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Abstract: This is a continuation of a study of time-evolution
of a state of an infinitely-extended one-dimensional boson lattice
system, which was initiated in the paper {11 under the same title
we consider here finite range, pair interaction potentials and
prove that the family of the time-evolved states provides a solu-
tion to the corresponding Liouville equation and BBGKY hierarchy.
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1. Introduwction

This paper is & continuation of {11 . Je studied in the paper
[11]the non-equilibrium time-evolution problem for a "locally-un-
bounded" phase space quantum model where the "traditional" anproacl
[ 2] based on a limiting * - automorphism group oi an underlying

C*-algebra does not work. The model was on the one-dimensional lat-

4
tice 2/ and was given by its formal Hamiltonizan
+ ..
H=-4§ Z &5(’3@);, 2 q)('J—J'l)n:)h,S, ) (4.1)
vez’ y,vez!
) + + .
where & . o O and W, = a. Q. are, respecti-
osonid J S o

vely, theYcreation, annihilation and particle number operators in

4
the Hilbert space 3‘6:3 which is realized as 22_ ( 7Z+ ) with

€3) 4
the stancard orthonormal basis { € s , S E€ Z . } Let %5

denote the C*-algebra of bounded cperators in 3L€3 and
.’b = ®@ &j be the corresponding qugsilocal C*-algebra.
Jez2! 4
Je have constructed in [21 1 a family { Iy, te R } of
states of B which describes the time-evolution of an initial
state F =¥ . The states \‘Pt are given by
3, (M= b 3 (A) Ach, +e R (1.2)
t 4 Mt ’ s N -
ANrZ
where
Wt H L H
\.9 = t A =0 A 1.3
At (A)= ¥ (e Ae ) (
and H/\ is the kRamiltonian (1l.1) confined to the finite volu

A
/\ C Z (bounded interval on the lattice).
In the paper [ 1 ] we assumed that the (locally normal) ini-
tial state P is diagonal. This condition means that the densit

1
matrix of the state ¥ in any bounded interval A C Z/
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(es 1afl1]1, w2 sugli 453 Tue moscetion X C.', N). ‘the dlezgonell
of e sscta ¥ Jeeus in physicsl terms tinet 1T
cleesicel pzrticle systean on ths lsbttice. Of course, tils pro-
party Ls desuro,ed Dy .8 tligs—-gvolubion, but it mekes possivls
to foruaulete fursner essuaptions on the initisl state in nstura.
prooebilistic tsrmse. for exaupls, the pesic assumption that The
stste hes longspace "holes'" which are free of psrticles
is pelased to Sorel - Centelli type zssertions (see [11).

Tq the situstion under considerstion we sre able to prove

that te stetes ¥, , t €& Qt given by (1.2), (1.3) provids a

t
solubion to tae infinice-volume Liouville eguation
l W Ay —
2 F - [ + o ‘l N
d{’ lt A \A P 3 ,\*_
(L.4
+ ‘b Z— ‘t’A_ [ (AU{J)A })
g, FHYIA Py C?(‘ A\Bnn 1
J, ez
An{V#P
(M) o .
Zguetion (1.4) is on =& Icuﬂll,y { (a{ k of density metricses
in fiaite voluaes A C Z wnica obey the standerd consist-
A ) A) /
gacy coadltlion J\—A'A,\A Pi = t( s AN> A. The term
A -0 ) . -
[F( +) H/\ in she RHES of (l.4) corrasponds TO the xina-
r +
tlc snscgy: dere A, is EV -4, V,+4 ] for A=Cv

for & gencral cece /\.\_ 1s defirned es {J&Z : o{;s‘t (3, N«



Z°~°~ -3 a2 w (13

i +A
g Jef\ JEA,: JEN
J"" E A.\. :5*'4 61\4
(the nodegtion H is used to stress taat uo0 pouandery con-

dision is invalved i1 the RHS of (1.5)). rhe partisl trecs
~ . . . B a— ~——
.., N C z" , is tsken in S{Aﬁv ; in ths case A =
. 3 . . S .
(whicn occurs wuasn { JsJ } c N in the second-term sum
in the RYS of (l«) uo trece 1ls taken.
dguivslently, sguation (l.4) may ve rewritven in the follo

ing form

4 N e T (1.8)

A—'t P'E ) Lt"'/\.M.\/\[ F‘c 2 H/\H— ] .

=Lds P.
. 4 . 7 Aulm Supp
Here znd below ,\w:{‘\‘el st (G, A) ¢ \r}, r=  (Llhe pracise for-

mulstion of Gthe result is given in the next sectlion.
Ltnother ooject related to the time-evolutvlon in statistic-

cl mecheaics ie the BBGKY hiercrchy:

(~+1) \ (L.7)

Akfe =ile  HTT Ap, | w0, teR

This is s systeam of equstions for a ssgueice { ?_\: ’ h.v,0§
(W) (w) (w)

of opscretors f :-}6 — where }Q _ (B{LA))@»\,

ba\mm

is tue s aaetrized tewsur product of W copies of the under=-

(1 (o)
lying Hilbsrt space = 62(71.) (e " is cet to oe

tae one~diminsioncl couplex spsee). Theresby the melirix ele.uent
(wy ,
of ft sre 1lsbel ed v, peirs (%, 2 ) of occupatlo.

. . . e o /
numeer conilguretions X, ‘x, C Z witn lxi=1x | =
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(Ly \a\ s deav.a, 85 nl 1 7 , the nuwser of perticles in

sil cocupctioll nuwmoer confisuretion K 15\ = 2 3Q3))
J

RIS of (l.7) 1s tme cdunuuetor wisa Uhe

(=)
w -perticls Hsulltonlen H corresponding %o (l.1). Liks

(w) (w) (w)
c o Soas.toDn H tg in 3{ Syl LuZ LetilX

[l
<

f T.ie cpale ol
JE Care ‘ ’ ' , | , e o A
slsazntsVeosin lebalsd by pelrs (X, X ) where >, x C A ,

{ . ‘hey sra given by

(H >x_' 2% h —3; Z @(‘3—3'!)1(5)3{.(3’) »
3,1 e

J . ’ Lo
conflguretions 2¢ end X coﬁnsme,

Y Y. 2

(H(M) ==L %y (x(jz4)+1)
x’, % 4 + >

if occupetion nuawvsr

' /

and
/ _— ; .
Xy O ) otherwise .
are snd below SS derotes the ons-perticle configuretion

. . 4
councentr.tad at e sits e Z .

ond tera in the RS of (l.7), tuls is the

n
ct
C
ot
[y
(&)
6}
(O]
@]

(w)
following opereltdor in F .

(n+1)

\f’c =t LUy, f,iMM(;s] _ (1.8)



(w+4) (w+4) 'ZL
c')) , = ( ) x,x’ TAL 1xel=\x1=
f't J xT,x ?‘h 14.%,1/4-5' 3 3
(w+4) J (w~+1)
(racell inet N scts 1n Jo sud tuerefore 1tcs
aetrix ¢leuents ere lsbeled oy pelrs (y> a’) itn

Ll . (k')
\3\:.\5H-= htA, LiXeWiEE, (I(J) is sn Operstor in g2

‘:Ur :— ’G n

(Ve =2 Pk
ke

: : : . : ’ co
if occupetion nuuaoer confligurstions x snd % coinside,
lf(')) = ‘ i
( D)y g o , othsrwise.

In our situstion we prove Ghet a solution to (1.7) is

ven by the femily oI oparstors with

:c.’(;)) x (k)

(8, Jun™ % (N L

ye! ) h_e?k4
,' 1 , 4
x, X CZ, lxl=1x"1=w , W0, + ¢ R

of course, Guas existence of tas axpectstions 1n the RS of (1.
should be _uersateed. for the precise formuletion oL this re-
- .lt, sse Sasctlion D

Notice thst .o do not stete t. T our solutions to the L0
vills so.ad bBGXY ejustions ere anigue: 0.9 must be zuls for to

o co.ctruct Sre Tius 2Vo
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2. The Liouvills =yucetion

fheorsa 1. Suppose tiaet & dlegguiel stete 7 hes propasr-
sizs  ( A*) end ( d*”) from [ 1] . theua, for eny cvouaded 1n-
capvel  A® iid suy Opsiedor A € R locelized in A°
(A€ E)Ao), tna function £ w3 t?t (A) is swoota sid the

following egqustion texes plece

wiers tne RHS of +the equality is defined &s the limit

& e +->
5::;0 \j“: ( r\ s [ HA° Al ﬂ ) , (2.2)
(A)

ﬂ ¢s Ls the orthogonal projection in ’3-9,,\ onto the subspac
generated by the occupation nuuber configurations x ¢ A
with 1=l <s. 4

dquation(2.4)may be considered es ¢ vegk Zorm of Une in-
finita=-volune LlOU.VlllG equatlon. From this point of view, a
family of skates , t € P is cslled souatimes a weax
solution of tne Liouville equation.

Proof of lheorem l. At the first step we shall checg sgua-

(A%
tion (a.l) for A = E )3 s Ix\ = \a\ .
Lemas 1.1. Givew vounded A D f\o s tip coivergsnce
(A%

\5’%* ( [ \-—-‘/\oﬂ. s E x,Y ] ) =
‘ (N%er) (A%) (A“.) (2.3)
= g:m 3/«,-& (n [t E 1 n

is unlrora Ior N > Niv e ¥ io coapscts, emd the

-~

Suetion



- (A% - .

—> S = (A”) )

g, (DW B, D) joi\,t('[H)\“H,’E%gl

is couwdsd 25 cuuwpactbe uniforualy for AD Az¢ . lioracver,
= (A")

Ine (W [ E })

(AY ~ = ° (A .
Qim ff’A,t(ﬂ(b[HAo ,E(A,)lﬂ )’ (e-)

&= a0 +r 4

=nd the convergence (z.4) is glso uniform for f in compsctse.

o~

-

Proof. Writing

,t<ﬂ(/\+r)[g U\)) —-\(AH"))

(A%) (A +\-) (2.

S ARG AT NS I DA

6&/\+r
(-\-P) (I\o (+\r3
(V-3 >

+Z__ @ AJ)‘SA,C(H“ [\mn,, x)a]ﬂ
56/\
ws ce2 thet it sufilces tu ciLgcs thst every tsra in the RHS ol

(2.5) couverges uniformly to the corrsspoading quentisy eas
S —> oo,

Wwa rectrict oursslves to the teru

(Ai-\-) (,\°) (Aoq-r\
,t( h -,Exa ﬂw ), je/\°, 3’¢A°‘ (;.6

1o orova Tae cunvar:encs CI (a.a) it surfices %o chacxk tnat

(A%e) (A+,) s—300

HA,AHS’S, o N, N— o (2.7)

>
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( AO"") (A% (M%)
w.ere 5’)5, n",%’ = > 5 < S’ . “ha LS of (2.7) 1ls
srs.netsd oy (A N
(A%) (A0+r) tr i) ( ?H'
{Qﬂsy i ﬂ<%sﬂ M*\%“ﬁuws'“ ﬂ»&s ms) N
(3" (i) (A% )
Z +r
-‘“ﬂ<&» H?us ‘Lg,t(ﬂ )\+
(’\-Hr') V/ (Ao )
+ ;E: | 3 Y\ () v
k>&~s At( l hv/ ﬂ:k ﬂs,sl )‘ é
(A \-) (J )
&\.S‘\f,\t(ﬂ * Z k‘\:y,\_t(ﬂ )\
2 Cy las a7 +CzZ. k.k"""”’d) (2.8
L>bes
where C,, Cp, & are cowe positive constsnts. The last

Lounc in (2.8) is tme consegusnce of pounds obtalned in the
proos oi “hsorem 2 from[2] .

The proor of aguality (2.4) procesds along the ssme scheus
his finishes bthe prouf of Leama 1.1. O

Note thet the simple nodificstion of these arguments glves

‘ . ) 1 . 1
t;lat for eny Jﬂ) N, Je €7L and d,‘,-—' ) dt e -Z +

ol ol
f n. cnt co (2.9)
A){ ( d1 . - ~ d( ) <
uniformly for t in compactse.
from Leams 1.1 one obtaing thet, for fixed /\,
- (A%Y
3 i = 541001 Lrcetion ¢ api el
Aﬁ(ﬂ;Hhip’ E 3 ] is a conbinuous fumction of the verisble

na She following sguelicy is velid

[}

(A%) . h - (A°) , 1
3 (B, )=3(E )+ zjj?A)t,([HAOW,E::aD oo @l
0
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Louas Lez. Tha following liaiss exist uaiformly for t

in coapects
(A%) ]) -

\yt([gir’E*’a
(Aoi—b'\ - (Ao\
= b (0o TR LB,

(A%vr)
a )
¢ A)
Q“ ,“l: (EH % )E X, Y 1) (&.11)
AP
soreover, tie oota liuius ars equal. <
Proof. from Leams l.l one hes thet the convergence in
(2.5) is uniform for A>D Air , Ffrom{ 1) (see Theorem 3)

ong cen oobteln the convergencae

. (A-H-S (/\) (’\‘H'\
%Mz_ e (11 [ HA ] N )=
Ner) A%) (M\,;
= 3 (n [H,\ e 2 ( 1 n

Hence, the wpota lJ.ullLS exlst ezad are e\iu.cl L mila l.2 1s prover

frow (z.l0) end Leuana 1.2 one ottelns thet
( A®)

([H)\w P X,y ) is g continuous function of "(; and
(A°) (A°) £
:?t(Ex’B ) =3k 1’3) H é jt’ ([ ﬁl\ow :E(:::H(Jt/

Leang l.3. Lat A & ib pe an Opsretor locsglized
0 L 4
in A . ‘then, for any W € Z +

- (A°) (A%)
s 8/\,{([\'{,\0 : M A r\m ]) (2.1

>w

1g & coavtinuous fuictiocn which 1s uvounded urpiforaly for '('.
in coapects. Las vdAlue (2.12) coavargss to O as w —> 00

wilicruly in A.<
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00f of Lewia l.3 is iven oy & couclasgtion o1 ergu-

The pr
Here one usas

+ha proofs Of Lewaa le.l gid Léuwae lece

.

(A%) (A%)
[y (g, ML A T |

IN

<y i) uar Ly ("

A,‘t J J A,t N

V'he detells ere omitted. O
Froam Lemuwa 1.3 ons obts.ns

t
?t(A) = Y (A) +L§3{'(E Hi\°+.. , A])OHZ,

0
Ae locelized in A . ihe last reuark is

to (2.1). Yhesorem 1 is proven.D

(2.13

for any
that (2.1%) 1s equivalent

Corollary 1. sssuus thet a

tng conditions of Theorem 1. Let
. /\0 a X
in s voluas ., The family of

diagonsl stste § setisfies
(A°)
P_t be the deusity

aebrix of the stste 5ft

. (M) 4 . - . e
matrices Ff +te R , provides e soluiion o the infinite-

volume Liouville egusbtion written in the operestor forn

f'.l. | (A%) - U\oﬂ—) v
A‘c(F{- )“Lt*ir\,\o[\DJC : HAOWAX, te R,

he derivetive in the LHS is understood in the weak operator

topology. 4
dquivelently, this eguetion mes ce rewrLtten in the form

(L4)e



Proof. from Lemla l.2 szua vounds ( 2.5) we have
N
( (r\") (Nsv)

\:?{(ERAOW,ETO)D:&M&\:( <s[ A\., 1”45)

>4 S—= 00

Z (\o(l\w\)aw ([H | ~(A)D (244

1,3 W, 2
and tihge seriss in the kHS of (2.14) is absolutely convergenb.

Hznca, (2.14) mey be rewritten in the following form

Z ([F(Aﬂ-) -D ( (’\\; @ ﬂ(/\?\-\,\ N) )

i

Z,WE /\.,_,. W, 2
_ (Ner)
GAZL‘\/\"([\Q)C ) H/\‘L,])zv , 2V

znd from €2.1) one obtelns

() )
(R = e (o D He D,

From the lsst equstion snd Lewaa 1.3 1t follows tunat for any

§,8 € Ay

Ql. (N : (Ko = 2.
0“:(4 Ff 5"8>A,0\= té(‘t",&r\,\o[ﬂ, > Hlf..ly&’g>h°’( ’

whare -, >/\° is the sceler product in B-E,Ao , 0

from (2.15) one cezn directly deduce tns following
Corollery =. The equetion (2.15) may be rewritten in the

(A®)
3,

~ - 4
followirn; wvscior rorm: for any S € Z_ and 56 ﬂ

’\°’ (Ko) T
0“0\0* B \N’EF , H/\&r—lf . <
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4. The BBGKY hisrarciny.

— - ; . . %

Theorew 2. L8735 & diggonal stsue <9 have properties (d )
¥ %

and ( ) froa [ZLJ . Then, for aiy W > O and eny

of occupstion numpber configurstions with Ix\=

=1l =n the function
t Rt (x, x’)

is smooth and the followiag squstion taxes place:

0{ (w) ] WY (W) (w44
b Rt(x’x’)-:t(“'\ Rt)(x,x')+(AR£ Ya,x') G

Here R{:(x’ «’) is defined by ,
(A%) () k)  (A”)

R.(x,x)=b o SN oo, N

“:( s ) srw\jt(ﬂ(s .[;174, 3 e k 45)}(3.2)
/\°=r\°<x,x')={€€7/-’:xghm’mm} is the support of (x+rx’),
the projectors (:; were introduced before. ‘HLW’Q‘:‘
is given by

(WY (W) (W) {w) () (v

"o _ 5.3
K R,cax,x)—a (RyugH ), (H )x’aQ%(a,xI)) (5.3
(Ww+1)
snd A\\R{- is given by

(w+1)

(A\Q{ )x,x’ =
(wt4) (3

N 4 D -k (2= () R 28, x+3)) o
I, kel

iquation (3.1) may De considered ss & wesk form of the

infirice—volume BBGKY hiererchy for the tine-svolution under

counglieration.
A
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Proof of ‘heorem <. L{he proof of Thecrsa z follcws the seu
lise or eroudeuts ss theb or Lheorea Le. Yo gvolid repetitions,

we sasll oait tszcnnlcsl detellse

]

et x, c A° b3 occupation nuavsr coafigliretic
in N9 wz dsuovus
x))
J -
N + 4 03)
o (x)y = ﬂ O . 5 (L(a): n
- .0 9 .
JEAN JEN°

d -

)
Leans 3.L. Given oounded A>NAN , the linivs

= L W (A%) (3.
T s \.YA’_\: ( ﬂ s O.Lx.)a,ta) ﬂ ) ,
L +

e (L H:\° T aty])

A (A'"') ( +r)

g”_";"m Iy, (T [HAo maca)] M )
are uniform for /\ DN eud ‘l': in compscts. the func-
tlions

£ 3 (T Ceapl), £ Ry g0

cre coabinuous c.ud vounded on compacts ualformly for /\Dl\o,

sioraover, the following limits exist

( )
Ry le®)= Q;::w Iy, (N Moux)a(;,) ﬂ(,\ ), G
\SA,’c (E \:/\0“. , OL+L1) &La\l ):
(A) = (A
- " (r\:; ﬂHA?\—r Q,(x_)CL(a\}ﬂ45 )

5—->oo At
end T.3 uor.va:g nce in (5.0) i1s unifora for + in couapects. ¢
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The procf of Leuas 2.1 proceeds in tne ssne wesy ss Lemna
a‘l'

l - . e e e 0

Aron Lemds 3.1 one obtelus tast for flxed AD> Niv
tne following equelity is velid

+
L (0060 o.(aw =

(3.7)
=3 (Ctoaly) + *j ‘3 [H amat@}}df o

Lenng J.2. Unlformly for ‘t’ in coumpacts the following
limics exis%:
, * _—
R, g3 = Fy (afmatyy) =
(A°)

X (A°)
= g”_";‘oo ‘:?,c (ﬂ Q ma(a\\_\ ) =
= QA»~« F:l ( & x)
Aﬁ7/-4 )

and

\3"([;*A° ; C:“"Mé;.\)
\f (H(AM[H a.(xmtaﬂ ﬂ ”>
- .QQWW4 EyA,t ( {‘¥{Aﬁw-’ af(xJCXLéﬂil ) . 9

AP

The proor oI Lewna 5.2 repeets thset of Leunma 2e2.

Ls in Sectlon 2, erm (3.7) sud Lemnma 5.2 ons obtsins
. ; ,
(y,x)= J(eaae)+ i v + ’ )
Rytpmr= St s ([, dwugl)dd 0
e

Hance, tus function r — Q_\:(é, x ) is saooth, and direc
computstion gives tnet the squeallty (3.8) may rewritten la the

form (%.1). Ltheorea < is groven. [
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