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Abstract
In this article, we investigate partially truncated correlation functions (PTCF) of infinite continuous
(2' systems of classical point particles with pair interaction. We derive Kirkwood-Salsburg-type equations
(@) for the PTCF and write the solutions of these equations as a sum of contributions labelled by certain
orest graphs, the connected components of which are tree graphs. We generalize the method developed
[Q\|
by R.A. Minlos and S.K. Pogosyan (1977) in the case of truncated correlations. These solutions make it
8 possible to derive strong cluster properties for PTCF which were obtained earlier for lattice spin systems.
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1 Introduction.

Correlation functions were first introduced in Statistical Mechanics by L.S. Ornstein and F. Zernike at
the beginning of the 20th century in the study of critical fluctuations, see [25]. Mathematical studies
apparently began with the work of J. Yvon [36] and the independent works of N.N. Bogolyubov [3], J.G.
Kirkwood [16], and, M. Born and H.S. Green [5]. In some sense, they were completed in the works of O.
Penrose [26], D. Ruelle [33], and, N.N. Bogolyubov et al. [4]. Correlation functions are the probability
densities of correlation measures and were called m-particle distribution functions by N.N. Bogolyubov,
which more accurately describes their meaning. The physical correlations between particles are in fact
described by the so-called truncated correlation functions (TCF), or connected correlation functions,
which become zero in the absence of interaction between the particles.

When studying the thermodynamic properties of statistical systems, the important characteristics
are often interactions between groups of particles (the so-called clusters). Correlations between clusters
are described by the so-called partially truncated correlation functions (PTCF), or partially connected
correlation functions. In [20], J.L. Lebowitz derived bounds on the decay of correlations between two
widely separated sets of particles (two point-PTCF) for ferromagnetic Ising spin systems in terms of
the decay of the pair correlation. Later, in [10], some ’physically reasonable’ hypotheses on the decay
of the TCF and PTCF were presented and discussed. In subsequent publications of these authors [11]
12], various strong decay properties were proved for TCF of lattice and continuous systems in different
situations. In [I4], some general results on strong cluster properties of TCF and PTCF for lattice gases
are presented (in fact, the proof of their main theorem involves long technical parts which were obtained
in unpublished work of one of the authors).

In this paper, we consider classical continuous systems of point particles which interact through a
two-body interaction potential. We derive equations of Kirkwood-Salsburg-type for the PTCF and apply
the technique that was proposed by R.A. Minlos and S.K. Pogosyan in [22] to obtain solutions of these
equations in the form of a series of contributions of certain forest diagrams. Such a representation makes
it possible to obtain strong cluster properties for the PTCF in a convenient form for deriving estimates.
We stress the point that explicit formulas for the upper bounds are obtained, some of which rely on some
original (to our best knowledge) combinatorial identities.

2 Mathematical background.

2.1 Configuration spaces.

Let R? be a d-dimensional Euclidean space, d > 1. By B(R?) we denote the family of all Borel sets in R?
and by B.(R?) the system of all sets in B(R?) which are bounded.

The positions {x; };en of identical particles are assumed to form a locally finite subset in R?. Because
the particles are assumed to be identical, the ordering is irrelevant. Moreover, there can be more than
one particle at any point. The configuration space is therefore given by locally finite maps

[ =Tga:={y: R =Ny : Z’y(m) < oo for all A € B.(RY)},
rEA

where we set Ng := NU {0}. For any A € B.(R?), we hereafter denote by v the restriction of v to A.
Further, we define the space of finite configurations I'y in R? as

Lo:= [ | ™, T™i={yel: ) ~)=n},
n€Ng z€R?

and the space of finite configurations in A as

Ty = |_| I‘E\"), I‘E\n) ={yel: Z'y(m) =n, Z v(z) = 0}.

neNg zeA rEAC

The topology on I is generated by the subbasis {O%}, where m € Ny and K runs over compact subsets
of R? with nonempty interior, given by, see, e.g., [34, Sec. 5],

O :={yel: > @)= Y @) =m}

zeK z€Int(K)



The topological space T is a polish space (i.e., metrizable, separable and complete). The corresponding
Borel og-algebra B(T") is generated by the sets

Wy i ={yel: Zy(w) =m}, A€ B.(R?).
zEA
For further details, we refer the readers to [23] 2I] and also the later works [17, [18].

2.2 Poisson measure on configuration spaces.

States of an ideal gas in equilibrium statistical mechanics are described by a Poisson random point measure
.o on the configuration space I', where z > 0 is the activity (determining the density of particles) and
o denotes the Lebesgue measure on R?, i.e., o(dx) = dz. So 7., is the Poisson measure with intensity
measure zo. To define m,, on I', we first introduce a Lebesgue-Poisson measure \,, = )\2‘0 on the space
of finite configurations T, A € B.(R%) or Ty, see, e.g., [23]. Given an n-tuple (z1,...,x,) € A", define

n
Varom iz (@) =D 1y (@), (2.1)
=1

which is independent of the order of the points z1, ..., z,. Given a continuous function F : I' — R, we can
put F(w1,...,%0) := F(Y(ay,...,z))s ® € N which defines a continuous symmetric function F, : R™ — R.
Then, we define,

o0 Zn
FOD () = 3050 [ [ POy dor o,
n=0

> on
= Z—'/~-~/Fn(ml,...,xn)dxl-ndxn,
n:On' A A

where the term n = 0 in the sum is set to 1 by convention. It can be seen from (2.2)) that the family of
probability measures

Ta
(2.2)

o= efZU(A))\QU, A € B.(RY),

z0o
is consistent (i.e., forms a projective system), and by standard arguments, one can prove that there exists
a unique probability measure 7., on the configuration space I" which is the projective limit of 72 .
The main feature of the measures m,, and )., is the independence of restrictions to disjoint Borel
sets, which is called infinite divisibility, see, e.g., [I3, Sec. 4.4]. This means that, for example, in the
configuration space 'y, the following lemma holds.

Lemma 2.1 Let A € B.(R?) and X, € B.(RY), k = 1,2 such that X; N Xy = () and X1 U X, = A. Then,
for all measurable functions Fy, : I'x, — R, the following identity holds

Fi(0)Fa(7) Aeo(dy) = / Fi(0) Aso(d) [ Fa(3) Ao (d).

Ta Ix, T'x,

In [30} 28] 29] this property is the main technical tool in proving the existence of correlation functions
in the infinite-volume limit. The following identity is similar, and will be used extensively.

Lemma 2.2 Given A € B.(R%) and for all positive measurable functions F : Ty — R and H : Ty xT'p —
R, the following identity holds

/FA F(y) Y H(n,y—n) Ao(dy) = /FA /FA F(n+~)Hn,7) Ao (dn) Ao (d). (2.3)

n<~y

Proof. Set d"z := dx; - - - dz,,. By (2.2)), the left-hand side can be rewritten as

=1
ZE/A Fn(.’ﬂl,...,l'n) Z H‘]‘,n_‘]‘(l'],l'[c)dnx

n=0 Ic{1,...,n}
1 n
—ZZ( >/ Fo(1, oo Ty Tt 1s - Zn) Hipem (1, o, &y T, -+, ) A
n! m n
n=0 m=0
oo oo 1
:Zzi/ / F’m+k(x17"’7x’may17"‘7yk)Hm,k(x1w~~7xm7y17"'7yk)dm‘rdkya
== VED Jam Jak



where we set 1¢:={1,...,n}\ I. It remains to use (2.2)) again, and (2.3) follows. Bl

2.3 Distributions in D'(T).

The space of test functions D(T'g) consists of functions F' : g — R given by a sequence (F,),en of
symmetric functions F,, € C§°(R9") with common support such that

F(V) = F(’y(xl,...,xn)) = Fn(xla v ,l’n), for any vy € F(n)7

where ¥(z, ... z,) is defined as in (2.1). Hereafter, we denote |y|:= )" cpay(z), v € I'o.
For a given j € C§°(R?) with |j| < 1, we introduce the function x; : I'y — R defined as

1, n=90,
n = x;(n) = { [T, |nl>1. (2.4)

Here and hereafter, € 7 means x € R? such that n(z) > 1. Clearly, x; € D(I'y).
For any n € I'y, we define distributions d,, such that, for any F' € D(I'y),

(60 F) = | Sy (NF () Aso(dy) = 2" F (). (2.5)

In terms of ’ordinary’ distributions, this means that

0, if |y # |nl,
1, if v=n=0,
8y(7) = m e
>, I oz — yﬂ(k)), if v= Y(@1seom)s = YW1seeyYm) >
TES, k=1
where S, is the group of permutations of {1,...,m}, and the product is a direct product of d-functions.

Note that, if 71 - no = 0 for some 71,72 € I'g then §,, and d,, commute. Given collections (n;)i2; of
n; € T'p with 7, - ny =0 if i # ¢’ and complex numbers ()™, we can then define the product

m m

[T A0 =TI +ai 3 6 (26)

=1 &<y

Note that, if n; - n;; = 0 for ¢ # 4/, then

Hzé”h@»:zé;m(f)’ Ic{l,....m}

i€l &<y €<y
In distributional form, we have
T 2wm) F) = Y Haiz"”‘/ FOY 01 +7) Ao (). (2.7)
i=1 I1c{1,...,m} i€l To  er

Indeed, by (2.3) (in distributional form) along with (2.5)),

/F 0 F(V);:f;zm(é) Moo (d7) = /F €+ (6 2 () Ao ()

iel i€l
el

> Inal
— yiet /FF(Zerv)Aw(dw
0

el
3 Correlation functions.

3.1 Interaction potential.

We consider a general type of two-body interaction potential

Va(z,y) = ¢(lz —yl),



where ¢ : [0,400) = RU {+0o} satisfies the following conditions.
(A): Assumptions about the interaction potential. The potential ¢ is continuous on (0,+00),
#(0) = 400, and there exist constants 0 < ry <rg <o, 1 >0, o2 >0, s >d and g9 > 0 such that

#(r) = ¢t (r) for 0 <r <7y, and ¢T(r) > 17~ ° for r < ry; (3.1)
P(r) = —¢~(r) for 7> 1o, and ¢~ (r) < @ar~ @750 for r > ro,

where ¢ and ¢~ denote the positive and negative parts of ¢ respectively defined as

T (r) := max{0,¢(r)}, ¢ (r):= —min{0, ¢(r)}.

The shape of such potentials is illustrated in Figure
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Figure 1: The Lennard-Jones potential.

A typical example is the Lennard-Jones potential, see, e.g., [33] [§], given by

6
c(|z]) == ﬁ(w ~1),

where g > 0 is a given constant. It is clear that the potential ¢, 7 is strongly superstable, see, e.g., [31].
Given n,v € Iy, we define the total particle interaction energy U(+y) in the configuration v and the
interaction energy W (#n;~) between the particles in the configurations 1 and 7 respectively as

U(Y) =Up(7) =Y _ Va(n), (3.3)

s
W) =Y _n@)vw)e(z - yl). (34)

Note that, under our conditions, U(y) = +oo if v(x) > 2 for some z, and similarly, W (n;7y) = +oo if
and «y overlap, i.e. there exist some x such that n(x) # 0 and y(z) # 0.

Remark 3.1 The conditions (3.1)) and (3.2)) are more restrictive than needed to obtain the basic expan-
sions for the correlation functions. Sufficient assumptions to obtain analytic expansions are stability

U(v) > =By, B=>0, yeTy, (3.5)

and regularity, see, e.g., [33, Sec. 4.1],
v1(B) ;:/ va(z)de < 400, with vg(x):= e P?UeD 1|, (3.6)
Rd

We emphasize that (3.5) and (3.6) hold true under the conditions (3.1) and (3.2).



3.2 Gibbs measure.

With the notation introduced above, given A € B.(R?), the Gibbs measure ya on the configuration space
T') is defined as

1
/”'A(d’}/) = 7e—ﬁU(’y) )‘zo(d’}/% (37)
ZA
7y = / U N, (dy), (3.8)
Ta

where Z, is the finite-volume partition function. For a survey and discussion of problems related to the
construction of limit Gibbs measures for infinite systems in the space I', we refer the readers to the review
[19] and references therein.

3.3 Correlation measure and correlation functions.

Correlation functions are the analogue of the moments of a measure. Let M*(R?) denote the space of
nonnegative Radon measures in B(R?). Consider the moments of a measure in the configuration space T.
With every configuration 7 € I' can be associated an occupation measure according to, see, e.g., [1I [15],

I'sye Y 6, € MT(RY,

ey

where, as previously, x € 4 means 2 € R? such that y(x) > 1, and, J, is the Dirac measure, i.e.,

<6.L7f> :f(x)a fECO(Rd)v

and Cy(R?) denotes the space of continuous functions with compact support in R9.

To generalize this to the case of several variables, note that the product of distributions is not defined.
For example, in the case of Gaussian measures, one usually applies Wick regularization, see, e.g., [35, [2].
An analogous procedure may be used for Poisson variables and is described below.

Let F : 'y — R be a function on the configuration space I'g such that

F [F(") = F(")({xl,,xn}) = Fn(xla---7xn)7 ne N’

where, for every n € N, F;, € Cy(R%") is a symmetric function. Then,

(FW, ) = SFD,5,) = 3 Fi(a),

xr1EY T1EY

and we define the n-th power by

<F(n),; fy®7l ;) = Z Fn(3717-~-,l'n)- (3.9)
xl,...,mnERd

V(ay,rwn) <Y

The correlation measures p(™ are defined by

/( )(F(”), SO p(dy) = /Rd Fo(z1,...,20) p™ (dxy, ... dy,). (3.10)
re n

In case that the correlation measures p(™ are absolutely continuous with respect to the Lebesgue measure
in R correlation functions are defined as

1
p(")(dacl7 ey day) = mpn(l“l, ey Ty) dxy - dXy,.
These functions are obviously symmetric, so that we can write

pn(1,. . xn) = p(n) [I‘(”), n={x1,..., 2}



Using (3.9)), (3.10) can then be rewritten in the form

/( ) Z Fo(z1,...,2q) p(dy) = Fn(xl,...,xn)p(")(dxl,...,dxn).
r‘ﬂ,

Rdn
ml,...,zWERd

V(xg,oorzn) SV
Given A € B.(RY), we can now define the correlation measure p on the configuration space I'y by

JRCECTED o PRED S R I

d
T1,...,Tn€ER

where the term n = 0 in the sum is set to 1 by convention. In the case that the correlation measures are
absolutely continuous, we have,

F(n)p(n) Ao (dn) = /F pu(dy). (3.11)

A<y

From (3.11)) along with (3.7) and (2.3)), the finite-volume correlation functions can be written as

Ta

[nl
z _
pa(n) == [ e PV N (dy), mETy (3.12)
A Jry
Notice that pa(n) = 1 whenever n € Fg?). Problems related to the construction of correlation functions
in the infinite-volume limit are discussed in, e.g., [33] 4 [34] [30] 28| 29].

3.4 Truncated (connected) correlation functions.

Correlations between particles are better described by truncated (connected) correlation functions (TCF).
Given n € T'g with |n| = n € N, these functions are defined recursively by

p"(x1) = p(1(any),

n * k-
T(xy, . xn) = p(n) — Z Z HpT(ml), n>2, (3.13)

k=21y,..,I,C{1,..,n} I=1

p

where p(n) are the correlation functions, and the asterisk over the sum means that the sum is over all
partitions of the set {1,...,n} into k non-empty disjoint subsets, and n; = 7,,. That is,

> 0= Veren)s With I # 0 and L0 Ly =0 if i # ', (3.14)

The TCF can also be written explicitly in terms of the correlation functions p(n) as follows

n * k
Pl (e, ) =D (-1 -0t > et (3.15)

k=1 Ity C{l,...,n} I=1

Clearly, the TCF are permutation-invariant. They can then be written as pT('y(xh___yxn)). In case that
pa is given by (3.12)), the TCF have, in the thermodynamic limit, the following representation in terms
of integrals with respect to the measure \,,.

Proposition 3.2 Assume that the interaction potential ¢ satisfies (3.5) and (3.6). Then, for all 5 > 0
and for all 0 < z < r(B) with,
r(B) = e By ()71, (3.16)

the following representation for the TCF holds true

p"(n) = 2" /P " (n+7) Aeo(dy), m€To. (3.17)

7



Here, the function ®T (v) is the so-called Ursell function, see, e.g., [33], given by

0, if v =0,
oT(y)={ b if [y =1,
) S T G dhz2

GeGT () {=,y}L(G)

in which GT () stands for the set of all connected graphs G (Mayer graphs) with vertices in the points x
of the configuration 7y, and L(Q) is the set of all lines of the graph G, and

Oy = e Pole=vD 1, (3.18)
Moreover, the TCF in (3.17)) can be analytically extended to the open disk of radius r(B) given in (3.16]).

For a proof, we refer the readers to [20], B2]. See also [27] and [33] Sec. 4].
In his proof [26], O. Penrose noted that one could associate with each connected graph G on « a unique
Cayley tree obtained by deleting bonds from G in a particular way (tree graph identity). The sum over
connected graphs may be rearranged by grouping together all terms (graph contributions) corresponding
to a given Cayley tree, which are obtained by the procedure of ”deleting”. Later, D. Brydges and P.
Federbush proposed in [7] a new method to derive the Mayer series for the pressure via a new type of
tree graph identity. A more detailed history of the subject and some new results can be found in [24].

In this article, we derive an expansion for more general PTCF using the technique of R.A. Minlos and
S.K. Pogosyan in [22] which is related to Penrose’s original proof. A representation for the functions p?
in the form of expansions in terms of contributions from tree graphs follows as a special case.

3.5 Partially truncated (connected) correlation functions

Partially truncated (connected) correlation functions (PTCF) describe correlations between clusters of
particles. Decay estimates for these correlations are an important technical tool in the proof of many
physical hypotheses. For instance, see [6l Eq. (4.2)].

Given m € N, consider a collection (7;)™, of configurations 7; € I'g (for instance, resulting from the
decomposition of a given 7j € I'g into m clusters). The corresponding PTCF are defined recursively by

pr(m) = p(m),

- m m * k o (319)
Promssmm)=p>_m)=>_. >[I @), m=>2
i=1 k=2Ty,....I,C{L,...,m} =1
where, as previously, the asterisk over the sum means that the sum is over all partitions of {1,...,m}
into k non-empty disjoint subsets, and where
k m
M=) m and Y =Y m
icl; =1 i=1
We will sometimes use the notation pZ (115 .. .;mm) = pL (115 ... ;Mm) to emphasize the number of clusters.

Obviously, definition (3.19) coincides with the TCF in (3.13]) when all configurations 7; consist of exactly
one point. Analogous to (3.15]), the PTCF can be expressed directly in terms of the p(7;) as

m * k
Pl ) = (=1 (k= 1) > [T o) (3.20)

k=1 I, Iy C{l,...,m} =1

To derive such an expression for the PTCF, we introduce a generating functional. It is a generalization
of the generating functional introduced in [I4] for spin systems.
For a given nonnegative j € Cg° (R%), define the smoothed correlation function p; by

Il

pi(m) = pia(n) = —— A xj(n+)e PV N, (dv), n €Ty, (3.21)
J 0



where the function x; : T'o — Ry is defined as in (2.4)), and
Z = [ e O ()
0

Using the definitions (2.5) and (2.6) with nonnegative reals («;)™,, we now put

FL (o)} = og(Z; (0 m0)71), (3.22)
where
Zj((aiani):'il) = <H A(aiﬂh‘)?Xj / HA(aﬂh X] ) —BU(7) /\w(dv). (3.23)
i=1 Lo i=1

Note that, if j(z) = 15(x), where 15 denotes the indicator function of a set A € B.(R?), and if a; = 0,
i=1,...,m, then (3.23)) reduces to the partition function in (3.8). Further, define

5?,7"(7717 cee 77r|(04u771 i= r+1 H 8 a“ Th)z 1)’a1:...:arzov 1 S r S m. (324)

We call r-point j-PTCF, or simply j-PTCF when r = m, the following functions

Pra (s i) = P (el (s i) Py | (3.25)

ar+1:~“:am:0.
We conclude this section with the following lemma

Lemma 3.3 Given r,m € N such that 1 < r < m, the r-point j-PTCF associated to the collection
(n:)™, of configurations n; € Ty are given by

s

* k
pr(ms. . smp) = (=DF (k= 1) > [Les(2_m): (3.26)

k=1 {J1yn D }C{l,r} =1 i€y

where the second sum in (3.26) runs over all partitions of {1,...,r} into k non-empty subsets Jy, ..., Ji
with the restrictions (3.14). In particular, when j(x) = 1a(z) the functions (3.25) correspond to the
finite-volume PTCF in A, and when j(x) = 1 they correspond to the PTCF in R?.

Remark 3.4 One can show by induction that, forr > 2, p;. pL (m;...;me) = 0 if there exists ig € {1,...,r}

such that |n;,| = 0, see 6) along with -

Proof. The key ingredient is the following formula. Given a smooth function Z : R™ — (0, 4+00),

Z((ai)iLy)) =

H"':]w

r

> (=D k- 1)! Z H H aa ()™y), 1<r<m, (3.27)

k=1 {J1,ey I {1, } =1 =17 4eq

which easily follows by induction. On the other hand, from (3.23) along with , we have,

(T 52 m)i) =

ied; v

Zi€T Z H(aizlml Z n; + Z n; + ’Y i€ J) )\Zg(d’)/).

> Imil / -BU( X m+Z ni+7)
Ic{1,...m}\J, i€l Lo i€J; i€l

Setting the remaining a; = 0, only the empty set I = @) survives. In view of (3.21]), we then obtain

1 o .
m(n 0ai)Zj((ai’m)i:1)’ =0 =0 an (3.28)

ieJ; i€Jy

Replacing Z((c;)™ ) by Z;((ci,m:)i™,) in (3.27), (3.26)) follows from [ |
-i

In particular, taking the limit j — 1 in 1_} with k = m, we obtam (




4 Equations for PTCF and their solutions.

4.1 Kirkwood-Salsburg-type equations.

Let (n;)™,, m > 2 be a collection of configurations in I'y such that >_.*, |n;| > 0. We start by deriving
Kirkwood-Salsburg-type equations for the 1-point j-PTCF. Assume that |n;| > 0 (we may change the

cluster labelling if needed). From (3.25)—(3.24]) (with £ = 1) and (3.22)—(3.23)), the 1-point j-PTCF reads
1 0 / S
57 Y Y= -7 ) —BU(7)
i (m|(ou,mi)its) = — I | A (Vx5 (7)e Ao (dY)| . . 4.1
],1( |( ) 2) Zj((ai;ni : 1) 8041 Ty 41 ( 77)( ) ]( ) ( )|a170 ( )

In view of (3.4), let z1 € 7y such that

o~

W) :=W(Lg,ysm — 1{:,;1}) > —2B,

where B > 0 is defined by (3.5)). Note that the existence of such a point in any configuration follows from
(3.5), see [33, Chap. 4]. Note also that W (n;) = 400 if 1 (21) > 1. Consider the decomposition,

0=BUM+Y) — q=BW(m) q=BW (21:7) q=BU(n,47) — o=BW (m) Z K(ml;g)e—ﬁU(niﬂ)7 v €Ty, (4.2)

£<y

where 77/1 i=m — 1), and

K(z1:€) H Cayy = H —Bé(lz1—yl) _ 1).

yeg yEE

Inserting the right-hand side of the second equality of (4.2)) into (4.1]), we have,

T m Z"’]l‘e BW(TII BU( /+ )
P (m (i, mi)jey) = /F > K(x1;¢ HA(M Y)x; (m +7)e PV N (dy). (4.3)

OZ“ 772 z 2 0 <y
Putting ag = -+ = oy, = 0 in (4.3)) and then using (2.3]) (extended to the configuration space I'y) along

with the identity ﬁ;rl(nll +9) = pj(n,l + v), we obtain the Kirkwood-Salsburg equation
pra(m) = pi(m) = ze "W j(a) g K (21;€)p; (m + &) Ao (d8). (4.4)
0

We now generalize those equations for the m-point j-PTCF as follows. (4.4)) can be generalized as

pi(m +n) = ze PV (1) S : K (2136 +7)p; (1 +1+7) Ao(dy), (4.5)
§<n v 0

where we used in the expansion (4.2)) the identity

Y K@) =) > K(zi:€+5). (4.6)

E<y+n £<ne<y
Inserting (4.5]) into (3.26]) (instead of p; which contains 7;) and denoting I; := J; \ {1}, we have

m

P (015 -+ 10m) = 2~ PV () Y (= 1)F 1 (k- 1)
k=1

*

k
Y 3y 3 K@i &+7)pm+ Y ni+9) o m) A

LC{2,m) {Ia,. L} C{2,.omWNL €< 3 m; P L0 il =2 el
i€ly

10



Note that, in the second sum, the set I; can take on the value I; = () in contrast to Io, ..., I in the 3-d
sum. Changing the order of summations over indices I and over sets £, we may write

m—|Io(§)]
p] m(nlﬂ"',nm) = z€ BW(W1 xl Z / Ilv§+7) Z (71)]671(]{:71)'
e<y o k=1
i€l
* k
x Y > pr+ Y, i+ ][O m),
LC{2,m) {Tose T Y {2, m P\ (0 (6)UT1) i€(Io(€)UIL) =2 el

where we set Io(§) :={i > 2 : §-m; # 0}. Setting now 0z 1 = Migs -5 Mipy_yp) {2, ,mP\ T =
{i2,. .. ip—|1|}, we arrive at
P (M15 -3 1) =

2o IO () Z /Kfcl,§+v)f)m To(€)] (m + Z i+ V3 M2, m Do () Ao ().
f<>§2771 i€lo(€)

Here is the final rewriting for the key equation (recursion relation)

Pran (153 m) = 2PV O (1)

X Z Z K(x1; §+’Y)ij i (m = Liayy +Zm+7;n{2,4..,m}\1))\a(d7)7 (4.7)
Ic{2,.. ,m}fﬁélln To iel

where the asterisk over the second sum means that for all i € I, £ - n; # 0. We emphasize that these
equations hold provided that |n;| > 0. They express the m-point j-PTCF ﬁ’fm in terms of the r-point

j-PTCF ﬁjT;r, r < m. They therefore determine [))]Tm uniquely if the operator
frze PG )(1=80(m) | K(zi7)f (v + 1 = Liany) A (d),
o

has L!(Tg, Ay )-norm less than 1. Here, §o(n) := 1 if |n| = 0, Jo(n) := 0 otherwise.

Remark 4.1 We point out that 1-) can be alternatively obtained by taking the derivatives of (4.3)) with

respect to Qa, ..., 0y, see - 25)), and by using (3.26]) along with .

4.2 Solution in the thermodynamic limit.

Due to the assumption U(y) = +oo if y(z) > 1 for some z € R?, see (3.3)), we can restrict ourselves to
configurations such that v < 1. We then adopt set notation from now on and write « for the set of points
x with v(z) = 1.

Following the strategy used in [22], we seek a solution of the equation in the form

ﬁﬁm(m;-n;nm):/r X (U U T (15 50m | 7) Aa(d), (4.8)
0

i=1
where Ty (7153 1m | ¥), m > 2 and v € T is a family of kernels such that

m

Ton(mis - imm | 7) =0 i yNT#0, 7:=Jn

i=1

Inserting the expression (4.8)) for ﬁ’fm and ﬁ?mf‘ 7 in both sides of (4.7) and then applying Lemma
(extended to the configuration space I'y), we arrive at the following recursion relations for the kernels

11



T (15 5Mm | 7v), owing to the arbitrariness of the function 7,
Ton(mis -« 5mm | ) =
e PWONT N N K (@ U T (U Uiz, mpr |7\ €, (49)
€Cy IC{2,...,m} nCT;
where 7] = n1 \ {z1} (set notation) and where we set 7; := [J;c; 7:- Subject to the initial conditions
Ti010)=1, Ti(0|~)=0if v #0, (4.10)
and also, for all m > 1,
Ton(m; . 5nm | 7) =0if vy #£ 0 and n; = 0 for some i =1,...,m; (4.11)

the equation (4.9) has a unique solution due to its recursive structure. Indeed, these conditions follow
from the fact that p;(0) =1 and ,B}T;m(m; e i) =0 if p; = 0 for some i =1,...,m, see Remark
The main result of this section is a uniqueness result in the infinite-volume limit (i.e., j — 1)

Theorem 4.2 Assume that the interaction potential ¢ satisfies (3.1) and (3.2). Given m € N, m > 2,

there exists, for all B > 0, a unique solution of the equation (4.7) in the thermodynamic limit j — 1,
which can be written in the form

51Trl(771;~-~;77m)=/F T (01551 | ) Aa(d), (4.12)
0

where the family of kernels [T (n1; .- 30m | ¥)|, ¥ € To is bounded above by a power series in the activity
z (with integrable coefficients) which converges in the region

2e?PBT2y,(8) < 1. (4.13)

Here, B> 0 and v1(B) > 0 are respectively defined in (3.5) and (3.6).

The remaining of this paragraph is devoted to the proof of Theorem For reader’s convenience,
the proofs of the intermediate results are placed in Sec. Note that, in order to prove that 7
with the conditions 4.107 is a solution of the equation as j — 1, it is necessary to show that
the kernels T, (015 ... ;nm | ) are integrable functionals of the variable v with respect to the measure A,.

Following [22], given h > 0 and any bounded nonnegative even function v : R — [0, +-00), introduce
a new family of kernels Q,,(n1;...;0m | 7), m > 2 and v € Ty which are uniquely determined by the
following system of recursion relations

Q- mm ) =0> > > Ky(@nU)Qu—n(m U Unga, mpr |7\ €),  (4.14)

ECy IC{2,....m} nCn;

with initial conditions

and also, for all m > 1,
Q.. smm |7)=0ify#0and n; =0 for some ¢ = 1,...,m, (4.16)
where
1, if ¢ =0,
Ky (z1;€) == { I vz, — ), if €] >1. (4.17)
€€

Since, by using assumption ({3.5)), we have from the expression (4.9))

T (s im [ DI <227 N N K (e U Ty (0 U Us gz, mpna | Y\ 6,
£Cy IC{2,...,m} nC;

the following result, which can be proven by induction, is straightforward

12



Lemma 4.3 Assume that the interaction potential ¢ satisfies 7. Given B >0 and z > 0, set
2B = and e PP VD 1) = p(z —y), (4.18)
where B > 0 is defined in . Then, given m € N, m > 2 and v € I'y, the following holds,
T (13530 [ V] < @ (5 30m | ) (4.19)

The solution Qu,(N1;...;Mm | v) of the equation (4.14]) with conditions (4.15)—(4.17) can be written
with the help of forest graphs. For each set of clusters {n:;...;nm,} withn; € (I'o\0) and each configuration

v € Ty, we define the set of forest graphs &(ny;...;nm | v) in the following way. The connected
components of the graphs f € &(n1;...;Mm | 7) are tree graphs with vertices given by points of |, 17;,U~,
and such that there are no lines (or edges) connecting vertices of the same cluster 7; (for i = 1,...,m).
Each tree contains a point of (!, n; and, if io is the lowest index such that n;, contains a point of the
tree, then this point is unique (the root of the tree). Moreover, for every other vertex z of the tree there
is a path z1,..., 2z, such that zx = z, and there is an edge between the root xy and z; and between each
pair 2, and 2,41, and such that if z, € n;, then, if 2,1 € 7;,,, then z, is the only point in 7;, connected
to a point in 7;,,, by a line in the forest, whereas if 2,1 € 7 then z, is the only point in n;, to which
it is connected by a line in the forest. Note that a single point = € |JI*, 7; is also a tree with analytic
contribution h. Finally, if all points of the configurations 7; (for every ¢ = 1,...,m) are combined into
one single vertex, then the forest graph f € 6(n1;...;Mm | v) reduces to a connected tree graph with
m + n vertices, where n = |v/|.
With the above notation, we now establish the following lemma

Lemma 4.4 The solution of the equation (4.14) with conditions (4.15)—(4.17) can be written as

Qm("h?-“;nm ‘ ’7) = Z Gu(f)v (420)
FeSmssnmly)

where the analytic contribution of a forest graph fe S ;1m | ), denoted by G, (f), is given by

Go(f) = Gu(Fimi-smm | ) =000 T v@—vy), (4.21)

(. y)eE(f)

where E(f) denotes the set of the edges off, and where,

D= L with I = ||, i=1,...,m. (4.22)
i=1

Individual analytic contributions are easily estimated

Lemma 4.5 Set

vy := max v(z) < 400, (4.23)
zER4

2 ::/ v(z)dr < +o0. (4.24)
Rd

Then, given a forest graph f € S(nr;.. inm | y) with |y =n €N,
7 n |\Eq(D| n
/]Rd Gu(fvnlavnm | {ylaayn}) dyl dyn S hlJr V(l) n(f)ll/la (425)

where | is defined in (4.22), and
Br(f) <l—1, 7=
i=1

stands for the number of edges in which one or two ends belong to the set | J;-, ;.
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It remains to estimate the number of forest graphs at fixed configurations |J]~, 7; Uy. We denote this

number by ]\f,(fn)(ll7 v ylm), l; :==|n;| and prove the following combinatoric lemma.

Lemma 4.6 Letn € Ny and m € N, m > 2. Set L; :=2% — 1 fori=2,...,m. Then,

m m m+n—2
NI (s ) = W([ L) (Z l +n> . (4.26)
i1

=2

Remark 4.7 We point out that (4.26) is a generalization of (well-known) Cayley’s formula for the
number of tree graphs with n > 2 vertices
K, =n""2

for the case of forest graphs of a system of m clusters (n;)!, and n single vertices with l; = |n;|, n = |vl|.

We finally turn to
Proof of Theorem Assume that the interaction potential ¢ satisfies (3.1)—(3.2). Let 8 > 0 and

z > 0 satisfying (4.13)). In view of (4.18]) and (4.23)—(4.24]), set
= — —Bé(lz|) _ 1| < .
vo(B) := max vg(x) = max e | < +o0
Note that v1(8) > 0 is defined in (3.6]). From (4.19)) along with (4.20), we have,

T (s 50 [ V] < @013 50 [ ) = > G (),

FES M1 5Mm|Y)

where Gy(f) is a monomial in z of order [ + n. Inserting now the bounds (4.25)) and (4.26)), we get,

o m+n—2
sl < (22022 o)) S0 L (ceomy (),
n=0 :

where we replaced v, by v4(8), k = 0,1. Applying Stirling formula, i.e., n! > n"e~"+/27n, we have,

Pt smm)] < (22625 (80 172 3 (2629520, (8) "

n=0

Note that, we also used the bound (1 + %)m_Q < e" which follows from { > m — 2. [ ]

We conclude this section by

Remark 4.8 Analogous to (4.20)), there is an analytic expression for the kernels T (n1;. .. ;0m | ¥) in
terms of forest graphs

Tu(mieosmn | = Y. Gelh), (4.27)

where the contribution Cyy for an edge of Go(f) connecting vertices x and y is given by (3.18), and
where the analytic expression for Go(f) has the more complicated form

Go(f)=Gelfims-imm |9 =24 I Coy [ e 709D, (4.28)

(z.y)€E(f) (z.y)eS()

where S(f) denotes the set of pairs of points of the set \J;—, n; U~ for which there are no edges in the
graph forest f.

Remark 4.9 Obviously, ordinary truncated (connected) correlation functions are a special case obtained

by taking m1 = {x1}, ..., mm = {xm} in (4.27) and (4.28)). In this case, each term of the expansion is the
sum of the contributions of the connected Cayley tree-graphs, and the expansion itself coincides with that

obtained by O. Penrose in [27].
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4.3 Proof of Lemmas and

Proof of Lemma The proof is done by induction on n = |vy|. Consider first the case n = 0, so
~v = (. The equation (4.14) reduces then to

Qm(nl; <5 Tm | (Z)) =h Z Z Ku(m'l;n)Qm—\I\(nll Unr; N{2,....mN\I | (Z)) (429)

I1C{2,....m} nCny

In particular, Q1 (m | 0) = Q1 (7, | 0), so that Q,(m1 | ) = hI™|. This agrees with since the
only allowed tree consists of individual points € 7;. We now do induction on m and Iy = |n;|. For
m = 1, we already have that Q1(n; | #) = h'*. Assuming that Q;...,Q,,_1 are given by the sum of
forest contributions when v = (), the terms in correspond to the construction of a forest on (J;-, n;
as follows. The point x; is connected to a set of points n outside 7;. If I is the set of indices such that
n O # 0, then in Qp,_7/(n) UT;mze | 0) there are no more connections within 7} U7, i.e., between
any other points of 7; and points of 7j; or between two points of 77;. In Q,,_ 7| either m — [I| < m or
I = ), in which case the first subset is 7} and || < |n1|. Therefore, by the induction hypothesis, its
contributions are forest graphs with vertices in 7} U J;~, n; such that each tree contains at most one point
of 7} U7;. This means that when the connections with x; are added, the resulting graph still consists of
separate trees. Denote the resulting forest graph on (J", nz by f If © # x; is a vertex in f , then by the
induction hypothesis, there is a sequence of points zo € ny U J;"5 i, 21,..., 2k € Tje such that z; =z
and if 2, € n;, (p=0,...,k) then z, is the unique point in 7;, connected to a point in 7;, , by a line
in f (note that zg = = if € n} U7;.) Now, if z9 € 7} or 2o € n; \ 7, then it is the root of a tree in f.
If zg € m; Un then z; is the root of the tree containing = and there is no other point a2’ € 1] connected
to a point in 7; by a line in f. Collapsing the points of {z1} Un to a single point, the forest reduces to
a forest on nj U7; and Ui€{2,...,m}\1 7; because there are no more edges in fbetween points of n; UT;.
The resulting forest is precisely one of the contributions to Q,,—7(n] U nze | 0). If each n; is reduced
to a point, the resulting graph is connected by induction except possibly in the case that n; = {21} and
n = (. But in that case, if m > 1, the contribution Q, (n7;n2; ... ;7m|0) = 0 since ] = 0. The powers of
h are obviously correct.

It remains to do induction on n. The term £ = () gives the contribution

h Z Z Ky (x1;1) Q-1 (M YT 02, om—k 1 | 7)-

Ic{2,...,m} nCr

This is similar to the case v = 0. It corresponds to the case where z; is only connected to points in
Ui~y mi, and the remaining tree after collapsing the points {z1} U7; gives the stated contribution by
induction, since either m — |I| < m or |nj| < |m|. Once again the contribution of I = ) is zero if
m = {z1}. The other terms are more complicated. Now, z; is connected to a set of points £ C v as well
as a set of points n C (J;~, n;. Collecting the points of {x1} U{Un into a single vertex, the corresponding
forest is just the contribution to Q,,— 7 (n) Un; U&nre | v\ §) by induction since |y \ {| < n. For y € £,
there are no more lines between other points of 71 and y. Also, there are no more lines connecting z € 7;
to another point of n;. It remains to show that upon collapsing the points of each 7; to a single vertex,
the resulting graph is a connected tree. This is more intricate. We first prove connectedness. Suppose
there is an index set J C {1,...,m} (with 1 € J) and a subset ¢ C « such that J # {1,...,m} or { £~
and there are no lines between points of 7; U ( and points in the complement. Clearly, I C J since the
points of 1 are connected to z1 (due to the factor K, (x1;€Un)) and nNn; # O for i € I. Also £ C ¢
for the same reason. By the induction hypothesis for Q,,_7(ny Un; U & nre | v\ €), there are no sets
J" D T and ¢’ C v\ & without external lines, other than the trivial J' = () and ' = @ or J = T U I°¢
and ¢’ = v\ & Therefore J D {2,...,m} and Y\ C {,or JN{2,....m} =P and ( C v\ & In
the first case J = {1,...,m} and ¢ = ~, which contradicts the initial assumption. In the second case,
J ={1} and £ =0, and since I C J, I = ). The corresponding contribution equals zero as above, since
then ny U7; U = 0. To see that the resulting graph is a tree, note that in any contributing forest to
Qu—1/(y UEUT e | v\ §) there is just one line between a point of 73 U£UT; and a tree on 77 Uy \ €.
The factor K, (x1;€ Un) gives lines between 1 and the points of £ Un, and therefore to only one point
of this tree. |
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Proof of Lemma [4.5. We only give the main arguments. If y; is an end vertex of a tree in the forest

f , then a contrlbutlon 1nv01v1ng the factor v; arises. The same holds if, from y; outwards, there are only

vertices y; since we can integrate them successively. In the case when y; lies between the points z; and
. m . .

xy in (U, ms, we first use the inequality v(y; — xx) < vp. [ |

Proof of Lemma From (4.14)), it can be seen that N™ (l1;...; 1) satisfies the recurrent relations

N (s ilm) = <Z> S LN R =, ), (4.30)

k=0 Ic{2,....,m}

where we denote Ly := [[;c; Li, I1 := > ;c;li (with the convention Iy := 0) and {iz,...,ipm_|1} =

{2,...,m} \ I. Hereafter, we set [ :== > " I;. Let us introduce new numbers N (I1;...;1y) in such a
way that
i=2

Then, the recurrent relations (4.30) can be rewritten in the following way,

~ " /n ~ (m—
NI (s ln) =Y (k) SNl k- Gyl ). (4.31)

k=0 I1c{2,....,m}

We now prove that, given the initial condition Nél)(ll) =1,
N (sl Zl + p)mHn—2 (4.32)

is the solution of the recurrent relations (4.31)). Inserting the identity
NI+ 1+ k=i, ) = (h+ 1+ k= D+ — 1yt hll=2,

in the right-hand side of (4.31]), we obtain,

N (s ilm) =Y M,

where,

k=0 I1c{2,....m}
k=0 I1c{2,....m}

Ms =" (Z) (+n—1"F1 3" (k=1)(I+n—1)" 7
k=0 I1c{2,....m}

Now, in My we first sum over sets I with |I| = p using

U L T

Ic{2,...,m}
[I|=p
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In the other two sums, this summation is easy, and we obtain

M=ny (Z) (-1t mz (mp‘ 1)@ Ty

k=0

o3 @ +n =D )™ = L+ n =) 4

k=0

Mz=(l—ll)2n:(k>(z+n—1" i 1m_11< )l-i—n 1m-r-t

k=0
= =1 +n—-1" 1 +n)mtn2

M = Zn: (Z) (+n—1)ht 21 (mp_ 1)(k — (I +n -1yt

- Zn: <Z> (k=D +n—1)" 0+ n)™ " = (I +n—1)"'(1+n)™2,

k=0

3

where we used the identity
> (Z) (k—=1D)(1l+n—1)""%1 = —1(l+n—-1)" 1 +n)"""
k=0

We conclude that 2321 M; = 11 (I + n)™+"=2 which completes the induction. This proves (4.32)). [ ]

5 Strong decay properties for PTCF.

Theorem states the existence of a unique solution to the equation (4.7) in the form of convergent
expansions, see (£.12) with Remark [4.8 and also (4.19)) with (4.20)—(4:2I). The most important property
of the PTCF is their decay as the distances between the clusters increases, i.e., dist(n;,n;) = +o0, ¢ # j.

5.1 Polynomial decay for PTCEF.
We start by formulating the main result of Sec.

Theorem 5.1 Suppose that the interaction potential ¢ satisfies (3.5)) and (3.6). Assume in addition that
there exists « > d and, for all 8 > 0, there exists a constant C(3) > 0 such that

vg(z) = e P9 — 1] < C(B)D(2),
with 1

—_— € R% 5.1
T * (5:1)

v(x) =

Then, provided that,
2Py (B)e + 1 (B) (e + 21 < 1,

where B > 0 is defined in , v1(8) >0 in and
71(B) = C(B)71, ™ :=/ 7(x) dr < +oo0,
Rd

there exist, given m € N with m > 2, constants Ay, o = Am,o(B,2,a) >0, 1 < o < m such that the
PTCF in (4.12) admit the following bounds

m
|15%(771;~-~§7]m Z m,o max VT
where T, denotes the set of trees on m points, and
vr,, = H max_ U(z; — xj).

L TiENT;EN;
(4,)€Tm
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Remark 5.2 Ezplicit upper bounds for the constants A,, , are derived in the proof. Setting
2625B:h7 Vl(ﬁ):’/la C(ﬂ):C»

Ay, with o = 1,2 are given in (5.12), Az, with o = 1,2,3 are given in (5.19)), (5.20) and (5.21)), and
foranym >4, Ap 1, Amo and Ap o with 3 < o < m are given in (5.23), (5.25) and (5.34) respectively.
(-33).

To derive these upper bounds, we use the combinatoric identities

The rest of Sec. [p]is devoted to the proof of Theorem It is organized as follows. We first establish
two technical results, see Lemma [5.3| and Proposition below. Subsequently, we prove Theorem in
the case m = 2, m = 3 and the general case m > 4 in Sec. and [5.4] respectively.

We point out that, from with (and the conditions (4.10)—(4.11)), it is sufficient, by virtue
of Lemma to work with the family of kernels in (with the conditions (4.15)—(4.17)).

Consider for instance forest graphs f € &(n1;...;mm | {y1}). Restricting the diagram to [J;~, 7;, one

obtains a forest on (J!, n; of which some trees are connected by an edge in f to y;. If there is just one
such edge, the corresponding contribution is obtained from that of the restricted forest by multiplying by
v(z; — 1) if z; is the vertex attached to y;. In general, one has to multiply by a factor [[2_, v(z;. —v1).
In the former case, integration with respect to the variable y; simply multiplies the contribution of the
diagram from &(n1;...;mm | ©) by the factor vy, see . In the general case, we need to consider

integrals of the form
P
[ 1wt v (5.2)
R r=1

In case that the kernel v has a polynomial decay, terms of type (5.2) can be easily estimated
Lemma 5.3 Let U be the kernel in (5.1)) with a > d. Then, for allp €N, p > 2 and z1,...,7, € R?,

p p P
[ o~y <2095 3" [ ot~ ) (5.3)

RE 21 r=1k=1

k#r
Proof. We subdivide the integral with respect to y into domains where |y —z,| < maxy, |y —x|. Then,

|z, — y| > L2k — 2| and the inequality (5.3) easily follows from

1 1 2¢

< < . ]
lze—ylo+1 Gl —2)*+1  |og — e [*+1

To count the possible diagrams, we will first isolate the parts of the diagram consisting of trees with
vertices in - except possibly one endpoint. This can be done as follows. Define

Q- 30m 1 0) := Qu(n1; -3 1m | 0),

(5.4)
Qm(ﬁl?-u;nm | Tl) = /]Rd Qm(nl;-”;nm ‘ {ylv---vyn})dyl"'dyna n €N,

where the family of kernels Q. (71;...;%m | ¥), m > 2 and v € I'g is given in (4.14) with the conditions
(4.15)—(4.17). It then satisfies the following recursion relation

Qum(ms..inm [n)=h Y KO(zy;7))

n k
n _
x> (k) /de T o @159) @m0 U Uy, - Y ingz g | = B) dyy - dyr, (5.5)
k=0 j=1
where it is understood that the term & = 0 in the sum reduces to Q,—71(7 UTr;0(2,...mp\1 | 1), and
KO:0):=1, ie{l,...,m},

KOmp) =Y Ky(@in) =Y [[v@i—2), Tc{l....,m}\{i}

nCny nCny €N

(5.6)

We then establish
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Proposition 5.1 Given n € Ny, the solution of the recursion relation (5.5 can be expressed as

n n o
Qi | 1) = 1 () RN+ K00 G0 | )

k=0

where | is defined in (4.22)), vq in (4.24), N,g,l) with 0 < k' < n is given by [@.26), and Qu(n1;...;0m | k)
consists of the contributions from all forest graphs in S(ny;...;0m | {y1,-..,yx}) in which all vertices of
y; of v are connected to at least two other vertices.

Proof. This can be proved inductively from the formula . However, it is also easily understood
graphically as follows. Given a forest graph in &(m1;...;%m | {y1,...,yn}), consider the points of
v ={y1,...,yn} connected to only one other vertex (endpoints). These are parts of trees on v with a
single base point either in v or in U:r;1 7;. Starting at the endpoints, the corresponding points y; can easily
be integrated, yielding factors hvi. In the remaining graph, each point of 7 is connected to at least two
other vertices. We denote the contribution of this graph by Qum(m1;...;%m | k), where k is the number
of remaining vertices in . Conversely, given a forest graph in &(n1;...;0m | {y1,...,y%}) in which
each point y; (i = 1,...,k) is connected to at least two other vertices, we obtain the contribution from
graphs in S(n1;...;9m | {y1,-.-,Yn}) with n > k, containing this graph and such that all other points
Yk+1,---,Yn are in trees with a single base point, by counting the number of possibilities of attaching
trees to the given tree with total number of vertices equal to n — k. But this number is given precisely by

(Z)k!Nﬁl_)k(l ) ()

Indeed, we can choose which of the total of n points belongs to the original graph in (Z) ways and order
them in k! ways. The number of ways of forming trees out of the remaining n — k points is then given by
N, ) w(l + k), because for this purpose we can consider all points of the original graph as belonging to a
smgle cluster as they cannot be connected further to each other. There are obviously [+ k such points to
be connected to a further n — k external points. By Lemma this can be done in Nfbl_)k(l + k) ways. W

5.2 The case m = 2.

There are two possibilities: either there is at least one line between 7; and 72 in the forest, or there
is none. In the first case, the restriction of the forest to ~ splits into separate trees, each of which is
connected to a single point of either 7; or 72. In the second case, the restriction to y also splits into
separate trees, but one of these is connected to a single point of 7; as well as one or more points of 7.
The others are again connected to a single point of either 77 or ny. The trees connected to a single point
are easily integrated out, giving rise to factors 1. If there is a tree connecting 11 and 79 then there is
one point y; of that tree in v connected to a point of 1; and one point ys € v connected to one or more
points of 2 (y; can be equal to y2). In that case, there is a unique path in the tree connecting y; to
y2. The remaining part of the tree consists of individual trees connected to single points of this path (or
points of 11 Unz). These can be integrated out giving factors v; as before. In terms of Proposition

Q2(m;n2 | n) = A Z (Z)k!NS)k(l + k) (h))" Qo (m;ma | k), n € Ny, (5.7)
k=0

with
Q(n1772“f ZK(k)xlﬁz 0<k<n,

T1EM
where KO (x;;7;), 2; € n; and i # j is given in (5.6) and K®) (z;;m;), 2; € n; and i # j are defined as

K® (5;m;) —hk/dk —v) Hv —yr ) KO (i) dyr -y, k=1 (5.8)
R

Assume now that v is polynomially bounded, i.e. v(z) < Cv(x) with 7 in (5.1)) for some constant C' > 0
and a > d. Integrating over the points on the path from y; to yx_1, Lemma yields factors 2'T*C7,

KW (z1;my) < (hC)’“(2l+0‘vl)’“‘1/ vz, — ) KO (yime) dy, k> 1. (5.9)
]Rd
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Here, we also used the bound 7 < 1. The integral in (5.9) can be estimated as follows. From (5.6]),

W) < Y. Y Mgy —a) <0+ OB vy — ). (5.10)

zi€ni n' C(ni\{z:}) Ti €N

Inserting (5.10) in (5.9) and then using Lemma [5.3] again, we obtain the common upper bound

K™ (y5m) < (b 2T C)FC(1+C)27 Y (e —a2), 0<k<n. (5.11)

T2EN2

In summing over the trees connected to a single point of this path, the number of vertices in these trees
is unlimited. This means that we can consider these trees individually, having base points on the k + [
points of the path from 7; to 72 and containing n; + 1 points (i = 1,...,k +1). There are (n; + 1)" 1
such trees for each 4, so we now have in total,

%) k:+l
- 99— — nl + 1 (hl/l) _
53 ()| < C(L+CO)2 R ST S (hmy2t o) E Il - S o — 1),
x1€M1 k=0 MY yeeny np1=01i=1 T2EN2

Here, there is a factor ST for the number of ways of distributing the vertices in + over the

I nk+l
individual trees and the remaining k points of v and a factor k! for the number of ways of ordering the
vertices in the path connecting the two clusters as well as a factor % from the definition of the correlation

function. Using now that (k + 1)’“_1 < kle® for k > 1, we obtain,

00 0o k+1
‘ﬁg(nl; T]2)| S lllQC(l + C)lzilhl Z (hv121+aC)k (Z(hl/ﬁ)”) max V(.’tl — .ZQ).

=0 =0 T1EN1; T2EM2

Here, we assumed that h(vie +712172C) < 1. Theorem in the case m = 2 is proven by setting

!
h ) 1 — hvje (5.12)

1
Aoy = Ago = —111,C(1 f2—1 .
21 = A2z 1= 5hlC(1+0) <1 —hvie) 1— huve — h21+eC

Remark 5.4 Comparing the above formula with expression (5.7)), we have the remarkable identity,

l

n! . —
ND(1) = Z mn(ni+1)’ Y

n1yom>0 b i=1
l

E n;=n
i=1
where we replaced n — k byn and k+1 by l.

5.3 The case m = 3.

Here, the situation is not too much more complicated. The cases where there is a line between at least
one pair of 71, 12 and 73 reduce to the case m = 2. There remains the case that there is a tree on 7
which is connected to all three. Again, this tree has only one point in 7 which connects to 7; for each
i =1,2,3, and by integrating out over intermediate y’s which connect to only two others, this reduces to
the case where these three points coincide. Assuming that the points connecting the tree to 11, 1o and 73
are different points y1, y» and y3, there are 3 possible permutations of these points, and we can integrate
out any intermediate points as before, yielding factors 2!+*%,. In terms of Proposition we have,

n n .
Qs(minzms | n) =hY (k)k!N,(Ll)k(l + k) ()" *Qs(mimains | k), n e N, (5.13)
k=0

where Qs(n1;m2;m3 | k) is the contribution from all forest graphs in &(n1;12;m3 | {y1,--.,yk}), in which
all vertices y; of v are connected to at least two other vertices. Integrating out the vertices of v connected
to only 2 others yields factors 2'7°%; and results in a tree on v where every vertex is connected to at
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least 3 others. There is only one such tree. It consists of a single point y of v connected to 77, 72 and 7s.
Conversely, given this tree, one can form trees with additional vertices connected to two points by adding
a sequence of points between y and 71, 72 and n3. In total, Q3(n1;172; 13 | k) is the sum of 3 contributions

@3(771;772”73 | k) = C53,1(7715772;773 | k) + c53,2(771;772;773 | k) + c53,3(771;772;773 | k), (5.14)

where @373(771; 72313 | k) contains the contributions of terms where there is no connection inside 7, UnaUns
(3 components), Q3 2(n1;m2;m3 | k) corresponds to the terms where there is one or more line(s) between
one pair of 71, 72 and 13 (2 components), and Q3,1(771, 72; 73 | k) contains the contributions where all 3

clusters are connected by lines inside 77 U no U ns. In the latter, we must have k = 0 since there cannot
be another (outside) connection between two n;’s. From (5.14]), (5.13) is the sum of three contributions
Q3.1 (m;m2; s | n) :=h' Qa1 (31233 | 0),

Qs,i(Mim2;m3 | n) = hlZ( >k'N(1) (L + k) ()" * Qs i (s maims | K), i =2,3.

In the case when all three clusters are connected,

@371(771;772;773\0)22 Z Z H v(z — x2) Z H 1—x3)

T1EN Ny Cn2 n5Cns | x2€M5 T €N x3€ENS
+ [ vl 30 ] vieb—a)+ J[ vlo—as) 3 [T vles —2)
I2€772 x2€n2 I3€773 1367]3 51736773 126712

Assume that v(z) < Cv(z) with 7 as in (5.1]) for some constant C > 0 and o > d. From ([5.10]) together
with the following upper bound on the sum over trees

oo n oo l l
hlz (hl;;') Nr(zl)(l) < B Z H (h ) (ni+1) nl—l < th Z hupe)"i = (ll;w() , (5.15)

n=0 N1,eeny n;=0:=1 i=1n;=0

Z Z P(JEZ‘ — .Ij) < l,’lj max U(ZEZ‘ — .Z‘j), ) 7& 7,

T €N T;EN;
Ti€EN; T;EN; B

we then obtain,

o 1
ZEQ371(771§7727773 |n)
n=0

h !
<llylsC*(1 + C)l"'Hr2 <> {ll max v(x; —x2) max v(x; —x3)

1-— hyle T1EN1; T2EM2 1E€M1; T3ENS

+ 1y max T(x; —wme) max T(xg—x3)+ls max T(ry—x3) max T(rs — z2)
T1EMN1; T2EM2 T2EM2; T3ENM3 T1E€EM1;T3EN3 x3EN3; T2EMN2

h l
<lilals(ly + 12 + l3)02(1 + 0)12+l372 (1—hl/1€) 7@2’7)5 Ze (5.16)

In the cases where only one pair of 71, 12 and 713 are connected, we have, for all 0 < k < n,

Qs2(mismins | k) ==Y {K(O)(m;nz) > KW (ang) + KO (zins) Y K®(ainy)

T1EM zeN1Un2 zeN1Uns

+ KW (z15m0) D KO (g, m5) + KM (@15m) D K(O)(ms;nz)},

T2EMN2 T3EM3
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we now use the assumption that v(z) < Cv(z) with 7 as in for « > d and some constant C' > 0.

where the kernels K(©) and K*)_ k > 1 are defined in and (5.8)) respectively. As in the case m = 2,
i-i
Then the kernels K*), 0 < k < n are estimated as in 1 . Therefore,

C53,2(771;772;773 | k) < 1L,C*(1 + O)l2 =2 (pp 2 ek

x < Io(l 1)1l v —T max v(x —x
{ 2( Lt 2> 33516{1?;8;?);6772 V(xl 2) rENLUN2; x3EN3 ( 3)
I3(1 I3)l v(x, — o
+ 3( ! + 3) 2 xlezllll;a;ggenii V<:I;1 x3) 3?67715(?1']33‘;};267]2 V(x x2)

— — — — ’
+132l3  max  T(xy —a9) max  T(rh—ax3) + 15l max  T(r; —x3) max  T(rg —ah)p.
T1E€EMN; T2EN2 xhEN2; TIEN3 T1€EN1;T3EN3 T5EN3; T2EN2

It remains to sum over the external trees, see (5.15)), and we obtain,

o0

1
Z Q3 2 m2;m3 | n)

n= 1

max vr,. (5.17)

< 2lala(ly 1 +W)CHL+ 00 ( 1~ hne — ho2itaC Bher
- - 3 3

o\ hp 2t e
1— hule
Here, we assumed that h(rie +712'+2C) < 1.

There remains the case where there is no line between any points of 11 Uns Uns. As explained earlier,

Qsa(mismins | k) = > h| K% (zy,y)KE2) (yn) K*) (y;ms) dy, 0<k <n,
T1€M  kik2,k3>0 R4
ki4+ko+ks=k—1

where we set K*)(z,y) := K®(y; {x}). Inserting the bound (5.11)), we get,

Qs3(m;m25m3 | )
3

<C14 )2 Yy (hﬁﬂ””C)’“_lh/ v —y) [[ D vlai -
z1€m kika k>0 R =2z,
ki+kotks=k—1
<l 15l322°C3 (1 + C) 22y > (2t
k1,k2,k3>0
k1+kotks=k—1
X max {P(x1 — 22)V(x1 — 23) + V(21 — 22)V(22 — 23) + V(21 — 23)V(22 — 23)} .
T1EMN1; T2EN2; T3EN3

Summing over trees attached to points of these paths, summing over n’ := n — k and using (5.15]),

= 1
Z —Qs3(m3m2373 | )
n:

L (h
< 31151322 C3(1 + O)atla— 2§ Ej(”kl))N,ﬁl_’k(kH)(hyl)"k > (2 ) max v,
n . 3€/3
n=1k=1 k1,k2,k3>0

3
> ki=k—1
i=1

(hw hpy2ttec\ M
< 3[1121322ac3(1 + C)lz-‘rla 2 hVV; - Z Z <V1> max v,
1

k=1 k1 ko ks >0 1= hvye Ts€Ts
z ki=k—1
oo \'  hoi(1— hie)?
< 2 3 lo+l3—2 1 1
< 3l115032°4C° (1 + C) = hine) (0= hvie— 2170y %?éa% Ury. (5.18)

22



In view of (5.16)), (5.17) and (5.18]), Theorem in the case m = 3 is proven by setting

h !
Asq = Llsl3lC?(1 + O)letls=2 (= 5.19
31 = Lilal3lC7(1+ C) 1~ hoe) (5.19)

h ! ho, 21420

o 2 lo+l3—2 1

Agy =201 15151C?*(1 + C) <1 — hyle) e —TiTeC (5.20)
. h ! hvy (1 — huye)?

As 5 := 3111513222 C3(1 + O)l2Fls—2 ! ) 5.21
3,3 12 ( + ) 1 — hrie (1 — hvie — hy121+0‘0)3 ( )

5.4 The case of general m.

As before, we integrate out intermediate points y, which connect to only two others (as well as trees of
points y connected to a single point of U:’;l 7;). We are then left with trees where each y has order > 3.
In terms of Proposition we have,

n n e
Qum(ni;...;nm | n) = R Z (k)k!NT(Ll)k(l + E)(h)" R Qu(m1: ... imm | k), 1 € N, (5.22)
k=0
with va (M1;---;Mm | k) the contributions from trees with k vertices in +, each of which has order > 2.

Denote by o the number of connected components in (J!, n;. If 0 = 1, i.e. all the n; are connected
directly, then there is no such tree, and the contribution is only from k£ = 0

Quma(nis. i1 | 0) = > I v@i—=y).

.]?66("17"'777'"‘0) ( 7J)€f
This can be bounded by C!~ llN My i) % maxr, 7., VT, , but a better bound is obtained as in

the case m = 3, replacing the factor L; in Ném)(ll; ««.;lm) by the sum in ((5.10)

Qi | 0) < [[C (14 007 mag 7,

By using the estimate (5.15]), we obtain,

1 _
D i Qmalims st [ 7) < Ay max v,
=

o T e h !
Apg=1" Q(Hli)c Y14 ¢)lhmmtt (1—]11/163) ) (5.23)
i=1

which agrees with (5.16)) in case m = 3. If 0 = 2, the only possible such tree is a chain connecting one
component to the other. In this case, we have k > 1 and,

QM5 51m | k)

= > 2 ) KEWum)

I, C{1,....m} z1€N1; i2€l2

1€, |I1|<m I=I7
X Z vz —2a) Z H vz —2a)
f1€8(mMmp\{1110) (z.27)Ef1 F2€6(niyinry\{in}|0) (z,27)E f2
< C(hv 21+a0 k 1 lig—1 -
c omrror Y Y00 Y Y e v
{I1,I2}€ll2({1,...,m}) i2€I> T1ENI; T2ENiy
lel;
X Z H v(z —x) Z H v(z —2a).
fre&minr\(1310) (z,2')€f1 f2€6(MigiNig\{ig}|0) (z,27)E f2
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Here, T15({1,...,m}) denotes the set of all partitions of {1,...,m} into 2 non-empty subsets. The latter
sums over forests can be estimated, replacing again L; by the sum in (5.10)), as

2 (-1
3 [ ve—o) <2 el —ta+ oyt max vr,. (5.24)

_ T,eT(1;)
Fi€8 ;i i3 10) (@))€ S; i€l ! !

Together with the link (21, 22), we obtain a tree on {1,...,m} (below we denote Iy := >, ;)

m 2
Qo (ms.imm | k) < (J] 1) > [T em=ta + o) mtt (g 2ty Jnax v,
i=1  {I,I;}€lly({1,...,m}) i=1 e
lel;
The sum over partitions can in fact be evaluated (see [9]) and yields,
2
oo IIE = mze
{I,I2}eM;({1,...,m}) i=1
lel;
It remains to sum over n and k. Hence,
1
ywm yoee 3 Tim S Am v ’
; —Qma(m; 5w | 1) 2,Max r,
U l —. 9l+a
h hV12 C
Apz o= (m =) (] [y —2em =t + o)ttt : 5.25
2 (m )(};[1 ) ¢ ( + C) 1-— hl/le 1-— hl/le — h§121+a0 ( )

Here, we assumed that h(vie +772'72C) < 1. Note that this agrees with in case m = 3.

For o > 3, there is at least one point y € v which is connected to more than two other vertices. The
tree on v connecting the different components can again be reduced to a tree T' where all vertices have
order > 3 by integrating out the vertices y of order 2, yielding factors K *). The number of such vertices
in v is at most o — 2, where o is the number of connected components of [ J;, 7;. The reduction formula
reads

min{k,c—2}

Qoo imm [ K= > Y 3y Y Quyrraln), k=1 (5.26)
r=1

TeTr {I;}]_,€ll,({1,....m}) me MB)(T,0,r)

lel,
with
~ ,_hr k L | d d K(k’ ) ’
Q{Ij};=1’T77T(T) _g r ( - 7“). 4 Y1 aAYr Z H v,y (yvy )
. ® (ky,y’)(y,y’)ET (y,y")eT
ky >0, Sk, <k-r
(y,y")eT
X Z Z K(kl)(l'layﬂ(l)) X Z H v(z — x/)
- R,k 20 z1€m f1€6(minr\1310) (@2 )€ fr
> ki+ X ky g =k—r
J=1 (y,y")eT
I X K™ epim) X I ve-a)
J=2 \ii€l; fjeG(nijWIj\{ij}m) (z,x")Ef;

In , T, denotes the set of tree graphs on r points, I; the set of ¢ such that #; belongs to the j-th
component, I1,({1,...,m}) the set of all partitions {I;}7_; of {1,...,m} into o non-empty subsets and
MOB)N(T, o, r) the set of maps 7 : {1,...,0} = {1,...,7} such that [{y € T : (y5,y) € T} + |7~ 1(i)| > 3,
i=1,...,7, ie., each point y; has at least 3 lines attached in the resulting graph. = € M®)(T,q,r)
determines the points of attachment of each component to the tree 7. We point out that the factor
1/k! compensates for k! in (5.22), and the factors (k) and (k — r)! then count the number of ways of

T
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choosing which y; are associated with the vertices of T and the number of ways of distributing the
remaining y; over the vertices of order 2. If ¢ is the number of vertices y € v of T connected to at least
3 other points of 7, then the tree T" determines ¢ — 1 lines between these vertices. In addition, there
are ge > 3¢ — 2(¢ — 1) = g + 2 endpoints. Each intermediate point of the tree must be connected to at
least one components of UZT;1 1;, whereas each endpoint must be connected to at least two. Let ¢ be the
number of intermediate points. Then o >t + 2q. and, asresult, r =g + g+t <2¢. — 2+t <o —2. It
follows that can be rewritten as

min{k,oc—2}

Qo (11557 | k) = Z > > Yo Quyr,ra(r) (5.27)

TeTr {I;};_1 €l ({1,....m}) 7e MB) (T, 0,r)
lel;

The contribution of a given tree T' € 7, with r vertices and an assignment 7 is bounded above by

A h" o+r— - @ —r
Quyz, ma(r) < —CTH T (hm 2" C) ) >
. (ky,y)(g.yer kiyesko 20
by >0, > ky o <k—r ¥ J—k—r
(vv)eT .7§1k]+<y,§)ETkyy g
S SRTTR | GEUETCID DI TN D DR | QRO
R (y,y)ET T1EN fre&(min\ 13 10) (z,a')€f1
i, —1 —
X H Z(l—l—C) i Z 7(xj — Yn(s)) Z H v(z —2a')
J=2 \4;€l; TjENi; Fi€6 iy, 10) (x2")ES;
Inserting the bound (5.24]) which holds for all j € {1,...,0}, we have,
~ h"
o+r—1/1— ol+ta k—r
Q{Ij};zl,T,w(T) < WC’ (hv12777C) Z Z
By gyt ke 20
by >0, > ky <k—r ¥ p —r
' (y,y")eT T]Z::1 kj+(y)yz/§ Ry =k
7 , 7 L =2 1|1 ) 12\3 ) (li—1)
X dyr--dy, [ 2w—o) | D Pl —ye)ly O 1+ et max v
Rdr T €T (1)
(y.y")ET 1€ML,
5 IL1=2 1 -1 2 Y
<II{ D #laj —ynly) O 1+ ) pmax 7| (5.28)
j=2 T;ENT

Subsequently, we need to bound the integrals

/ H oy —vy H )) dya - dyy,

(y,y')ET

where 2; € 77, and (y,%’) is a line in T' between y; and y; for some 4,5 = 1,...,r. Note that it is allowed
for yx(;) to be equal to y.(;y with j # j'. However, the number of unequal y, ;) must be at least twice
the number of endpoints of the graph T on 7. To estimate this integral, we integrate over the endpoints
of T except the endpoint 7(1) connected to I;. Integrating over an endpoint y, Lemma yields

/RdHV v(y — ) dy < 2°P7, ZH ika)ﬁ(xify’)+nﬁ(xify') )

1 k=1
ki



Therefore, setting p = |7~ 1(i)|, we have,

/Rd vyi—y) [ 7 —v)dy

jem=1(9)

<20l 0lp | N T vy —apwla -+ [ 7
JETTL(1) j en1(3) jeETTL(4)
3'#i
Inserting this into , the first term in brackets combines trees T; on clusters connected to the same
endpoint y;, i.e. 7(j) = 4, into a single tree 7] connected to y;. The second term connects all z; with
7(j) =i to y}. Note also that the factors C!i|=1 combine to give H?Zl Clil=t = 0™~ and similarly,

d > (1)

H (1+ Oyt — (14 C)l-h—mt,

J=1
Thus, we obtain,

T < I B o - )
Q{I Yo Tom ( )S F(Hl‘lf]‘ 2)0m+r 1(1+C)l I m+1(h1/121+0‘0)k
Toj=1
o+r—1
X (k)7 Z ki —k_r}|Q{1}71, (), (5.29)

where it is understood that k; > 0 for ¢ =1,...,0 +7 — 1, and where

Q{I Yo, Tom /T H vy — ) H Z — Yr(j) T?ﬁ(ﬁ)vﬁ dyy - - - dy,.. (5.30)

(y,y")eT Jj=lz;j€n,

Singling out the endpoints OT of T other than 7(1) and denoting A(x,T) := 7~ 20T \ {=(1)}), (5.30)

can be rewritten as

Qi ralr) = / Ly dy, 11 Py—y) 3 Blar—yey) max

(y,y")E((T\OT)U{m(1)}) z1En1, Ty €T (I1)
X (. ) Do
H Z v(x; yw(J))Tjren%);j) iz
j>1 ;€M1
7(5)e(T\OT)
x Z H v(xj - yﬂ(j))v(yﬂ'(j) - y;(j))TmaX Zn
j jET(Ij)
{zj}Yjen(n,m) JEA(T,T)
Z;ENI;

Integrating out the endpoints y.(;), we have,

- / _
Q{I }o_,.T 7,x(r) < /Rd\T\BT\ ‘ H dyi H vy —1y) Z v(x1 —yﬂ(l))TIéﬂ;}g(l )I/T1

€(T\oT) (y,y)e((T\OT)U{r(1)}) 1€

v T ot (@)=
X H E v(zj — yw(j))T‘IGT%@g(I‘)Z/Tj H 20lm (g, Z
g>1 z;ENI; J i i€(0T\{m(1)}) {3} enm10)
m(§)€(T\OT) e

X Z H =z )v(xy —yi) + H v(xj —yi) Trg}f()uqﬂ . (5.31)

JETTL(1) j enT1(4) JeETTL(1)
J'#j
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After this first integration, some of the neighbours y; have become endpoints of a reduced tree T. We
integrate out these points next and proceed this way until T is reduced to a single point. We can write
the expression (5.31)) in terms of the reduced tree as follows

- alr~! T —_|oT\{=(1
Quiyyr, aalr) <2 |7 T\ (DT (W} Z ZQ{, o r mor (7); (5.32)
(el e, ({1,om}) ™
1e1;

where for each i’ € ((T'\ 9T) U {m(1)}), the set of j' such that «’(j’) =i’ is given by
(71'/)71(1./) — 71_71(1‘/) U U Si,

i/EaT
Yi=Yi

where, either S; := {j} for some j € 771(i), or S; := 7 1(i). These two cases respectively correspond
to the two terms in the last factor of the right-hand side of (5.31). In the first case, the trees T; with
m(j) = i combine into a single tree

T; = U Ty U{(zj,25) : j' € 7 (i), §' # 5}
jrer=1(i)
In the second case, the forests f; are unchanged. The number of components is reduced to
o =0- > (=@ -1).
i€dT

[Si|=1

The corresponding subdivision is I} = {J;/c,-1(;) L7 in the first case, and I} = I; for all j € 7~ L) in
the second case. In any case, we obviously have I’ j=1jforjen L. We stress the point that the
definition of @ in the right-hand side of (5.32) has been slightly modified: we replaced U, by the quantity

gT; = H l[j,PT]{ if §; = {]}
j'en (i)
i'#3
After at most » — 1 stages, the forest graph reduces to a single point 7 = 1. At the final stage, we need
to integrate over the last vertex y = y.(1). Noticing that I{ = I, it follows,

o (x1 — max U U max Vg
Q{f’h ol lr /Rd ZI 2 TeT(L) Z H T’,GT(IJ’,) J
€ {z; ;7 2
T €N/
o 0', (e
4 ’
<200 Vg - 11 7@ — ;) vp | <20 V([ [ 1) max v,
(o7 =1 {721 TGT({l ~~~~ m}\{J}) =1 T €Tm
Tjsj=1 v,
zje/h; 3'#

Since all trees generated are distinct, we can write, bounding ¢’ by o at each stage,

[ea

Qq, po_, mo(r) < 2“(""_1)P{(H11-)Tm§x¥ Ur,,
j:l m m
Inserting this in (5.29)) and (5.27)), we obtain the upper bound
va7o(7713~-~§77m | k‘) < Z (Hl\éj\*l)cm—l(l_i_C)l—ll—m—i-l(hPlC)k
{I;}j-1€0e({1,...,m}) =1
1€l

min{k,c—2} o+r—1

<L X T s 3 k= ke v

r=1 Te€Tr ne MB)(T,0,r)
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where it is understood that k; > 0 for i = 1,...,0 +r — 1. We now bound the number of trees T € 7.,
by r"=2 < rle”, and the number of maps 7 by 77 < (¢ — 2)°. Using the combinatoric identity (see [9] for

a proof),
-1
DN e G L 639
o—
{L;}j—1 €0 ({1,...,m}) J
lel;
where, as previously, II;({1,...,m}) denotes the set of all partitions {I;}7_; of {1,...,m} into o non-

empty subsets, we get

~ -1 , .
Gnclimi- i | 1) < (0 =27 (7 meom i ot g
min{k,c—2} o+r—1
r2a(7‘071)2(1+a)(k r <7+r 1. ki =k — T .
X e HEIZ™ s D ki = k=) oy v,

r=1

Summing over k and n, we have, setting n’ :=n —k and ¥ :=k —r,

= 1
Z* (01557 | 1)

3

g(az)ff(m )zm e 1+ C) I "“hlz (h,0)F Z (h”l) N (k)

oc—1
k=1 n’=0
min{k,c—2} o+r—1
2(1+a)(k r 2a(r0 1) U+r 1. ki =k — =,
> ol S k= k-l .

r=1

m— o—2 h I+r
<(0__2)0'< )lm ocom= 1(1+C)l l1— <7+1Z thc ()

oc—1 —1 l—the

e} _ K’
. hV121+aC
x 20(ra=1) g7 —_— max v

l o—1
S(U _ 2)0’ <m _11) 204(0—1)2lm—acm—1(1 + C)l—ll—a'—',-l < h ) ( 1-— huie )

o — 1 — hrie 1 — hvie — hp 2t+aC
> hﬁlC’e "
X
; <1 ~ huie — hu121+ac) P

Here, we assumed that h[vie + 71C(e + 217)] < 1. Theorem in the case m > 4 is proven by setting,
for any 3 < o < m,

m—1 2 h :
o o a(c—1)"ym—o ~+ym l—li—0o+1
Am,a = (O’ — 2) ( 1)2 l C (1 + C) (1 hl/le)

1-— the 7 hﬁle(l — hule — hﬁﬂ”"‘C’)
1 — hvie — hv21+eC 1 — hvie — hvy(e + 21+2)C

(5.34)
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