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Abstract: For an arbitrary vector field F. xeR > F(HeR , the

~ hd nd
representation F = Vd+ Ly+ VAL X is proved where &, %, X are scalar
potentials. Using this decomposition in the Maxwell equations
disentangles the longitudinal and transversal degrees of freedom of
the electromagnetic field. As a result the electromagnetic field can

be quantized restriction free.

1. Introduction

In the theory of electromagnetism it is common to decompose 'a three-

dimensional vector field F: }’E‘Rxf—> F(;)G’RJ as
=2 - e -
1) F(2) = V) + ValAR)

-
thereby introducing a scalar function Q and a vector Poterntial ‘A.
However there exist other decompositions in terms of three scalar

potentials so called Debye potentials [1,2,3). We use the decomposition
-, - - & ~ -
() F(R) = VG + Lx(X) + Val x(x),

-»
where 1, denotes the angular moimentum operator, which can be found in

[2].

It is one purposc of this note to establish rigorously the validity
of decomposition (2). In particular, the uniqueness of the potentials
has to be related precisely to the possible gauge transformations.

As in [1] where a rigorous proof of a slightly different version of
(2) was given, we will employ the Hodge decomposition [4] as a main

tool.

The other purpose of this note is to show that the longitudinal and
transversal degrees of freedom of the electromagnetic field disentangle
if we use the scalar fields of (2) in the Maxwell equations. Without
further assumptions, such as Lorentz condition or Coulomb gauge, we
arrive at wave equations for the transversal potentials. Therefore

the transversal potentials can be quantized canonically without the

notorious restrictions which are a main cause of the difficulties in
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quantum clectrodynamics [5]. On the other hand, up to a time de}ivation,
the gradient potentials of the electric field and the exterior current
are identical. This shows, that the longitudinal part of the Maxwell
field belongs to the sources. - With regard to the separation between
transversal and longitudinal, it is interesting to notice that from

a group theoretical point of view, where photons are defined as
irreducibel unitary rest mass zero representations of the Poincaré
group, it is the introduction of the conventional vector potential

which causes difficulties [6].

2. The representation theorem

We use Hodge's decomposition theorem for exterior differential forms
of degree p on a closed orientable n-dimensional Riemannian manifold
L2, in the form given by [4]. It states that every C2 p-form o can

be decomposcd uniquely into a sum of three forms
(3) o= oy + O, + Ay

011 being exact, 0(2 coexact, and 0(3 harmonic; i.e. there exists a

(p-1)-form 8, with

(3.8) o, = df,

and a (p+1)-form r2 with

Gy o= S (Jf.*)*
while, for A:= (-1)"P&d + D" ag,
.c) by = O

1f the manifold £ is 2_dimensional and of a l-form, the forms/jl and
Tz* are scalars. If in addition {1 is a sphere the first Betti number
is zero, and 0(3 vanishes. Hence we have the gpecial situation that
the decomposition of the 2-component vector & is given in terms of
two scalar fields/!l and 1’2*, This implies the following lemma (see

[nn:

Lemma 1: Let £ be a 2-dimensional sphere and Ft a C2_vector field

A
on £2..Let Vt denote the gradient on _Q, and r the unit vector at

?Eﬂcklporpcndicular Lo {1 . Then there exist functions S and T on L2



such that
(%) F,= V,$+ TAVT.

VLS gives the exact 1-form dg,, and ?/\VtT the coexact l-form Jﬁ

= S(Tdﬂ). (d £2 denotes the obvious 2-dimensional differential.)

-
To apply Lhis lemma for a 3_dimensional vector field F: IGR!H F(x)

EK’, we use radial and tangential coordinates:
- -y A >
(5) F(*) =: F(X)x +?:(><)-

3 A
So excluding the origin we relate Te R one-to-one to (x,x)eRx_Q,
A
x:=|¥], with L2 the unit sphere, and x:i= X/x. F, is a scalar function
. e =z e ) ~
on the domain of F, and Ft(x) a tangent vector to 2 at x. In these

coordinates the gradient is given as

- 2%
© V, = 2 X+ (V)

3
Theorem 2: Given a region.QC_l> \IOS. with regular boundary 20 =:
— 3 . &+ > = . 3
a~0, and a G -vector field F: xeﬂ'—"F(x)eR . Then there exist
three scalar functions §F' '!(F, ‘XF on f1 such that

— —p —

F=VQF*L5&,=+VAL’XF.
Requiring fF to vanish on the boundary, and '!{F. ')fF not to be

spherically symmetric, these functions are unique.

Proof:
We may add always a spherically symmetric function to YF' ’XF without

changing (2): Let us assume 55’_, to vanish on 242, and ’!(F, Xp not

to be spherically symmetric. We use the Poisson formula {7]
—- 2 — 3
mn F& o=V JSlmz.?) F(y)d'y

where the kernel K is a fundamental solution of the Laplace equation,
. - g > 2 3.
and abbreviate G(X):= SK(%,y) F(§) d°F. Employing the decompositions
O

(5) and (4), and some vector jidentities, we have
F@) = V6(K)

V(v &) - TalvaCD)

S (Ve @k U SO RAVTE )
S VA (VA GRR ¢ Y SED XA v T} )
(V- (6(R)%) + V' 56))
| LA (UARGE) r VAVAK 2 S(R)
k , VA (VA JRATTE)

P(V-(6.()%) + V1 56))
LAl E(e@- s LT,

W

it

This proves the existence of the Debye potentials.

Suppose now

F-pg+lwr Val x = pg el x + VaLX.

Then straightforward vector calculations imply

vig g F Cle-LF Dox--(Ln V)-F.



hence V%Q‘Q?= O. Zl(?’t?==0.

3. Application to Maxwell equations and Quantum Electrodynamics

2 2
L V (x "X‘) = ‘XL Vl“‘(’X“ X') = 0, and therefore
é- = f) '}t = ?t" X = ’X. qed The Maxwell equations are given by
2 ) . .
- —-
(8.a) VAE = -8
Remark:

(8.1) VA}T=5+1)

The "'gauge freedom" associated with decomposition (2) is the freedom with the usual assumptions

to add spherically symmetric scalar functions to the Debye potentials

-
9.a D o=
%, X. The requirement of spherical symmetry distinguishes this gauge ( ) v fD
from the usual vector potential gauge where the gradient of any scalar (9.b) Vﬁ jg = 0
function can be added to the vector potential. - - —»
(10.a) e, E=D-F
- — —+)
(10.b) B = f (H+™M

Combining (10) and (8.b) yields

(8.p") VA§=ﬁ.(3+VAP7+?) v e M B

Now we decompose all vector fields according to (2),

- - e d
Q1) F = Ve, v+ Lyt VAl xe, F=£E£,8,D,HPHM
under the tacit assumption that the gradient potentials vanish on the
boundary of the region Q under consideration which is supposed to
exclude the origin, and to be sufficiently regular. Thus (8.a) is,
up to a gauge, equivalent to

(12.a.a) g, = o,

—Xa »

"

(12.3./5) 'Q_’L

Ly -
(12.a. §) Vx = %3

E



and (8.b') equivalent to

.

(12.b. o) &, ~Z—»(§J+§EP),

(12.b.‘/}) Yy = /A'(XJf'X.’ + '_'{Hfl:. 2‘:)

(12.b. 1) Vti’J = ey e ¥, - len ve v, ).

the assumptions (9) are equivalent to

(13.2) V(e 3 +8 )< P>

(13.b) fz = 0.

The remarkable result of this calculation is the separation of the
gradient potentials ¢ and the transversal potentials %, A4 . Without
any further assumptions or restrictions, we arrive at a wave equation

by eliminating &k and %

"
L - . . 2
(14.a) ax£=/u.('x3+x,>+'£t“)’ Dzzv_g./u.a_tl
- 2
vy oAy = o Uy By 7, )

(13.a) and (12.b. o) can be combined to give the continuity equation
: , = 0

(15) Vi, +p

which is nothing else than
-+ .

a1s") V-3+p-= 0.

Equation (15) underlines that charge transport is exclusively related

to the gradient potential of the current.
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The formulation (12) of the Maxwell equations exhibits a structure
which is crucial for the quantization procedure. By (12.b.o ), the
electric gradient field f«icoincides with a matter field. ﬁence its
possible quantization is subject to a quantum theory of matter. In
the free case QE;has to vanish, according to (13.a) and the boundary
assumptions. But even with different boundary conditions, since fE'
and QIS are submitted to a Laplace equation, a canonical quantization
would make no sense. We definitely have to exempt -@E and é.B from

the quantization of the electromagnetic field.

In the wave equation (14) the inhomogeneities refer only to matter

- -+ -
(current J, polarization P, magnetizetion M) while the homogeneous
solutions precisely exhaust the free electromagnetic field. Therefore
the quantization of the free electromagnetic field is achieved by the

canonical quantization of the solutions of the homogenecus wave

equations
(16) ox =0, « = E, 3,

and presents no problem at-all. General quantized solutions of (14)
would involve the quantization of the inhomogeneities as well which
has to originate in quantum theory of matter; but that is beyond the

scope of this note.

The equations (16) do not fix multiplicative constants in the fields

X . For later convenience we redefine

a1 2
L
L(’—‘) Xg Xz »
a7
— 3,1/
A"(C‘L)IXE' — Xy



Z -

The redefined potentials are real; notice that the imaginarity of ¥
and X in (11) comes from the definition of the angular momentum

—
operator, Li:= -iX A Vi

: 2
We sketch the canonical quantization of (16). (V—t./l..';—t) Xq = 0 can

be derived from the Lagrange density

asy  L(x, Vx) = g&z— (e, p. x5~ Vx - Vx, )

=E,B

by the Euler Lagrange equation

ol 9L 9L -
19 d 2L 4 . = =
N ax, 2(V,)

The canonical momentum with respect to 2; is

22 .
(200 T, = ol Efe X

and the hamiltonian density

: 2
T
(21) X = :2“‘5‘3(;.—-‘—' + de' V’Xo‘)
k3 1
= 1 Z_ T _ X
’--«:E,I(C, . dVX.()

A Fourier transformation with respect to the time variable makes (16}

assume the form of an eigenvalue equation,
V1 £ W
(22) - uk = ,/“_ ” uk.

We specify a boundary value problem on £2, Dirichlet data say, such
that the laplacian is self-adjoint. Now let us expand X (x,t) with

2
respect to an orthonormal basis Zukg of eigenfunctions of - V:

- 12 =
> -7, .
X K,t = z > “ew b
(23) ALY {— (2ep,9.) f(:‘“ w (X)e “
* "o ww t
+ 6“‘ uL(x)c }

the orthogonality may be given with respect. to the inner product

i}

<f 9> ;51 £ 3(1)3«':,

(26.2) <UL U > = S

We assume a non-trivial time dependence in (23),lg‘> 0 for all k (see
final section). Now insert (23) in (20) and (21). Observe that both

*
uk, and u are eigenfunctions to the same eigenvalue in (22) such that

by
C o~ > - -V !
0 - L’ ' . L ? &l>
r *
= E-/A.(k}‘:—w‘_) <u£'uL' >,
we have
*
(24.b) <u L uu> =0, W o W

Hence the hamiltonian density
* #
(25 X, = iur(ér/&pf'érép)' pi=(k«), «=£.3,

follows straightforward. Canonical quantization consists in postulating

the commutation relations
4
@ LA bIT=h 8, L6410

Therefore the hamiltonian density is

#
Qn 3{"-‘-(«7'06-'“/6" "'Ztl‘-JP.
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We can rcarrange the decomposition of the electromagnetic field into

the poloidal potentials W;, XB' to realize the helicity:
(28.a) X, = A (x pax ) x=+1, "7
B AR ).

This transformation leaves the commutation relations (26) unaffected,

i.e. they are valid for

(L, x), x=+1.-1

i

(28.b) 7

1 X
28‘ = e
(28.c) ,61 1’?(61‘,8' <

(29) [, 6;] = by [5’, 5,,.]= 0.

se )

The hamiltonian density with respect to helicity is

#
- 11,
(30) 9(1 R, (), 67 +zho .

S VA
4, Discussion

1. The energy density of an electromagnetic field is defined as [8]
> -
(31.a) X=1(Hi-8+ED)

which, for the free field, is

(31.v) 3(=§(/‘1.§‘+ e, E7).

We insert the decomposition (2) of the free (E,E)—field where the
gradient potentials vanish. Now we distinguish the pseudo-scalar
toroidal Debye potentials 31. ﬁ; and the scalar poloidal Debye

~
potentials ﬁk, Xy from the redefined potentials,

2 1/,
) L ~ ~
(yl"xx)‘= "(/«,) (kxn'xs)
. SN W g ot
(%,, %) = «(&e.C ) (%, %)
(32) F = [;';Ffv,s[’ﬁ, F=E, 3.

The rewritten hamiltonian density (31.b) is
x - - A
¥ %é? (L% +Valx ) .

X = L (L%, + VaL o) g €

2/4..
By vector analysis calculations, where the involved surface integrals

vanish due to assumed Dirichlet boundary conditions, we get
4 PO TR ~ Ll R
¢ 2/“( £ foo X L X, o+ Xy V'L X,)
L]

. -2 0

+1£.(~")\('3L Xy, + Xe VL Xe )

&

. 2
fep A T e R R T

Respecting (20) this expression coincides with (21).
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2. The possibility of a non-trivial field for the eigenvalue zero

in the Helmholtz equation (22), which happens to emerge in the infinite
volume limit, or for Neumann data, etc., presents a conceptual problem
with respect to the photon. A rest mass zero particle with kinetic
energy zero cannot exist. However the photon concept is restored by

the gauge freedom for the potentials Ag, Xy . The spherically symmetric
eigenfunction of the eigenvalue zero can always be subtracted. At the
same time this prevents the photon to have zero helicity. - Because

of the "zero point energy", the quantized hamiltonian of the

electromagnetic field does not show up the zero energy difficulty.

The gauge freedom introduces the non-uniqueness of the ground state

of the electromagnetic field.

~16 -
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