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Abstract

It is explained how the renormalization transformation can be used to take
the continuum limit of a lattice field. It is shown that, by rescaling, the problem
can be formulated on a fixed lattice Z¢. The procedure is illustrated by two
examples: the one-dimensional Euclidean free field and a hierarchical model with
#* -interaction.

* Talk given at the Mark Kac Seminar, Amsterdam, 5 December 1986.
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1. The general renormalization procedure

In the following we shall adopt as a definition of a (Euclidean) scalar field
theory a generalized random field on some space F of functions, i.e. a linear
mapping ¢ : F — LY E, u), where L°(E, 1) is the set of random variables on
a topological space E with probability measure x . We do not concern ourselves
here with the Osterwalder-Schrader axioms. In the case of a d-dimensional lattice
field F is a class of functions f : Z¢ — C, and in the case of a continuum field
F is a class of functions f : R? — C.

We want to study the continuum limit of a lattice field ¢ on 7% . We therefore
rescale the lattice Z? with a factor § > 0 to obtain fields s on finer and finer lat-
tices §Z¢ ,and hope to be able to give a meaning to the limiting fleld ¢ = limso ©s.
In general it will be necessary to rescale the parameters defining the fields s in
order to obtain a meaningful limit. This defines a transformation of parameters
which is called the renormalization transformation. As a function of § > 0 these
transformations obviously form a multiplicative 1-parameter semigroup, which is
(erroneously) called the renormalization group.

In order to arrive at a suitable procedure to obtain a continuum limit let us
assume for the moment that the continuum field ¢ is already given. Then we can
obtain lattice fields (5 by coarse-graining, i.e. by averaging over lattice blocks

Ci(a) = {2~ 56 S <zt 36,6 =1,..,d) (1)

for z € §2° .
Explicitly,
ws(z) = 6% (1gs(2) (1.2)
where 14 is the indicator function of the set A.
For f € F; this becomes

es(f)= >, f@e(lgw) (1.3)
ze6Z*
The lattice fields @5 satisfy
prs@) =L > wsly) (1.4)

yesZ* nOes(z)

Conversely, given a sequence of lattice fields ¢, on L~"7Z% | we can define ¢
by the limit

o(f) = lim ¢a(f) = lim 3 L™f(z)pn(z) (1.5)
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If the @, satisfy (1.4) then this limit certainly exists for functions f of the form

f= > f@lpg.w (1.6)

zeL-mZ*

for some positive integer m.

Although it is desirable that this limit exist for a class of smooth functions f ,
we do not go into that problem here and concentrate on obtaining a sequence ¢,
satifying (1.4). Rescaling we can reduce the latter problem to a fixed unit lattice
72 . Indeed, given fields ¢, on 7¢ satisfying

(@) =L"" Y $nni(y), (L.7)

yEBL(z)
with
q L L .
BL(m) = {y €Z I - 5 < Yi — Lmi < Eaz = 1:"'7d}7 (18)
we can put
¢n(z) = ¢n(L"z) (z € L7"Z%). (1.9)

We shall obtain ¢, by averaging a field ¢ on 7% with a restricted number of
parameters that can vary with n. The eventual continuum field then also depends
on a finite number of parameters and thus, in principle, has predictive power. We
define the averaging procedure by

(M) =L Y~ ¢y, (1.10)

yEBL (z)

where o is an adjustable parameter, to be fixed later.
We denote the original field ¢, but with parameters depending on m, by ¢(m) -
The fields ¢, can be defined by

($n)e = L™ Tim (M™ " dmy). (1.11)

One easily checks that these fields satisfy (1.7). Notice also that the limit depends
on o ,so that this is not a superfluous parameter. In fact only one particular choice
of o leads to a non-trivial limit.

2. The one-dimensional Euclidean free field.

Let us now illustrate the above procedure by a simple example : a one-
dimensional Euclidean free field. We can define a Gaussian measure yas on §'(Z)
by its covariance

Cey =/5x.6y dv, (2.1)
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where 6;(¢) = ¢(z) . We put
Cay = (~Da + M7}, (2:2)
where A; is the lattice Laplacian,
(Aif)(e) = f(z +1) + f& — 1) — 2f(2). (2.3)
By Fourier transformation we find

1 ™ eir(z-y)

Cey = — —_——d
v 2w _7‘-4Sin2’g'+M2 P
(2.4)
e_wlx_yl 'f
= asirany U oCTY
with M
w=2 arsinh?. (2.5)
The field ¢ is simply given by
$(f)F) =(Ff) ;f€S(Z),Fes(2), (2.6)
where (.,.) are the duality brackets.
Heuristically,
1 1
7(d) = - exp[~5 (¢, (—A1 + M) [ d¢e- (2.7)
a:EZ

(Because of the simple defining relation for the field we write ¢ instead of F with
an abuse of notation ). Z is a normalization factor.

Let us calculate the covariance C' of the renormalized field ¢' = M¢.
¢y = [ oty 20d0)
— L—2+20 Cuv
Z Z (2.8)

u€BL(z) vEBL(y)

—wL|z— : wkl
e L L l==sl {Smh 2

= YD } (z #y)

: [53)
sinh 5

Clearly (Mp)™ = Mr» , so that

—wL”|z—y]| sinh «L” )
O(n) — L—2n+2na € 2 ) (29)
iie 2M+\/1+ (M/2)? | sinh5
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Obviously C' — 0 unless we let w = wy, depend on n so that w, L™ — const.
We shall take Mn = L™"Mp, so that, by (2.5), wp L™ — My. Formula (2.9) then
contains a factor L—2712ro+n+2n g4 that we have to take o = —1.

The covariance C, of the field ¢, deﬁned by (1.11) thus becomes

Crsey = L2 lim (C{p” "))xy

mM—00

e~MoL™"|z—y] { sinh Mo L™ }2 (2.10)

2M %Mo

Rescaling we find the covariance of the fields ¢, on L™"Z ,

e~ Molz—y| {sinh FMoL™" }2 (2.11)

/ n(z)en(y)7(dpn) = —57m 10,
Taking the limit n — oo of

[enfontorntdon = 3 L@ [ en@entumm(den)

yGL—"Z

we find the covariance of the continuum field,

—Mo|z“yl

C(f,q) = / iz [ dufedow) —z— (2.12)

The kernel

—Mo|z—y| oo ip(z—y)
¢ L / ¢ dp (2.13)

oMy 21 J_oo PP + ME

is the usual Euclidean free field ”propagator” or Green’s function.

C(z,y) =

In d dimensions one finds o = dT This is called the canonical dimension of

the scalar field ¢. If one considers fields with (self-)interaction it may be necessary
to change o. One then speaks of an anomalous dimension.

All this may seem like a complicated way of replacing A; by

Anf(z) = L*"[flz+ L") + fz - L7") — 2f ()]

and taking the limit

> LT f(@)(—An + M).g)(2) — /C@_ F@)((=A + M3).9)(@)-

g:_eL'“"Zd



For models with interaction, however, i.e. models with non- quadratic terms in
the Hamiltonian or in other words a non- Gaussian measure x instead of v ,
serious singularities appear. By the renormalization group method described above
these singularities are broken up into contributions from different scales, which all
have approximately the same form. We illustrate this by a hierarchical model in
which the massless quadratic part of the Hamiltonian is replaced by a hierarchical
analogue.

3. The hierarchical model.

We replace the massless quadratic part —A; of the Hamiltonian by the ex-

pression
o0

Ho =) L~+dkr, (3.1)
k=0
The kernels I'y are defined by
Ti(z,y) = (", y¥) (3.2)
with
IN(z,y) =1 —L™% fz=y
=-L¢ if z # y but g =y (3.3)
=0 if z(1 # y

2(1) is the label of the block containing x , i.e. = € Br(z(!)), and more generally,
(k1) e Br(z(M).
The corresponding covariance is

CH =3 LT,y ™) (3.4)
k=0
with o = 452 .
One easily shows that
, —
(cH),, =L7CHy 0 +T(z,y). (3.5)

Heuristically one can define a measure 7
1 1 g
wdo) = Z e —5(¢, Hog) — I CHR I
zEZd zEZd

= —Zl—’exp[— Z v(¢r)]7H(d¢)

zeZ’

(3.6)
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with the quartic interaction potential

1 1
v(¢s) = 57‘453 + Zgﬁbi- (3.7)
It can be shown that there actually exists a Gibbs measure for the Hamiltonian
1
H($) = 5(¢, Hod) + 3 v(¢) (3.8)
zEZd

if g > 0. For details see [1]. Alternatively one can work in a finite volume Ay but
prove the convergence independently of N. (Cf.[2] ).

The simplifying property of the hierarchical model is that ¢’ can be described
on a measure space with a measure p' of the same form as y :

W(d9) = mepl= 3 v(#h7 () (39)
zEZd
with
o= (8) Jexpl= 3 e By (z) V(L7 65 + &)l (dE)
Tol= %y e oy V&0 (d0)

The integrals appearing in formula (3.10) are finite dimensional. Nevertheless this
transformation is far from simple. However, one can make a Taylor expansion in
g. Replacing v by the Wick-ordered expression

(3.10)

1 1
v(¢) = 5T ¢*: +Zg s pt (3.11)
and retaining terms up to second order one finds
1
v'(¢') = —%r' P +Zg' : ' 403 (3.12)
with o )
r = L*(r — 3arg — 6¢
' 4£d ’ 2 ’ ) (3'13)
g'=L*"%(g - 9ag”)
where
a=1-L"¢
2—d d 2 d d 2d (314)
c=3L*"*(1- L) ¢*) +(1 = L™%)(1 —2L™* +2L™*%)
For d = 3 one finds that vgz)— n) converges as m — oo if we put
rm = L72™(rg + 6mcg?) (3.15)

gm =L ™go
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Apart from the scaling factors L™2™ and L~™ there appears a non-trivial mass-
renormalization term 6mcg2 . It corresponds to the primitive divergent Feynman

diagram N\

A closeM{ at (3.13) shows that the substitution (3.15) might well be suf-
ficient to all orders of perturbation theory. Indeed the mass-renormalization term
appears because g, = O(L™™) while rp,, = O(L~2™). Using techniques developed
by Gawedzki and Kupiainen [2] , this can actually be proved to be the case: see

[1].
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