, 7, and @ < s < 1+ 2a. Next

observe that we have, from (15) and (46) for s € [0, 2),
”gHHfr(]R;W:S) <C. (51)

Inserting (43) and (51) into (50), we arrive at

/MWV@WwSC
R *

For 8 > 0, we write

[ asleniFas, i

Jo A DTS et [ e
1§11 |€1>1

0/ \V@ww@+c/ €28 Fii, |2, de.
l€1<1 * [€]>1 *

C [ il de+C [ g NFuR, e
R R

IN

IN

where Plancherel’s equality and the continuous embedding between V', and V% were used in the last
line. The above estimate also holds trivially for 8 < 0. Thus we get

||atﬁ*||H5*1(R;V:°‘) + ”ﬁ*”HB(]R;V:a) <cC.
As a result of (33) for s € [0, 1), we obtain
Hatﬁ*HHﬁfl(o ;W %) + ”ﬁ*”Hﬁ 0,T;W ;%) <C,

for all o satisfying 0 < a < s < 14 2a < 2, and for all 3 satisfying 8 < 3 :=
inequality leads to (47).
Next, multiply (49) by Al=*Fu, and take the real part to get

VAT, < CIF8llyw - AT Fitlv < Ol Fgllyy - [ AFidlv:,

1+S(% 1). This latter

where we have applied (33) for s € [0,2). Thus,
L+ D A FRR, - < CA+1EN 1 F8l5 -
and hence
HA*’:‘*”H—T(RV < Cllgllg-- "(RsW*)

It is not hard to see from (33) that [|A,v.|y—s < Ol Ao, for all v, € V, and all s € [0, 3). Then,
using (51) yields
[ANS TR [FS rOTW) S &

for all » > 7, which implies (48). O

Corollary 5.7. Suppose that assumptions (H1)-(H4) hold. For a € [%,3) and B < B =2(1+a), it
follows that

—
[}
[\

~

||3t“*HHB—1(07T;W;a) + ||u*||HB((]7T;W:°‘) <C

where C' > 0 is a constante independent of h.
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Proof. From s € [3,3) and 0 < a < s <1+ 2a < 2, we obtain « € [%, 1). Next note that 1}_8(% +1)
3
5.

reaches its maximum £ at s = Therefore we can simplify the expression § in term of « only as
B=2(1+a)in (47). O

[SIN)

Using (23), one can also prove the following.

Corollary 5.8. Assume that assumptions (H1)-(H4) hold. Then, for o € [§,3) and B < B = 2(1+a),
it follows that there exists a constant C' > 0, independent of h, such that

19ctenll o= o stry =y 1nll s 0. =) < (53)
Furthermore, for s € [%, %] and r such that r > 7 = % —£= % - %, it follows that

[Anun HH*’”(O,T;I:IJS(Q)) <C (54)

We now proceed to obtain an estimate for py,.

Lemma 5.9. Suppose that conditions (H1)-(H4) hold. There exists a constant C' > 0, independent of
h, such that, for s € [%, 1—70] andr > 7 = % -3

”ph”H—T(O,T;Hl—S(Q)) <, (55)
where C' > 0 is a constant independent of h.
Proof. First we write (52) as

10l - 0,757 2y < €

where o € [%, %) andr >7F:=1-f= % — %a. As a result, we have that
||atu*HHﬂ-(o,T;W:S) <C (56)

holds for o < s and 7 < 7 provided that s € [1, &] and r > 7 =2 —
From (45), we bound

Es
3¢

Vpn,v
lonll - < sup (Vpr vs)
voew . \{0} l[vxllws
< CO([l0usllyy—s + [ Astsllyy—s + N (s, w) gy + [ Fpllypr—s)
<

ClllOruslly o + Ay o + IV (s, wllw o + 15l g2 )
The proof is completed via (56), (48), (46) and (16).

6. CONVERGENCE TOWARDS WEAK AND SUITABLE WEAK SOLUTIONS

In this section we will prove that the sequence of the approximate solutions provided by scheme (17)
converges towards a weak solution in the sense of Definition 2.3 and towards a suitable weak solution
in the sense of Definition 2.4. In order for these convergence results to hold, we will need to use the
following compactness results a la Aubin-Lions.

The following compactness result is due to Lions [32].

Lemma 6.1. Let Hy — H <— Hi be three Hilbert spaces with dense and continuous embedding.
Assume that the embedding Hy — H is compact. Then L?(0,T; Ho) N HY(0,T; Hy) embeds compactly
in L*(0,T; H) for~ > 0.

The proof of the two following compactness result can be found in [22, Ap. A.1, A.2].

Lemma 6.2. Let X < Y be two Hilbert spaces with compact embedding. Then HP(0,T;X) embeds
continuously and compactly in C°([0,T);Y) for B > %

Lemma 6.3. Let Hy — Hi be two Hilbert spaces with compact embedding. Let v > 0 and v > p, then
the ingection HY(0,T; Hy) — H"(0,TH) is compact.
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Theorem 6.4. Assume that hypotheses (H1)-(H4) are satisfied. Then there exists a subsequence
(denoted in the same way) of approximate solutions (wp,pr) converging toward a weak solution given
in Definition (2.3) in the following sense as h — 0:

up — w in L2(0,T; Hy(Q)) — weak and in L*(0,T; H?()) — strong for all § < 1 (57)

and
3 1 1 6
pn — p in H"(0,T; H3(Q)) — weak for all § € [E’ 5] and r > 1 + 3 (58)
Proof. Let v € H™(0,T; Hy()), for s € (3, 5landr > 32— 5 and g € L2(O,T;H}=O(Q)). From

(11) and (12), we are allowed to construct three sequences {vp}tp~o C H"(0,T; Wp), {On}ns0 C
H™(0,T; W) and {gn}nso C L2(0,T;Qp) such that vy, — v in H™(0,T; Hy(Q))-strong, 9, — 0 in
L%(0,T; L*(Q))-strong and g5 — ¢ in L?(0,T; H}:O(Q))—strong as h — 0.

By virtue of (43), (53), (54) and (55), we know that there exist a subsequence of {vs}r>o and
{pn}r>0, still denoted by itself, and a pair (u,p) such that

wp — win L>=(0,T; L*(Q)) — weak-x,
wp — win L0, T; H(Q)) — weak,
dyup — Syw in H7(0,T; H, () — weak,
Apup, — Aw in H7"(0,T; IEI(;S(Q)) — weak,

and o

Vpn, — Vpin H"(0,T; H, () — weak,
for all s € (1, ;5] and r > 2 — 5. Observe that we have used that the fact that H °(Q) coincides with
Hy*(9Q) for s € (1, 5] for the pressure. We also have, from (43), that

@, —0 in  L%*0,T; L*(Q)) — strong, (59)
since
vz, _1.
T lwnllezomiza) < 1772 ] 20,7 L2(0)) < C-

We can pass to the limit in (17b). Thus we find that V-« = 0 in (0,7) x Q, whence u €
L*>(0,T; H) N L?(0,T; V). For the trilinear terms, we proceed as follows. By Lemma 6.1, we have
that

wp — win L2(0,T; H?(Q)) — strong for all 8 < 1,

since {u, } >0 is bounded in L2(0, T; H(Q)NHP ((0,T); H, () for o € [+,3)and 0 < 8 < 2(1+a)
from (43) and (53). Therefore,

N (up,up) = N(u,u) in D'((0,T) x Q).
As a consequence of (46), we obtain
N (wp, wp) = N(u,w) in H7(0,T; H, " (2)).
On passing to the limit in (17b), we have had that V-w =0 in (0,7) x Q, thereby
N(un, up) = (u-V)uin H7(0,T; H, (Q)).
By an analogous argument, we find that
N(up, @) — 0in H"(0,T; H,, (),

where (N(umﬁ;h)wm = b(up, vy, wy,) for all up, w, € Wy, and v, € W,.
From the above convergences, it is easy to see that

Ovup, + N (up, up) — vApup + Vp — N(up, ap) — f, = 0w+ (up - V)up, —vAu+ Vp — f.
in H-7(0,T; H, " ()) as h — 0.
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For the initial condition, we have that w;, — w in C°([0,T]; H, " (Q))-strong for o € (3,3) by
Lemma 6.2; therefore, u,(0) — u(0) in I:I(;Q(Q). Furthermore, it follows from (18) and (27) that
uon — ug in Hy “(Q). We have thus shown that w(0) = u.

The energy inequality can be verified by the lower semicontinuity of the norm for the weak topology;
for complete details, see [4]. O

Theorem 6.5. Under hypotheses (H1)-(H4), the sequence of approzimate solutions (up, pp) converges,
up to a subsequence, to a suitable weak solution given in Definition 2.4 as h — 0.

Proof. Let ¢ € D((0,T) x Q; R") and substitute vy, = mw,, (up¢) into (17a) to get
T
{Oun, Tw, (un®)) + b(un, un, Tw, (urd)) + v(Vur, Vrw, (ung)) (60)

o0V - o (wnd)) — buan, T, (), @) — (Fo 7w (un))} dt = 0.

We are ready to take the limit in (60) as h — 0 so as to prove that the weak solution (u,p) found
in Theorem 6.4 is suitable. We will only focus on passing to the limit in the terms of (60) involving
the subscale velocity w), and the pressure term. The remaining terms appear in a rudimentary finite
element formulation so that a proof can be found in [24]. In particular, from (13) and (9) and in virtue
of Lemma 6.3, it follows that

T 1 T
i [ (@un uno)at =~ [ (uP.00)ar,
h—0 Jgo 2 Jo
T 1 T
i [ b wn o, (i) de = —5 [ (ulu, Vo) dr,
h—0 Jo 2 Jo
T T T 1
liminf/ V(Vuh,VWWh(uth))dtZ/ (\Vuﬁqﬁ)dt—/ (= |ul?, Ag) dt,
=0 Jo 0 0o 2
and
T T
tin [ (fownd)dt = [ (Fou)ar
h—0 0 0

To begin with, we first turn our attention to passing to the limit in the convective term.

b(un, mw, (und),an)dt = b(un, upg, ap) dt + b(un, 7w, (und) — une, ap) dt
= D(un, un, @n¢) + (wn - Voup, n) + b(un, 1y, (ung), @s)
(T, N (wn, un)d), @n) + (T4, (wn - Vour), ws)
+b(un, Ty, (Und), ).

(61)

From (13) and (6), we have:

T T T
|, N Cancun)o). ) e < [ i, (A Cans wn)o) @)l fanllde < € [ bl oo |9l
0 0 0

T T %
<C</o Th2||uh||%x(m|wh2dt> (/ Tlmhn?dt)

3 i -
SOh‘l Huh||200(07T;L2(Q)) Huh||L2(O,T;H(1)(Q)) ||uh||7—_%L2(O,T;L2(Q))

1
2

and hence
T

lim [ (i, (N (un, up)d), @) dt = 0.
h—0 Jo

Analogously, we bound

T
~ 3 ~
| Vo)t < OTHE g 0] 1
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and

T
- 3 1 -
/ b(uha ™, (uh¢) — up, uh) dt < Chi ||uh||zoo(0’T;L2(Q)) ”uhHLZ(O,T;H})(Q)) ”uhHT—%Lz(O T;L2(Q))’
0 T

Thus
T
lim (up, - Vo, up - ap)dt =0,
h—0 Jo
and
T
lim b(uh,’frwh (uhd)) — uth, ’ELh) dt = 0.
h—0 Jo

For the “viscous” term, it is not hard to see that
T
liminf/ Y (|@n)?, ¢) dt > 0.
h—0 0

For the pressure terms, we write

/ (on, Vorw, (ung) dt = / (P, Vo) di+ / (o, V-(ow (1) — (wn))) dt+ / (60, Veun) dt.
0 0 0 0

It was proved in [22] that
T T
tim [ (s, Vo) dt = [, 90)
h—0 Jo 0

and

T
i = [ (o0, - (rw () = () e = 0.

h—0

For the remaining pressure terms, we use (17b) with ¢, = g, (épn) to obtain

T T T
/ (¢pn, V -up) dt + / (Von, up¢) = / (Pnd — 7@, (Pn®), V - up) dt
0 0 0

T T
+ / (V(pnd) — Vg, (pno), ) i — / (Dn Vb, i) .
0 0

We know from [22] that

T
lim (pn¢ — mq, (Pr®), V - up) dt = 0.
h—0 Jo

Let ¢ > 0 and set s = % + 1¢ and 7 = % -5 = % - ge. Now choose r = % — %s. Moreover, set

a=%1—32cand B=2(1+a)=1— 2c. Thus we have 1 — s > a and 3 > r since

6o LL_ 16, 1 4 1 5 _,
9°7 2% " 99 T 1 971 9o~

and
1 4 1 2 25 5 2 1 5 2 -
— . Sl =+ =201 = 3.
R S A SV b {C R R AL
From the a priori energy estimates (52) and (55) and the commutator property (14), our choice of

parameters yields

T
/ (V(pg) — V7, (pro), un) dt < ||V (pe) — Vﬂ-Qh(ph(b)HH*’”(O,T;LQ(SZ))||ﬂ'h||Hr(O,T;L2(Q))
0

< Chl_s_ath”H—T(O,T;Hl—S(Q))”ﬁhHhC‘HT(O,T;L?(Q))

and hence
T

lim [ (V(¢) = Vg, (pro), @) dt = 0.
—0Jo
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Finally, it is easy to see in a similar fashion that
T

T
lim [ (épn,V - up)dt = lim/ (¢opn — mw,, (pn), V - up) dt = 0.
h—0 Jo h— Jo

APPENDIX A. PROOF OF THE INVERSE INEQUALITIES (8)

To prove inequalities (8), we follow very closely the arguments developed in [8, Thm. 4.5.11].
We first need to introduce an equivalent norm for fractional order Hilbert spaces as follows. Let
€ (0,1). Then
[ullFre () = lull® + [ulfr g,
s [ [ Ju@) - u(y)P?

Given (K, P,X), we define (K,péi) where K = {(1/hg)z : @ € K}. Thus, if uy is a function
defined on K, then 1wy is defined o by

n
i(&) = u(hle) forall & e K.

where

Thus we can write .

IVun L2y = "l Vianl L2 (x)-
As Vi, belongs to a space of finite and fixed dimension on K, on which all norms are equivalent, it is
not hard to see that there is a constant C'z > 0 such that

|W@h||L2(K) < Cplinl g iy-
Reverting to K, this leads to
IVl gz < Cphig® ™ funl ey
and hence
IVunllrzxy < Cahd ™ lunll s ()

An argument in the proof of [8, Prop. 4.4.11 | shows that if (K,P,3) is a referent element, we have
that there exists a constant C7 > 0 such that C; < Cz. Summing over all elements K and using the
quasi-uniformity of the mesh leads to

IVun]| < CRT (S JlunllFe g
KeTh

Then (8) follows because the sum of the fractional norms over all elements is smaller than the fractional
norm over the union of the elements.
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