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Abstract

The macroscopic description of the dynamical behavior of a porous solid composed of two nonwelded solid phases
saturated by a single-phase fluid is derived using two-space homogenization techniques for periodic structures. The pore
size is assumed to be small compared to the macroscopic scale under consideration. At the microscopic scale the two
solids are described by the linear elastic equations, and the fluid by the linearized Navier-Stokes equations, with appro-
priate boundary conditions at the solid—solid and solid—fluid interfaces. The nonwelded interface between the two solid
phases is represented by displacement and/or velocity discontinuities proportional to the stresses across the interface,
while the stresses are assumed to be continuous. After performing the homogenization procedure, constitutive relations,
Darcy’s and Biot’s type dynamic equations for the saturated composite porous material are obtained.
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1. Introduction

The study of the deformation and wave propagation in porous saturated media is a subject of interest in
many fields such as geophysics, rock physics, material science and ocean acoustics, among others.

The fundamental concepts about the stress—strain relations and the dynamics of deformable porous sin-
gle-phase solids fully saturated by a fluid were established in the works of Biot (1956a,b, 1962). This for-
mulation, widely accepted by the researchers in this field, assumes that the quantities measured at the
macroscopic scale can be described using the concepts of the continuum mechanics. In that context, the
validity of Lagrange’s equations and the existence of macroscopic strain and kinetic energy densities and
a dissipation function are assumed.

When the porous matrix is composed by two (or more) different solid phases, a more precise modeliza-
tion is required. Following Biot’s approach Leclaire et al. (1994) developed a phenomenological model to
describe wave propagation in a porous solid matrix where the pore space is filled with ice and water, assum-
ing no interaction between the solid and ice particles. This formulation, valid for uniform porosity, has
been extended by Carcione and Tinivella (2000) to include the interaction between the solid and ice particles
and grain cementation with decreasing temperature. This model has been recently generalized to the case of
variable porosity (Santos et al., 2004). These models are useful for different applications in geophysics, such
as seismic amplitude and velocity analysis in shaley sandstones (Carcione et al., 2000) and in permafrost
areas (Morack and Rogers, 1981; Carcione and Seriani, 1998) and for the detection of gas-hydrate concen-
trations in ocean-bottom sediments from seismic data (Carcione and Tinivella, 2000). This subject has also
received attention recently for the evaluation of the freezing conditions of foods by ultrasonic techniques
(Lee et al., 2002; Lee et al., 2004).

The equations governing the macroscopic behavior of porous media can also be obtained by means of
homogenization methods, which consist on passing from the microscopic description at the pore and grain
scales to the macroscopic scale. Important contributions to the solution of this problem were given by
Sanchez-Palencia (1980) and Bensoussan et al. (1978), who developed the so-called two-space homogeniza-
tion technique. This method provides a systematic procedure for deriving macroscopic dynamical equations
starting from the equations which govern the behavior of the medium at the microscale. It was successfully
applied by different authors to obtain a theoretical justification of Darcy’s law and Biot’s equations for sin-
gle phase media (Auriault et al., 1985; Burridge and Keller, 1981; Levy, 1979).

Following these ideas, the aim of this paper is to apply the homogenization procedure to obtain a rig-
orous description of the macroscopic behavior of porous saturated composite media. We restrict the anal-
ysis to the range of small deformations and for the case of Newtonian fluids, under the assumption of
spatial periodicity. At the solid—fluid interfaces the usual non sliding boundary condition was assumed.
At the nonwelded contact between the two solid phases continuity of stresses and velocity—displacement
discontinuities (proportional to the stresses across the interface) are assumed. These kind of conditions, rep-
resenting purely elastic, viscous or visco-elastic slip at the interface, are supported by experimental research
on fractures (see references in Pyrak-Nolte et al., 1990). Using this approach the constitutive relations, a
form of Darcy’s law and the equations of motion for this type of saturated composite porous material
are obtained.

2. Local description

Let us consider a porous medium consisting of a skeleton composed of two nonwelded solid phases,
referred to by the subscripts or superscripts 1 and 3, saturated by a fluid phase indicated by the subscript
or superscript f. In this work we will restrict the analysis to a simplified scheme in which one of the solids
envelops the other and the fluid is only in contact with this one. Fig. 1 shows two extreme configurations of
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Fig. 1. Some simple examples of the composite homogenization volume.

this model. Despite of its theoretical simplicity, it can be useful in some practical cases of interest in explo-
ration and reservoir geophysics. One example would be that of a sandstone mainly composed by quartz
with structural or laminar clay. This model would not be applicable if the clay particles are suspended
in the pores. Other interesting cases are that of porous marine sediments containing gas hydrates and frozen
sandstones. Among the different hydrate formation models, this formulation is applicable when the hydrate
or ice particles envelope the solid grains forming a continuous phase and/or when hydrate/ice adheres to
the pore walls, with no interstitial water. The model is not valid when these frozen constituents are depos-
ited only at grain contacts (similar to diagenetic cement) or when they are suspended in the fluid (as in Lec-
laire et al. (1994) theory).

The porous medium will be considered to be periodic and composed of a large number of periods, with /

and L denoting the length of the period and the macroscopic length, respectively, with a ratio e = — < 1.

The microscopic and macroscopic behavior will be described by the two dependent spatial variables x and
X . . . .

y = —. In this way the properties of the medium vary rapidly on the small scale vy and slowly on the large
€

scale x, so they are considered to be functions of (x,y) (Burridge and Keller, 1981). It should be emphasized
that the periodicity requirement is actually a mathematical tool and not a physical constrain.
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Let Q denote one period of our composite porous medium consisting in two nonwelded solid parts Q,
and €5 and a fluid part €, so that

Q= QU U,
with boundaries

' =20Q,NdQ, I'=00,Nn00Q;, I"=0QNn0Q j=113,
so that (see Fig. 1):

oy =r"ur' e =r"urtur', oaQ,=rur.

We aSSlflme that all parts are connected, that €, is completely surrounded by Q5 and that I'* does not inter-
sect I'".

We will analyze the behavior of the composite porous medium under a monochromatic oscillation of
angular temporal frequency . Thus all field variables will be understood to be defined in the space-fre-
quency domain. We also assume that at the local level the two solid phases are linear elastic and the fluid
is compressible and viscous Newtonian with constant viscosity #, density py and bulk modulus By (Auriault
et al., 1985; Burridge and Keller, 1981). We further assume that at this level the fluid motion is slow enough
to be described by the linearized Navier-Stokes equations and the transient Reynolds number (or equiva-
lently the dimensionless viscosity n/(wpge?)) is of order unity so that the fluid viscosity is scaled by ¢
(Auriault et al., 1985). Let u; and o;, j = 1, 3,f denote the displacement vectors and stress tensors of the three
phases, respectively and set v; = iwu;. The local variables are assumed to be zero outside their domain of
definition.

The local equations are

solid 1: V-g;=—w'pju;, in Q, (2.1)
a1 =ay:e(uy), in £, (2.2)

solid 3: 'V -g3 = — @’pyus, in Qs, (2.3)
gy  =az:e(us), in £, (2.4)

fluid: V- o; =iwpsrr, 1n Qf, (2.5)
g =—pd+1, inQ, (2.6)
 =2nete(vy), in Qr, (2.7)

iopy  =B¢V v, in Q. (2.8)

Here py, p3, @) and a; are respectively the mass densities and fourth order elastic tensors associated with the
two solid phases, depending on the space variable and Q-periodic. Also, ¢ denotes the linear strain tensor,
i.e.,

1 (v("l] 1 l“"I " \
€Uy ) ol e i
! I 2\ Ox, ox; /

Here and in what follows if a, ¢ and u are respectively, fourth, second and first order tensors, then a:e de-
notes the index contraction operation aye,,, with the usual Einstein’s convention of summing on repeated
indices. Similarly ¢ - # denotes the index contraction egu.

To develop the homogenization procedure we search for solutions u;, 13 and vy of (2.1)-(2.8) that are
y-periodic (i.e., we have periodic boundary conditions for u;, us, vy at rt, rt and r* and satisfy the
following boundary conditions among the different solid and fluid phases:
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o1-vir = ap- vy, on I, (2.9)
g1 - Vi3 = 03 - V13 :P[u]JrQ[lwu], on FB, (210)
vy =v, ON Flf, (211)

with v, 7,k = 1,3,f denoting the unit outer normal at the interface I” 7k In (2.10) the symbol [ ] indicates the
jump discontinuity in the corresponding variable at the I''? interface, i.c.

[t] = (uy - Vi3 + 13 - vay, 1 -;/_'l]_,' + us -;/__,'l), U - xl;' 4 us - ;/_}3,)), (2.12)

where ¢\3, x}3 denote two unit tangent vectors on I''® such that {v;s, 7.}, %3} is an orthonormal set on I'?,
and similarly for vs, x3ll) , 9(321). The boundary condition (2.10) is a generalization (stated in tensor form) of
that given in Carcione (2001), Schoemberg (1980) and Pyrak-Nolte et al. (1990) and models a nonwelded
contact between two solid phases assuming that the stresses across I''* are continuous but displacements
and/or particle velocities across I'? are discontinuous. Is is also assumed that displacement and/or velocity
discontinuities are proportional to the stresses across the interface, with the proportionality factors being
the second order interface tensors P and Q known as specific stiffness and specific viscosity tensors, respec-
tively. The tensors P and Q, which are dependent on the space variable and Q-periodic, are referred to the
local basis {vi3, xl;), X13I} For Q =0 Eq. (2.10) represents a purely elastic contact, while for P = 0 we obtain
a pure viscous slip.

As stated previously the schemes presented in Fig. 1 correspond to the simplest geometries. However, the
development is valid also for any irregular geometry as long as the requirements of spatial periodicity and a
single solid—fluid boundary are met.

3. The homogenization procedure

Next, following Sanchez-Palencia (1980) and Auriault et al. (1985), we expand the unknowns vectors u;,
us, 1y in asymptotic power series of € in the form

uf:ui(xay):utO)(xay)+€u51)(xay)+€2u52)(xay)+'“ 1:13f33: (31)

where the functions u,'-")(x,_v), n=20,1,... are Q-periodic. The same expansion is also used for ¢,, g5 and py.
Then we substitute the expansions (3.1) into Egs. (2.1)«2.10) and (2.11) describing the local behavior,
remembering that the spatial derivatives take the form

d 0 Lot 0
dx Ox ov
Similarly,
e—¢e.t+e le_vw V= Vx +e€ IVV, etc.

First, from (2.2) and (2.4),

gi=a;: (e, +e€ lev)(u/”' + el + - ) (3.2)

=¢ a;: e_‘,(ujm.) +a;: (:e._ (.MEO)) te, ('”.'f"-")') 4o

—cle Ve +--- in @, j=1,3. )
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Next, from (2.1) and (3.2)
€2V, -0, el (Vx a1, 'J’) + e<°)(V, o4+, asl)) SaEEE

= 7pjw2(u;0) + euj(vl) +--) in Q, j=1,3. (3.4)
Also, from (2.6) and (2.7),

o +eat 4= —p" T+ e(—pV1 + 2ne(u§°))) o= —pT f(*pﬁl)ﬂr o+ - ) in Q.

Next we use (2.9)-(2.11) to obtain the boundary conditions for the local problems. First, from (2.9) and
(2.11),

(r e ™ + ¢l + el + ) SVir ( pe 1+ e( pr 2ie, ( )) + ) v on ' (3.5)
Also, from (2.10)

(o1 40+ eal” 4 o) g = P[] + Q- fiou®] + (P V] + Q- fiou])
+--- on I (3.6)

4. Solution of the local equations at the lowest order

Let us consider the local equations for the solid at the lowest order: from (3.4) at ¢ ?and (3.2), (3.5) and
(3.6) at ¢ ' we obtain the elliptic system

V, a0 =0 inQ, 4.1)

0‘171) =a: ey(ugo)) in Q. (4.2)

a vy =0 onI", (4.3)

ot v; =0 on I (4.4)
It follows from (4.1)—(4.4) that

' (x,y) =1 (x) (45)
and from (4.2) we see that

a7V =o. (4.6)
With identical argument, for the solid phase 3 we get

uy (x.y) = uy (x), (4.7)

'=0. (4.8)

Next, from the fluid Egs. (2.5)(2.8) we get
)Iez(;'l, +te (Ve -V, +V, - V,) + e .‘_I:(-:_:lr) n ﬂ‘;h te l“ D, ))

(Ve +e 'V_‘,)( O ep! 4+ Ep 4 ) + uupr( 't} ) in Q (4.9)
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and

o(p" + el +-) = Br(V - +¢7'V,) (u§°) +ef) + P +--1) in Q. (4.10)
Thus, from (4.9) at e we get

pey) = pP(x) in Q. (4.11)

The analysis in this section shows that the zero order terms pﬁo), u%o) and 1\ only depend on the macro-

scopic variable x.

5. Solution of the local equations for the solid phases. The next order

Here we will find expressions for the solid displacements at order one, i.e., u}", u}’.

First, from (3.4) at e ! and (4.6) we see that

V, o =0 in Q. (5.1)
Also, from (3.2) at €.

¥ = a; : (e',.(u'l”') 1 c’l.(:h‘lll)) in Q. (5.2)
From (3.5) and (3.6) at €” we get the boundary conditions

o\ vie = —pV(x)vir on I, (5.3)

o vz =P - [u9 + Q- [iwou®] on ' (5.4)
With identical argument we get the following equations for the solid phase 3:

V,-a =0 in @, (5.5)

O‘go) =ay: (e',.(u;”') 4 c’l.(:i‘f:h)) in Qjy, (5.6

o vy = P9 — Q- iou®] on ' (5.7)

Let us formulate (5.1)(5.4) and (5.5)(5.7) in variational form. Set
#, — {x e [H'(Q)], «is complex valued and Q—periodic}, j=1,3.
Then a weak form of (5.1)(5.4) can be stated as follows: find u%” € "//;Z such that

(.a; :c.,.(ui]l ).e,.[:{_})g - --(tq :c*‘(a.‘:]”")_c'.(.'x])f [tpEO)vlﬂdS
1 ] ry
; !/ P-[d% + Q- iou™]ads, «cwl, (5.8)
Jris

In (5.8) (-, -)g, denotes the complex inner product in L*(£2,), @ denotes the complex conjugate of o and dS is
the surface measure in the corresponding surface.
Eq. (5.8) can be rewritten in the equivalent form: find u{" € %}, such that
! (14 \ '+ TP ' _ (0 [ _
ay e luy ).en(2) = —p. (x) Vigy - % dS — eyl v / 1 it (X, Ve (3) dy
[_16(1} { )f—ﬂ 2 ./}“_lu I € (I!|)‘”l£|:r(_),t()_

+ [.”ijlz‘ ”.;I‘. ) ‘ / i [.P..| } iftJ(_), 1 1 Vi3 !E, ds } J/ (Pr2 —+ ICOQ;,Z)X%[&, ds
J I ri

f /’.I‘LP,.; F if*»‘ng)ngﬁrdS‘, xE W (5.9)
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Similarly, a weak form for u.' is given by: find u} € #",, such that

(u; ‘e (ugl)) , ey(oc))g = —exylm(ugo)) /( a3 piim (X, Ve, (@) dv + (u(loj) = ugot))

'/13 (Prl -+ iCOer)VBJ&rdS
r

! /B<Pr2+inrz>x§2@dsi /B(Pminﬂ)x%é",&,dS‘, nE WG
Jr JI L
(5.10)

The solution of (5.9) and (5.10) can be obtained by superposition as follows. For j=1,3 and 4 =P or
A= 0, let 2! pprim geirid) gp2eitd) g g3t pe the solutions of

(ar Iey(Zlf'l),ey(oc)QI = / vir8dS. o € #7, (I not summed),
Jrir

(a, @ ey I-"""""].c-l,[x}!;,_l / i (X, V)ey (@) dy, o0 € #, (r,t not summed),

Q

(a: e, (WD) e (), /A,lxy)vlgtoc,dS o€ ¥ (r not summed),
' FIS

(a; : e,(W/H ) e, (F), = / A,z(x y)xmoc,dS x€ ¥, (r not summed),
(a; : ey(Wf*3"t'<A)), ey(oc)gj = /FBA,g(x, _v)xlg‘lac',dS, o€ #% (r not summed).

Then the solutions of (5.9) and (5.10) defined up to vectors w7, 115 which are functions of x alone are given by
ug )( Zzlfl + e ”1 Z ylatin (”:JT (x) :r!_'j’,'(.r_]) Z Z(Wl,n,rt,(P)

+ i@y 4 ) (5.11)

and
u ' (x.y) = ex,zm(u'_f"’f_r)) PR L (uiﬁ_;(x) —ul) (x)) SO (e i) fuy (5.12)
: vt n ¥

Let the third order tensors &), &3, the first order tensor fjr and the second order tensors
o7, o 1 and 1" be defined by

&iims(X, ) Z v m 5 — 1,3, Bss(x,y) = Z;w
1
3alx.2) Z Z & (o) = Z Z R, (5.13)
lx,y) LLH P} @ (5 = ZZWzm

Then the solutions u," = (u,”). u}’ = (ug ) in (5.11) and (5.12) can be written in the form
il (5, 3) = Bura( ) () + Enmlr)ewm (il () + 31 e, ) (1) ) — ) ()
+ 10 e, ) (00 () — oy () ) + i, (5.14)

ué{ﬁ(x,y) = f;'_:,;m,{-\'-y)ex,szﬁ' (x)) + 8¢ (u] (x) -u;_','{:c}) 1 F‘:‘,J.[-_i"?“’:l,].-l{-"} ium;;l_'l_'{'.\‘}) buz,. (5.15)
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6. The constitutive relations

First, from (4.10) at ¢” we get

iwp "B, =V, o +V, 0" in Q. (6.1)
Next, it follows from the adherence condition (2.11) that
o =ioul” on T, n=0,12,... (6.2)

As the fluid velocity field vy depends upon both x and y, to extract its slowly varying part we will average it
over the fast variable y. In general we define a volume average of 6(y) over Q, where 6 is defined to be zero
outside its domain of definition, in the form

o |

(0) |Q / ((y)dy (6.3)
and we also deﬁne the surface average

() [

({B)) |F“] o 0(y)ds. (6.4)

We introduce the coefficient

| (6.5)

which gives a measure of the porosity of the medium. Then, averaging over Q in (6.1) and using periodicity
and (6.2) we conclude that

/ 1 58] ; 0)
Vi - \1-; N = d)m)l%'1 pf |g)| v1 v dS = ¢iwB; lpf |g)| /F” 1cou1 -vypdS
1 1 1 . 1
= ¢ioB; 'p|’ +H1w v, dy d’lzﬁlw /F13 - i3S, (6.6)
where
I
d)l} |Q| +

Next, subtract the identity
iwdle, (u%'”) —iwdpV, - u”

from (6.6) and use (5.14) and (5.15) for expressing the terms u ), j = 1,3 1in the resulting equation. Then,
defining the scalar J, the second order tensor y; and the first order tensors M and ¢ by

J = ¢B; + (Vy - By — dallBre - vis)),

==V, &)+l + 4)13((51 vi3)), 67
b
MY = (¥, 8)7) + ¢1a{(0) vn>>, '
N = (V- J”]Q !+ @3 \\[” “vi3))
and introducing the absolute average fluid displacement in the form
g 1 (') (6.8)

: b
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we obtain the following equation for the macroscopic fluid pressure p§0)

"

oo =SV U+ G o)
e, (ui‘”) JrMTd} (ui"” - r.";”') { NI: ¢. (iwulo) = iwugo)) +#MT - {{v13)). (6.9)
Next, from (3.4) at e we have ‘ .
(7/0) =a;: ex(uﬁo)) +a;: ey(uj(l)), j=173 (6.10)

Using (5.14) and averaging over Q in (6.10) we conclude that the macroscopic stress in solid phase 1 takes
the form

(o) = Crien () + fan s (B’

+ (_a] ey ( \II" ) - (.xr:“' = 1,_.1".') + {{u_ se, (,u :" ] . (iwulo' = iwugo)), (6.11)
where C) is the fourth order tensor given by
Cr = (a1 : (I + &(E1)). (6.12)

Thus, using (6.9) in (6.11) we obtain
1 ] ! 10}
<‘7§0)> = {Cl + (a1 : ey(ﬂlf))j(yl - d’l" : ex(ug())) + (a1 : "'-tl'r"l.i'.”&;v: X '{-":'

T {ar e (i) P2 - () +

:'l! b (] [l
7 {ay :ey(égp))) by ce (B | - () — 1)

J \

N

+ e ey(#@)) + —

- (8| - ond? — ion), (6.13)

Similarly, using (5.15) in (6.10) for the macroscopic stress in solid phase 3 we obtain

)

<O"30)> =Cy: exlu;n) - {ax: ey(ég’))» S — ")+ {an ey(,qu)D lou,” — ol (6.14)
where the fourth order tensor Cj is defined by
Cs = (a3 : (I +(&3))). (6.15)

Remark. Egs. (6.9), (6.13) and (6.14) are the macroscopic constitutive relations for (a%m) and (ag)’) and the
fluid pressure pg()). The coefficients in these relations contain information about the size and geometry of the
interface I'® between the two solid phases and explicitly show how the microscopic displacement and/or
particle velocity discontinuities affect the macroscopic stresses and fluid pressure.

7. The equations of motion
7.1. Derivation of Darcy's law
Now we shall obtain a general relation between the relative velocity of the fluid and the macroscopic

pressure gradient through a generalized permeability tensor, taking into account the elastic deformation
of the solid in contact with the fluid.
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First, from (4.9) at € we get
nAw =V, -2 (0 = vpl + vl + iwppl”  in Q (7.1)
and from (4.10) at ¢ :
V,- 0" =0 in Q. (7.2)

We now introduce a vector field EEO) representing the zero order relative velocity of the fluid in the frequency
domain, given by

70 = v —iwu)" (x).  in O, (7.3)
so that

i =0 onIM, (7.4)
In terms of this relative flow Eqgs. (7.1), (7.2) become

~V, - @) + Vpt” +iop 3 = fOx,0) in Q, (7.5)

vV, -5 =0 in (7.6)
where

SO, o) = = [V + iopeel”). (7.7)

Let us solve the cell problem (7.5) and (7.6) for T)EO) with the boundary condition (7.4). Set
Vo ={oc [H'(Q)].V,-0=0,0=0 on I'", ¢ is complex valued and € — periodic},
provided with the natural (complex) inner product in L%(€y), denoted by (-, ), - Then a variational formu-

lation of (7.5), (7.6) and (7.4) can be stated as follows: Find r-|-”' € ¥ g such that

(W]VEI(O),V(,D)Q +i(z)(\pf5;0),(p) = 1%, w) - / @dv, @<V, (7.8)
i

Q@ S0

It is known that (7.8) has a unique solution, which can be found as usual by solving the following set of
problems (Sanchez-Palencia, 1980). Let }* for s = 1,2,3 be particular solutions of the problem

(VI Vp)g Hio(p V", ¢)g, / o, dy, ety (7.9)

2
and set the second order tensor .# given by
H(x,y,0) = (A )y =V (7.10)
Then by linearity we obtain the solution
o = fOx, ). (7.11)
Integrating (7.11) over € and dividing by |Q] the resulting equation we obtain
0) ol = o) - [V 1 iopl?)], (7.12)

which is the form of Darcy’s law for this system, being (# (x, w)) its generalized permeability (Auriault
et al., 1985).
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7.2. Dynamic equilibrium equations

In this section we will find a set of coupled differential equilibrium equations governing the macroscopic
motion of the three phases.
To formulate the equation associated to the fluid phase, first we introduce the second order tensor H
given by
H=(¥)"'=H +iH,. (7.13)
Then, using (7.13) and (6.8) we can rewrite (7.12) in the form
i hid+ . 5 f hEl+ .
foPEO) = = (_ofl — ‘—) ) - o ( —) : UEO) + teohH y - (Ugo) = ugo)). (7.14)
\ ) .

Next, we obtain the corresponding equations for the solids starting from (3.4) at ¥

V. 0049, 6V = —pou® inQ, (7.15)
V. o' 4V, a0 = —pso’ul” in Q. (7.16)

Also, (7.1) can be stated in the form
v, -6 = prg()) +iwp?  in Q. (7.17)

Next, using (2.9), (2.10) and periodicity in the y-variable to cancel the outer boundary terms,

/V dv+ /V af dy / (71 -y dS + / (Tf -vpdS = / gy - vizdS
Jo, " J J

Qf frel) 30 Jrs
= /1 (P[] + Q- [iwou']) dS. (7.18)
i
Thus averaging (7.15) and (7.17) over Q and adding the resulting equations we conclude that
Vi <<7§0)> = Vi (PEO)U T T? = *w2</’1>”§0) + iwpf@?)))’ (7.19)
where
ﬁ | [! L [+ Q- [lwu'V])dS. (7.20)

Next use (2.12) and the expressions for ugl), ugl) given in (5.14), (5.15) to compute the boundary term 7% in

(7.19). For this purpose it is convenient to define the first order tensors AP A9 the second order tensors
720 79 OO prO O and the third order tensors o), «f” given by

Zy = Pavis; + Pszxglz),l + Pszx%),;,

) 1 ]
ZLIQ = Qgviz; + Qszxgz),l + Oaliz

_AP) ,
bt 'Zsl F jodemrs aﬁ',%nr - Zi?)&.:f.}mr- J = la 3,

' smr
AD =2 By AL =Z5 By,

P), (P P 0 P (© 0
ng) = Zil)(ég,l)t - 5g,l)t)a Egj S Ziz)(ﬂg,li - :ug,li)v

P P 5} )
E@D — 7260 — 677), EP — 2208 —ul).
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Thus, using these definitions in (7.20) and taking into account that (pio)l) = ¢Ip§0) Eq. (7.19) becomes

Ve (07) = 6Tt + s [ () () + (7)) < el + (AP + (ED) - (" )
+((ECD) - (ion)” — o) + (42)) : exlion”) + () : e, (ion)”) + <<A<Q>>>iwp§°>
+ ((E@P)) - (it — i) — @ ((ED)) - (u” — ) + ((Z7)) -t} — u3)

(29 - (oo — iou)] =~ {p)u” — @ p U} (7.21)

Next using in (7.21) the expressions for p§0) and its gradient obtained in (6.9) and (7.14), respectively, we
conclude that the equilibrium equation associated to the solid phase 1 takes the following form:

ot s )
Ve (6 + G e, () + G : €,(u?) + rfJ|1_7 (AW, - U® + D@ . ex(lwufo))

+DQ) ex(lwu3 )+ ¢13_“ 1NV, - (W)U;fO))
" 0 !!T
= —lipud) — dlpd — 62—~ FO - — 2P @ i) — (o] — §2)

U —iofgt (W~ uEO)) —F9 () — ug())) — Fo) . (iwul U lwugo))
— ¢ ((ZD)) - (] —ut) — $1:((2'9)) - (lou; — ious) (¢[T]

2
A ()~ L2 (A (. (1.22)

In (7 22) we have introduced the second order tensors F''. F'"¢ p¢ and the third order tensors
Gl ,GP) D(Q DQ by the formulae

G = (e +5 (1 — SDUATN), G = il

; e I T L 741
= (@) + 500 — eDUADY), D = (7).

(
P = g () + 2L ((a),

ALQ) AP

FPO — s (UEFOY) 4 ((EQM)) 4 {AFY)) 4 — ——{t. 1120y,

()]
~ guslE@) + 2 a9y

In the same fashion, to obtain the equation of motion associated with the solid phase 3 we average (7.16)
over 2 to conclude that

V- <<7§0)> - ¢13T13 = *w2</’3>”§) (7.23)

Finally, applying in (7.23) the argument leading to (7.22) we get the following macroscopic equation of
motion for the solid phase 3:
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f o )
Vo (09) — G s ) — 60 e,l?) — iy AN, - UP D s e enl?) — DP

ex(iwugo)) — f,f.;l_lr—f:-{ (AW, - (inEO))

— —o*[(p]) — FO 1l — ?F 9 0 1 FO . (Y — i) 4 FEO . (igon”

(3)”

J
) (AN iy - ((viz)) + {(ADYiwu; - ((v13)). (7.24)

Eqgs. (7.14), (7.22) and (7.24) are the equations of motion for our composite system. The equation of motion
for the fluid (7.14) is the same that for the classic Biot’s theory, due to the restricted geometrical configu-
ration being analyzed in which only one solid phase is in contact with the fluid. The equations of motion
(7.22) and (7.24), expressed in terms of the macroscopic particle displacements ug )| 1130) and Ufo) , contain
zero order jumps, first order spatial derivatives and mass terms relating such macroscopic variables, all
of them with coefficients indicated by the superindices (P), (Q) and (P, Q). The equation of motion
(7.22) for the solid phase 1 also contains the classic viscous dissipative Darcy term related to the relative

fluid flow between the solid phase 1 and the fluid.

27 -y —15) + 615 {(Z29)) - (ioou; — foous) +

<¢13>2
J

1cou3 N+ i

8. Conclusions

We have obtained the constitutive relations and the equations of motion representing the macroscopic
monochromatic motion of a fluid saturated porous solid in which the matrix is composed of two nonwelded
solid phases by employing the two-space homogenization procedure. The analysis is carried over for the case
in which the local Reynolds number (or equivalently, the dimensionless viscosity /(wpe?) is of order unity.
As expected, the behavior of the composite system is determined by the boundary conditions at the solid—
solid interface, where it is assumed that at the microscopic level the stresses are continuous while the
displacement and/or particle velocities are discontinuous. The macroscopic equations obtained display
the static and dynamic interaction among the three phases. The jump in the microscopic displacements
and/or velocities introduce jumps in the corresponding macroscopic displacements and/or velocities in
the constitutive relations (6.11) and (6.14). Those microscopic jumps also introduce zero order jumps and
first order terms in the macroscopic equations of motion (7.22) and (7.24) for the two solid phases, as well
as dissipative terms related to the difference between the macroscopic particle velocities of the two solid
phases. Since only one solid phase sees the fluid phase, the equation of motion for the fluid (7.14) reduces
to that of the classic Biot theory as in references (Auriault et al., 1985; Burridge and Keller, 1981).
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