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Abstract We present a phase-field model to simu-
late intergranular and transgranular crack propagation
in ferroelectric polycrystals. The proposed model cou-
ples three phase-fields describing (1) the polycrystal-
line structure, (2) the location of the cracks, and (3) the
ferroelectric domain microstructure. Different poly-
crystalline microstructures are obtained from computer
simulations of grain growth. Then, a phase-field model
for fracture in ferroelectric single-crystals is extended
to polycrystals by incorporating the differential frac-
ture toughness of the bulk and the grain boundaries,
and the different crystal orientations of the grains. Our
simulation results show intergranular crack propaga-
tion in fine-grain microstructures, while transgranular
crack propagation is observed in coarse grains. Crack
deflection is shown as the main toughening mecha-
nism in the fine-grain structure. Due to the ferroelec-
tric domain switching mechanism, noticeable fracture
toughness enhancement is also obtained for transgran-
ular crack propagation. These observations agree with
experiment.
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1 Introduction

The design and implementation of electromechanical
systems demand multifunctional materials with strong
electromechanical coupling and reasonable reliability.
In this category ferroelectric ceramics are the main
candidates also exhibiting short response times. How-
ever, due to their inherent brittleness, a deep under-
standing of the fracture behavior of these materials
is key to assure optimum reliability of the systems.
Towards this goal, numerous theoretical and experi-
mental investigations have been carried out during the
past decades. Excellent reviews of these works are
presented in (Zhang and Gao 2004; Schneider 2007;
Kuna 2010). Ferroelectric ceramics exhibit ferroelec-
tric and ferroelastic switching behavior with macro-
scopic dielectric and butterfly hystereses due to the
underlying microscopic mechanisms. The reviews in
(Kamlah 2001; Huber 2005) present related modeling
approaches. The formation and evolution of the micro-
structure are more probable under high electromechan-
ical loadings and near load concentrations such as the
vicinity of cracks (Hackemann and Pfeiffer 2003; Jones
et al. 2007). Interactions between the microstructure,
grain boundaries, localized stress and electric fields
near the crack tips lead to the complexity of frac-
ture phenomena in ferroelectric polycrystals. Several
approaches have been proposed to study the fracture
in ferroelectric materials, including phenomenological
constitutive models (Landis 2003; Sheng and Landis
2007; Wang and Landis 2006), models investigating
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4 A. Abdollahi, I. Arias

the local phase transformations near the crack tip (Zhu
and Yang 1997, 1999; Yang and Zhu 1998), phase-
field models for computing the mechanical and elec-
tromechanical J -integrals (Song et al. 2007; Wang and
Zhang 2007, 2008; Li and Landis 2011; Li and Kuna
2011), and more recently, a phase-field model accu-
rately accounting for the stray fields (Yang and Dayal
2011). See also (DeSimone et al. 2001) for a related
approach in ferromagnetics. However, these models
assume fixed or stationary crack configurations and
they are unable to capture the interactions between a
propagating crack and the microstructure of the mate-
rial. To tackle the full complexity of the phenomenon,
we have recently introduced a phase-field model for the
coupled microstructure and fracture evolution in ferro-
electric single crystals (Abdollahi and Arias 2011b).
We have shown that the interaction of the microstruc-
ture and the crack leads to a slow-fast crack propagation
behavior observed in experiments. In another work,
we have presented evidence that this interaction results
in the anisotropy of the fracture toughness (Abdollahi
and Arias 2011c). A related phase-field approach has
been proposed for crack propagation and kinking in
ferroelectrics, where the spontaneous rather than the
total polarization of the material is chosen as the pri-
mary order parameter (Xu et al. 2010). In these phase-
field models, both the crack and the domain walls are
smeared and represented by internal layers. Therefore,
the tracking of these interfaces and the modeling of
the interfacial phenomena (domain wall energies, crack
face boundary conditions) are automatically accom-
plished by the governing equations. Nevertheless, this
flexibility comes at the expense of a high computational
cost, since the width of the phase-field regularizations
of the domain wall and the crack must be resolved by
the discretization.

To the best of our knowledge, no model has been
proposed in the literature to study the interactions
between the fracture process and the polycrystalline
and domain structure in ferroelectric polycrystals. The
related models (Landis 2003; Li and Kuna 2011) have
only taken into account the grains orientations, but the
effects of grain boundaries and grain size have not been
considered. In (Verhoosel and Gutierrez 2009), the
grain microstructure is introduced to model inter- and
transgranular crack propagation in linear piezoelectric
polycrystals, thus not accounting for the effect of ferro-
electric domain microstructures. The main objective of
this paper is to study the fracture processes in ferroelec-

tric polycrystals in its full complexity, and in particu-
lar to evaluate the effects produced by the grain and
ferrolelectric domain microstructures on the fracture
response of the material. For this purpose, we extend to
polycrystals the phase-field model of fracture in ferro-
electric single crystals that we have recently proposed
(Abdollahi and Arias 2011a, b, c). The results obtained
with this model prove its potential to capture complex
interactions between the crack and the material micro-
structure. The theory of the model for polycrystals is
summarized in Sect. 2. Numerical simulations are pre-
sented in Sect. 3, along with a qualitative discussion of
the observed fracture mechanisms and their relation to
the polycrystalline and the ferroelectric domain micro-
structures. The last section is the conclusion of this
paper.

2 Theory

The proposed model for fracture of ferroelectric poly-
crystals is based on two existing phase-field approaches
for: (1) grain growth (Fan and Chen 1997) and (2) frac-
ture in ferroelectric single crystals (Abdollahi and Arias
2011b). The first model provides realistic polycrystal-
line microstructures with different grain sizes, while the
second models the complex interactions between the
fracture processes and the ferroelectric domain forma-
tion and evolution. Following (Zhang and Bhattacharya
2005b), the latter is extended to ferroelectric polycrys-
tals. The resulting model couples three phase-fields
describing (1) the polycrystalline structure, (2) the loca-
tion of the cracks, and (3) the ferroelectric domain
microstructure. In this section, the phase-field mod-
els for grain growth and fracture of ferroelectric single
crystals are briefly discussed. Then, the extension to
ferroelectric polycrystals and its numerical implemen-
tation are described.

2.1 Phase-field model for grain growth

According to the phase-field model of grain growth
(Fan and Chen 1997), the total free energy of a hetero-
geneous system is stated as

F =
∫

Ω

[
f0(η1, η2, . . . , ηm)+

m∑
i=1

κi

2
(∇ηi )

2

]
dΩ,

(1)
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Numerical simulation of intergranular and transgranular crack propagation 5

where f0 is the local free energy density associated with
the orientation field variables (η1, η2, . . . , ηm) for dis-
tinguishing different orientations of grains and m is the
number of possible orientations. κi are the coefficients
of the gradient energy terms penalizing sharp varia-
tions in the field variables. The free energy density f0

is written as (Fan and Chen 1997)

f0(η1, η2, . . . , ηm) =∑m
i=1

(
−α

2 η2
i + β

4 η4
i

)

+γ
∑m

i=1
∑m

j �=i η2
i η

2
j , (2)

where α, β and γ are positive constants characteriz-
ing the energy landscape. For γ > β/2, f0 furnishes a
multi-well energy landscape with 2m minima located
at (η1, η2, . . . , ηm) = (1, 0,. . ., 0), (0, 1,. . ., 0),. . .,
(0, 0,. . ., 1), (−1, 0,. . ., 0), (0, −1, . . ., 0), . . ., (0,
0,. . . ,−1). Each of these 2m minima corresponds to
a number of grains constructing a part of the poly-
crystalline microstructure. The grain boundaries are the
regions of the domain where the gradient energy terms
are non-zero. The evolution of the grains is governed by
the time-dependent Ginzburg-Landau (TDGL) equa-
tions as

μg

∫

Ω

η̇iδηi dΩ = −δF(ηi ; δηi )

=
∫

Ω

⎛
⎝αηi − βη3

i − 2γ ηi

m∑
j �=i

η2
i

⎞
⎠ dΩ

+
∫

Ω

(κi∇2ηi )dΩ, (3)

where i = 1, 2, . . . , m and 1/μg is the mobility of the
process.

2.2 Phase-field model for fracture of ferroelectric
single crystals

In the spirit of Francfort and Marigo (1998) and Shu
and Bhattacharya (2001), the total electromechanical
enthalpy of a possibly fractured ferroelectric single
crystal occupying a region Ω is stated as (Abdollahi
and Arias 2011b)

H [u, v, p, φ] = ∫
Ω

h(ε(u), p,∇p, E(φ), v) dΩ

+Gc
∫
Ω

[
(1−v)2

4κ
+ κ|∇v|2

]
dΩ, (4)

where body loads, volume charges, tractions and sur-
face charges have been ignored for simplicity. The first

integral is referred to as total bulk energy of the mate-
rial while the second integral takes the role of the
surface energy. The constant Gc is the critical energy
release rate or the surface energy density in Griffith’s
theory (Griffith 1921). The scalar field v is the phase-
field parameter describing a smooth transition in space
between unbroken (v = 1) and broken (v = 0) states of
the material. When the positive regularization parame-
ter κ tends to zero, this transition becomes sharper. The
electro-mechanical enthalpy density h is given as

h(ε, p,∇p, E, v) = (v2 + ηκ)
[
U (∇p)+W (p, ε)

]
+χ(p)− ε0

2
|E|2 − E · p, (5)

where ε is the strain tensor associated with the mechan-
ical displacement u, ε = 1/2(∇u + ∇T u), p is the
polarization, E is the electric field associated with the
electric potential φ as E = −∇φ and ε0 is the permit-
tivity of free space. ηκ is a small (relative to κ) residual
stiffness to avoid the singularity of the first part of the
energy in fully fractured regions of the domain. U is the
domain wall energy density penalizing sharp variations
in the polarization, χ is the phase separation potential,
and W is the electroelastic energy density. The energy
densities χ and W penalize deviations from the spon-
taneous polarizations and strains of the material, hence
introducing the anisotropy and nonlinearity of ferro-
electric materials.

This particular formulation of the phase-field model
encodes the following assumed crack conditions: (1)
traction free, (2) electrically permeable, and (3) free
polarization (Abdollahi and Arias 2011a). For a sharp
crack, the traction-free conditions are stated as σ ·n = 0
where σ and n are the stress tensor and the unit outward
normal on the crack faces, respectively. The permeable
crack conditions assume that the crack does not per-
turb the electrical fields and the electric potential and
the normal component of the electric displacement are
continuous across the crack faces, i.e.

φ+ = φ− and D+ · n+ = D− · n−, (6)

where the superscripts + and− denote the top and bot-
tom crack faces. The free-polarization boundary con-
ditions imply that the gradients normal to the crack
faces of the polarization components vanish at the crack
faces, i.e.

dp+i
dn
= dp−i

dn
= 0, (i = 1, 2). (7)
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6 A. Abdollahi, I. Arias

It can be shown numerically that all of these condi-
tions are satisfied in the vicinity of the smeared crack
for a finite but small value of the regularization param-
eter κ , as expected in the sharp crack model (Abdollahi
and Arias 2011b). Other electro-mechanical crack con-
ditions can be modeled similarly (Abdollahi and Arias
2011a).

The energy terms are chosen following (Devonshire
1949, 1951) for the case of plane polarization and plane
strain as

U (pi, j ) = a0

2
(p2

1,1 + p2
1,2 + p2

2,1 + p2
2,2), (8)

W (pi , ε jk) = −b1

2
(ε11 p2

1 + ε22 p2
2)

−b2

2
(ε11 p2

2 + ε22 p2
1)− b3(ε21 + ε12)

×p1 p2 + c1

2
(ε2

11 + ε2
22)+ c2ε11ε22

+c3

2
(ε2

12 + ε2
21), (9)

χ(pi ) = a1

2
(p2

1 + p2
2)+

a2

4
(p4

1 + p4
2)+

a3

2
(p2

1 p2
2)

+a4

6
(p6

1 + p6
2)+

a5

4
(p4

1 p4
2), (10)

where a0 is the scaling parameter of the domain wall
energy, ai (i = 1, . . . , 5) are the constants of the
phase separation energy, bi (i = 1, 2, 3) are the con-
stants of the electro-machanical coupling terms and
ci (i = 1, 2, 3) are the elastic constants. The combi-
nation of the energy functions χ and W is the total
Landau-Devonshire energy density furnishing a multi-
well energy landscape with four minima corresponding
to the four variants of the tetragonal phase. The time
evolution of the governing equations along with a sim-
ple algorithm to solve the coupled system are presented
in Sect. 2.3, for the polycrystal model.

2.3 Phase-field model for fracture of ferroelectric
polycrystals

The total electromechanical enthalpy in Eq. (4) is
extended here to study the crack propagation in ferro-
electric polycrystals. For this purpose, the polycrystal-
line microstructure given by the model of grain growth
described in Sect. 2.1 is included in the formulation as
follows. In the models of brittle polycrystalline materi-
als, the fracture properties of the grain boundaries can
be characterized by assuming a lower fracture tough-
ness along these boundaries as compared to the grain

interiors. Other works (Grah et al. 1996; Sukumar et al.
2003; Verhoosel and Gutierrez 2009) have proven the
validity of this assumption for the study of the inter-
granular and the transgranular modes of fracture. In
the model of grain growth described in Sect. 2.1, the
grain boundaries can be identified through a function ξ

of the orientation field variables ηi defined as

ξ =
m∑

i=1

η2k
i , (11)

where k is a positive integer. The function ξ with
k = 1 is commonly used to visualize the polycrys-
talline microstructures. It has a unit value inside the
grains and smaller positive values at the grain bound-
aries (Fan and Chen 1997). Through this function, we
can easily assign a lower fracture toughness along the
grain boundaries than in the grain interiors. The critical
energy release rate in a polycrystal can be defined as

G poly
c = Gc F (ξ), (12)

where Gc is the critical energy release rate of the bulk
crystal, and the function F controls the weakening
of the material at the grain boundaries. This function
attains its maximum for ξ = 1 (inside the grains) and
its minimum indicates the ratio of the critical fracture
energy of the grain boundary to that of the grain interior.
By changing this ratio, it is possible to study the transi-
tion between the intergranular and transgranular modes
of crack growth in polycrystalline materials (Sukumar
et al. 2003). This ratio can be regulated in our model
by an appropriate selection of the function F and set-
ting the power k in Eq. (11) and the coefficients of the
gradient energy (κi ). Here, the function F is chosen to
be proportional to ξ , i.e. F (ξ) = ξ . The power of ξ

is also assigned as k = 1 to avoid decreasing the frac-
ture toughness towards zero along the grain boundaries,
which is unphysical. Note that other modeling options
are possible, but in the absence of precise information
about the grain boundary properties, the choices of the
function F and power k seem adequate.

We also assume that each grain is oriented along a
different crystallographic direction. In 2D, the rotation
angle 
 is defined and its value is assigned randomly
for each orientation field variables ηi (i = 1, . . . , m).
Then, the rotation field over a polycrystalline micro-
structure can be obtained as

θ =
∑m

i=1 Θiη
2
i∑m

i=1 η2
i

. (13)
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Numerical simulation of intergranular and transgranular crack propagation 7

The function θ has the value Θi inside the grains cor-
responding to the orientation field variable ηi . At the
grain boundaries, the numerator in Eq. (13) decreases
significantly. The function ξ in the denominator com-
pensates for this effect and assures a smooth transition
between the orientations of adjacent grains across their
boundaries.

Using the rotation field θ and following the phase-
field model of ferroelectric polycrystals (Zhang and
Bhattacharya 2005b), the electromechanical enthalpy
density h in Eq. (5) can be extended to polycrystals.
For this purpose, each of the energy terms in Eq. (5) is
transformed from the local coordinate system of each
individual grain to the global coordinate system of the
polycrystal, θ being the angle between these two coor-
dinate systems. It can be shown that the domain wall
energy density U , the electroelastic energy density W
and the last two terms in Eq. (5) remain unchanged by
this transformation. The only modified energy term is
the phase-separation potential χ which is converted to

χ poly(pi ) = f1

2
(p2

1 + p2
2)+

f2

4
(p4

1 + p4
2)+

f3

2
p2

1 p2
2

+ f4

6
(p6

1 + p6
2)+

f5

4
p4

1 p4
2

+g1(p3
1 p2 − p1 p3

2)

+g2(p5
1 p2 − p1 p5

2)+
g3

2
(p4

1 p2
2 + p2

1 p4
2)

+g4

8
(p8

1 + p8
2)+ g5(p7

1 p2 − p1 p7
2)

+g6

2
(p6

1 p2
2 + p2

1 p6
2)+ g7(p5

1 p3
2 − p3

1 p5
2),

(14)

where

f1 = a1, f2 = 1

4
[(3+ cos 4θ)a2 + (1− cos 4θ)a3],

f3 = 1

4
[3(1− cos 4θ)a2 + (1+ 3 cos 4θ)a3],

f4 = 1

8
(5+ 3 cos 4θ)a4,

f5 = 1

64
(9+ 20 cos 4θ + 35 cos 8θ)a5,

g1 = 1

4
(a2 − a3) sin 4θ,

g2 = 1

4
a4 sin 4θ, g3 = 5

8
a4(1− cos 4θ),

g4 = 1

64
a5(3− 4 cos 4θ + cos 8θ),

g5 = 1

64
a5(−2 sin 4θ + sin 8θ),

g6 = 1

64
a5(3+ 4 cos 4θ − 7 cos 8θ),

g7 = 1

64
a5(−2 sin 4θ − 7 sin 8θ). (15)

By replacing χ with χ poly in Eq. (5), the electrome-
chanical enthalpy density for a ferroelectric polycrystal
takes the form

h poly(ε, p,∇p, E, v) = (v2+ηκ)
[
U (∇p)+W (p, ε)

]
+χ poly(p)− ε0

2
|E|2 − E · p.

(16)

Finally, the total electromechanical enthalpy in Eq. (4)
is formulated for a possibly fractured ferroelectric poly-
crystal by considering Eqs. (12) and (16) as

H [u, v, p, φ] =
∫

Ω

h poly(ε(u), p,∇p, E(φ), v) dΩ

+G poly
c

∫

Ω

[
(1− v)2

4κ
+ κ|∇v|2

]
dΩ.

(17)

The evolution of the ferroelectric domain micro-
structure and the fracture results from the gradient
flows of the total electro-mechanical enthalpy based on
the time-dependent Ginzburg-Landau (TDGL) equa-
tions. Here, the primary order variables are p and v for
the microstructure and fracture processes, respectively.
Thus, the governing equations are obtained by assum-
ing that the displacement and the electric field adjust
immediately to mechanical and electrostatic equilib-
rium (with infinite mobility), i.e.

μp

∫

Ω

ṗiδpi dΩ = −
∫

Ω

∂h poly

∂pi
δpi dΩ, (18)

μv

∫

Ω

v̇δvdΩ = −
∫

Ω

∂h poly

∂v
δv dΩ, (19)

0 =
∫

Ω

σi jδεi j dΩ, (20)

0 =
∫

Ω

DiδEi dΩ, (21)

where 1/μp > 0 and 1/μv > 0 are the mobilities of
the processes. The stresses and electric displacements
are derived from the enthalpy density, respectively, as
σ = ∂h poly/∂ε and D = −∂h poly/∂E.

The weak forms of the evolution and equilibrium
equations are discretized in space with standard finite
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8 A. Abdollahi, I. Arias

elements. Equations (18) and (19) are discretized in
time with a semi-implicit scheme. A simple algo-
rithm to solve the coupled system in a straightforward
staggered approach is presented next. This algorithm
describes how to advance in one load step wn , and it
is meant to achieve steady states for both ferroelectric
domains and fracture processes in each load step. The
functions g(wn) and f (wn) encode the Dirichlet data
for the mechanical displacement and electric potential
as a function of the load step. After reaching a steady
state for both the polarization p and the phase-field v,
the values for vn , un , pn and φn are recorded and the
algorithm proceeds to a new load step wn+1.

Algorithm 1 for the coupled model
1: Let m = 0
2: Set v0 = 1, p0 = pini t , φ0 = 0 and u0 = 0 if n = 0
3: Set v0 = vn−1, u0 = un−1, p0 = pn−1 and φ0 = φn−1 if n > 0
4: repeat
5: m ←− m + 1
6: Compute pm in Eq. (18) using pm−1, um−1, φm−1 and vm−1
7: Compute um in Eq. (20) using pm and vm−1 under the con-

straint um = g(wn) on �D,u
8: Compute φm in Eq. (21) using pm under the constraint φm =

f (wn) on �D,φ

9: Compute vm in Eq. (19) using pm , um and vm−1 under the
constraint vm = 0 for vn−1 � ζ

10: until ‖pm−pm−1‖∞ � δ f erro and ‖vm−vm−1‖∞ � δv f ield
11: Set un = um , vn = vm , pn = pm and φn = φm

3 Numerical simulations and discussion

We consider a rectangular domain of normalized
dimensions 200×200 according to the normalizations
presented in Table 1. It is discretized with approxi-
mately 80,000 triangular finite elements of size h � 1.
First, the phase-field model of grain growth described
in Sect. 2.1 is used to obtain different polycrystalline
microstructures. The parameters of the kinetic equa-
tion (3) are selected as α = 1, β = 1, γ = 1,
κi = 0.5 and μg = 1. The time step �t = 0.25
is also chosen for the numerical integration scheme.
Twenty field variables (m = 20) are considered and
they are initialized with random small variables as
−0.001<ηi (i=1, . . . , 20)<0.001. Periodic boundary
conditions are applied. The simulation is carried out
on parallel processors for 7,000 steps using the finite
element library of the Kratos multi-physics package

Table 1 Normalization of the variables and parameters (i =
1,2,3)

x ′i p′i t ′ ε′0

xi
√

c0/a0/p0 pi /p0 tc0/μp2
0 ε0c0/p2

0

φ′ a′1 a′2 a′3 a′4
φ/
√

a0c0 a1 p2
0/c0 a2 p4

0/c0 a3 p4
0/c0 a4 p6

0/c0

a′5 b′i c′i G ′c

a5 p8
0/c0 bi p2

0/c0 ci /c0 Gc
√

1/a0c0/p0

(Dadvand et al. 2010). The contour of ξ in Eq. (11) is
presented in Fig. 1 for two snapshots of the polycrys-
talline microstructure evolution. Grain boundaries are
highlighted by darker regions in this figure. In the early
stages of the simulation, the field variables ηi start to
grow at different locations of the domain towards the
crystallization. After about 500 steps, a well defined
microstructure can be observed in Fig. 1a which con-
sists of about 220 grains. Further evolution of the model
leads to grain growth and coalescence. A coarse-grain
microstructure is obtained at the end of the simulation
which is depicted in Fig. 1b.

The two polycrystalline microstructures shown in
Fig. 1a and b are selected for the fracture simulations
in a fine- and a coarse-grain ferroelectric polycrystal,
respectively. The function ξ has the lowest value about
0.2 at the grain boundaries for both micostructures. It
has been shown that if this ratio is below 0.3, the frac-
ture mode is entirely intergranular over a fine-grain
microstructure (Sukumar et al. 2003). The grain ori-
entations 
i (i = 1, . . . , 20) are assigned randomly
between 0◦ and 45◦ using the function θ in Eq. (13).

For the fracture simulations, a monotonically
increasing mechanical load is applied by pulling the
top and bottom sides of the model with a uniform verti-
cal mechanical displacement such that u± = (0,±w),
where + and − indicate the top and bottom sides of
the model respectively and w is the load step, see
Fig. 2. The vertical mechanical displacement is also
constrained at the top half and bottom half of the left
side such that u2± = ±w. As this model does not have
any pre-crack, this extra boundary condition is needed
to force the crack to initiate at the center-left of the
model. For all the simulations, the initial polarization
pini t = (1, 0) is assigned along the positive x1 direc-
tion in the global coordinate system, see Fig. 2a. Note
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Numerical simulation of intergranular and transgranular crack propagation 9

Fig. 1 Two snapshots of the polycrystalline microstructure evolution at time steps a t = 125 b t = 1,750. The gray contour indicates
the distribution of ξ . Grain boundaries are highlighted by darker regions

(a) (b)

Fig. 2 a Computational model with boundary conditions; the
initial polarization p0 is along the positive x1 direction in
the global coordinate system. The orientation of each grain is
assigned randomly as 0◦ � θ � 45◦ which indicates the angle
between the global coordinate system (x1−x2) of the polycrystal

and the local coordinate system (x L
1 − x L

2 ) of each grain. Same
boundary conditions are also applied for the fracture simulation
of the fine-grain structure. b Distribution of the initial polari-
zation in each grain. The orientations of the initial polarization
vectors are indicated with arrows

that with the horizontal initial polarization and choos-
ing the grain orientations between 0◦ and 45◦, ferro-
elastic switching becomes favorable with an acceptable
mismatch between the grains, consequently leading to

strong interactions between the microstructure and the
crack propagation. For clarification purposes, the initial
polarization in each grain is presented in Fig. 2b for the
coarse-grain structure. As for the electrical boundary
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10 A. Abdollahi, I. Arias

conditions, the electric potential on the left and right
sides of the domain is set to 0. It is also assumed that
the normal component of the electric displacement van-
ishes on other surfaces, i.e. D · n = 0, representing the
free-space. All the boundaries satisfy the free-polari-
zation boundary condition.

For convenience, dimensionless variables are
selected through the normalizations presented in Table
1. The constants are chosen to fit the behavior of single
crystals of barium titanate (BaTiO3) at room temper-
ature, taking c0 = 1 GPa, a value for the spontaneous
polarization of p0= 0.26 C/m2, the relative spontane-
ous strains εa = −0.44% along a-axis and εc = 0.65%
along c-axis (Zhang and Bhattacharya 2005a; Wang
et al. 2007). The domain wall scaling parameter is set
to a0 = 3.7×10−9 Vm3

C . The normalized scaling param-
eter of the domain wall energy a′0 is used to adjust the
domain wall width in the computational domain. This
parameter has to be chosen such that the variation of
the polarization can be resolved by the discretization
while domain walls remain sufficiently sharp relative
to the other dimensions of the problem. These condi-
tions are met in the simulations by setting a′0 = 0.1.
The normalized parameters are presented in Table 2.

The intrinsic fracture toughness of BaTiO3 is
obtained from experimental results of an annealed sam-
ple as Kc = 0.49 MPa

√
m. Considering Young’s mod-

ulus and Poisson’s ratio for BaTiO3 as E = 100 GPa
and ν = 0.37, respectively (consistent with the elas-
tic constants ci , i = 1, 2, 3), the value of the criti-
cal energy release rate in plane-strain is obtained as
Gc = (1 − ν2)K 2

c /E = 2 J/m2. The value of normal-
ized critical energy release rate is then calculated as G ′c
= 4. Using this value and the obtained distributions of
ξ in Fig. 1a and b, the critical energy release rate is
defined over both microstructures in Eq. (12).

The residual stiffness ηκ must be chosen as small
as possible to avoid adding too much artificial stiff-
ness and permittivity to the elements in the fracture
zone, while preserving the non-singularity of the stiff-

Table 2 Normalized parameters

a′1 a′2 a′3 a′4 a′5 ε′0 G ′c

−0.007 −0.009 0.018 0.0261 5 0.131 4

c′1 c′2 c′3 b′1 b′2 b′3 a′0
185 111 74 1.4282 −0.185 0.8066 0.1

ness matrices used for the solution of finite element
equations. We take ηκ = 10−6 without any observed
numerical instabilities in the simulations.

The value of the fracture regularization parameter κ

is chosen based on parametric studies of the discretized
surface energy (Bourdin et al. 2008; Amor et al. 2009).
These numerical experiments indicate that setting κ ∼
h gives reasonable results, although the computed sur-
face energy can be expected to be slightly overesti-
mated. For the simulations of this paper, the regulari-
zation parameter is set to twice the element size as κ =
2, i.e. h/κ = 0.5. The remaining constants are chosen
as follows: two tolerances δ f erro = 10−3 and δv f ield

= 2 × 10−3, the threshold to detect the fracture zone
ζ = 2×10−2 and the inverse of the mobilities μp = 1
and μv = 15. One hundred load steps are computed
(n = 100) with load increments of �wn = 3× 10−2.
The normalized time step �t ′m = 10−2 leads to con-
vergent and accurate solutions for the numerical time
integration of the gradient flow equations in Eqs. (18)
and (19).

With the selected parameters, the lengthscales of
the model are obtained as follows. The width of the
domain walls and grain boundaries is spanned with
4–6 elements in the simulations, corresponding to 2–
3 nm, in the order of the experimentally measured
values in tetragonal ferroelectric ceramics (Stemmer
et al. 1995; Floquet et al. 1997; Tan and Shang 2002).
The crack is smeared over 10 elements resulting in a
width of 5 nm. The average grain sizes of the fine- and
coarse-grain structures are obtained as 5 and 20 nm,
respectively. Note that the physical grain size of the
ferroelectric polycrystals is in the order of microme-
ters. In this micrometer scale, extremely fine meshes
would be needed to model the nanoscale features such
as the domain walls and grain boundaries, demanding
massive parallel processing. However, the present con-
figuration provides a proof of concept of the model and
allows for a qualitative study. More physically realistic
computations are on the way.

Figures 3 and 4 present the final computed crack
paths (when the sample is splitted into two parts) in
the fine- and coarse-grain structures, respectively. It
is obvious in Fig. 3 that the crack propagates mainly
along the grain boundaries, demonstrating the inter-
granular mode of fracture in the fine-grain structure.
On the other hand, transgranular crack propagation is
observed in Fig. 4 where the crack propagates through
the grains. Experimental observations in ferroelectric
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Fig. 3 Crack path in the fine-grain ferroelectric polycrystal a the points where v = 0 are depicted in red to indicate the crack position
b field v representing the smeared crack

Fig. 4 Crack path in the coarse-grain ferroelectric polycrystal a the points where v = 0 are depicted in red to indicate the crack position
b field v representing the smeared crack

polycrystals also show this transition from intergran-
ular fracture for small grains to transgranular fracture
in the case of large grains (Kim et al. 1990; Meschke
et al. 1997).

To evaluate the effect of the fracture toughening
mechanisms, the evolution of the normalized crack
length (the second integral in Eq. (17) without the fac-
tor G poly

c ) is plotted in Fig. 5 as a function of the
load step w. Both the fine- and coarse-grain graphs
start from zero (intact model), and are almost iden-

tical until the cracks initiate at load step w = 1.17.
After this point, the crack in the fine-grain structure
starts to propagate abruptly, i.e. a small increase of the
load leads to a big jump in the crack length. This is
because after cutting the first grain, the crack starts
to propagate faster along the grain boundaries with
the lower fracture toughness. Interestingly, the abrupt
propagation stops at load step w = 1.2 (point a in
the fine-grain graph). This crack arrest can be easily
understood by tracking the position of the crack tip in

123



12 A. Abdollahi, I. Arias

0 1 2 3
0

50

100

150

200

250

300

Load Step

C
ra

ck
 L

en
gt

h 

Fine−grain
Coarse−grain

c

a

b

a

b

Fig. 5 Evolution of the normalized crack length as a function
of the load step. The letters, marked in the graphs of the fine-
and coarse-grain structures, correspond to the load steps shown
in Figs. 6 and 7, respectively

Fig. 6 Three steps of the crack propagation in the fine-grain
structure. The letters a–c correspond to the load steps marked
in the graph of the fine-grain structure in Fig. 5. In each load step,
the position of the crack tip is indicated by the yellow arrow and
the grain in front of the crack tip is highlighted with green. Crack
deflection around the highlighted grains is obvious in this figure

this load step, as presented in Fig. 6. As the crack meets
the first highlighted grain at load step a, it is forced
to move around the grain since the fracture toughness
of the grain interior is higher then the grain bound-
ary, leading to crack deflection along the grain bound-
ary. This phenomena is the so-called crack deflection
toughening in intergranular mode of fracture (Faber
and Evans 1983; Kueck et al. 2008). The crack shows
this behavior in other load steps b and c, where the crack
is arrested by the corresponding highlighted grains in
Fig. 6.

Regarding the crack propagation in the coarse-
grain microstructure, its crack-length graph in Fig. 5

shows a slower growth rate than the fine-grain struc-
ture. This is mainly due to the fact that, the trans-
granular mode of fracture in the coarse-grain struc-
ture allows the crack to interact with the ferroelec-
tric domain microstructure inside the grains. Due to
the high tensile stresses around the fracture zone, the
polarization vectors start to rotate towards the verti-
cal direction which leads to 90◦ ferroelastic domain
switching. Figure 7 presents two snapshots of the evo-
lution of the ferroelectric domain microstructure. The
formation of a multiple-domain structure ahead of the
crack tip is evident in Fig. 7a. The switched regions
form twins ahead of the crack tip. Since the crystal’s
unit cell is longer along the polarization direction, as
encoded in the Landau-Devonshire model, compres-
sive stresses in the vertical (x2) direction are induced
by the vertical twins, leading to a strong toughening
effect, already pointed out in the literature (Schnei-
der 2007; Abdollahi and Arias 2011b). 90◦ ferroelas-
tic domain switching is also favorable in the grains
with a high misalingment since the polarization vec-
tors in these grains can easily rotate towards the ver-
tical direction by the tensile loading. This leads to the
formation of multiple twins around the crack shield-
ing the crack tip from the applied loading. As the load
increases, these twins grow and additionally, a new
set of twins nucleates in the unswitched regions, cf.
Fig. 7a and b. The slow crack propagation periods,
observed in the graph of Fig. 5, correspond to the load
steps with a considerable expansion of 90◦ switched
domains. Therefore, the main toughening mechanism
in a coarse-grain ferroelectric polycrystal is the domain
switching-induced toughening. This toughening mech-
anism is also reported in experiments of crack propa-
gation in BaTiO3 (Meschke et al. 1997, 2000; Fang
et al. 2007). In contrast, 90◦ ferroelastic switching is
less pronounced in the fine-grain structure since the
crack propagates faster along the grain boundaries with
a lower applied load. It is obvious in Fig. 5 that the
crack length in the fine-grain structure reaches its max-
imum value sooner than the coarse-grain structure.
This maximum level correspond to the point when the
crack splits the model into two parts. Therefore the
effective fracture toughness of the coarse-grain struc-
ture is higher than the fine-grain, which agrees with
experiments (Meschke et al. 1997). Due to the crack
deflection in the fine-grain structure, the final length
of the crack is larger than that of the coarse-grain
structure.
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(a) (b)

Fig. 7 Two snapshots of the evolution of the ferroelectric domain
microstructure and the crack path at load steps a w = 1.32, b w

= 2.1. These figures correspond to the load steps marked in the
crack length graph of the coarse-grain structure in Fig. 5. The
local vertical polarization pL

2 highlights the domain structure.

Domain orientations are indicated with arrows, which are bold
white for the twins ahead of the crack. The points where v = 0 are
represented in black to show the crack position. Grain boundaries
are highlighted by white lines

4 Conclusions

We perform, to the best of our knowledge, the first
simulation of crack propagation in ferroelectric poly-
crystals with the goal of qualitatively evaluating the
effect of the grain size and ferroelectric domain micro-
structures on the fracture process. For this purpose,
we extend to polycrystals a phase-field model of frac-
ture in ferroelectric single-crystals by incorporating the
differential fracture toughness of the bulk and grain
boundaries, and different crystal orientations of the
grains. Simulation results show intergranular and trans-
granular crack propagations in fine- and coarse-grain
structures, respectively. Crack deflection is observed
as the main toughening mechanism in the intergranu-
lar mode of fracture in the fine-grain structure. On the
other hand, as transgranular fracture is the dominant
mode in coarse-grain microstructures, the crack inter-
acts with the ferroelectric domains inside the grains.
In particular, 90◦ ferroelastic domain switching results
in a considerable fracture toughening effect. All these
observations agree with experiment.

We also suggest that more work is needed for a quan-
titative evaluation of the combined effect of the poly-
crystalline microstructure and the ferroelectric domain
microstructure on the fracture response of ferroelec-
tric polycrystals. In particular, the relative physical

size of the grains and ferroelectric domains should be
considered for more realistic simulations. Besides the
grain size, the model presents three lengthscales: (1)
the width of the grain boundaries, (2) the width of the
ferroelectric domain walls, and (3) the width of the
smeared cracks. The first two lengthscales can be esti-
mated experimentally (Stemmer et al. 1995; Floquet
et al. 1997; Tan and Shang 2002). The latter is a numeri-
cal artifact, which could have a significant effect on the
simulation results. A sensitivity analysis on the regu-
larization parameter of the fracture phase-field relative
to the other lengthscales of the problem would be nec-
essary, as well as an extension to three dimensions.
Although domain switching is claimed to be the main
toughnening mechanism in coarse-grain ferroelectric
polycrystals, the intrinsic anisotropy of the crystal in
each grain, i.e. the different surface energy in different
cleavage planes, is bound to have an effect as well.
Besides, there is evidence that the properties of the
grain boundaries depend on the crystallographic mis-
orientation of the neighboring grains. Another impor-
tant issue is the quantification and relative magnitude
of the mobility parameters μp and μv , which can have
an important effect on the resulting response. These
topics are currently under investigation.

Finally, in the context of the multiscale para-
digm, the model proposed here targets a mesoscale,

123



14 A. Abdollahi, I. Arias

half-way between atomistic models and phenomeno-
logical macro-scale models. Although, the bridging to
the smaller and larger scale models is beyond the scope
of the present paper, one can readily envision some con-
nections. On one side, one can extract valuable infor-
mation about the parameters of the phase-field model
from atomistic calculations, possibly ab initio. Parame-
ters susceptible of atomistic feed are those defining the
Ginzburg-Laundau model, the mobility of the domain
walls, the fracture toughness along cleavage planes and
the structure of the grain boundaries, to name a few.
On the other side, our ability to model polycrystalline
structures and eventually three dimensional systems
will allow us to simulate the response of representa-
tive volume elements in a micromechanical approach
to extract effective properties for macroscopic phenom-
enological models.
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