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1. Introduction

The description of infinite-volume equilibrium (Gibbs) states of the models in
classical statistical mechanics makes use of the general notion of limiting Gibbs
measures (states). These were characterized quite generally for the systems with
“bona-fide” interactions as measures by Dobrushin-Lanford-Ruelle (DLR) equa-
tions, see, e.g. [1]-[5] and Appendix A. For such systems the whole set of limiting
Gibbs measures coincides with the closed convex hull of the set of all weak limits
of finite-volume Gibbs measures (first introduced in [6, 7]) subjected by local spec-
ifications to various boundary conditions. On the other hand, for models of the
mean-field type (like the Curie-Weiss ferromagnet), where the interaction depends
on the volume and where there is no notion such as interaction in the infinite
system, one cannot define limiting Gibbs measures via DLR equations. Therefore,
to construct the infinite-volume equilibrium states in this case, one has to exploit
weak limits of finite-volume Gibbs measures or Kolmogorov's existence theorem,
see [5] and [8]-[10].

For finite systems their corresponding (unique) finite-volume Gibbs measures
are prescribed by the Gibbs ansatz (see Section 2 and Appendix A). This unique-
ness manifests the absence of any phase transitions in a finite volume. The interest
in taking the infinite-volume limit has been motivated by understanding of one-
to-one correspondence between different limiting states and different phases.

The description of all limiting Gibbs states for a nontrivial model and arbi-
trary temperatures (for high temperatures, as a rule, the uniqueness theorem can
be proved) is a rather difficult problem. For example, this has been solved for
the 2-D Ising model [11], but not for D=3. A problem arising in the last case
is that, for the low temperature region, besides the two well-known translation-
invariant ferromagnetic states there are a lot of nontranslation-invariant limiting
Gibbs states (Dobrushin phases) [12, 13]. Therefore, for the models exploited
in Statistical Physics, a knowledge of the structure of limiting Gibbs states is of
great interest. The mean-field models are among the most popular ones which
come immediately to mind.

In the case of a homogeneous external field a set of all limiting Gibbs states was
constructed in [8] for ferromagnetic Ising- and in [9, 10] for ferromagnetic n-vector
Curie-Weiss models by means of a generalized quasi-average method.

As indicated in [14] and recently in more general framework, in [15, 16], the
Stgrmer’s de Finetti-theorem [17] allows one to characterize the infinite-volume
states by the Gibbs variational principle for a very general class of homogeneous
(quantum) mean-field systems.

Recently there has been a considerable interest in the rigorous study of the
thermodynamics of lattice spin systems in the presence of frozen-in random exter-
nal fields [18]-[24]. This randomness is referred to as quenched. In contrast to a
homogeneous field, quenched random-field models can manifest a very nontrivial
behavior. “Switching on” a homogeneous external field in the ferromagnetic Ising
model (D > 2) is known, see, e.g., [4, 5, 25], to suppress the symmetry break-
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ing phase transition. On the contrary, for the ferromagnetic random-field Ising
model (RFIM) in dimensions D > 3 a first-order phase transition with symmetry
breaking persists at a weak enough disorder. This statement has been rigorously
established in [21, 22]. Recently, the rounding effect of a first-order phase transition
in quenched disordered systems has been discovered in [24]. Specific implications
are found in RFIM. By refined arguments it is rigorously shown that for D < 2 an
arbitrary weak quenched random field suppresses the first-order phase transition.
For all temperatures the infinite-volume Gibbs state (IV GS), for D < 2 RFIM, is
unique for almost all (a.a.) field configurations.

The aim of the present paper is to elucidate the problem of construction and
description of the set of IVGS for the Curie-Weiss version of the ferromagnetic
RFIM. Though Curie-Weiss RFIM has been studied from different points of view
(see, e.g., [9, 10] and [26]), including the problems of self-averaging and fluctuations
[19, 27, 28], as far as we know, no complete constructive description of all its IVGS
exists. ‘

Here we develop our approach to IVGS for the Curie-Weiss RFIM started in
[29, 30], stressing that besides the random external field these states depend on
an additional random parameter. A particular manifestation of this additional
randomness is violation of the self-averaging property, e.g., for magnetization.

In [29] we proposed the notion of conditional self-averaging to cover this case.

Definition 1.1 Let {¢n},,, be a sequence of random variables defined on a prob-
ability space (R,B(R),)). We say that this sequence is partially (conditionally)
self-averaging if there ezists a sequence of finite partitions {’D,, = {DS")}f‘___l}’1>1
of the space R such that for conditional ezpectations {E(¢n|Dn)}, >, we have the
following convergence in probability A: -

lim (én — E(¢n|Da)) 20
and lim A (D,(")) ezists for each 1 =1,2,... k.

Remark 1.1. The above construction is equivalent (see, e.g., [31]) to the following:
there is a random variable ¢ defined on a probability space (R',B(R'),X") such
fhdt o, 2, ¢ in distribution as n — oo;

(ii) there exists a finite partition Dy = {D1, D, ..., Dx} of R/, generated by the
random variable @, i.e., ¢(-) = T%, %Ip,(-), where Ip(-) is indicator of the
event D and UYL, D; =R'.

If this partition is trivial, ¥ = 1 and R = R’, then one gets the standard self-
averaging [19, 20]. In this case d-convergence in (%) is equivalent to the convergence
in probability X and one can often prove the convergence with Pr = 1, i.e., A-almost
sure (A-a.s.), see, e.g. [18]-[20].

The main thesis developed in the present paper is the following: the IVGS for
the Curie-Weiss RFIM are random measures (on the space of infinite spin config-
urations with corresponding o-algebra of measurable subsets) which, as random
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elements, are defined on an appropriate probability space, see Section 2. There
we introduce a general concept of random IVGS and propose two definitions of
them (see Definition 2.1 and 2.2) relevant to the problem. Two points are im-
portant there. The first is the view on the IVGS as accumulation points of the
sequences of finite-volume Gibbs measures. The second is to consider the random
IVGS as a limit of the random finite-volume Gibbs measures corresponding to a
sequence of the RFIM Hamiltonians. In Section 3 we illustrate the relevance of
our Definition 2.2 to the case of random IVGS for the Curie-Weiss RFIM. The
regqularity condition that is the key to the correctness of our construction (see The-
orem 3.3) resembles the consistency condition by Aizenman and Wehr [24]. The
structure of the random IVGS is analyzed in Section 4. Using the explicit repre-
sentation for the finite-volume Gibbs state and the Laplace method modified to
accept a random external field (Appendix B) we show that the random IVGS for
the Curie-Weiss RFIM are random miztures of the pure states which are infinite
product-measures corresponding to the free Ising model in homogeneous fields.
We show there also that by the (generalized) quasi-average method [8, 9] one can
change the distribution of the coefficients in these random mixtures. In Section 5
we consider a particular example when the external field is a stationary sequence
of dichotomous random variables. The thermodynamics of this model was investi-
gated in [26]. We consider here two points: the evolution of the random IVGS (we
compare them also with the set of accumulation points) when the system crosses
the critical line on the phase diagram and the conditional self-averaging nature
of the random magnetization in this case. In Appendix A we collect some basic
definitions and properties of the probability measures on the space of the infinite
Ising spin configurations (limiting Gibbs measures). The Laplace method for the
case of Curie-Weiss RFIM is presented in the expositive Appendix B.

2. Setup and Statement of the Problem

Let (92, A,p) be a probability space and let h(-) = {h;(-)},.z be a sequence of
independent identically distributed (R-valued) random variables (i.i.d.r.v.) defined
on this space. Here Z is an arbitrary integer lattice and the distributions Fjy,(z) =
p{w : hj(w) < z} are identical for all j € Z. Then the probability space (R“, F, A)
with the Borel o-algebra F = B(RZ) and the infinite product measure d\ =
[1;ez dv; with identical one-dimensional marginals dvj(z) = Fj;(dz) corresponds
to the random field of configurations h(-) : @ — RZ. Below we shall denote
by h(w) (or simply by h for short) a realization of the random field h(-), which
corresponds to w € {).

Let A C Z be a finite subset with cardinality [A| = N. Then the free Ising spin
system in the external field h(w), w € , is defined by the Hamiltonian

HO(s*; h(w)) = = 3 hj(w)s;, s; = +£1, (2.1)

JEA
where s* = {si}jen € SA = {—1;+1}*. Hence, by the definition of the Gibbs
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state (see Appendix A, Eq. (A.1)) the finite-volume free Gibbs measure for a fixed
configuration h(w) has the form

(0)(gA. _ 17 =P (Bs;hi(w)) 09
Pi(s%hw)) = g 2 cosh Bhj(w) - (22)
The Hamiltonian (2.1) and the measure (2.2) for the free RFIM are independent of

the external spin configurations s*, cf. (A.1). The Curie-Weiss RFIM corresponds
to the perturbation of (2.1) by the Curie- Weiss (CW) ferromagnetic interaction:

Ha(s%h()) =~ 3 0i85 = 3 hilw)as (2.3)
ijeA jEA
Here we impose the empty ezternal conditions, otherwise the Hamiltonian (2.3) is
ill-defined because of the infinite-range interaction.
To proceed to the thermodynamics of models (2.1),(2.3) one has to specify
the randomness. The equilibrium properties of the system concern the free-energy
density f(8; h(w)) in the thermodynamic limit, ¢-lim(-) = 131;

F(B;h(w)) = t-lim |~ —==1n 3 exp (—BHA(s;h(w))|,  (24)
BN s
and infinite-volume Gibbs states corresponding to typical configurations of the ex-
ternal field h(-). Since we consider the free-energy density and the Gibbs states
separately for each configuration of the random field h(-), the free and the Curie-
Weiss RFIM are systems with quenched randomness [19]-[24].
By the Strong Law of Large Numbers (SLLN), see, e.g. [31], the free-energy
density (2.4) for the free RFIM (2.1) is A-almost surely (A-a.s. or with Pr = 1)
independent of the fixed configuration h(w) (self-averaging)

FO(8; h(-)) 2" -~ N Fy(dz)1n(2 cosh Bz). (2.5)

To construct for (2.1) the infinite-volume Gibbs states we can follow the standard
scheme outlined in Appendix A.

Let 3 = 3|A = {5:},;5; A = Z\ A, be a spin configuration outside A and
Sx(5) be the set of infinite spin configurations coinciding with a fixed 3* for i € A.
Then the extension of the free measure (2.2) to the Borel o-algebra B(S ) is (see
Appendix A)

PO4hw)= S PO(hw), AcB(S) (2.6)
shexy (ANS(8))

Here my: s — s*. Let C;(B) be a cylinder set with support I and base B e S
Then by (2.2) and (2.6) one finds that for Cr(B) € C(S), § = SZ,

P By bw) = ¥ [ GRESE) = POCBiRE) (1)
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is independent of & for all A D I. Therefore, by Proposition A.1 the probability
measure P()(.; h(w)) is a unique weak limii of the sequence {_ﬁf\?);(, h(w))}
ACZ

when A T Z, for any fixed configuration h(w). Hence, by Definition A.1 for each
fixed configuration h(w) the probability measure P()(-; h(w)) on B(S) is unique
infinite-volume Gibbs state corresponding to the free Ising spin system (2.1).
Remark 2.1. Let the Hamiltonian H,(s*; h(w)) be independent of the configuration
outside A. Then, in spite of explicit dependence of the extension Pjg(-;h(w))
on §*, the limiting measure P(;;h(w)) = t-limPpg(-; h(w)) is independent of
configuration 5. To verify this, notice that for any cylinder set Cr(B) with support
I C A one gets 75 {C1(B) N S5(8)} = ma(C(B)). Therefore, Py5(Cr(B); h(w)) =

> Py(s*; h(w)), cf. (2.6), is independent of 5. By Proposition A.1 measure
sden, (Cr(B)) N
P(:;h(w)) on the measurable space (S, B(S)) is uniquely defined by its values on
the cylinder sets: {t- lim P, 5 (C1(B); h(w))}lcz,BeS?'

It is clear that we obtain the same result if we follow the line of reasoning of
Proposition A.2. The family of marginals

A(B;h(w)) = lim Pyg(B x S"; h(w)) = PO(n' (B h(w)),  (28)

B € B(SY), |T'| < oo, satisfies the conditions of Proposition A.2 and the limit
(2.8) is unique for a fixed configuration h(w). The corresponding IVGS is again a
unique infinite product measure P(°)(-; h(w)), see (2.7), indexed by configurations
of the random field h(.). ,

The above observation could motivate the following generalization of Definition
A.1 for system with Hamiltonians depending on random parameters, e.g., on the
random external field h(-) defined on probability space (£2, A, p).

Definition 2.1 If for a fized boundary condition § and for p-almost all w the se-
quence of probability measures {?A,Mg;(-;h(u.:))}n>1 on B(S) has an unique weak

accumulation point Ps(-; h(w)), then we call the random measure Pg(-; h(-)) a ran-
dom infinite-volume Gibbs state for the random Hamiltonians Hpg(s*; h(-)).

If there is a set A C Q, p(A) > 0, such that the sequence {FA,g(-; h(w))}A,
for w € A, has more than one (weak) accumulation point, then we encounter diffi-
culties in interpreting them as realizations of some random IVGS, i.e., a measure-
valued random element defined on the probability space (2, A, p).

Remark 2.2. Let the DLR equation for the random Hamiltonians {H a5(s%; h())}A
(see (A.2)) have sense for p-almost all (p-a.a.) w € Q. Then we could re-
solve the above mentioned difficulties by restricting consideration to some suf-
ficient subset of boundary conditions 5. Let the DLR equation have solutions
{Pa(; h(w))}aeA(w) for p-a.a. w € Q and there exists the set {8,} ¢, of bound-
ary conditions (sufficient subset) that the set of the weak accumulation points of
the sequence {FA,§(°; h(w))}AC , reduces to the unique measure Pg(+; h(w)) for any
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§€ {8u},cn and
{Fe(ih@)},,, = (Pal B acaq

for p-a.a. w € . Then for any boundary condition §,, g € M, we can define a
random IVGS as measure-valued random element Fs,(-; h(w)), see Definition 2.1.
If card M > 1, then the random infinite-volume Gibbs state is non-unique.

But for the CW RFIM (2.3) the situation is even worse: we cannot use the
DLR equation in this case (see Remark A.1) and the only reasonable boundary
condition for this model has to be empty, i.e., no spins outside the set A. For-
mally this corresponds to {s; = 0}z, see (2.3). The above observations motivate
the proposal of another construction defining IVGS for random spin systems, in
particular, for RFIM.

Definition 2.2 Suppose that for any cylinder set C € C(S) random variables
{-P.A,a(C; h())}A on (R, A, p) converge (for A1 Z) in some o-sense to the random
variable P5(C;-) on (X,B(X),r). If for r-a.a. x € X there ezists a probability
measure P(-;x) on B(S) such that P(C;x) = Ps(C;x) for any C € C(S), then
the random measure P(-;-) we call ¢ random infinite-volume Gibbs state, corre-
sponding to the family of the finite-volume Gibbs states {?A,g(-;h())h.

Here we have to detail the boundary conditions denoted by §. For CW ferro-
magnet they are “empty”and we shall drop S. The second point is to specify the
o-sense. E.g. for the free RFIM o-sense means p-a.s. (even for all w € Q). Then
Q = X, a (unique) probability measure P(-;w) exists and Definition 2.2 gives the
same as Definition 2.1.

Below we demonstrate the use of Definition 2.2 for CW RFIM when the exis-
tence of the measure P(-; x) can be verified by the Kolmogorov theorem.

3. Curie-Weiss Random Field Ising Model

For any fixed w € by the standard linearization trick [32] the finite-volume Gibbs
state for the Hamiltonian (2.3) and empty boundary condition can be expressed
as (cf. (2.2))

P(s"b(w)) = [, #a(dy; (o)) P(s* B(w) +5) (3.1)
i[ere.t(h(w) + ¥)ijez = hj(w) + y and pa(dy; h(w)) is a probability measure with
ensity
pa(dy;h(w)) _ _ exp[-BNGa(y; h(w))] (3.2)
dy Jr: dy exp [-BNGa(y; h(w))]’ '
where '
1 1
Ga(y; h(w)) = =y* — — > _ Incosh [B(h;(w . 3.3
Ah(a) = 537 = g X cosh (ko) + ) (33)
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Now, using (2.6),(2.7) and the explicit expression (3.1) we can extend the finite-
volume Gibbs measure (3.1) to the Borel o-algebra B(S):

Pa(43h(w) = [ paldy; b@))PLY(4B(w) +y), A€B(S)  (34)

Here § is any infinite configuration. (As it has been already mentioned in Remark
2.1, in our case limiting measure P(-; h(w)) is independent of extension.) For the
measure of any cylinder set C;(B), I C A,B C S one gets (cf. (2.7))

PA(Ci(B);h) = /Rl ua(dy; R)PO(Cr(B); h + ). (3.5)

By compactness arguments (see Proposition A.1) for any fixed configuration h and
A T Z, there is at least one subsequence {P Aa }A 'z such that Py, = P,.

To describe the limiting measures (infinite-volume Gibbs states) {P.}, in an
explicit way we need the following statement.

Theorem 3.1 Let the probability measure dv, for the quenched random ezternal
field h (see Section 2), be such that [g, dv(z)|z| < co. Then for A-a.a. configure-
tions h there are subsequences {Ao(h) T Z},, such that pa (n)(dy; h) = pa(dy; h)

and, A-a.s., supppa C M(v,8) = {yo eR: néjﬁlG(y) = G(yo)}, where (cf.(3.8))
Yy

G(y) = ;y ~ﬁ/ dv(z) ln cosh[B(z + y)]. (3.6)

Proof. By Lemma B.1, for A 1 Z one gets Ga(y; h) ¥2% G(y) and this convergence
is locally uniform in y € R. Hence, by definition (3.2) and Eq. (3.6), for any ¢ > 0
there exists compact K C R such that for M-a.a. configurations h and all large
enough A C Z we have ps(R\ K;h) < ¢. Then the first assertion of the theorem is
a consequence of Prohorov’s compactness theorem [31] for each h from the above
mentioned set of ’che A-a. a. configurations. According to Corollary B.2 we have
Jr: Baan)(dy; h)g(y) 2% 0 for any continuous function g with a compact support
such that supp g N M(v, 8) = {0}. Thus, any accumulation point pq(dy; h) of the
sequence {u4(dy; h)}, has support in M(v, 8). B

Corollary 3.1 For A-a.a. configurations of the quenched field h the set of infinite-
volume Gibbs states {P,}_ for the Curie- Weiss RFIM 1s non-empty and they are
quasi-free, i.e., (linear convez) superpositions of the shifted free states, cf. (5.5),

Po(4ih) = [ paldyi m)PO(45h +y), A€ B(S), (3.7)

where weak limits {pa(dy; h)}, are defined by Theorem 3.1.



Proof. Let for a fixed h from the A-a.a. configurations of Theorem 3.1 ﬁAa(h) = P..
Then by this theorem there is a subsequence {,uA,, }A (where {A,} is a subsequence
Y

of {Aq(h)}) such that pp, = po. For any cylinder set C € C(S) there is a large

enough A, D supp C that for all A,(D A,) T Z we can use (3.5). Hence, by the weak

convergence of the sequence {/.LA,, }A _z, one gets Py (C; h) — Pa(C; h), where P
v Y

is the quasi-free state defined by (3.7) and consequently P, m)(C;h) = Po(C;h).
The last observation, together with Proposition A.1, completes the proof for any
Borel set A € B(S). |
Remark 3.1. Let M(v, 8) = {%(8)}, i.e., the function (3.6) has a unique minimum.
Then for A-a.a. configurations h the sequences {us(dy; h)}, have unique (non-
random) accumulation point pa(dy; h) = é(y — yo(B))dy. Therefore, in this case
we get for the Curie-Weiss RFIM the (unique) random IVGS (see Definitions 2.1
and 2.2) which, according to (3.7), is “shifted” free state:

P.(A;h) = PO(4;h + o), A€ B(S). (3.8)

Remark 3.2. Let, for instance, M(v,8) = {y01(B),¥02(B)}, see Section 4 and ex-
ample in Section 5. Then Theorem 3.1 describes a general structure of the weak
accumulation points {s«(dy; h)}, of the sequence {ua(dy; h)}, for A-a.a. h:

Ha(dy; h) = w- Al(if)'}z paan(dy; B) = [tab(y — yor) + (1 = ta)b(y — yoa)] dy. (3.9)

Here the coefficients t, € [0,1] depend, in general, on the configuration h(w) and
the particular choice of subsequence {A4(k)} for a fixed h(w).

Therefore, it is important to investigate the relevance of Definition 2.2 for the
case when the set M(v, 3) contains more then one point. By Remark 3.2 it could
be anticipated that IVGS for the Curie-Weiss RFIM are a “random mixtures”
of the shifted free states (3.8). Below we elucidate this point in the frame of
Definition 2.2.

First, suppose that the o-sense, for convergence of random variables in Defi-
nition 2.2, coincides with P,(C;h(-)) 5 P(C;)), CeC(S),as AT Z,in prob-
ability on the common probability space (2, 4,p) = (X,B(X),r). Here bn D€
means that limpco p{w € Q : [én(w) — é(w)| > €} = 0 for any £ > 0, see, e.g. [31].
Then it is easy to verify that the random variables pr(B; h(-)) = limarz Pa(ma ©
nz'(B);h(:)), T C A, B € B(ST), make up a family of consistent marginals
for p-a.a. w € Q. Hence, by Proposition A.2 (Kolmogorov’s theorem) for p-
a.a. w € () they generate a unique probability measure P(-; h(w)) on (S; B(S))-
So, by Definition 2.2 the random measure P(-;h()) is a random IVGS. The
next statement gives sufficient conditions for convergence of the random variables

{ﬁA(C; h())}A ,C € C(8), in probability.

Theorem 3.2 If for the sequence of random measures {pa(dy; h(-))}, there ezists
measure pu(dy; h(-)) such that the random variables

/nx pa(dy; B())e(y) > /m w(dy; h(-)e(y), (3.10)
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as ATZ, for any continuous function ¢ € C(R), then
PA(C;h(-)) & P(C;h(:)) = P(C;"), C € C(S), (3.11)

where random probability measure
P(5h()) = [ #(dy;B()PO(;h() +3).

Proof. According to (2.7) ¢(y) = P((C;h(w)+y) € C(R) for any C € C(S) and
w € . Then by condition (3.10) and the explicit formula (3.5) one gets (3.11) for
C € C(S). The last step is extension of the measure (3.11) from the cylinder sets
C(S) to the probability measure on B(S). |
Remark 3.3. Now, let the o-sense in Definition 2.2 coincide with

PA(C; (")) S B(C; ), C € C(S),

as AT Z, in distribution. Here &, 4 ¢ means that lim, o Ef({n) = Ef(§) for
any bounded continuous function f(-), see, e.g. [31]. Then, in general, (?, 4,p) #

(X,B(X),r) and P,(C;h(-)) 4 P(C;-) means that P(C;-) is a symbol (represen-
tative) of the family {13¢(C ; )}C of all random variables with the same distribution
function r {134(0; ) < :c} =7 {13(0; ) < a:} , Vz € R. Therefore, in this case in
general, the random variables pr(M;-) = d-limyz Py(ma o 75 ' (M); h(-)) do not
inherit additivity or consistency of the finite-volume marginals

{Pa(ma o m5 (M) B())}, ., M € B(ST).

For example, the marginals pr(M;-) and pa(M x S2\;.), A DT, M € B(SF),
can be realized on (X, B(X),r) as independent random variables.

Suppose there exists measure p(dy;-) on (X, B(X),r) such that for the random
measures g (dy; h(-)) we have (cf. (3.10))

/RL pa(dy; h())e(y) > /Rl #(dy; )e(y), (3.12)

as A1 Z, and ¢ € C(R). It is clear that if in the family of all possible (weak)
d-limits of the sequence {up}, we fic a representative u*(dy;x), x € X, then for
this unique and independent of I' representative the marginals

pr(M%) = [ w(dys ) PO (M) b)), M eB(ST)  (3.13)

for each fixed ¥ = (x,w) € X x ), are a consistent family of the probability
measures on (ST, B(ST)), T C Z. Hence, by the Proposition A.2 (Kolmogorov’s
theorem) there exists a (random) probability measure on (S,B(S)) that has the
form (cf. (3.11))

Pi(5h)) = [ #'(dg)PO;hw), (xw) X x 0 (314)
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Remark 3.4. If fg: pa(dy; h(-)@(y) — Jrs #(dy; Je(y) > 0, as ATZ, for any ¢ €
C(R), then this implies [g: pa(dy; h())e(y) & Ja: #(dy;)p(y). Therefore, to
construct the limiting Gibbs states we have to return to Theorem 3.2.

Let I = {i1,42,...,in} be a finite subset of Z and D (EI) = (®2=1-E,-,.) ® RZ\
be the subset of configurations {h;},.z = h with the fixed realization Qe i,
on I. Then py(dy; h|hy) is a random measure-valued function on the probability
space (D(E_{),B(D(EI)),Hjez\I v;) defined by restriction to D(hy): pa(-;hlhy) =
pa(; h)|D(hy).

The following statement establishes sufficient conditions for convergence of the
random variables {P-A(C; h(-))}A, C € C(S8), in distribution.

Theorem 3.3 Suppose that for any finite subset ICZ the sequence {ua(dy;h(-))},
satisfies the regularity condition for some measure p(dy;-) (cf. (8.12)):

[ maldui o) & [ uldninel), p€C®),  (313)
as A1 Z. Then for any cylinder set C € C(S) and A T Z one gets
PA(C;h()) % PLCi () = [ pldyi x)P(C;B() +1) (3.16)

see also (3.14).

Proof. By Eq. (2.7) for any C € C(S) we get: —155\?)((7; h(-)+y) = PO(C; hr(-) +
y) € C(R) if suppC = I¢ C A. Here hy, = h|Ic. Then by Eg. (3.5) P,(C;h) =
(PO)(C; h+y)),,, where < — >,,= [g: pa(dy; h)(—). Hence, by (2.7) P,(C;h) =
(PO)(C;hy, + y)),, and by the definition of restriction to D(hy) one has

(PO(C;hr, +y))uy = /B.l pa(dy; hlhy, ) PO(C; hy, + y). (3.17)
Therefore, using the regularity condition (3.15) we get for (3.17) that

(PO(C; by + )iy = (PO(Ci by +9))as (3.18)

when A 1Z. This proves the assertion (3.16) because P(O(C; hy,+y) = PO(C;h+
y), see (2.7). =

In the next section we use the results of Theorems 3.1-3.3 and Remark 3.1
to elucidate the structure of the random IVGS for the Curie-Weiss RFIM in the
frame of Definition 2.2.

4. Random Infinite-Volume Gibbs States

To get explicit formulas we consider a particular case when cardM(v,8) < 2, see
Remarks 3.1 and 3.2. For card M(v, 8) > 2 we encounter difficulties in an explicit
description of the structure of the limiting measures o-lima;z pa(dy; h).
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Theorem 4.1 Let h(:) = {h;(:) € R'}, 5 be a sequence of i.i.d.r.v. (correspond-
ing to external (quenched) random field for the Curie- Weiss model (2.3)) defined
on the probability space (O, A,p) with v(z) = p{lw € Q : hj(w) < 2} satisfying
Jr: dv(z) |z| < co. Let the function G(y) (2.6) be such that M(v,8) = {yo1, %02}
and 82G(yoi) > 0, i = 1,2. Then the sequence {pua(dy; h(-))}, satisfies the regu-
larity condition (3.15), where

p(dy; x) = {t(x)é(y — yo1) + (1 — t(x))6(y — vo2)} dy. (4.1)

Here t(-) € {0,1} is random variable t(-) = {0,1} with Pr(¢(-) = 0) = Pr(i(-) =
1) =3, cf. (3.9).

We start the proof with the following

Lemma 4.1 Let M(v,8) = {yoi}re; and 02G(yoi) = ki >0 (1 =1,2,...,m). If

for each yo; € M(v,8) and for p-a.a. w € Q there exists the sequence {y((,?)}A such
that 0,G (y(‘},-; h(w)) =0 and y{» — yoi, as A1Z. Then the random variables

AxGiygih()) = BVN [Ga (4D 0()) — Ga (85 0())] 5 45 =1,2,...,m. (4.2)
converge in distribution,
lim A (i, j; B()) £ N(0; D), (43)

to the Gaussian random variables with zero mean and variance D;; and for A-a.a.
(dX = Tl;cz dv;) configurations h each of the following event:

{AA(iij; h) > C} a’nd{AA(ivj; h) < _C}a
occurs for infinitely many terms of the sequence {Ax(4,7; )}, for any C > 0.

Proof. Expanding the function G4(y; h) (3.3) around the point yo;, one gets

oy (A o\
cu (in) = 5 POLom B o) a

n=0
Now, applying the Law of the Iterated Logarithm (see, e.g. [31]) to the sum of the
1id.r.v.

dGa (yoi;h()) _ 1

oni(h(-)) = 2y N

3 [voi — tanh B (yos + M(-))],  (4.5)

leA

(here E [tanh B(yo; + hi(+))] = yoi by definition of yo;) we obtain that o ;(h) =
o (N-3t¢) for A-a.a. configurations h and £ > 0. According to Lemma B.4, for
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X-a.a. configurations h we have the estimate yéf ) _ Yoi = O (N “%“"). Therefore,
we can represent (4.2) as follows

N cosh B (yoj +hu(")) _ ncosh,B(yo,-+hz(-)) o N-5+¢
R oM L ez v b coshﬂ(yo;+hz('))]+ (7).

leA
(4.6)
Hence, the assertions of lemma are a consequence of the Central Limit Theorem
and the Law of the Iterated Logarithm. [ |

Proof (of Theorem 4.1). First of all, let us note that existence of the sequence
{yg? )}A, which we need for validity of Lemma 4.1, is the assertion of Corollary
B.1. Using the explicit formulas (3.2) and (3.3), we get for the “conditional”
measure p(+; h(-))|D(hr) the following representation

[z cosh B(y + Bs) exp [~BNGav(y; h(:)) y
T 49 Tyer cosh B(y + h) exp [-BNGau(mib)()]
where Ga\1(y; h(")) = 3% — 35 ZjeaurIn cosh8(h;(-) +y). Then, by the Laplace
method (see Lemma B.3) and (4.2) we obtain for the left-hand side of (3.15) that

[, #a(dys BO)BR)o(w) = ta(h(De (48) + (1~ ta(BOD ¢ () +O (v),
(4.8)

pa(dy; h(-)[br) =

(4.7)

as N — oo, where the random variable

3 B2Ga (y&\);h(-)) :
W= [azGA (62; h(-))] "

-1

cosh 8 (yg'g) + -h-:j) cosh8 (yc(alf) + hj(‘)) exp [—\/NAA(Z 1; h())] } . (4.9)

jei cosh B (451 + R;) cosh B (552 + hi("))

Therefore, using the conditions 82G(yoi) > 0, i = 1,2, Lemma B.1 and Lemma 4.1,
for any £ > 0 we can estimate by (4.9) the probability p:

Pe = 1\111—?; Pr {ts(h(")) € [e,1 — €]}

. 1 mz
< Jlim Pr{|Ax(2,1;h(:))| < 6} = \/37,—9—2;/[_5,51 da exp (— 2D21) ’

for any arbitrary small § > 0. Hence, p. = 0 and ta(h(-)) 2 4() € {0;1}, as
A 1 Z, where, by symmetry of the distribution of the random variable (4.3), one
gets Pr{t(-) = 1} = Pr{¢(-) = 0} = 1. =

Corollary 4.1 The random infinite-volume Gibbs state (3.14) in this case has the
quasi-free form (see (3.16)), (4.1)):

Py(h) = t)PO(sh +yor) + (1 —t0)PO(ih +3ea),  (410)
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where t(-) = 0,1 is dichotomous random variable with equal probabilities for 0
and 1.

Remark 4.1. Distribution (4.10) is independent of the limiting convexity (strength of
minima, see Definition B.1) limp1z 82Gx (yo; ), h) =¢; >0, i = 1,2, in the vicinity
of the minima {yo:};_; ,, as well as, of theirs positions and finite configurations
h;, hy, see (4.9). A more complicated situation corresponds to the case when the
type of at least one of the minima is greater then 1, see Definition B.1.

Remark 4.2. If card M (v, 8) = m > 2, then even in the case of minima of the first
order we encounter a more complicated situation. Using the same arguments as
above, we obtain that in the limit ATZ

pa(dys B [Br) =% 3 1O()8(y — o) dy, zt“()—l (4.11)

=1

For the coefficients #{)(-) € {0;1} the formula similar to (4.9) holds true. But in
this case (m > 2), we have more than one random coefficient, see (4.11). Therefore,
to get an explicit formula for p(dy;-) we have to calculate a joint distribution for
these coefficients. It turns out that {t(*)(-)}, are dependent random variables and
the calculation of the corresponding joint distribution is rather difficult problem.
So, in the case m > 2 we get an incomplete answer on the question. The random

IVGS has the form

P(3B0) = SHOPOGO) +10), SO0 =1 (412
=1 =1
where t()(.) € {0;1}.
Remark 4.3. If cardM(v;8) = 1 we return to Remark 3.1 and get a (unique)
random free Gibbs state (3.8).

Summarizing all we got by expressions (4.10) and (4.12), one concludes that
the IVGS constructed above for the Curie-Weiss RFIM is a (quasi-free) random
mazture of the free states {P(o)( h(:) + yo,)} , which are pure product-measures,
see Section 2. The problem of decomposmon of the IVGS into pure (extreme)
Gibbs states is one of the main question of this theory [1]-[5]. The standard
approach for scanning all limiting Gibbs states is to change boundary conditions §,
see [1]-[7]. We indicated there (see also Section 2) that for the CW ferromagnet the
only admissible one is the empty boundary condition which formally corresponds
to {8; = 0},cx. As it was discovered in (8, 9], see also [29], selection of the different
IVGS of the Curie-Weiss-Ising model can be realized by the different choice of the
infinitesimal ezternal fields (the generalized quasi-average method). This means
that instead of (2.3) one has to consider the perturbed Hamiltonian

H&”’=HA(sA;h<-)>+ =Y s, p>0. (413)

zEA
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Then function (3.3) takes the form G (y; h(-)) = Ga(y; h(-) — hoN~?). Hence,
expanding Ga(y; h(-) — hoN~*) one gets

G (y; h()) = Galy; h(-)) + hoN"’% Y tanh [ﬂ (y +h;+ 0hoN"’)] , 0<0<1.

JEA
(4.14)
By the SSLN, the last term in (4.14) does not influence on the A-a.s. convergence
of (4.14) to G(y), see (3.6). But it can drastically change the limiting distribution
of the variable

AW, 3; ) = d-lig AP, 55 1()) = - limg {8V G006 B() - OF 05 O] }-
(4.15)
Using the line of reasoning of Lemma 4.1 we distinguish the following cases:

(a) p> % Then the external field is switching out too fast to change the distri-
bution of the random variable (4.15). So, A()(3, j; (-)) = N(0; D;;), cf. (4.3),
and we get the same results (4.1) and (4.10) as for ho = 0.

(b) p=1. Then by (4.14) and Lemma 4.1 we get for (4.15) that
—L
lim AYL™(6, 55 () £ M0 Dig) + ho (45 —ves) - (416)

Therefore, by (4.9) we obtain for the distribution of the dichotomous variable
t(-) € {0;1} the following:

1 % [ + ho(yoa — y01)]2}

Pr{t(:) =1} = - ; 4.17

r{ ( ) 1} m/o dz exP{ D ( )
Pr{t(:) =0} =1 — Pr{i(-) = 1}.

(c) 0<p< i Now the external field in (4.13),(4.14) is switching out too slowly

and formally correspond to hg — oo (as ho ~ N =) in the case (b). Then by

(4.16) and (4.17) we get that {tf{’)(h(-))}A converge to a degenerate random
variable:

. -a.s. 1 ifsi [h (yog - ym)] =1
lim £ (h(-)) >&S X .gn 0 . 4.18
an1 x (h()) 0 if sign[ho(yoz — Yor)] = —1 ( )

Consequently, the quasi-average method (4.13) gives the following limiting Gibbs
states:

(a) PY”P(;h()) = P h()), see (4.10).

-l
(b) PET(h() = tx)PO(5 h(-) + yor) + (1 = t(x))PO(; h() + yoa),
where by the amplitude ho in (4.13) we can vary the distribution of the
dichotomous random variable #(-) € {0;1} from Pr(¢(-) = 0) = ; for ho =0
to Pr(¢(-) = 0) = 0 or 1 for ho(yoa — yor) — +00, respectively (see case (c)).
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(c) P,(:‘K%)(-; h(-)) coincides, in this case, with one of the pure states P(O)(-; h(-)+
Y1) or PO)(-; h(-) + yo3) according the rule (4.18).

Thus, summarizing we get the following statement about the structure of the
random IVGS for the Curie-Weiss RFIM in the case when card M(v;8) < 2.

Theorem 4.2 Assume that conditions of Theorem 4.1 are satisfied. Then by the
quasi-average method (4.18) one gets that the Infinite- Volume Gibbs States for the
Curie- Weiss RFIM are the random miztures of pure (free) states:

P4 B()) = t0)PO(4; B() +yor) + (1 — t())PO(4; h() +3e2), A € B(S).
(4.19)
Here the dichotomous random variable t(-) € {0; 1} has distribution (4.17) defined
by the “fading out” of the infinitesimal external field in (4.18). The extreme cases
p>3and0<p< 3 correspond formally to ho = 0 and ho — +oo respectively.

Remark 4.4. By t(-)(1 — #()) = O one gets that for each realization of x € X
the state (4.19) (as well as (4.12)) is pure. So, in contrast to the non-random
CW model [8]-[10], the coefficients in decompositions (4.12),(4.19) never be really
mizing, i.e., 0 < t(x) < 1.

5. Example and Discussion

First we illustrate our results for the simple case of the dichotomous fields, with
probability density

dv(h
‘i:z(i‘l =1/2[6(h — H) + 6(h + H)].
It is clear that in this case function G (y;h), see (3.3), may be rewritten as
Calwi ) = G(w) - o (5 ) 99 G5:1)
' 26H \N - : ’

where G(y) is an even function given by (3.6), and g(y) is the odd function

mﬁww+mq
cosh By —H)] |

Here 8~! = 6 is the temperature of the system.

This model has been carefully studied by Salinas and Wreszinski [26], and it
has been shown that there is Hc = 1/2 such that for H > Hc¢ the function
G(y) will have only one global (quadratic) minimum of the type 1 at y =0, i.e,,
m = 1,k = 1, see Definition B.1. If the structure of the minima being so, we say
that the system is in the paramagnetic phase.

For 0 < H < Hg there is a decreasing continuous function 8.(H) of critical
temperatures such that 6.(0) = 1 and 8.(H¢) = 0; for § > 6.(H) the system is

9(y)=1In {
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in paramagnetic phase, while for § < 6.(H) the function G(y) has two different
symmetric global minima of the type 1 (m =2, ky = k3 = 1). See Fig. 1.

At the curve 8, = 8.(H) the situation is the following. There is H; > 0, H, <
He, such that if H < H;, G(y) has one global minimum of the type 2 (m=1,k=
2) at y = 0. If H = H,, again there will be only one global minimum at y = 0 but
of the type k = 3. This is a so-called tricritical point. Finally, if H, < H < Ho,
then G(y) will have three quadratic global minima (m =3,k = ka = k3 = 1), one
at y=0 and the other two symmetric. See Fig. 1.

We now turn to the structure of the IVGS for this model first in the sense of
Definition 2.2, see also Fig. 1 and 2.

In all the cases when m = 1 (k = 1,2) we get a (unique) random Gibbs State
which coincides with the free Gibbs measure P(%)(-; h) because yo = 0, see Remark
4.3. The same follows immediately from the representation (5.1): (%o = 0)=0
and G(y; h(-)) is independent of h. Hence, Definitions 2.1 and 2.2 in this case
coincide.

Ifm =2, k3 =1, then the problem of the structure of the IVGS is completely
resolved by the Theorem 4.1 and Corollary 4.1 (see also Remark 4.1). Again, one
could deduce these results directly from the representation (5.1) and the simple

structure of the random variable A, (2,1; h()) = —g-(—;/%l% jzel%hj('), Yoz = —Yor =
y* >0, see (4.6),(4.9) or (B.8),(B.9). Then by (5.1) the events

{n: GA(s ) > ()Gu(us b} = {h :cp = sign (—L 2 h,-) = +(—)1} :
VN X

Therefore, by the Central Limit Theorem for 71-25 ¥ jea hi(-) one obtains from (4.9)
that Pr{#(-) = 0,1} = 1/2. Using the quasi-average method (4.13), we can change
this distribution as explained in (4.17).

For m = 3 (k123 = 1), instead of the general theory (see Remark 4.2), it is
easier to exploit the representation (5.1). Hence, Ga(yoz = 0; h(-)) = G(yoz) and
this minimum has to be taken into account together with —yo1 = Yoz = y* > 0if

the following event {h : L Z h; — 0} occurs as A 1Z, see Corollary B.2. But
vN jeA
the probability of this event is zero and by the above arguments we get

]ﬁgPr{h : GA(y((ﬁ\); h) < min [GA(yc(f;); h), GA(y(()g); h)]} =

: : 1
limPr {h: Gx(u{2); b) < min [Ga(uéy’s ), Galulsi )]} = 3

Therefore, in decomposition of the random IVGS (4.12) we get three dichotomous
random variables {t(‘)(-) =0, 1}:;1, but in contrast to Remark 4.2 the correlations
between them are trivial because of Pr{t(*)(:) = 0} = 1. Hence, () = (1-t3)(-))
and Pr{t()(-) = 0,1} = 1/2. Again, using the quasi-average method (4.13), one
can change these distributions.
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For this exactly soluble model we can investigate the relation between IVGS in
the sense of Definition 2.2 and the compactness arguments, see Corollary 3.1 and
Remarks 3.1,3.2 which motivate our approach to the random IVGS for Curie-Weiss

RFIM.
For m = 1 (k = 1,2) these arguments lead to the same result implied by

Definition 2.1 and 2.2, see Remark 3.1. If m = 2 (k;; = 1), then by Corollary B.2
we get

S 1y B)e(v) = ta(B)p(ED) + (1 - ta(B) () + ON Y (5.2)

where ATZ and

tA(h) = {1 -+

For X-a.a. fixed h € {—H, H}% and any ﬁzed k € Z! one can choose a subsequence
{A(")(h)} so that

. -1
2 (4), 7
ayGA(yc()zlx), h)} S [—\/ﬁAA@, 1; h)] . (5.3)
02GA(yo2’; h)

. hj=kH, [AP(h)|=NF(h), (5.4)
A (h)

and N(¥(h) — oo, as n — co. Below we put A¥)(h) = A, and N®)(h) = N, for
short. Then we get (see (5.1))

Ga.(y;h) = G(y) - (5.5)

26N,

and equation

y=1 (1 . .N’i) taak By + B) + & (1 — —A’;—) tanhf(y—H)  (5.6)

which defines the minima {y(l")} . Using the same line of reasoning as in the
proof of Lemma B.4, we get the followmg results

yA," = Yo; + —N];_asn), 7 = 1, 2 (57)

where {a( )} are some bounded sequences. As it has been already mentioned
above, in our case: —yo; = Y02 = y* > 0. Here y* is a positive solution of the
equation

1
y = 5 [tanh B(y + H) + tanh f(y — H)].
Therefore, when A,1Z, we obtain from (4.2),(5.3) and (5.7) that

tan(h) = {1 + exp[—kg(y*)}* + O (N7?). (5.8)
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Hence, in the case m = 2 the set {ga(dy; h)}a of all weak accumulation points for
the measures {u(dy; h)}, can be described as

{(1+ exp[—kg(y" )" 6y +y") + (1 + explkg(y*)) " 6(y — v")} ez (59

The corresponding family of the infinite-volume (quasi-free) Gibbs states has the
form (3.7).

In the case of m = 3 (k123 = 1) we have {yon = —¥*; Yo2; Yoz = y*}. By the
same choice of subsequence {A®(h)}, (5.4), using (5.5) and the arguments of
Remark 4.2 and Lemma B.3, we obtain for the family {pa(dy;h)}, of the weak
accumulation points in this case the following representation

1 E, . . k. .
{ D) [exp (—59(31 )) 8(y +y°) + é(y) +exp (59(31 )) S(y-y )] }kﬁz1
Here Z(y*) = 1+2cosh (%g(y')). The corresponding family of the infinite-volume
(quasi-free) Gibbs states again is described by (3.7).
Now we can explain the relation between the families of accumulation points
(5.9),(5.10)and the random measures

pmea(dy) = (008 +v) + (1-190) $w-v")| dys (5.11)

pxmes(dy) = [{O)8(y +37) +1O()8(w) + (L =€) = £70)) 8y = 7]

where dichotomous variables {t(‘)(-)}i_1 , T¢ defined above. For a fixed “typical”
configuration h one can look over all ;o.'s.sible accumulation points of the sequence
{pa(dy; h)}, by “tuning” in an appropriate way the subsequences {A,(,")(h)}n, see
(5.4). Therefore, Definition 2.1 in this case is not relevant. The transition to
Definition 2.2 is implied by the release of configuration h. Then for any fized
subsequence {A,}, one can “measure” (using the probability distribution A on
(RZ,B(RZ))) how “often” the sum Y h; be in the interval [kH, (k + §)H| for a
JEAa

small § > 0. But by the Central Limit Theorem this sum is of the “order” +/Na.
Hence, the “typical” (in probability A) values of k in (5.9) and (5.10) are £oo with
Pr = 1/2. This immediately reduces (5.9),(5.10) to (5.11).

Finally, we discuss the problem of the conditional self-averaging for the Curie-
Weiss RFIM, see Definition 1.1 and Remark 1.1. For m = 2 (k1,2 = 1) according
to the line of reasoning of the Theorem 4.1 we get for the magnetization

my(h) = ‘]%,‘Z > s:P(s*;h),
i€AshesA
which is a random variable on the probability space (R%; B(RZ); )), see (3.1) and
(4.8), that
ma(b) = 3 + 3 tanh 8 (42 + hy) §)(8) + o(1) (5.12)

1=1,2 JEA
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as N — oco. Here tff) =1- t&l), (4.8). By the same theorem one also gets that the
random variables \
tS\l)(h) - IAA(2,1;h)>o - 0, (5.13)

as A T Z, in probability. By (5.1) and by the definition of the random variable
cp = sign (-\7%-; Yjeahj) we obtain In,(21;h)5(<)0 = Iea=+(-)1. Here Ipy is the
indicator of the event {-}. So, using (5.12) and (5.13) by Definition 1.1 and Remark
1.1 we obtain for the magnetization that

lizs [ () — E (ma(h)lea)] > 0. (5.14)

Therefore, for A large enough, it is close to the random variable which is a cond:-
tional ezpectation for given algebra generated by atoms Dy(A) = {h: ca(h) = £1}.
This property we call the conditional (or partial) self-averaging of magnetization
[29].

For m = 3 (ki3 = 1), see (5.10),(5.11), by the above arguments about the
structure of the IVGS we get the same limit (5.14).

For m = 1, we say that the magnetization is self-averaging, since in this case
my(h) converges X-a.s. to a “non-random” value, cf. (2.4) and (5.12). For finite but
large enough A, the probability density of m,(h) is concentrated in a peak around
this value and converges to a degenerate distribution as described in Remarks 3.1
and 43 form =1, k=1.

Still according to these statements, if m > 1 then kl%lzlmA(h()) L ym 100 )y,

in distribution. However, ¢()(-) are random variables, though they may be in a
completely different probability space than the one where the random fields h are
defined, with probabilities that we have just calculated in this simple example.
Again, for finite but sufficiently large A, the density of probability of m(h) will
be concentrated in peaks around the yo; with relative weights given, e.g., by the
probabilities (4.17). Therefore, the limiting magnetization is now a random vari-
able with nondegenerate distribution, i.e., it manifests the partial (or conditional)
self-averaging property. An application on the quasi-average procedure allows one
to select any pure phase and to restore the standard self-averaging property.
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Appendix A

For the reader’s convenience, here we recall briefly some basic definitions and
properties of the probability measures on the space of Ising spin configurations,
see, e.g. [3]-[5] and [31, 33].

Suppose that for each i € Z of an arbitrary integer lattice Z, we have a copy S;
of the site-configuration space So = {—1,1} (Ising spin). Then the product space
S = [licz S: is the space of the Ising spin configurations s = {si}.cz for the system
on Z. For any finite subset A C Z we define a projection mj : § — s = {s;}ica,
|A] < o0 is cardinality of A.

Let I, = {is,...,in} C Z. Then Cp,(Ba) = {s € 5 : {sikies, € Ba C ST} isa
cylinder set in S with base B, and support I,. By definition, Cr,,,(Bn X Sipp) =
C1.(B,) and the intersection and union of two cylinder sets are again cylinder sets.
If we denote by ¥ the o-algebra of the subsets in S generated by all cylinder sets
C(S), then (S, X) is a measurable space.

Let the set So = {—1,1} be endowed with the discrete topology To. Then the
space S can be topologized by the product topology T = [licz i, i-e., by the weakest
topology on S for which all functions 7; : S — S;, @ € Z, are continuous. The base
of this topology consists of the sets {ﬂ,-e I (7r’-' 1[U,~]) :U; € 'r.-}I, where {I} are a
finite subsets of Z. The o-algebra B(S) generated by the open sets of the product
topology T (Borel o-algebra of S) coincides with X.

By the Tychonoff theorem, compactness of Sp in the topology 7o implies com-
pactness of S in the product topology . On the other hand, the formula p(s, s') =
Yicz 271ll|s;—s!|, where ||-|| is a Euclidean norm on Z, defines a metric in the space
S. The topology defined on S by the metric p coincides with the product topology
7. Hence, the space (S, p) is a compact metric space and, as a consequence, it is
complete and separable.

Let C(S) denote the (Banach) space of bounded, continuous, real-valued func-
tions f : S — R with norm || - ||s : supses |f(s)| = || flls < oo. The set of cylinder
functions Cg(S) consisting of f(s) = 1 and all finite linear combinations of char-
acteristic functions ¥; A;xc;(s), {C; € C(S)};, be a subalgebra of C(S) which
separates points of S. By the Stone- Weierstrass theorem, the subalgebra Cc(S) is
|| - ||s-dense in C(S).

A natural way that probability measures arise on the compact space S is via
the Riesz-Markov representation theorem: all Borel probability measures M(S)are
in one-to-one correspondence with positive linear functionals £ on the space C(S)
with norms equal to one. This means that for any ! € L there exists a unique
probability measure P on B(S) such that I[f] = /de = (f)p for any f € C(S5).

It is clear that space of the functionals £ belong to the unit sphere of the space
C*(S) dual to the Banach space C(S). Therefore M(S) is a convex subset of the
regular Borel measures corresponding to C*(S) via the Riesz-Markov theorem.

To define limiting Gibbs states on the measurable space (S, B(S)), one has to
topologize the set M(S). The natural way is to consider topologies generated on
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M(S) by the ones on the space C*(S). The most important for probability theory

is the weak-* topology (the vague topology): the weakest topology on C*(S) in which
all the functions F5 : I — l[f], f € C(S), are continuous. So, {Fs} C C**(S). The
corresponding neighborhood base at P € M(S) is given by sets of the form:

N(fiyo ooy frje) =
={PeM(5):}/$de;~[ngﬁ

<e, f,-eC(S),i:l,z,...,k}.

This is nothing but the well-known topology of weak-convergence on M(S), and
we write P, = P or P = w-limP, if lim, ,.(f)p, = (f)p for any f € C(S).

The importance of the weak convergence topology on M(S) becomes clear
after the following

Proposition A.1 The set M(S) is compact with respect to the topology of weak
convergence and P, = P in M(S) if and only if P,(C) — P(C) for all cylinder
sets C € C(S)

Proof. Let {P.},,, be a sequence in M(S). Since any cylinder set C is defined
by its finite-dimensional base B, the set C(S) is countable. Then by the diagonal
sequence trick one can find an infinite subsequence {P,},,5, such that lim P(C)
exists for each C € C(S). Therefore, the n1,1_{rg° (f)p,, exists for all cylinder functions

f € Cc(S). By the Stone-Weierstrass theorem, Cc(S) is dense in C(S). Hence, the
limno(f)p,, = L[f] exists for any f € C(S) and L[] defines a non-negative linear
functional on C(S) with L[f = 1] = 1. Then, by the Riesz-Markov theorem, there
exists a measure P € M(S) such that L[f] = [s dP f. Therefore, P, = P,i.e., the
set M(S) is compact with respect to weak convergence. Now, let C € C(S), then
the function f(s) = x¢(s) is continuous. So, P, => P implies (x¢)r, — {(Xc)P,i.e.,
P,(C) — P(C). To prove the converse one can again apply the Stone-Weierstrass
theorem. Then the convergence P,(C) — P(C) for all cylinder sets and the density
of the subalgebra Cc(S) in C(S) implies P, = P. L
Remark A.1. The first part of Proposition A.1 follows from the Banach-Alaoglu
theorem about weak-* compactness of the unit ball in C*(S).

Proposition A.1 is a key to the general notion of the infinite-volume Gibbs
measure (state) on the configuration space S as first introduced by Minlos [6] and
Ruelle [7].

Let S¢(5) = {s €S8:5;=3;,€EA=12\ A}. Then the sequence {Pp,}n>1 is
specified by the extensions {?Amg(')}'ol on B(S) of the finite-volume Gibbs mea-

sures {Py,5()},5, for increasing sets An C Ant1, An T Z. Here Py 5(4) =
Pps (TA(A N Sx(g-))) for A e B(S)
The finite-volume measure Py for the temperature 87! is defined by the Gibbs

ansatz:
exp {——ﬁHA (SAIEK)}

b} A.-].
2 shcsh €XP {—-ﬁHA (SAIEK)} (A1)

PA,g(SA) =

22



where Hy (SAIEK) is the Hamiltonian of the system in the finite vessel A with the
external (boundary) condition g* = 7 (8).

Definition A.1 We say that the probability measure P on B(S) is an infinite-
volume Gibbs state for the system (A.1) if it belongs to the closed convez hull Gg

of the set of weak accumulation points of the sequence {—P-A'E(')}Acz for AT Z.

Hence, the triple (S, B(S), P) is the infinite-volume Gibbs probability space.
Remark A.2. Recall that a probability measure P on B(S) is called a DLR state
(limiting Gibbs measure [1]-[5]) for the system (A.1) if for each finite set A C Z
and configuration s* € SA the corresponding conditional probability with respect
to o-algebra B(S*) satisfies the DLR equation:

P {x*(s")|B(S™)} (s) = Pas(s"), (A:2)

P-almost sure, for s* = s|A and s = s|&, cf. (A.1). For system with “bona-fide”
interactions (e.g., for the Ising model with a short-range interaction) the notions
of infinite-volume Gibbs state and DLR state are equivalent. But for the Curie-
Weiss model the right-hand side of (A.2) has no meaning because Hamiltonian
Hj(s*|8%) does not ezists for the configurations s € 5, see (2.3). Hence, for this
model we are left only with Definition A.1. Moreover, for the Curie-Weiss RFIM
the situation is even more complicated, see Sections 2 and 3.

If P is a measure on B(S), we define its projections (marginals) pr = Ponp !
on B(SF) by pr(A) = P(n5'(4)), A € B(S). If A C T, then by definition of
the cylinder sets one gets 75 (B) = np'(B x ST\2) for B € B(S2). Therefore,
measures pa and pr are related by the consistency conditions:

pa(B) = pr(B x 8T\2), B € B(5%). (A.3)

By the Kolmogorov theorem one can reverse this procedure and construct on B(S)
a probability measure using the marginals satisfying (A.3).

Proposition A.2 (Kolmogorov’s Theorem) Let {pr}rcz, IT| < o0, bea fam-
ily of probability measures on {B(SP)}FCz which are consistent in the sense (A.3).

Then there ezists a unique probability measure P on B(S) such that Pomp® = pr
for all finite T C Z.

Remark A.3. It is clear, that the process described by Proposition A.1 is not just
a question of reconstructing the measure on the space (S,B(S)) from its projec-
tions on the {B (SF)}rcz’ On the other hand, one can obtain consistent marginals

{pr}rcz as weak accumulation points of the probability measures {—P'A,g(B xS A\r)}A

for A1Z and B € B(SF). If now, according the Proposition A.2, one reconstructs
_ a probability measure on B(S) from these marginals, then by Proposition A.1 it
has to coincide with one of the weak accumulation point {w-lim_l5 A:.-()}
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Appendix B

Here we list the statements about the Laplace method which are needed in the
Sections 3-5. The main difference from the standard Laplace method (see, e.g.,
[34]) is contained in the randomness of the function

—-}——Zlncosh [B(h; + )], (B.1)

1
Ga(y;h) = =9* - BN =
JE

2

where the random field h = {h;};cz is the sequence of i.i.d.r.v in the probability
space (RZ, B(RZ), ). Here ) is the infinite-product measure: dA = [] ¢z dv; with
identical one-dimensional marginals ¥(z) = Pr{h; < z}.

Lemma B.1 Let the probability measure v be such that Jg dv(z)|z| < co. Then
the function G(y) = 1y? — B'E,{lncosh [B(h; + ¥)]}, cf. (3.6), is infinitely dif-
ferentiable on R (G € C*(R)) and

t-lim 85Ga(y; h) *=" 85G(y), k20, (B-2)
uniformly on any compact K C R.

Proof. The first assertion of the lemma is the consequence of analiticity of the

function In cosh[3(z + )] in the strip |Im z| < %, the integral representation

E,{lncosh[B(h; + y)]} = /R dv(z) ln cosh[B(z + y))

and the boundedness of the first moment of the measure v. By straightforward
calculations one can show that 16,’; [G A(y;h) — %yz] ! < ¢ for arbitrary h € RZ and

y € R. Hence, for any k > 0 the set {3:6’ A(y; h)}A h is a uniformly equicontinuous
family of functions on R. By the Strong Law of Large Numbers for ii.d.r.v.
{6: In cosh [B(h; + y)]}jez we obtain that

t-1im 85 Ga(y; h) “2=* 8 G(y)

for any fixed y € R. Let S, denote the subset of configurations for which (B.2) is
violated. Then A(S,) = 0. Let K C R be compact and let Y C K be a countable
dense set. Then A(U,eyS,) = 0. Therefore, convergence (B.2) occurs for A-a.a.
configurations h on Y and by continuity we obtain it on K. Now the second as-
sertion is the consequence of uniform equicontinuity of the family {5: Ga(y; h)}A

and the Arzela-Ascoli theorem [33]. &

Corollary B.1 If yo € (a,b), 83G(y0) > 0 and G(yo) < G(y) for y € (a,b) and
Yy # Yo, then there is Ny such that, for N > Ny and for A-a.a. h € RZ, there
is sequence {ygA)}A C (a,b) such that GA(ygA);h) < Gu(y;h) for y € (a,b) and
Y # Yo, and ySA) — 9o, a8 ATZ, A-a.s. .
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Definition B.1 Let yo € R correspond to a minimum of the function f(y) and
A
4) = £(w) + gy (v~ w0)* + o (v — 30)”] (B3)

as y — yo. According to [34] we call k the type and A = 8% f(y0) > 0 the strength
of the minimum yo.

Below we list the statements which we need for the proof of the Theorem 4.1.
They are nothing but an extension of the standard Laplace method to the case
when the measures {ua(dy; h)}, are random.

Lemma B.2 Let the function G(y) have on the interval (a,b) the minimum yo
of the type k=1. Then there is a compact V = [-§,6],6 > 0 and functions yx =
ya(t), v = y(t) on this domain such that: Ga(ya(t)) = Galya(?) + ySA);h) -
Ga(uiV;b) = ¢ and Ty(t)) = G(y(t) + %) — Glyo) = 't € V. In addition

2 ? :
Oiya(t = 0) = {m} and Grya(t) — OPy(t), as A1Z, uniformly on V

forn >0 and X-a.a. h € RZ.
Proof. By the Taylor formula we get
. 1
Gaw) =" [ dt(1 - )8IGa(ut + 3" b) = ¥ 0a(v). (B.4)

Then by Lemma B.1 one gets that the functions ga(y) € C(R) and converge
uniformly on compacts to

9(9) = [ dt(1 - 3Gt + wo)

for M-a.a. h. We obtain the same representation, cf. (B.4), for G(y) : Gly) =
y*g(y). Hence, functions y,(t),y(t) are defined by relations

t* =y’au(y), ' =9'9(y). (B.5)
Therefore, the last assertion of the lemma is a consequence of the above mentioned
properties of the functions g (y) and g(y). L

Lemma B.3 Let the conditions of the Lemma B.2 be satisfied and in addition
{pa(y)}r C C?*[a,b]. Then the integral

b
In(a,b) = [ dyeea(y)exp [-BNGa(y; b)]

has the following asymptotic form for N — co and X-a.a. h € RZ:
L

S} e -0 ()]
(B.6)

2n
BNB2GA(YSY;

In(a,b) = exp [-BNGA(y$V; h)] {
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Proof. Let [—§,6] be as in Lemma B.2 and Ix = I5(ta(—6),tr(6)) where ta(y) is
defined by the first equation (B.5). By the change of variables: y = y;(t) + ¥,
we can rewrite the integral T in the form (see Lemma B.2):

Ty = exp [-BNGAWY; B)] [ dt0aa(®e* orma®) +467).  (B)

Now, using the expansion r4(t) = 74(0) + t8ra(0) + 38207ra(6t), 0 < 6 < 1, for
the function r4(t) = Gya(t)pa (yA(t) + ygA)), the results of the Lemma B.2 and

the change of variables: SN2 = z, we reduce (B.7) to the right-hand side of (B.6).
By the condition y € (a,b) we have

v€[a, a]\’fi‘éi‘e o +e] Ga(y; h) = an > a(yo )

for £ > 0 and by Lemma B.1 there is A > 0 such that a) — GA('yo ), h) > A for all
large enough N and any h. Then I)(a,b) — I = exp [_ﬂNGA(y(A) )] ( _NA)
. -

Corollary B.2 Let {yo}7, be the set of global minima of G(y) of the equal types
{k(yoi) = 1}7, and {pa(y)}r C C*(R). Then one gets the following asymptotic
form for the integral

T - Wai(ys)
pa(dy; )pa(y) = 3 leaGi) + O (N : (B.8)
/R g [ > ( )] J-—l WA,J(M()‘}))
as N — oo. Here

L

Waals) = exel-ONCatu ) { gz | (8.9)

and h € RZ,

Finally, the fluctuations, which appear due to dependence of Gi(y; h) on the
random field configuration h € RZ, are controlled by the Lemma 4.1 and

Lemma B.4 Let yo be a global minimum of G(y) of the type k =1 and {yoA)}
be the sequence of minima of the functions {Ga(y;h)}r, converging to Yo (see
Corollary B.1). Then for the X-a.a. configurations h we have asymptotically

ySA) — Y =0 (N“T’") , (B].O)
as N — oo, for an arbitrary small € > 0.

Proof. Let 9a(y; h) = % ¥jeca tanh B(h; +y). Then by the definition of the points
yc(,A) and yo we have '

ysY —yo = [a (5" h) — ¥a(o; h)] + [¥a(yo; b) — 0] = (B.11)
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= O,a (3o + Oa(yo; h) (v6" —30) ;) (36 — o) + [¥a(o; h) — o],
where 0 < 84(y;h) < 1 for any A,y and A-a.a. h. By Lemma B.1 and Corollary
B.1 for k = 1 there is Np and the interval [a, b] 3 yo such that for N > Ny one has
v € (a,b) and §,¥a(y;h) <y <lforye€ [a,b] and A-a.a. h € RZ. Hence, using
(B.11) we obtain for the N — oo (and A-a.a. h) the following asymptotic relation:
1 1
o _yo = 0{ ———="" [tanh B (h; + o) — B tanh (b1 +30)] p - (B.12)
1-7N ja
Now, the assertion of the lemma is the consequence of the Law of the Iterated

Logarithm applied to the arithmetical mean of the i.i.d.r.v. in the right-hand side
of (B.12). ]
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Figure captions

Fig.1.

Fig.2.

Phase diagram for the Curie-Weiss RFIM with h; = £H and the evolution
of the shape of the function G(y) (see (5.1)) near the bottom. The solid
line corresponds to the critical points. The points on the dashed line
correspond to the first-order phase transitions.

Solutions of the self-consistency equation
* 1 * L
y" = 5 [tanh(B(y" + H)) + tanh(B(y" — H))]

corresponding to §,G(y) = 0, min, G(y) = G(yoi). The step-function
corresponds to 8 = o0 and H = Hg. Curves (a),(b) and (c) correspond
to the bottoms (a),(b) and (c) in Fig. 1 respectively. The magnetization
m(-)(=) Yic1.2t()yoi, where t1)(-) € {0,1} with Pr = 3 and tA() =
1 —t().



