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Abstract: We determine the asymptotic behaviour of trace (e °) as t +0 where

Ag is the Dirichlet Laplacian for a class of spiral regions in R,



1. Introduction

The relation between the geometry of an open region WcR™" and the
asymptotic behaviour of the spectrum of the Dirichlet Laplacian sy has
received a lot of attention. The classical result of Weyl [1] states
that if W is bounded and has volume [W| and the volume |aW| of the boundary
3W is zero then the partition function

tay
Zy(t) = trace (e "), t>0 (1)
satisfies
W] A
Tim zy(t) . tV2 o ——— (2)
g0 ¥ (47)/2

The asymptotic distribution of the eigenvalues can be got from (2) by a
standard Tauberian theorem. This was of great importance at the time since
it settled in the affirmative the conjecture of Lorentz that the leading
term in the asymptotic expansion of the eigenvalue distribution depends only
on the volume of the region and not on its shape. MWeyl used the theory of
integral equations; 1insight into the result was given by Kac [2,14] who,
using probabilistic techniques, showed that the diagonal element K(X,X:t)
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of the heat kernel at X associated, to - sy + -3 can be replaced by () i7?

if t]/z/dist (x,8W) is muc? smaller than one. The asymptotic relation (2)

>

follows by integrating ?Z—Exﬁ73~with respect to X over W since most points
"T L&

in W satisfy this "principle of not feeling the boundary".

Rozenbljum [3] pointed out that there are regions S having infinite
volume for which Zg(t) is nevertheless finite; the set S = {(x,y): Ix Py <1 >0
in R2 is an example of such a region. Rozenbljum, Simon and others [3-9] used
analytical techniques to find Zg(t) for t+0. It is clear that in two of the
four horns of S most points "feel the boundary", so that if the probabilistic
techniques of Kac are used for this problem stronger estimates are required.
These were provided in [10] where the asymptotic behaviour of the partition
function was determined for a class of horn-shaped regions in R". For example
let

H - {(x,y):o<y<¥(x),x‘;o} , - (3)



where f(x) is a function on (0,=) which decreases monotonically to zero
and which is integrable at 0; for this region the Brownian bridge was
decomposed into two independent bridges. The bridge in the x - direction
obeys the principle of not feeling thg bounqary; in the y - driection

the kernel at y for the operator - < =« 5% on the interval [0, f(x)]
ay

(with Dirichlet conditions) was computed explicitly. This gave for the
diagonal element of the kernel at (x,y)
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Koo(x,yit) ~ ! . 7_. L e (Sixr» l‘ii}i ) , tio (4)
H tmey™ K= S0 £1x)
so that
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2H(t) = j dx J Ay.KH(x,y;uN. ! . Sob; Z e Jble  (5)
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~provided the integral in (5) converges. The proof is to be found in [10].
Subsequently Davies [11] obtained geometrical conditions on a region V
which are necessary and sufficient for Zy(t) to be finite for t>0.
In this paper we use probabilistic techniques to compute Zg(t) for spiral
regions S which covers R2 except for a set of measure 0. The boundary of S is

given by (in polar coordinates)

25 = {((’9 ridi) + 0 g d oo, Tl0)=0, rlwysm, t() concove on Lo, ) S . (6)
We will show that for a wide class of concave functions r($)
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where r(b) denotes the derivative of rém . The corresponding horn-shaped
region H(S) which we obtain by "unrolling" the spiral is of the form (in
cartesian coordinates) '

6 e

H(g) = { (2(4), y(&) : x($) = | rimde , o< y() < 2wich), 04§ <o S . (8)

We see from (5), (7) and (8) that

Tim  Ze(t) / Z (t) = 1. (9)
teo S H(S) :

Hence the Brownian bridge does not feel the curvature in the Timit t40.

2. The Theorem

We will prove the following:

Theorem: Let r be a real-valued function on [0,=) such that

1. r(0)=0, r(¢) is concave on [0, and lim r(¢)=e,

2. F(t) defined by e
o _ tk*
: = 4 (F())
Fe- : - ( b . v (P). Z e , (10)
wrt) ke
is finite for all t>0,
€, -t
3. o, Fl—@t ) {0 , (11)
tio ((r(m_zt'“)’") % ( j=1
e S )" }2
4. S . vy e rm is finite, (12)
o
then
tAS
/B«Qm, ,.!__ , £rcu,c, (8 ) = 5 (]3)
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where &g is the Lapiacian with Dirichlet conditions on the spiral given
by (6).

Corollary: If 29 . {(@)c¢“):eé¢<@{}and the constants ¢ and o satisfy
c#0 and O<a<l then
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Remark: Condition 3 in the theorem states that r{¢) should increase s]owér

than— % as ¢ +». Condition 4 in the theorem implies that r(¢) should
(Tog 9)3/2

increase fast enough e.g. like (log g)2te

, €20 385 ¢ »w.

In Lemma 1 we give a pointwise upperbound on the diagonal element bf
the heat kernel (denoted by Kg(¢,r; t) associated to ~hg+ g% using its
representation as a conditional Wiener propability [12]. In Lemma 2 we give
the lowerbound. Then we obtain upper and lowerbounds on Zg(t) = trace (etAS)g

which prove the theorem.

Lemma 1: For ¢24m, t>0 and O<6<%

_ K b
O q* V 2 Lt
K (¢, vst) ¢ 1 Lo (gm.nk. r-v(¢-4) @b ) F e , (15)
5 = mt) g ke q i
where
p = 2r(¢-8) sin 8, ' (16)
qg=r(¢ + 2r+¢) - r(e-8) cos s. (17)

Proof: Let P1,P2,P3 and P4 be the vertices of a rectangle with boundary 3P
such that (in polar coordinates) P1 = (¢+s, r(¢-6)), Pg = (-6, r(e-6)),

= = —] Wp i = ] = =
[POP2 = [P30P = tan SrlooeTa) dist (Py,P2) = g, dist (Py1,P4) = p, P = (0,r)

and denote the straight lines through P1P2, P2P3, P3P4 and P4P1 by py, Pp, P3
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and pg respectively. We write Kg(e,r;t) as a conditional Wiener probability

and use the property that the paths P(t), O<t<t are continuous with probability 1.

Let e denote the empty set, then

KS (¢, r;t) = L Prob{ ?mna%: 8 0 gt gt i P(O):P(t):P}
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from which Lemma 1 follows if we use the Poisson summation formula (see [13]) @

Lemma 2: For ¢ 24n, t>0, O<Y<~1~2T-' and r such that r(e+y) sr <r(®+27m-v) cos v,

¢ vl - .l‘i
o 5* 2 4t
Ks/‘ﬁ?,r,t)? - z e (‘3‘;“ wkorbon- e o) L , (19)
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where

2r(¢ + 27 -7 sin v, (20)

s
i

s =pr{¢ + 27 - v) cos v - r{y+e). ~(21)

Proof: Let Qy, Qp, Q3 and Qg be the vertices of a rectangle with boundary 3Q

such that Q2 = (¢ + 2n + v, r(¢ + 27 = v)), Q3 = (¢ + 27 = v, r(o + 27 -v)),
[POQT = [Q40P = tan™! i . dist (Q2, Q3) = u, dist (1, Q4) =5, P = (o,7)
and denote the straight lines through Q1Qy, QyQ3, Q3Q4 and QqQy by 91> 92, 93

and A respectively. We have

KS N})!")t} > ~_,__. Prob{ P{'c) n BQ - 8/ Oétié 1?(0):13{\‘,) :P}
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from which (19) follows (see [13])e

Proof of Theorem: We will find bounds on Zg(t) for O<tsré(w). Choose & and Y

in Lemma 1 and Lemma 2 both ¢ and t dependent:

1
S N 3n’t L. rid-%) , (23)
lfrz(d“-‘z) r{m)
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Let & be the unique positive solution of

R "
re) = {r*nﬂ t F(t)gq

and define

K=ld: g3, arr(d-T)< (25 Fip-1) ?(%_;))
7

. -y r{yu)
L {¢: 0% d,, wie-1)> ( 26 7 (9-T)+ o
z
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z
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First we will use

0 <Kg(o,rst) S (31)

and then we will use Lemma 7.
2n &
ngiu = j d¢ f dr.r"(€(¢)r;m
4] o] '
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oo r{dsamy
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Because of (16), (17) and condition 1 of the theorem we have for ¢ >4n
by 2 ord-s) 2 A orpeT) (33)
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By (23) and condition T of the theorem we get
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we see that if ¢ K then

kL ‘ cramy s
v (F) Pyt

: ﬁwwqm rlym), rin z
31 g oW p i wi . :
(2n42b) ¥ ($-1)+ Lrp-ry <2, Bwr(@-%),

If we denote the contribution from ¢ &K in the right hand side of (36) by V.

and define

2

m;&& er(¥). Ty E

Flym. rim. 3. )bg(r(¢~§)/r(nﬂ

we get by (23) and (39)

o2 oo - 0,(4)) ki
Y < S bh. rlhaamy . L ?: e
5 (ﬁ'ﬂt)"" k-,
Since for >0
" - wk?
- -3x !
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(43)
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Furthermore

o 2m vl -3 (1+ o), (44)

so that the contribution from ¢ <L in the right hand side (36) is smaller than
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We note that since tF(t) += as t+0 we have ¢+« as ti0. Because of (32), (35)
(36), (43), (45), (11) and (12) we have proved HEQ‘E)UP Zg(t) / F(t) = 1. The

Y
next step is to obtain a lowerbound on Zg(t) for 0<t<g r2(r) using Lemma 2 and (31)
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so that
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Wreds ) 2 T
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Since vt += as t+0 and because of (46), (47), (49), (50), (55), (11) and (12)
we have proved %ig inf Zg(t) / F(t) = 1. This completes the proof of the Theorem.
¥
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